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Term rewriting methods are used for solving the persistency problem of parametrized data
type specifications. Such a specification is called persistent if the parameter part of its algebraic
semantics agrees with the semantics of the parameter specification. Since persistency mostly
cannot be guaranteed for the whole equational variety of the parameter specification, the per-
sistency criteria developed here mainly concern classes of parameter algebras with “built-in”
logic.  © 1987 Academic Press, Inc. '

1. PERSISTENCY, EXTENSIONS, AND INDUCTIVE THEORIES

Starting from a many-sorted signature (S, OP) with sorts S and operation sym-
bols OP an algebraic specification in the sense of ADJ [1] is given by a triple
SPEC= (S, OP, E), where E is a set of equations between OP-terms. Algebras
with signature (S, OP) which satisfy E are called SPEC-algebras. For reasons dis-
cussed extensively in the literature (e.g., in [1]) the isomorphism class of initial
SPEC-algebras plays a dominant role.

A parameterized specification PAR is a pair of two specifications PSPEC and
SPEC, where the parameter PSPEC is part of the target SPEC, The role of initial
algebras is taken over by a class of target algebras each of which is “freely
generated” over some algebra in a given class K of parameter algebras (cf. [2]).

Such a class of target algebras is called a parameterized data type. [10] deals
with the proof-theoretical characterization of the equational variety of
parameterized data types. This variety turned out to be a certain “inductive” theory
of the target specification.

In many cases this characterization works only if PAR is persistent, i.e., if each
algebra in the corresponding data type “preserves” the parameter algebra where it
is “freely generated” upon. Persistency is also a sufficient criterion for the “passing
compatibility” of PAR with actual parameter specifications (cf. ADJ [3]). So this
paper is devoted to decidable and powerful criteria for persistency. The first step
towards such conditions is the decomposition of PAR into a “base” specification
BPAR and the remaining operations and equations of PAR. BPAR is supposed to
contain those operations and equations of PAR that are necessary for the “contruc-
tion” of data. Following this strategy it is mostly simple to show that BPAR is per-

179

0022-0000/87 $3.00

Copyright © 1987 by Academic Press, Inc.
571/34/2-3-3 All rights of reproduction in any form reserved.


https://core.ac.uk/display/82608566?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

180 PETER PADAWITZ

sistent. Then PAR is persistent, too, if PAR is complete and consistent with respect
to BPAR which means that the “base” part of the data type specified by PAR
agrees with the data type specified by BPAR.

So the tools for solving the persistency problem are the criteria for persistency of
BPAR given by Theorem 2.12 and the completeness and consistency conditions of
Theorems 3.4 and 4.7 and 3.5 and 5.14, respectively. They involve normalization
and confluence properties of term reductions and are tailor-made for parameter
algebras with “built-in” logic upon which the proof-theoretical characterization of
parameterized data types given in [ 10, Sect. 3] is also based.

Besides the well-known notions in term rewriting theory like “confluence” and
“critical pair” we use some recently introduced ones like “coherence” (cf. [8]),
“contextual reductions” (cf. [12]) and “recursive critical pairs” (cf. [11]). They
should support the reader’s intuition, although their definitions sometimes deviate
from their meaning in the cited papers. Moreover, the corresponding results presen-
ted here are different from those given there.

The paper is organized as follows: Section 2 contains basic definitions and proof-
theoretical characterizations of completeness, consistency, and persistency (2.12). In
Section 3 general completeness and consistency theorems (3.4 and 3.5) are given,
that refer to term reductions. Sections 4 and 5 focus on parameter algebras with
“built-in” logic and adapt the notions of Section 3 to this case. Decidable criteria
for the crucial confluence criteria of Theorem 3.5 are developed in Section 5, which
culminates in the critical pair theorem 5.12. The main results of Sections 4 and 5 are
summarized by the completeness theorem 4.7, the consistency theorem 5.14, and the
persistency theorem 5.16.

Former versions of these results are part of the author’s Ph.D. thesis [9]; id, inc,
and nat denote identity, inclusion, and natural mappings, respectively. The first
occurrences of notions used throughout the paper are printed in boldface.

2. THE SYNTAX AND SEMANTICS OF PARAMETERIZED SPECIFICATIONS

Let SIG= (S, OP) be a many-sorted signature with a set § of sorts and an
(S* x S)-sorted set OP of operation symbols. If 6 OP, , then arity(c)=w,
sort(o) =s, and we often write o: w —» 5. If w=2¢ (empty word), ¢ is called a con-
stant. T(SIG) denotes the free S-sorted algebra of OP-terms over a fixed infinite S-
sorted set X of variables. If ¢, ¥’ € T(SIG) and x € X, then #[¢'/x] is ¢ with x replaced
by ¢".

For every S-sorted set 4 and all sl,.,snesS, A, ,,:=A,% " xA,. Let
weS* seS, 6e 0P, and t € T(SIG),,. Then root(st) =g, arg(at) =1, sort(ct)=s,
and op(ot?) (resp. var(ot)) denotes the set of operation symbols (resp. variables) of
ot. Size(?) is the number of operation symbol occurrences in 7. A SIG-equation /=r
is a pair of SIG-terms / and r with sort(/) =sort(r). Let 4 be a SIG-algebra. Z(A4)
denotes the S-sorted set of functions from X to 4. The unique homomorphic exten-
sion of fe Z(A) to T(SIG) is also written f. If /'€ Z(T(S1G)), ¢t € T(SIG), and x€ X,
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then f[t/x] e Z(T(S1G)) is defined by f[#/x1(x)=1 and f[t/x](y)=fy for all ye
X—{x}.

A satisfies a SIG-equation /=r if for all fe Z(A4) f1= fr. (This definition extends
to classes of algebras and sets of equations as usual.)

2.1. DerFINITIONS  (specification and semantics). An (equational) specification
SPEC = (S, OP, E> consists of a many-sorted signature SIG = (S, OP) and a set
E of SIG-equations. Alg(SPEC) denotes the class of SIG-algebras that satisfy E.
The free SPEC-congruence =g, is the smallest SIG-congruence on T(SIG) that
contains all pairs {(fl, fr> with I=r in E and fe Z(T(SIG)). =gpgc is also called
the free theory of SPEC.

G(SIG) denotes the free S-sorted algebra of OP-terms over the empty set.
Gen(SPEC) is the class of “finitely generated” SIG-algebras that satisfy E, i.e., every
ae A is the interpretation of some te G(SIG). The inductive SPEC-congruence
=qpec is given by all pairs (1, ¢')> e T(SIG)* such that for all fe Z(G(SIG))
Jt=gprc fI'. =sprc 15 also called the inductive theory of SPEC. Note that the restric-
tion of =¢ppc to G(SIG)? coincides with =gpgc.

Two facts are well known (cf. [4] (resp. [1])).

2.2. THEOREM. 1. Alg(SPEC) satisfies t =1 iff t =gpgc .
2. Gen(SPEC) satisfies t=1" iff t =gpgc t'.

2.3. DEFINITIONS (parameterized data types). A parameterized specification
PAR is a pair of two specifications PSPEC and SPEC. The forgetful functor from
Alg(SPEC) to Alg(PSPEC) is denoted by Up,g, while Fpsg stands for its left
adjoint. For every class K of PSPEC-algebras the parameterized data type specified
by (PAR, K) is given by

PDT PAR, K= {Fpar(d)| 4K},

Let PSIG = (PS, POP), PSPEC=<{PS, POP, PE), SPEC=<(S,0P,E) and
PX = {xe X|sort(x)e PS}. Regarding PX as constants we obtain the signature
SIGX = (S, OPu PX) and the specification SPECX = (S, OPU PX, E). Zgpgcx
is called the inductive theory of PAR.

Analogously to Theorem 2.2, there is the following proof-theoretical charac-
terization of the data type specified by (PAR, Alg(PSPEC)):

2.4. THEOREM [10,1.7]. PDT(PAR, Alg(PSPEC)) satisfies t =1’ iff { =spgcx !

2.5. DEFINITIONS  (persistency, completeness, and consistency). Let ID be the
identity functor on Alg(PSPEC). We recall from category theory that there is a
functor transformation #psg: ID = Upag Fpar such that for all Be Alg(SPEC) each
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homomorphism A: A4 — Upsp(B) uniquely extends to a homomorphism #*:
Fpar(A)— B such that Upsg(h*)onpar(4)=h.

Let K be a class of PSPEC-algebras. {PAR, K) is persistent if for all 4€K,
npar(A4) is bijective.

Let BPAR = (PSPEC, BSPEC ) be a parameterized subspecification of PAR, i.c.,
BSPEC = (BS, BOP, BE) is componentwise included in SPEC. Let BSIG =
{BS,BOP)» and EXT = (BSPEC, SPEC). Since Upsp = Ugpar® Uext> Hpar(A4):
A - Uppr Fpar(4) uniquely extends to npag(A)*: Fypar(4) = Upxr Fpar(4) such

that Ugpar(npar(4)*) o gpar(4) = npar(4):

(A4)
A— et Ugpar Frpar(4)

UPAR(A)l (1) /UBPAR(nPAR(A)*)

UPAR FPAR(A) = UBPAR UEXTFPAR(A)

PAR is complete (consistent) w.r.t. (BPAR, K) if for all A€ K npag(A4)* is surjec-
tive (injective).

An immediate consequence of these definitions is

2.6. DECOMPOSITION LEMMA FOR PERSISTENCY. Let (BPAR, KD be persistent. If
PAR is complete and consistent with respect to {BPAR, K>, then {PAR, K is per-
sistent.

2.7. ExampLE. Let BOOL be a specification of Boolean algebras, ie., BOOL
consists of a sort bool, constants true and false, operation symbols =1, A, v, =,
<>, and the Boolean algebras axioms. Moreover,

DATA =BOOL +
sorts: entry

opns: eq: entry entry — bool

eqns:  eq(x, x) =true (el)
eq(x, y)=eq(y, x) (€2)
(eq(x, y) A eq(y, z)) = eq(x, z) =true (e3)
BSET=DATA +
sorts:  set

opns: ¥ —set
ins: set entry — set
eqns: ins(ins(s, x), x) =ins(s, x) (e4)

ins(ins(s, x), y) = ins(ins(s, y), x) (es)
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SET =BSET +
opns: has: set entry — bool
del: set entry — set
if-bool: bool bool bool — bool
if-set: bool set set — set

eqns: has (&, x) = false (e6)
has(ins(s, x), y) =if-bool(eq(x, y), true, has(s, y)) (e7)
del(J, x) = (e8)
del(ins(s, x), y) = if-set(eq(x, ), del(s, y), ins(del(s, y), x)) (€9)
if-bool(true, b, b')=b (el0)
if-bool(false, b, b') = b’ (ell)
if-set(true, s, s')=s (e12)
if-set(false, 5, 5') =5’ (el3)

Following the strategy developed in this paper we will show that for a certain
class Log of DATA-algebras, which will be given in Section 4, {(SET, Log(DATA)>
is persistent.

We proceed with the representation of parameterized data types by classes of
initial algebras which is essential for the proof-theoretical characterization of com-
pleteness and consistency (2.9).

2.8. DerINITION AND THEOREM [ 10, 1.5]. Let 4 € Alg(PSPEC). The specification
SPEC(A)=(S,0PuU A, Eud(A))

has all operation symbols of SPEC together with all elements of 4 as constants,
while the set of equations of SPEC is extended by the equational diagram of 4,
4(A), that consists of all equations o(a) =0 4(a) with 6 ¢ POP and a€ 4y,

Fpar(4) gets an (OPu A)-algebra by interpreting each constant ae A by
Npar(4)(@). Moreover, Fpap(A4) is an initial object in Alg(SPEC(4)).

Using the well-known quotient term algebra representation of initial algebras (cf.
ADJ [1]) we can formulate completeness and consistency as free theory properties:

2.9. THEOREM. Let BSIG(A) = (BS, BOPuw A) and SIG(A)= (S, OPuU 4).

1. PAR is complete wrt. (BPAR,K) iff for all AeK, seBS and te
G(SIG(A))S some t’GG(BSIG(A)) Satisﬁes t=SPEC(A) t’.

2. PAR is consistent w.r.t. (BPAR, K) iff for all Ac K and t, t' € G(BSIG(A)),

t=gppc(ay !’ implies t =pgppcay t'



184 PETER PADAWITZ

Proof. let Ac K and EXT(A) = (BSPEC(4), SPEC(A4)). Since BSPEC(A4) is a
subspecification of SPEC(A), there is a unique homomorphism 4 such that the
following diagram commutes:

G(BSIG(4)) e Uext(4)G(SIG(4))
natl nat (1)
G(BSIG(A))/=BSPEC(A)—T—’ UEXT(A)G(SIG(A))/ =SPEC(A)

Let B :=Fgpar(A4) and C ;= Fpap(A). By Theorem 2.8, B and C are initial objects
in Alg(BSPEC(4)) and Alg(SPEC(A)), respectively. Hence

B~ G(BSIG(4))/ =BSPEC(A) and C =~ G(SIG(A4))/ =spec(a) (2)

Furthermore, #npap(A4)*: B— Upxt(C) (cf. 2.5) is a BSIG(A)-homomorphism
because for all a€ A,

Npar(A4)*(ag) =1npar(A4)*(ngpar(4)(a)) =npar(d)a)=ac.

Vice versa, let 4: B — Ugyr(C) be the composition of 4 and the isomorphisms given
by (2). For all ae A4,

Ugpar(h) o napar(A4)(@) = Ugpar(h)ap) = hlag) = ac = npar(4)(a).
Hence i =npar(A4)*. Therefore, PAR is complete w.r.t. (BPAR, K>

iff for all A€ K, npap(A4)* is surjective
iff for all A€ K, h is surjective
iff for all 4e K, se BS, and te G(SIG(A)),, some

'€ G(BSIG)(A)) satisfies { =gppc(q)f,

and PAR is consistent w.r.t. (BPAR, K

iff for all 4 € K, npsr(A)* is injective
iff for all 4 € K, A is injective
iff for all A€ K and ¢, 1’ € G(BSIG(A4)),

t =spec(a) !’ implies ¢ =ggpec(a) - |

Besides, the persistency theorems 2.8 and 2.9 provide a useful criterion for
the validity of equations in parameterized data types: PDT(PAR, K) satisfies a
set E’ of SIG-equations if PAR is complete w.r.t. {(BPAR, K) and {(PSPEC,
{S, 0P, Eu E > is consistent w.r.t. (BPAR, K>.

The characterization of completeness and consistency given by Theorem 2.9 will
be further investigated in the next section. The rest of this section deals with criteria
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for the other condition for decomposing a persistency proof, namely persistency of
the base specification BPAR.

The proof-theoretical conditions “maximal completeness” and “maximal con-
sistency” defined below deal with variables instead of elements of a particular
parameter algebra. Hence they characterize persistency of PAR with respect to all
parameter algebras (Theorem 2.12).

2.10. DerNiTIONS.  PAR is maximally complete if for all se PS and t e G(SIGX),
t =gprex ! for some t' € T(PSIG) (cf 2.3). PAR is maximally consistent if for all
t, t( € T(PSIG) t =SPECX t' lmplieS t=PSPEC t/.

2.11. DermiTION. The simple reduction relation generated by E, — ., is the
smallest relation on T(SIG) (resp. Z(7(SIG))) such that

(i) for all I=rin E and fe Z(T(SIG)), fl = fr,
(1) forall 6eOP, a(t,,..., iy 1) > £ G(ty sy t) ey £,) i 8, > ],
(iii) for all £, ge Z(T(SIG)) f - g if for all xe X, fx - gx. >, <5, and

%, . denote the reflexive, symmetric, and reflexive-transitive closures of E, respec-
tively.

2.12. PersSISTENCY THEOREM 1. (PAR, Alg(PSPEC)) is persistent iff PAR is
maximally complete and maximally consistent.

Proof. (only if) By assumption, npsp{T(PSIG)/=pgppc) 1s an isomorphism.
Since

Fpar(T(PSIG)/ =pgppc) = G(SIGX)/ =specx
[10, 1.6], we conclude
T(PSIG)/ =psprc = Upar(G(SIGX)/ =gpecx)-

The surjective (resp. injective) part of this isomorphism is maximal completeness
(resp. consistency) of PAR.

(if) First we observe that for all Ke Alg(PSPEC), (PAR, K is persistent iff
PAR is complete and consistent w.rt. (PPAR, K}, where PPAR=
{PSPEC, PSPEC). So it suffices to use Theorem29 to show that
(PAR, Alg(PSPEC)) is persistent.

Let A e Alg(PSPEC), se PS, and te G(SIG(A4)),. Then there are ue G(SIGX)
and feZ(A) such that 7= fu. Since PAR is maximally complete, there is
u' € T(PSIG) with u =gprcx 1.

Hence 1 =gprc4) fu' € G(PSIG(A4)). Therefore, PAR is complete w.r.t. {PPAR,
Alg(PSPEC)) (cf. 2.9.1). It remains to show that PAR is consistent w.r.t. (PPAR,
Alg(PSPEC)) (cf.29.2). So let 1, t'e G(PSIG(A)) such that t=gpgc(4 t'. Then
there are a least number # and ¢,,..., t, € G(SIG(4)) such that t, =14, ¢, =1, and for
all 1<i<n, t;>g, 44ty Moreover, there are feZ(4) and u, e G(SIGX),
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1 <i<n, such that fu,=1¢, and fis injective on |J7_, var(u,). Maximal completeness
of PAR implies u, =gpgcx #; for some u; € T(PSIG).
Next we show that for all 1<i<n,

fu;=PSPEC(A)fu1/'+I~ (*)
If 1,551, ,, then

g . ’
U =gpecx Ui &> Uiy 1 TspECX Uit 1»

and we conclude u; =pgpgpc #;, ; from maximal consistency of PAR. Hence (*) holds
true.

If ;> 44y t: 1, then there are v, v'e T(PSIG), ue T(SIG) and zevar(u)n PX
such that fo = fv’ is in 4(A4), u;=u[v/z], and u,, , = u[v'/z]. Maximal completeness
of PAR implies u =gppcx 4’ for some v’ € T(PSIG). Hence

ui =gppcx U; = u[v/z] =gpecx w'[v/z]
so that by maximal consistency of PAR, u/=psppc'[v/z]. Analogously,
u:-_.,l =PSPEC u([U,/Z]. ThCrCfOI‘C,
Jui =pspecoa ' [o/z]) =’ [fo/z10fX/x[x € X]
ATV W [ fo'/z]0fx/x|xe X]= f(u'[v'/z]) =psprcia) fui s 1-

Hence (*) holds true.
t, t' e G(PSIG(A)) implies u,, u, e T(PSIG) and thus by maximal consistency of
PAR, U| =pspeC u’, and un:PSPECu;’. Finally, (*) YieldS

’ ! 4
1= fu, =PSPEC(A)fu1 :PSPEC(A)fun =PSPEC(,4)fun =r.

Therefore, PAR is consistent w.r.t. (PPAR, Alg(PSPEC)). (The main idea of this
proof is due to Ganzinger [6, Theorem 5].) |

2.13. CoroLLAarY. (PAR, Alg(PSPEC)) is persistent if for all oceOP,
sort{c) € PS implies 6 € POP and if for all | =r in E sort(l) e PS implies that I=r is
in PE.

2.14. ExampLE (cf. 2.7). Using Corollary 2.13 we immediately observe that
{(DATA, BSET )}, Alg(DATA)) is persistent.

3. COMPLETENESS AND CONSISTENCY PROOFS BY TERM REWRITING

Assuming that the “base” (BPAR, K) is persistent we turn to refinements of the
proof-theoretical characterization of completeness and consistency given in the last
section (2.9). From now on we suppose that S= BS and for all 4 e Alg(PSPEC)
and se S, G(SIG(4)), is nonempty.
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A first step is the decomposition of the free SPEC(A)-congruence into simple
reductions and the free BSPEC(A)-congruence:

3.1. DerinrmiON,  Let A e Alg(PSPEC). A set R of SIG(A)-equations is
Church-Rosser w.r.t. A if for all se BS and ¢, ' € G(SIG(A)),, t =psprc(4) !’ implies

t v

Rl* *l R
—_ ’
U =pgspEC(4) U

for some u, u' € G(BSIG(A4)).

3.2. LEMMA. Suppose that for each I=r in E— BE, op(l) contains at least one
operation symbol of OP — BOP. For all A€K let E(A) be a subset of =gsprc(a)- If
(E—BE)YUE(A) is Church-Rosser w.r.t. A, then PAR is consistent w.r.t
{BPAR, K>.

Proof. Let t, 1 € G(BSIG(A4)) such that t =gppc(4) t'. By assumption,
t t

(E—BE)UE(A)I* *l(E~BE)uE(A)

!
U=pgsprC(4) U

for some u, u' €G(BSIG(4)). Since for each [/=r in E—BE, op(/)n
(OP— BOP)# J, we have t =ggppc(4) # and ¢’ =pgpc(4) #'. Thus by Theorem 2.9.2,
PAR is consistent w.r.t. {BPAR, K. |

Localizing the Church-Rosser property by “confluence” and “coherence” con-
ditions goes along with restricting equations to “normalizing” ones.

3.3. DerINITIONS. Let 4 € Alg(PSPEC) and R be a set of SIG(A4)-equations. ¢’ €
G(BSIG(4)) is an R-normal form of t € G(SIG(4)) if t % ¢'. R is normalizing w.r.t.
A if for all te G(SIG(A)) t has an R-normal form. R is confluent w.r.t. A if for all
te G(SIG(4)) all R-normal forms ¢,,t, of ¢ satisfy ¢ =psprcia) s
{t,,t,> € G(SIG(4)) is uniformly R-convergent w.r.t. A if some R-normal forms
1), t5 of t, (resp. 1,) satisfy ¢} =pgpec(4) 12, Written ¢, Lz 4 1,.

R is coherent w.r.t. A if for all ¢, ¢,, t,€ G(SIG(4)),

l

t implies ¢, | g 415

N

9]
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R commutes with another set R’ of SIG(A4)-equations if for all ¢, ¢,, ¢, € G(SIG(A4)),

t {

t implies t

t 1
for some ' € G(SIG(A)).

3.4. COMPLETENESS THEOREM 1. For all A€ K let E(A) be a subrelation of
=pspec(a) If for all Ae K, Ev E(A) is normalizing w.r.t. (BPAR, K}, then PAR is
complete w.r.t. {BPAR, K>.

Proof. The statement immediately follows from Theorem 2.9.1. |

3.5. CONSISTENCY THEOREM 1. Suppose that for each |=r in BE var(r) < var(/)
and for each I=r in E— BE, | contains at least one operation symbol of OP — BOP.
For all AeK let E(A) be a subrelation of =gspeciay If (E— BE)YU E(A) is nor-
malizing, confluent, and coherent w.r.t. A and commutes with (4(A)yu d(4) ") —
(E(A)U E(A) ") (cf. 2.8), then PAR is consistent w.r.t. {BPAR, K.

Proof. By Lemma 3.2, it is sufficient to show that R=(EF— BE)uU E(A) is
Church-Rosser w.r.t. A. So let se BS and ¢, t' € G(SIG(A)), such that t =gpgci4, t-
There are a least number #» and ¢,,..., ¢,, u,,..., U,€ G(SIG(A)) with t, =1, u,=1,
and forall 1<i<nu,®;_ g1, and

(i) u;>gtiyy, 0r
(i) u; = ppticy, OF
(i) 1, > peu; OF
(v) tfipy = i, OF
(V) w4 s ga tive
We prove ¢ |z t' by induction on n; n=1 implies ¢’ * 41, and 1 |, ¢’ follows from

the normalization and confluence of R w.r.t. A. Since E(A) = =ggpgc(4) and for each
I=rin E— BE, op(l)n(OP - BOP)# ,

for all ue G(BSIG(A4)), u—pu implies ¥ =ggppc(a) U- (*)

Let n> 1. By the induction hypothesis, 7, | , , t. Hence by the confluence of R, it
remains to show ¢, |z 5.
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The proof proceeds by deriving ¢, | 5 4 ¢, in each of the cases (i}-(iv) for i=1. If
i=1 satisfies (i), we have

Uy
E—B% \e‘
t) t

and infer ¢, | ; ¢, from normalization and confluence of R.
If i=1 satisfies (ii), then
E— BE

[1 (“_** ul

AN

ty 12

for some 7} € G(BSIG(4)). If u, is R-normal, then ¢, =u, and u; =pgppc(4) t,. There
is an R-normal form ¢, of f,, and we conclude 1, =psprc(4) > by (*). Hence
ty =nspec(4) 1> SO that £, |, 4 t,. If u; is not R-normal, there is ve G(SIG(4)) such
that

E— BE

t] "_‘—* U

7 y YE
*
4’_'_'*—_1) tz.

Since R is coherent w.r.t. 4, we have v |, ,t,. Therefore ¢, |z , £, by confluence
of R.
If i =1 satisfies (iii), we have

f

BE
U «——1h

s N
%* *

L 1
for some ;€ G(BSIG(4)). If ¢, is R-normal, then 7, =ggppc(4) 4, and thus u, =1,.
There is an R-normal form ¢} of ¢,, and we conclude t, =ggpec(4, 21 by (*). Hence

1, =pspec(4) 11 SO that t, | . 4 t,. If 1, is not R-normal, there is v e G(SIG(A4)) such
that

BE R
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Since R is coherent w.r.t. A, we have u, |z ,v. Therefore ¢, |z , ¢, by the nor-
malization and confluence of R.
If i =1 satisfies (iv), we have

E - BE E(A)
LU —0nL

and infer ¢, | ¢, from the normalization and confluence of R.
If i =1 satisfies (v), then

% \ZII(A)-~ E(4)

1y 1)

for some t,eG(BSIG(4)). Since R commutes with (4(4)uA4(4) ')~
(E(A)u E(A)™"), there is t5 € G(SIG(A)) such that

t) £
A(A\f ’%
12
Hence t,€ G(BSIG(A)) and thus ¢, [z, 25. |

4. PARAMETERS WITH “BUILT-IN” LoGIC

From now on we deal with parameters including Boolean operators and restrict
parameter algebras to those where the Boolean operators are interpreted as in
propositional logic. In addition, we use if-then-else operators to simulate con-
ditional axioms by equations.

GENERAL ASSUMPTION. Suppose that BOOL (cf. 2.7) is a subspecification of
PSPEC. Moreover, let ifS be a subset of S such that for all se€ifS SIG contains an
operation symbol if-s: bool s s — s and E includes the equations

if-s(true, x, y)=x and if-s(false, x, y)=y.

Vice versa, for each /=r in E,

(i) sort(/)=bool implies /¢ {true, false},
(ii) sort(/) # bool implies 7€ {true, false} for all bool-sorted subterms ¢ of .
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4.1. DerNtTIONs. Let PEXT = (BOOL, PSPEC). The class Log(PSPEC) is
given by all PSPEC-algebras 4 such that Upgxr(4) is the Boolean algebra
{true, false}. Hence we drop the equations true =true and false =false from the
equational diagram of 4 (cf. 2.8). For all 4 Log(PSPEC), LE(A) denotes the set
of BSIG(4)-equations /=r with /e G(BSIG(A4))poo — {true, false}, re {true, false}

and l=BSPEC(A) r.

42. LemMA. Let {BPAR, Log(PSPEC)) be persistent and A € Log(PSPEC).

(1) For all te G(BSIG(A))yoo1 either t=true or t = false is in LE(A).

(2) Suppose that for all I' =r' in BE var(r')=var(l'). Let I=r be in LE(A),
feZ(T(SIG(A4))) and RS BEULE(A)u A(A)uA(A)~" (cf.2.8). Then fl >yt

implies 1 = g4 f1.

Proof. Let AeLog(PSPEC). By assumption, A=~ UgpagFppar(4). By
Theorem 2.8, Fyppr(4) =~ G(BSIG(A4))/ =pspec(4)- Hence (1) follows from
Upgxr(A) = {true, false}.

(2) Casel. (r=true) Since / does not contain variables, fI =1/ G(BSIG(4)).
Thus fI -t implies fl =ggppc(4, ! because for all '=r' in BE, var(r') < var(l').
Hence

! =gspec(4) ST =nspEc(4) fT =1 = tIUe. *)

By (1), t#false. So we have either t=true and thus tr=r=fr or te
G(BSIG(4))poo1 — {true, false} and thus by (*), t =,z true=r= fr.

Case2. (r=false) The proof proceeds analogously to Case 1. |}

Next we define a reduction relation with conditions (contexts) to simulate reduc-
tions via LE(A).

4.3, DerNiTioN.  Let BOOT = T(BSIG),,,. The contextual reduction relation
generated by E, { % . )} 5001, is the family of smallest relations on T(SIG) such
that

(i) for all re T(SIG) and pe BOOT 1% . ¢,

(ii) for all /=rin E, fe Z(T(SIG)) and pe BOOT f1*% ., fr,
(ii) for all € OP, o(t,,..., t,,., ’")“E;*T’ O(Fyses U es 1) I 1, 55 5 1],
(iv) for all seifS and ¢,, t, € T(SIG),,

if-s(p, 1,, lz)—,};’ h and if-s(p, 11, 1,) —T:;’ b,
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(V) 5, 0 ift5, , fand ' B, 17,

(i) 15, tiftS, randtSh,, 1,
(vii) forall ¢, e T(SIG), t & ppuse £

The following lemma draws the connection between contextual and LE(A)-
reductions. Contexts are now restricted to “base” terms so that contextual reduc-
tions can be regarded as “hierarchical” ones.

44. Lemma. Let (BPAR, Log(PSPEC)> be persistent. Then all
AeLog(PSPEC), feZ(G(SIG(A))) and [’ € Z(G(BSIG(A))) with {5 ¢, g/’
(cf. 2.11) satisfy

* ’ . * ! fo L)
f;m)ft ’ft_T;?t and f'p=true is in LE(A). (*)

Proof. We show (*) by induction on the least number of derivation steps
4.3(1)-(vii) that lead to 1 % 5, 7.

If the last derivation step that generates ¢ * ., ¢ is given by 4.3(i), (ii), or (iii),
we are done by the definition of *>, and the induction hypothesis.

If the last step is 4.3(iv), then we have two subcases:

(a) t=if-s(p,t,t,) for some seifS and r,e T(SIG). Then fr=
if-s(fp, ft', f1;) = 1ga) if-s(true, ft', ft,) =5 ft'.

(b) t=if-s(q, t,, 1) for some seifS, 1, € T(SIG), and —1¢= p. Assume that
f'gq=trueis in LE(A). Since f'p =true is in LE(A) by assumption, we would obtain

true =psppci4) /¢ A 71/’ =pspec(4) false.

This contradicts Lemma 4.2(1). Thus again by Lemma 4.2(1), f'q=false is in
LE(A). Therefore ft =if-s(fq, ft,, ft') ® 5, Lpa, if-s(false, f1,, ft') =5 f1'.

If the last derivation step of %, ¢ is given by 4.3(v), then there are
g,¢' € BOOT and "€ T(SIG) such that t %, ¢, "%, . 1, and p=g A ¢'. Hence
f'qg=true and f'q’ = true are in LE(A). Otherwise we would obtain a contradiction
to Lemma 4.2 analogously to case (b) above. Thus by the induction hypothesis,
S5 el ma fUand ft" B o gy S s0 that ft 55 0 gy, ST

If the last derivation step of t % .. ¢ is given by 4.3(vi), there are g, ¢'e BOOT
such that r% . ¢, 15, ', and p=g v ¢'. Hence f'q=true or f'q'=true is in
LE(A). Otherwise we would obtain a contradiction to Lemma 4.2(1) analogously to
case (b) above. Thus wlog. f'gq=true is in LE(A), and by the induction
hypothesis, ft % ., ;1) f7

If the last derivation step of 7 %, , ' is given by 4.3(vii), we have p = false. This
contradicts Lemma 4.2(1) because by assumption, f/'p = true is in LE(A4). Hence (*)
is trivial in this case. ||

Contextual reduction properties that correspond to 3.3 are defined by 4.5 and
4.10 below.
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4.5. DeFINITION. Let fe G(SIGX) (cf. 2.3). ¢t has contextual E-normal forms
1y ,€G(BSIGX) if there are neN and py,.., p,e BOOT such that
PiV "tV p,=psprc true and for all 1<i<n ¢ % ¢,. E is contextually normaliz-
ing if all e G(SIGX) have contextual E-normal forms.

To reduce normalization of Eu LE(A) to contextual normalization of E we have
to guarantee that SPEC(4) does not identify true and false.

46. LeMMA. Suppose that <(BPAR, Log(PSPEC))> is persistent. Let
A e Log(PSPEC). Eu LE(A) is normalizing w.r.t. A if E is contextually normalizing.

Proof. Let te G(SIG(A)). There are ue G(SIGX) and f'e Z(A) such that ¢ = fu.
By assumption, there are ne N, p,,.., p,€ BOOT, and u,,..., u, € G(BSIGX) such
that p, v -=- v p,=gspec true and for all 1 <i<n u® ., u,. Assume that for all
1<i<n, fp;=false is in LE(A). Then

true =gsppcia) /1 V 1V fPa=ssprc(a) false,

which contradicts Lemma 4.2(1). Thus for some 1<i<n, fp,=true is in LE(A).
Hence by Lemma 4.4,

t=fu —* fu,e G(BSIG(4)). I

Eu LE(A)

4.7. CompLETENESS THEOREM II. Suppose that (BPAR, Log(PSPEC)) is per-
sistent. If E is contextually normalizing, then PAR is complete w.r.t. (BPAR,
Log(PSPEC)).

Proof. The statement immediately follows from Lemma 4.6 and completeness
theorem 34. |}

4.8. EXaMPLE. (cf. 2.7) Let E= {¢6,..., e13}. One easily observes that E is con-
textually normalizing if

for all 1, ' € G(BSIGX),., has(t, x), del(s, x), and if-set(x, 1, #') have con-
textual E-normal forms. *)

Condition (*) follows by induction on size(t) + size(¢') because we obtain
has((, x) — false,

*
eT;eq(x, y)

has(ins(¢, x), y) true,

has(ins(¢, x), y) ——~—— has(¢, y),

e7;eq(x, y)

del(, x) — &,
del(ins(t, x), yy——2—— del(t, y),

e9;eq(x, y)
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del(ins(t, x), y) ——=—— ins(del(s, y), x),

€9;1eq(x, y)

if-set(x, ¢, ¢ )—E—;—; t

if-set(x, t, t') — t'

E;mx

for all 7, t' € G(BSIGX),,,. Since { {DATA, BSET ), Log(DATA)) is persistent (cf.
Example 2.14), we conclude from Theorem 4.7 that (DATA, SET) is complete
w.r.t. ((DATA, BSET ), Log(DATA)>.

Local criteria for confluence and coherence require the “new” equations E— BE
to be normalizing (cf. Theorem 3.5). “Base” equations (BE) are often not nor-
malizing. Hence we can use Noetherian induction—to lift local criteria—only with
respect to E— BE. But BE must be considered, too. The lack of normalization of
BE is circumvented by working with parallel BE-reductions which combine
independent simple reductions in one step.

4.9. DEFINITION. The parallel reduction relation generated by E, =, and its
reflexive closure =, are the smallest relations on T(SIG) (resp. Z(T(SIG))) such
that

(i) for all re T(SIG), ¢t =, ¢,
(ii) for all f, ge Z(T(SIG)), f =, gif for all xe X fx S gx,
(iii) forall/=rin E, fl=,griff >, g,
(iv) t3 0 ift=,1,
(v) for all 6eOP, o(t,... t,) =go(t],.. t,) if I 1<i<nm t;,= ¢t/ and V
I<isn t, 3,1

Hence a parallel reduction step may replace “horizontally” as well as “vertically”
independent redices (see Fig. 1).

4.10. DEFINITION.  {t;, t,> € T(SIG)? is contextually E-convergent if there are
REN, Plows Pus G1sr §.€ BOOT, 21, 1L, 2., 1> € T(SIG) such that

(i) (piAq) Vv - v (P, A 4,)=sspec true,

FiGURE 1
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(ii) forall i1<ign,

£ pi 1

Lh—s—
=|| BE

* 2

—* 5, 2

f Eiqi fi

4.11. Lemma. Let (BPAR, Log(PSPEC)) be persistent and E be contextually
normalizing. Let A€ Log(PSPEC). If {t,, t,) € T(SIG) is contextually E-convergent,
then for all f, g e Z(G(SIG(A))) f = 5, g implies

Eu LE(A)
ftl — = U

= [| BE

—F
8t EU LE(A) Uz

for some u,, u, € G(SIG(A4)).

Proof. By assumption, there are neN, py,... p,, ¢, q,€ BOOT, t;,.., 1},
13,.., 12 T(SIG) such that 4.10(i), (ii) hold true. Let f, ge Z(G(SIG(A4))) with
f =8

Since E is contextually normalizing, Lemma 4.6 implies f * ;5. f and
g5 co e & for some [, g’ € Z(G(BSIG(4))).

Assume that for all 1 <i<n (f'p; A f'q;)=false is in LE(A). Then

true =pgpec(4) f'pinfa)v - v (. fq,) =BSPEC(4) false

which contradicts Lemma 4.2(1). Hence again by Lemma 4.2(1), there is 1 <i<n
such that (f'p; A f'gq)}=true is in LE(A). Thus f'p,=true is in LE(A).
Analogously, one obtains that g'q, = true is in LE(A). Therefore Lemma 4.4 implies

1, EuLE(A) ftl

BE

* 2
—* g
8t EoLEq 8l i

5. CriticaL PaR CoNDITIONS FOR CONSISTENCY

This section is the most technical one. We show that contextual convergence of
certain critical pairs is sufficient for confluence, coherence, and commutativity of
(E—BE)u LE(A) (cf. 3.3, 3.5). The assumptions of Section 4 are still valid.

To prepare the critical pair conditions we introduce superposition relations (5.1
and 5.8) as those reductions where the left-hand side of the applied equation /=r
overlaps a given prefix ¢ of the term to be reduced (see Fig. 2).

571/34/2-3-4
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A A

FIGURE 2

5.1. DEFINITION. The simple superposition relation generated by E,
{ = £ pt )} rezirs16)).1e 7s1G) - x» is the family of smallest relations on T(SIG) such
that

(i) foralll=rin E ft >z, frif fi={l,
(i) for all 6€OP, fo(t) s tivsty) = £ fiottnin) JOE 1 Ly 1), if
St =g S10

Let n(ft =, t") (resp. n(t - t')) denote the least number of derivation steps
5.1(i), (i1) (resp. 2.11(i), (ii)) that lead to ft = ., t' (resp. t = t').

5.2. PROPOSITION. If ft =, t', then there are I=r in E, t,e T(SIG), t, e
T(SIG)— X and xe X such that t=1t,[t,/x], ft;=fl, and t' = f[ fr/x](t,), ie., |
“overlaps” t in ft.

Proof. Straightforward induction on n(ft » .., ). |

5.3. PropoSITION. Let t,t' € T(SIG), and f € Z(T(S1G)) such that ft —» 1, but
not ft —»p. ., 1. Then there are xevar(t) and t.€ T(SIG) such that fx —zt,,
n(fx s> gt)<n(ft - 51t'), and

(i) ¢ =f[t/x](¢) if t has unique variable occurrences,
(i) ¢ 5 f[t./x](¢t), otherwise.

Proof. Straightforward induction on n{ft - ¢'). |}

5.4. DerniTioN.  E is linear if for each /=r in E each variable occurs at most
once in L

The next lemma provides a syntactical criterion for the commutativity property
in the consistency theorem 3.5.

5.5. LemMA. Suppose that (BPAR, Log(PSPEC)}) is persistent, E— BE is
linear, for each |=r in E— BE var(r)<var(l) and ! does not contain operation
symbols of POP — {true, false}. Then for all Ae€log(PSPEC) (E— BE)u LE(A)
commutes with (A(A) U A(4) ') — (LE(A)w LE(A)™").
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Proof. Let R=(E— BE)U LE(A), R =(4(4)u 4(A) ')~ (LE(A)u LE(4)™")
and

We show

u for some u, *)

L

by induction on n(t - t;) +n(t = g t5).

Casel. t=fland t,= fr for some I=r in R and f e Z(T(SIG(A4))).
Case 1.1. t >, ., t,. By Proposition 5.2, there are I'=r" in R’, t,€ T(SIG(4)),
t;€ T(SIG(A4)) — X and x e X such that /=¢,[t;/x]), fi;= 1, and t, = f[ fr'/x](¢,).
Case 1.1.1. /=r is in E— BE. Hence /'€ {true, false} of / contains some o &
(POP — {true, false}) U 4. The second case contradicts an assumption of the lemma.
Assume that /' = true. Since /' =r"is in 4(A4) U 4(A4)~", we have r' € G(BSIG(A4)).
By Lemma 4.2(1), r #false. By the assumption in 4.1, r' #true. Hence r'e
G(BSIG(A)) — {true, false} and thus I'=¢" is in LE(4)~", in contradiction to the
fact that I"=r"is in R'. Therefore !’ # true. Analogously, /' +# false.
Case 1.1.2. [=risin LE(A4). Since R' = A(4)u A(A)~", Lemma 4.2(2) implies

LE4) b1

tz—’

Case 1.2. Not t - ., t,. By Proposition 5.3, there are xevar(/) and ¢.€
T(SIG(A)) such that fx - ¢, and t,= f[t,/x](/). Hence

t1=fr

SUe/xr).
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Case2. t=fI' and t, = fr' for some /'=r"in R" and fe Z(T(SIG(A))).
Case 2.1. 1 > 4.r,t,. By Proposition 5.2, there are /=r in R, t,€ T(SIG(4)),
1,€ T(SIG(A4)) — X and x e X such that I'=t,[1:/x], ft;=fl, and ¢, = f[ fr/x](¢,).

Case 2.1.1. [=ris in E— BE. Hence le X U {true, false} or / contains some
o € (POP — {true, false})u 4. Both cases contradict an assumption.

Case 2.1.2. [=r is in LE(A). Hence t;=1¢ {true, false} implies 7o=x and
thus /=/ and t,=fr=r=r'=fr'=1t, because r,r' € {true, false}, but by
Lemma 4.2(1), true #gpgppc(4) false.

Case2.2. Not -, .. By Proposition35.3, there are xevar(/) and
t. € T(SIG(A)) such that fx —» 1, and ¢, =f[tz./x](!). This contradicts the fact
that /' does not contain variables.

Case3. t=0(Uy s Uppriy Upporry Uy)y 1y = (U gy iy Uy Uy)y 1y =0O(Up sy Ujseess

Sjyes Uy )y Uy = g ¥y @nd u; > g 8.

Case 3.1. i=j. By the induction hypothesis,

ry
= R
v, for some v;.
R
S;
Hence,
[
= R
O(U sy Upyony Uy)
R
I

Case 3.2. i#j. Then

O(U ey Py Sjoever Up).

/
L,

Hence (*) holds true and thus R commutes with R’. |
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FIGURE 3

Using the superposition relation we can easify define a critical pair of E into /=r
as a pair of

(i) the substituted right-hand side fr and

(i1) the result ¢ of reducing fI by some equation /' =r’, where I' overlaps /, as
shown in Fig. 3.

5.6. DEFINITION. Let fT =5 ., ¢t and /=r be a SIG-equation. {fr, t) is called a
critical pair of E into 1=r.

5.7. LeMMA. Let A€ Log(PSPEC). Suppose that for each I=r in E— BE op(l)
contains at least one operation symbol of OP — BOP. Then there are no critical pairs
of E— BE into LE(A) or of LE(A) into E— BE.

Proof. Assume that {1,,t,) is a critical pair of E— BE into LE(A). Then there
are /=r in LE(A) and fe Z(T(SIG(A4))) such that fl >, g 1, and t, = fr. By
Proposition 5.2, there are /'=r" in E— BE, tye T(SIG(4)), t;€ T(SIG(4)) — X and
xe X such that [=1y[t;/x], fi;=/1, and 1, = f{ fr'/x](t,). Since var(l)=J, we
have

[=to[ ftsfx] =t fI'/x],

which contradicts the fact that op(/) € BOP U A, but op(I')n(OP — BOP)# (.

Assume that {t,, t,) is a critical pair of LE(A) into E— BE. Then there are /=r
in E—BE and feZ(T(SIG(A4))) such that fl >, p.,.,t, and t,=fr. By
Proposition 5.2, there are /' =+" in LE(A), t,€ T(SIG(A)), t;€ T(SIG(A4))— X and
x€ X such that I=1¢,[t;/x], ft;=fT, t, = f[ fr'/x](t,). Hence sort(t;) =bool, but
t3 ¢ {true, false}. Thus t,=x and we obtain

=1, and I'=fl'=ft,

so that op(/)c BOP, which contradicts the assumption that op(/)n
(OP—BOPY# . 1

In parallel reductions we may have several equations /,=r; applied to the same
term . If all outermost /; overlap a given prefix ¢ of u, we get a “superposing”
parallel reduction (see Fig. 4).
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FIGURE 4

5.8. DErFINITION. The parallel superposition relation generated by E,
{=> 5.1} re zir(s1G)). 1e T(s1G) — x» 1S the family of smallest relations on T(SIG) (resp.
Z(T(SIG))) such that

(i) forall/=rinkE, ft=,, grifft=fland f> g,
(ii) for all g€OP, fo(t|,..t,) = e row.iny0(timnty) if 3 1<ism
Stz tiand VIKi<n: ft, 310

Let n(ft = ..., t') (resp. n(t =;1')) denote the least number of derivation steps
5.8(i), (it) (resp. 4.9.(1)-(v)) that lead to ft = . .’ (resp. t = t').

5.9. PROPOSITION. If ft = ., t', then there are ty€ T(SIG), g€ Z(T(SIG)), n>0,
and for all 1<i<n, I,=r;, in E, t,e T(SIG)— X, and x,e X such that t=1t,[ /x|
t<ignl, ft,.=/1,, f=>cg and t'=flgrix;|1<i<n](t), ie., I,.. 1, “overlap” t

in f1.

Proof. Straightforward induction on n(ft =, ., t). |

5.10. ProrosITION. Let t, ' € T(SIG) and fe Z(T(SIG)) such that t has unique
variable occurrences, ft = t', but not ft = . t'. Then there are n>0, x,,.., x, €
var(t) and t,,..., t,€ T(SIG) such that fx, =t and t' = f[t,/x;| 1 <i<n](1).

Proof. Straightforward induction on n(ft =5t'). |

Parallel critical pairs of F into /=r arise in situations like the one shown in
Fig. 5, where /, =r,, I,=r,, and /;=r, are in E.

A more complicated case of a parallel overlapping can occur if /; shares a sub-
term of / and a prefix of /,, e.g., see Fig. 6. Applying (/, =r,) € E on one hand and
(I=r), (I,=r,) € E' on the other hand leads to a recursive critical pair of E into E'.

A :

FIGURE 5
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gfx

{7
?
A A

5.11. DeFINITIONS.  Let fl = ;. ., t and /=r be a SIG-equation. { fr, ) is called a
parallel critical pair of E into 1 =r.

Let E' be a set of SIG-equations, /=r in E’, and g, he Z(T(SIG)). Suppose that
fl=gitand f 3 g Then (1, gr) is a recursive critical pair of E into E'.

E is terminating if there are no infinite sequences 1, —»;t, 2 pit; =5
t is E-reducible if ¢+ — . ' for some ¢'.

5.12. CriticaL PalR THEOREM. Suppose that {(BPAR, Log(PSPEC)) is per-
sistent.

Let E— BE be linear, terminating, and contextually normalizing (cf. 4.5), for each
!=r in BE var(r)cvar(l) and for each l=r in E— BE, [ contains at least one
operation symbol of OP — BOP.

Let AeLog(PSPEC). (E—BE)u LE(A) is confluent and coherent wrt. A
(¢f33)if

(i) all critical pairs of E— BE into E— BE,
(ii) all parallel critical pairs of BE into E— BE,
(iii) all recursive critical pairs of E — BE into BE

are contextually (E — BE)-convergent (cf. 4.10).

Proof. Let R=(E— BE)uw LE(A). A simple proof by Noetherian induction
w.r.t. — . shows that R is confluent w.r.t. 4 if for all ¢, ¢,, ¢, € G(SIG(A))

Ly

4

t implies ¢, |z 4 ¢, (cf 3.3). (1)

N

153
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Suppose that for all ¢, ¢/, 1, € G(SIG(A4))

t t f _“i—’ Iy
4
t or t implies =| BE (2)
x Bx
ty ty ts —%—> 1,

for some ¢, t,€ G(SIG(A4)). We prove by Noetherian induction w.r.t. — 5 that (2)
implies (1) and coherence of R w.r.t. 4.

By Lemma 4.6, R is normalizing w.r.t. A. Hence if ¢, is not R-reducible, we have
t;€ G(BSIG(A)) and thus 7,e G(BSIG(A)) so that ¢, | ., t,. If ¢; is R-reducible,
then t; — & t5 for some ;€ G(SIG(A4)). We obtain #5 | z 4 ¢, by induction hypothesis
and thus r; |z ,t,. Hence it remains to show (2):

(a) Let

Induction on n(t — 4 ;) + n(t = g t,) leads to (2):

Casel. t=fland ¢, = fr for some /=r in R and fe Z(T(SIG(A))).

Case 1.1. t = 4./, t,. Then <t,,t,) is a critical pair of R into /=r.

Case 1.1.1.  {t,,t,)> is a critical pair of E—~BE into /=r and /=r is in
E — BE. By assumption, {t,, ¢, is contextually (£ — BE)-convergent. Since 1,, t, €
G(SIG(A)), we conclude
R
tl ‘_r" ul

=|| BE
*
t2 R U

for some u,, u, e G(SIG(A)) from Lemma 4.11.

Case 1.1.2. {t,,t,) is a critical pair of £E— BE into LE(A) or of LE(A) into
E — BE. This contradicts Lemma 5.7.
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Case 1.1.3. {1, t,) is a critical pair of LE(A) into /=r and /=ris in LE(A).
Hence ¢ =, ;4 ,, and we conclude from Lemma 4.2(2) that ¢, =, ., t;.

Case 1.2. Not t —4.,,t,. By Proposition5.3, there are xevar(/) and
t.e T(SIG(A)) such that fx — ¢, and ¢, = f[7,/x](/). Hence

t,=fr

FLe/x)(r).

A

s
[

Case 2. Analogously to Case 3 of Lemma 5.5 (with R’ = R).
(b) Let

L

4

t

=N\

t,

Induction on n(t — 5 t,) + n(t =z t,) leads to (2):
Case 1. t=fland t, = fr for some /=rin R and fe Z(T(SIG)).
Case 1.1. t =p. ., t,. Then (t;,t,) is a parallel critical pair of BE into /=r.

Case 1.1.1. I=r is in E-— BE. By assumption, {{,,f,) is contextually
(E — BE)-convergent. Since ?,, t,€ G(SIG(A)), we conclude
t‘ __I;—'“) ul

=l r

+*
b=

for some u,, u, € G(SIG(A)) from Lemma 4.11.
Case 1.12. /=r is in LE(A). Since t%,.t,, Lemma4.2(2) implies

L = el
Case 1.2. Not t =g, 1,/ t,. By Proposition 5.10, there are n>0, x,.., x, & var(/)
and u,,.., u, € T(SIG(A)) such that fx;, =z u; and 1, = flu,/x;|1 <i<n](/). Hence
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t=fr

BE

SLufx| 1 <i<n](r).

A

L

Case2. t=fl, t,=gr, and f=,.g for some /=r in BE and f ge
Z(T(SIG(4))).

Case 2.1. t -, ., t;. Then (1,, gr) is a recursive critical pair of R into BE.
Case 2.1.1. ¢ > g t;. By assumption, {¢,,,) is contextually (£— BE)-
convergent. Hence by Lemma 4.11,

for some u,, u, € G(SIG(4)).

Case2.1.2. t -, ;4. s.t- By Proposition 5.2, there are /'=r" in LE(A),
toe T(SIG(A)), t,e T(SIG(A4))— X, and xe X such that I=1¢,[1,/x] and fi,=fI.
By general assumptions on E and LE(A) (cf. Sect. 4), t,=x. Hence t=fl= ft,=
I'e G(BSIG(A)) so that

11 =Bspec(4) I =BsPEC(4) [2-

By Lemma 4.2, persistency of (BPAR, Log(PSPEC)) implies ¢, =ggpgciq)?’ for
i=1, 2. Therefore

L

\il'f(/l)

u.

%E(A)

£

Case 2.2. Not f -, ,t;,. By Proposition 5.3, there are xevar(/) and 7 e
T(SIG(A4)) such that fx » 5 t,, n(fx > gt )<n(t >z 1,), and £, 5, fie /x0).
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Case 2.2.1. fx=gx. Then

t, —a— fLt/x1D)

1= gr= gL x/x](r) —— glt./x](r).

Case 2.2.2. fx =g gx. Since n(fx = gz gx)<n(t =pt,), we conclude by
induction hypothesis that

R
x * Uy

t
gx —:’ vy
for some u ., v, € G(SIG(4)). Therefore

ty —5— fTt/x10) —5— fTu/x1()

1, = gr—— glo/x1(r).

Case 3. t=0(Uy ey Ujyoury Uy)y 1y = O (U oy Uy, W), T3 =0 (Vg ey V), U; = g 14}, and
there is /< {1,..,n} such that for all kel u, =g v, and for all ke {1,.,n}—1
uk = Uk.

Case 3.1. ie I By the induction hypothesis,

for some r;, s;€ G(SIG(A4)). Hence

R
I —5— a(ulv--, iy u,,)

= || BE

=2 (D) semes Sipens Uy)-
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Case 3.2. i¢ I Then

Ly =0(V) ey Ujpeery U)

5.13. ExaMpLE (cf. 2.7). Let PAR=(DATA, SET) and BPAR = (DATA,
BSET ). One immediately verifies all assumptions of Theorem 5.12 (cf. Exam-
ples 2.14 and 4.8) except for the termination of E— BE and the critical pair con-
ditions. For the termination we refer to the recursive path ordering method
(cf. [5, 7]), which applied to E— BE= {(¢6),.., (¢13)} provides a straightforward
termination proof.

Assume that there is a critical pair of £ — BE into £ — BE or a recursive critical
pair of E— BE into BE. In both cases we would have /=r in E, f € Z(T(SIG)) and
te T(SIG) such that fl -, g ., t. By Proposition 5.2, there would be /'=r" in
E—BE, t,e T(SIG), t, € T(SIG) — X and x € X such that /=1¢,[t,/x], ft, = fI', and
t=f[fr'/x](t,). Since for all /=r in E— BE op(I/)n (OP — BOP)= {root(l}}, we
conclude t,=x, /=/, and r=r'". Thus we have no recursive critical pair of £~ BE
into BE, and if { fr, t) is a critical pair of E— BE into E— BE, then fr= fr' = 1.

Let {t,,t,> be a parallel critical pair of BE into E— BE. Then ¢, = fr and
f1=>pg rut, for some /=r in E— BE and fe Z(T(SIG)). By Proposition 5.9, there
are tye T(SIG), ge Z(7T(SIG)), n>0, and for all 1<i<n, [,=r, in BE,
u;€ T(SIG)— X, and x,€ X such that /=1,[u,/x,|1 <i<n], fu;=fl;,, f =4, g, and
ty=fLgri/x;| 1 <i<n](1y).

Case 1. ty=has(x,, y), u,=ins(s, x), and [=r ise7.

Case 1.1. fs=ins(fs', fx) and /, =, is e4. Then

t, =ifb(eq(fx, fy), true, has(fs, fv)),
t, =has(ins(gs’, gx), fy)

so that

tl 1, —EBEDSUN I pag( £, fy)

T‘w )

true and

A;q( gx, fv)

t2 [2'
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Since
(eq(fx, fy) A eq(gx, fy)) v Teq(fx, f)
=gspec €4(/%, fy)} v Teq(fx, fy) =psprc true,
{ty, t, ) is contextually (E — BE)-convergent.
Case 1.2. fs=ins(fs, fx')and [, =r, is e5. Thep
1, =ifb(eq(fx, fy), true, has(fs, /y)),
1= has(ins(ins(gs’, gx), gx’), fy)

so that
t W‘M
true
t, TE-BEeq(gx fy) v (Teq(gx’ fv) A eqlgx, f¥))
and
— BE, x. XSy
[k DeqUx. [y) A Teqif. fy) has(fy', fv)
= || BE
N ’
153 E— BE,Mealgx’, fv) A Teq(gx. fv) has(gs’, /7).
Since

((eq(fx, fy) v (Teq(fx, f¥) A eq(fX', f3)))

A (eq(gx’, fy) v (Teq(gx’, fy) A eq(gx, f3))))

v (Teq(fx, fy) A Teq(fx’, fy) A Tea(gx’, fv) A Teq(gx, )

=nspec ((€q(fx, /¥) v eq(fX', f¥)) A (eq(gx’, f¥) v eq(gx, f¥)))
v (Teq(fx, fy) A Teq(fx', fy))

=sspec €Q(/X, f¥) v eq(fx', fy) v (eq(fx, fy) A eq(fX', fy))

=pspec TUL,

{ty, t,) is contextually (E - BE)-convergent.

Case2. ty=del(x,, y), u,=ins(s, x), and /=r is €9. Analogously to Case 1 we
can deduce that (t,, t,) is contextually (E— BE)-convergent.
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Hence all parallel critical pairs of BE into E— BE are contextually (E— BE)-
convergent, and we conclude from Theorem 5.12 that for all 4 e Log(PSPEC)
(E—BE)uU LE(A) is confluent and coherent w.r.t. 4

Theorems 3.5 and 5.12 and Lemmata 4.6 and 5.5 imply

5.14. ConsISTENCY THEOREM II.  Suppose that (BPAR, Log(PSPEC)) is per-
sistent. Let E— BE be linear, terminating, and contextually normalizing, for each I=r
in BE, var(r) < var(l) and, for each |=r in E— BE, I contains at least one operation
symbol of OP — BOP, but no operation symbols of POP — {true, false}. If all critical
pairs of E— BE into E— BE, all parallel critical pairs of BE into E— BE and all
recursive critical pairs of E— BE into BE are contextually (E— BE)-convergent, then
PAR is consistent w.r.t. {(BPAR, Log(PSPEC)}.

5.15. ExaMpLE (cf. 2.7). Let PAR = (DATA,SET)> and BPAR = (DATA,
BSET ). Using Theorem 5.14 we conclude from Example 5.13 that PAR is con-
sistent w.r.t. {BPAR, Log(PSPEC)). By Example 4.8, PAR is complete w.r.t.
{BPAR, Log(PSPEC)). Hence by Example 2.14, the decomposition lemma for
persistency (2.6) implies that (PAR, Log(PSPEC)) is persistent.

Putting together all “syntactical” criteria developed in this paper we obtain

5.16. PersISTENCY THEOREM II. (PAR, Log(PSPEC)) is persistent if PAR con-
tains a “base” specification BPAR such that
(i) for all 0 € BOP, sort(c) € PS implies 6 € POP,
(1) for all I=r in BE, var(r)<var(l), and sort(l)e PS implies that I=r is
in PE,

(iii) for all I=r in E— BE, | contains at least one operation symbol of
OP — BOP, but no operation symbols of POP — {true, false},

(iv) E— BE is linear, terminating and contextually normalizing,

(v) all critical pairs of E— BE into E— BE, all parallel critical pairs of BE
into E— BE, and all recursive critical pairs of E— BE into BE are contextually
(E — BE)-convergent.

(Note also the “Boolean assumptions” at the beginning of Sect. 4.)
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