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MATHEMATICS

REMARKS ON RIGID STRUCTURES
BY

GUUS BROESTERHUIZEN, B. WEGLORZ axp J. WIERZEJEWSKI

(Communicated by Prof. H. Freudenthal at the meeting of April 30, 1977)

This note contains the results of lunch-break discussions concerning
the fact that for every model 2/, each ‘‘reasonably’” definable element
of & must be left fixed by every automorphism of 2. To be more precise,
let us introduce the following notation:

Let o/ be a structure and let L be a logic. In this note we will only
be concerned with logics of the type L.x and Leoa. In the following & is
an ordinal and ¢ is a natural number such that ¢<4. Put HP(, L) =of
and suppose that the structures H¢(«/, L) are given. Then define a
subset P of A as follows:

PP _ is the set of all elements of H{(s«Z, L) which are definable by a
single formula of L;

P — ig the set of all elements of H{'(«, L) which are definable by a
set of formulas of L;

P{ — isthe set of all elements of (H(, L), d)acr;, where Re=Jy<s Py,
which are definable by a single formula of L (i.e. the set of all
elements which are definable by a formula of L with parameters
from R:), and

P — isthe set of all elements of (H (., L), d)ae e, where Se=|J,<¢ P,
which are definable by a set of formulas of L (i.e. the set of all
elements which are definable by a set of formulas of L with para-
meters from Se).

If we have defined Pf we can define H¥\.(«Z, L) to be the expansion

of H¥(#/, L) by adding a new unary relation P{, ie. Hf, (&, L)=

=(H®(o/, L), P#). Finally, if 6 is a limit ordinal, put H{(of, L)=
= (A, PP <o.

Notice, that the sets P, form an increasing sequence, thus there is
an ordinal ¢(7) such that for all £> (i) we have Pf = P%,. The difference
A ~P§, is called the i-remainder of o/ with respect to the logic L. The
following facts are easy to see.

ProrosiTioN 1. For every logic L, every structure & and every
automorphism = of &:
(i) 7 is an automorphism of the structure H¥(</, L) (for every ordinal
£ and 1< 4)
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(ii) 7 leaves each element of P§ fixed, i.e. m Pf —id Pf (for every
ordinal £ and i<4)
(iii) & is rigid if there exists ¢ <4 such that the {-remainder of &/ with
respect to L is empty.
In the rest of this note we shall try to find a possible converse to (iii).
Let us start with some negative examples.

Examere 1. Let 4 be the set of sequences of 0’s and 1’s which become
constant after a finite number of steps. Let a and b be distinct elements
not in A and define B to be 4 U {a, b}. For elements of 4 define the
unitary relations Py, n € w, by Pa(x) iff z(n) = 0. Finally, define the binary
relation R on B by R(z, y) iff x€ 4, y € B— A and either z is eventually
0 and y=a or z is eventually 1 and y=5b. Consider the structures

M=<A, P:n>:n¢a) and -@=<B, Pﬂ,, R>tnew.

Then:

(1) both & and # are rigid;

(2) the O-remainder of &/ with respect to La.o is just 4, thus the
2-remainder of &/ with respect to Lo is 4;

(8) the O-remainder of # with respect to Lao is just B, thus also the
2-remainder of # with respect to Luw is B. Moreover, the 1-remainder
of # with respect to Lwo is {@, b} and the 3-remainder of # with respect
to Lo is empty.

This example suggests the following theorem.

TueoREM 1. Let =2 or 8. Suppose that the i-remainder of a structure
&/ with respect to Lo is finite. Then &7 is rigid if and only if the i-remainder
of &/ with respect to L. is empty.

Proor. We shall give the proof in the case that ¢=3. The proof for
the case ¢+=2 is similar.

Suppose the 3-remainder of &/ with respect to Lo is non empty. To
simplify the notation let 0=0(3), P=P%}, and A=P U {ao, ..., as} where
a1, ..., @, are the distinct elements of the remainder. We shall define an
enumeration {by, ..., by} of this remainder such that the function

id M P U {Cag, bry: k<n}

will be a non-trivial automorphism of 7. More precisely we shall define
{bo, ..., bp} in such a way that for all k<n,

(Hf;s)(ﬂ, wa), d, ag, ..., ak).“p = (nys’(ﬂ, wa), d, bo, vrey bk)deP

Firstly, notice that there exists an element by of {ay, ..., as} such that
(HP (A, Low), 4, @0)aep = (HP (A, Loo), 4, bp)aep. If this were not so ap
would have belonged to P. Suppose by, ..., br-1 have been defined for
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k<n and let p be the type of a; in the structure
(Hf,s)(ﬂ, me), d, ag, ..., ak_l)dgp,

say p=p(&, ao, ..., ax—1). Consider the set of formulas p’=p(x, bo, ..., bg-1) =
={d(x, by, ..., bg1): (2, ao, ..., ag-1) € p}. Note that the formulas x+b,
for j<k, and — P(z) are in p’. We claim that one of the elements of
{ao, ..., an} realizes p’. Suppose this were not so then for each a;, j<n,
we would have a formula ¢;(x, by, ..., bx—1) € p’ such that

(Hf:a)(d, me), d)dep ': - (}Sj[aj, bo, vens bk_l].
Let
p= /\ ¢, ao, ..., ag-1) AN — P(x).
i<n
Then y € p, thus (HP(, Low), d, ao, ..., @k-1)aep | (@x)p. On the other
hand, by our choice of ¢;, for j <n, we see that no element of the remainder
can satisfy y(z, bo, ..., by—1). Hence

(HE,S)(%, wa)9 d: bl), seey bk—l)deP F -/ (ﬂﬁ?)’l[)
So
(H? (o, Low), , ag, ---, ak-1)aer Z (HP (, Low), &, bo, ..., br-1)acp,

contradicting the induction assumption. Now let by be any element of
{ao, ..., an} satisfying p’. In this way we can define the function

id PP U {(ak, bk>1 k<n},

and since ag#bo it is a non-trivial automorphism of 7.

The converse implication is trivial by proposition 1.

For L., this theorem is the best possible result as we can see from
Example 1 and Example 2 (below). Before we offer our second example
we prove the following proposition.

ProposttioN 2. Let L be Luwe or Lea for some infinite A. If there
are two non-isomorphic structures & and # for L such that &/ and #
are rigid and realize the same types w.r.t. L, then there exists a rigid
structure without elements which are definable by a type of L.

Proor. Let &/ and & be given with all properties as described above.
We may assume L does not have function symbols and constants. Con-
struct € as follows:

% ={0, R?, ~>per Where

i) C=4x{0}u Bx{1}
i) <a,a> ~ <, b iff a'=b
iii) B®({ao, @D, ..., {@ni1, @n-1)) iff

’

G=a1=...=a3-1=0 and R¥(ay, ..., Gy1)

26 Indagationes
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or
@=01=...—an_1=1 and R%¥(ay, ..., an-1).

Let us denote € by o @ %. *)

For L realizing the same types is the same as being elementarily
equivalent. Using theorem 5.2.7 in Dickmann [1] we can see that @
preserves elementary equivalence with respect to Les. Now we proceed
as follows: for no formula ¢ of L: &/ @& | (d!x)p, hence for no
formula ¢ of L: o @ Z [ (d!x)d.

For L., we use the Feferman-Vaught theorem to show that o/ @ &/
and &f @ Z# realize the same types. Every type which is realized in
o @ F is realized in &/ Q@ . Every type which is realized in &/ @ &/
is realized by at least 2 elements. So the same holds for &/ @ %.

It is easy to see that ¥ is rigid, because every automorphism =: € — €
induces either an isomorphism =': &/ — %, or isomorphisms ;: & — &
and ma: & — %#. The first case is not possible and in the second case
w1 and ;e are trivial, hence 7 is.

ExampLE 2. Let L=L., and € be the following structure:
F=<w® (02 2), { ) DL (?- 2+ w), ().

Both structures are rigid and realize the same types. Hence % is rigid
and no element of C is definable by a type, i.e. P =0 for all £ (Hence
PP =0 for all &).

The situation is a bit better when we consider definability using logics
which are stronger than L.

TaEOREM 2. Suppose the 3-remainder of a structure &/ with respect
to Loe is countable.
Then & is rigid if and only if this remainder is empty.

Proor. The proof is similar to the proof of Theorem 1. Suppose the
3-remainder of ./ with respect to Ly is non-empty.

To simplify the notation, let ¢(3) =0 and Pe)=P. Then we can present
the universe 4 in the form 4 =P U {a;: i <w}, where a;’s are the distinct
elements of the remainder. We are going to define inductively two enumer-
ations of the remainder, say {b;:i<w} and {c;:i<w} such that by+co
and for each n<w

(*) (H((?)(M, Lwlw), d’ bO, ey bn—l)dsP Emlw ( (03)('%7 Lmlm), d’ 601 ey cn—l)de P.

First of all, note that there is an element ¢g of the remainder such that
ao#Co and

(H‘(,S)('M’ Lwlw), d, ao)dEP Ewlw ( 513)(&[: La)lw)7 d) CO)dEP-

*) This special kind of direct sum was also used in [4].



387

If not, then ay would be definable by a set of formulas and thus aq
would be an element of P, which is impossible. Thus we can put bp=ao
and we have (x) for n=1.

Assume that we have defined {by, ..., b} and {co, ..., ca} such that (x)
holds. We shall consider two cases.

Case 1. n=2k. Let m= min {k € w: ar#c¢;, for j<n}. Let p be the
type of an in the structure (HY(s/, Loyw), 4, co, ..., cu)aep in the logic
Low. Say, p=p(z, co, ..., ca). Consider the set, of formulas of Lu,o,

P =p(x, bo, ..., ba)={P(z, bo, ..., ba): (2, co, ..., Cn) € P}.

We claim that there is some element a; of the remainder, which realizes p’.
Suppose not. Then for each j e w, we could choose a formula

éi(zo, Co, --.s Cn) EP
such that
(H(gm(ﬂ, Lwlm), d)dEP l: - qu[aj, bo, ceey bn]
Let
9(:80, COy «vvy cn)= A ¢]($0, Coy ey C.n) AN— P(xo),

jew

then 0 € p thus
(H&B)(Jj’ Lwlw), d; Cos +vey c’ﬂ)dEP F o[a'm]-

But on the other hand, by our choice of the formulas ¢; we can see that
(H(A, Logw), d, bo, ..., bs) | — (@xo)0. This contradicts our inductive
hypothesis. This contradiction proves our claim. Thus we can put ¢s11=0n
and b1 =a;.

Case 11. n=2k+1. We make the same construction with the réles
of b,’s and c¢,’s interchanged.
Now, having both enumerations of our remainder we can put

f=4d M P U {(bay o) me w).

It is easy to see by the construction that f is a non-trivial automorphism
of .
From this theorem we get the following corollary.

CoroLLaRY. If &7 is a countable structure then 7 is rigid iff the
3-remainder of ./ with respect to L. is empty.

In the rest of this paper we shall show that the corollary above is in
fact the best possible result. It is rather hard to get any characterization
of uncountable rigid structures, even working with quite strong logics.
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ExamprE 3. Let & be a rigid, atomless Bolean algebra of cardinality
w1. (The existence of such algebras has been proved by Shelah [3]).

Notice that for any two elements a,be 4, if 0£a+#1 and 0#b#1,
we have (%, @) =co (#, b). Thus even the 3-remainder of & with respect
t0 Lo is just %-{0, 1}.

For our last example we use proposition 2.

ExamprE 4. For every regular cardinal numbers » there is a rigid
structure &/ of cardinality » such that the 3-remainder of &/ with respect
to the logic Lo is just 4.

Indeed, Gregory [2] has proved that for every regular cardinal number
x there are two non-isomorphic rigid structures of cardinality », which
are elementary equivalent with respect to Leox. Thus applying Proposition
2, we get a rigid structure ./ such that the 2-remainder with respect
10 Loox is 4.

To see that the 3-remainder of &7 with respect to the logic Leox is also
A it is sufficient to notice that for logics of the type Lo definability by
a single formula coincides with definability by a set of formulas.
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