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The existence of “slow” and “fast” manifolds, and of invariant manifolds
approaching the manifold of orbits of the degenerate system, is discussed for
singularly perturbed systems of linear retarded functional differential equations
(FDE). It is shown that these manifolds exist only in very degenerate situations
and, consequently, the geometry of the flow of singularly perturbed ordinary
differential equations does not generalize to FDEs.

1. INTRODUCTION

Consider singularly perturbed intial value problems for linear retarded
functional differential equations (FDE) of the form

X(0) = Aox(t) + By y(t) + A(x,) + B(»)

: (1)

up(t) = Cox(8) + Dy (1) + Clx,) + D(3,) ’

where t,u €ER™, x(t) ER™, y(t) ER" (n > 1), the delays lie in the interval

[—r, 0] for some fixed O < r < o0, x,, y, are functions defined on [—r, 0] by

x,(0) = x(t+ 6), y,(0) = y(t + 0), and 4, B, C, D are linear operators defined
on an appropriate function space. More precisely,

h

4@)=] a@®)o@)do+ Y 4,9(-w,) @

-r k=

and similarly for B, C, D, where a, b, ¢, d admit exponential bounds |a(-)|,
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1B e 1d( ) < Kpe™, Ay, By, Cy, D, are real matrices with D having
no eigenvalue with zero real part, and the concentrated delays w, satisfy 0 <
w, < w, < - < w, for some nonnegative integer A.

When (1,) is an ODE, i, 4 =B =C =D =0, the phase space can be
decomposed as a direct sum of two invariant manifolds R™*" =X, ®r,,
where X, is the linear span of the generalized eigenspaces of the coefficient
matrix which are associated with eigenvalues staying bounded as ¢ — 01 and
I', is the linear span of the generalized eigenspaces associated with eigen-
values which are unbounded as u—07. It is customary to call X, the “slow”
manifold and I, the “fast” manifold of the system as 4 - 0*. The manifolds
2/, approach the manifold X, of orbits of the degenerate system (l,) as
u—07,

The present paper investigates the existence of “slow” and “fast”
manifolds and the existence of invariant manifolds X, which approach Z; as
u—0". It will be seen that these manifolds do not. in general, exist for
FDEs. Using a change of variables introduced by Chang [2], one may take
without loss of generality B,=C,=0, provided 4,,D,,4.B,C,D are
allowed to depend continuously on wg. Then, necessary and sufficient
conditions for the existence of invariant manifolds X, approaching X, as
u—0% can be given. These conditions are established using ideas
introduced, for the particular case where m=n=1, in [5]. In particular,
when all the eigenvalues of D have negative real parts, for such manifolds to
exist the perturbed equation in system (1,) must be an ODE. Thus the
geometry of the phase space for singularly perturbed ODEs does not
generalize to FDEs.

However, in the particular cases for which there exist invariant linear
manifolds approaching the manifold of orbits of the degenerate system, if the
coefficient functions appearing in the system are sufficiently smooth those
manifolds are “slow,” with the solutions with initial data on them “slowly”
approaching solutions of the degenerate system in a sense to be made precise
in the text.

In the first part of the paper systems with bounded delays are considered,
and the case where concentrated delays are not present in the system is
discussed separately from the case when they may occur. This is done
because it is easier to conduct the discussion on Hilbert spaces defined in
terms of square-integrable functions, and, when concentrated delays are
present, the manifold of orbits of the degenerate system is not closed in such
a space. Systems involving concentrated delays are discussed in phase spaces
of continuous functions.

The last two sections are dedicated to systems with unbounded delays.
The necessary and sufficient condition for existence. of the invariant
manifolds £, approaching X, as y — 0", mentioned above for systems with
bounded delays, is also sufficient in the case of unbounded delays, but it is
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no longer necessary. Actually, when this condition does not hold infinitely
many families of manifolds X', , depending continuously on u for 4 > 0 small,
may exist in the phase spaces considered.

2. PARTIAL DECOUPLING

By a linear change of coordinates, system (1,) can be transformed into a
system where the coupling is done only through delayed values of the
variables. This fact can be stated in the following form.

LemMma 1. There exist uy,>0, and matrices R=R(u), S=S{)
depending continuously on u for 0 u<u,, satisfying R(0)=D;'C, and
S(0)=—B,Sy ", such that the change of variables

[Jx ]z [Zz In;ﬂyies][ ::J 3)

where R, S are solutions as u— 07 of the system
D,R —uRA,+ uRByR — C,=0

(4,)
u[dy—ByR|S — S[Dy +uRBy)| —B,=0

transforms the system (1,) into a system of the form

0(e) = (4o — BoR(u)) v(t) + -
uw(t) = (Dg + uR(u) By) w(t) + -+
where the dots stand for the contribution of the delayed values of v and w.

Proof. The given change of coordinates was introduced by Chang in [2]
for decoupling linear ordinary differential equations. We are interested in
changes of variables, depending continuously on 4. Such a transformation of
variables exists provided there exist solutions of (4,) depending continuously
on 4 in a neighborhood of the origin. The solutions of (4,,) are the zeros of
the function

AT
HR, S, y) = [ [DoR — C, — (R4, — RB,R)] ]
~SD,— B, —u(SRB,—A,S + B,RS)
Clearly H(R(0),S5(0),0)=0 for R(0)=D,'C,, S(0)=-ByDy'. An
application of the Implicit Function Theorem will then finish the proof.
This shows that, without loss of generality, we may assume B, = C, =0 in
(1,), provided we allow 4,, Dy, 4, B, C, D to depend continuously on x>0
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in some neighborhood of the origin. To avoid overburdening the notation we
omit the dependence of these elements on g and use the same symbols as
before. It follows directly from Lemma 1 that the new matrix D= D(u)
equals the original D, at 4 =0 and therefore has no eigenvalues with zero
real part, and has the same number of eigenvalues with positive or negative
real parts as Dy at u = 0 does.

3. SLow AND FAST MANIFOLDS IN SYSTEMS WITH BOUNDED DELAYS

We consider systems of the form (1,), with bounded delays (r < +o0),
and take for phase space either®

X=L*({(—r,0);R™) X L*((~r, 0); R") X R™ X R"
or
Y=C([~r,0];R™) X C([~r,0]; R™).

The solutions of (1,) define a Cy-semigroup T,(t), £ >0, on the phase
space, in the usual way (see [3,4,8]), whose infinitesimal generators are
denoted by /. The spectrum of =/, , denoted by o(+7,), consists only of
eigenvalues (see [3, 7, 12]). The function of complex variable 4, is defined
as in [10] and is equal to the characteristic function of system (1,) with the
bottom blocks muitiplied by .

DEFNITION 2. A one-parameter family {M,},c(,,, of submanifolds of
the phase space is said to be fast under (1,) as y— 0% if each M, is
invariant under (1,) and is the span of linear manifolds lying in generalized
eigenspaces of ., which correspond to eigenvalues satisfying |4, |~ +oo as
#—07. The family {M,} is said to be slow under (1,) as u— 0~ if each of
the M, contains no nonzero elements of such generalized eigenspaces and is
invariant under (1,).

Fast manifolds do not always exist. A simple example illustrating this is
the linear delay equation

wi(t) = —ay(t) + by(t — 1), with a,b > 0.

In fact, each one of the characteristic values A of this equation stays, as
#-07%, in the same strip 2kz < Im 1 < 2(k + 1)7, for some integer k, and
approaches a point on the line Re 1 = In(b/a).

' The ambiguity involved in (2) when concentrated delays are present. due to the fact that

the elements of X are equivalence classes defined in terms of functions that differ in a set of
measure zero, is resolved by considering weak solutions as explained in [11].
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A characterization of the systems for which there exists a direct sum
decomposition of the phase space in a fast manifold and a slow manifold has
not been achieved for the general case of system (1,). The following
proposition answers this question for some particular cases and summarizes
some other facts related to the problem.

ProposITION 3. (i) A sufficient condition for the existence of a decom-
position of the phase space in a slow and a fast manifold is D=B=0 or
D = C=0. Under this condition the fast manifold has dimension n.

IfRe a(D,) < 0 and either (1) n=1and m=0or (2) n=m.= 1, then the
condition is also necessary.

(i) If o(s7,) is finite, then
a(7,) =0a(d,) U (1/u) a(Dy)

and there exists a decomposition of the phase space in a slow manifold and a
Jfast manifold. The fast manifold has dimension n.

Proof. (i) Assume D=B=0or D=C=0. Then
det 4,(A) = det[A1,, — A, — A(e" )] det|uAl, — D).

Defining I', to be the linear span of the generalized eigenspaces of 7,
associated with the eigenvalues lying in (1/u)o(D,), and X, to be a
complementary subspace containing the span of the remaining generalized
eigenspaces of .7, we have the phase space decomposed as ¥, @ I',. The
results in [3, 7, 12] guarantee that I', is a linear manifold invariant under
(1,), and that there exists a linear manifold X, , also invariant under (1,),
such that the phase space is decomposed as X, ® I',. Clearly I', is fast, 2,
is slow, and dim I', = n.
Assume Re g(D,) < 0 with =1 and m =0, then

det 4,(4) =pd — Dy — D(e*").
If there exists a fast manifold under (1,) as #— 07, then there exists

A, € 6(s7,) such that |A,| > +oco as u—»0". If Red, - +oo or Red, were
bounded, we would have '

Aw € [(1/w) o(Dy) +0(1/w))  as u—0"

which contradicts Re g(D,) < 0. Consequently, Re 1, - —co. Comparing the
orders of growth of the terms in the equation det4,(1,)=0, as u— 07, we
get det(ud, — D,) = 0 and, therefore, 4, € (1/u) 6(D,), which implies D = 0.
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Assume now that Re g(D,) < 0 with m=n= 1. Then
det 4,(1) = [ — A, — A@€")][uh — Dy — D(e*)] — Be"") Cle*)

and reasoning as above we get D=B=0or D=C=0.

(ii) It can be proved, as done by Henry in {6] (see also [12]), that
o(7,) is finite if and only if det 4, is a polynomial. It then follows that

det 4,(A) = det(AL,, — 4,) det(uAl, — D).

Consequently, 6(+#,) =0(d,) U (1/u) 6(D,), and the desired decomposition
of the phase space follows as in the proof of (i).

The second statement contained in the preceding proposition establishes
that a sufficient condition for the decomposition of the phase space in a slow
manifold and a fast manifold is that the spectrum of the infinitesimal
generator be finite. This is, in fact, a very degenerate situation which was
discussed by Henry in [6] in connection with the existence of small
solutions. Henry showed that a(s7,) is finite if and only if system (1,) is
equivalent to an ODE, in the sense that there exists a constant matrix K,
such that any solution z, = (x,, y,) of (1) satisfies Z,(¢t) = K, z,(t), for ¢ >
r(m + n—1). In this case, it is possible to obtain more detailed information
on the manifolds X, appearing in the decomposition of the phase space in a
slow manifold and a fast manifold. In particular, the X, can be decomposed
as X, =P,® Q,, where P, is the span of the generalized eigenspaces of =/,
associated with eigenvalues 4, Eo(d,). If 4 € Q,, then T,(1)¢ =o0(e”) as
t— 400, for all y <Reo(s7,), and the solution of (1,) with initial condition
¢ at t =0 vanishes for ¢ > r(m + n— 1) — 7, where 7t is the exponential type
of det4,, ie. t=1im,;,_,, (1/4) log|det 4,(A).

ExaMpPLE 4. Let us consider the system

. _[Dy, D
uy(t)=[ S

0, D;]y(t)Jr[g: é]y(r—l) (5.)

where y= (u,v) ER’, u€ER*, D,ER, D\, D,, #0, and D, # D,,, with
the initial condition

(U UO) = (¢’ W) ey (6)

and Y = C(|—1,0]; R?).
The solution of the initial value problem (5,)-(6) can be easily computed.
In fact, we have

ui(r) = Dy u(t) + Dpv(@) + vt — 1)
uv(r) = Dy, v(1)
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and therefore the solution of the initial value problem is such that

0= {w(®), t<0
* (P2 y(0), >0

and
- 9(0), t<0
D , ,
eP1149(0) + s (P51 — &P11) y(0)
22 11
1 Dy (t—s)/u
+7[—J’e“ w(s — 1) ds, 0«1
0

uu(t): D, t/u DIZ D
ePutltg(0) + ————— ("2 — ") y(0)
Dzz_Du

1 1
+7l—f0 gPult=9/y (s — 1) ds

+ 1 (eDn(t—l)/'u —_ eD“(t—l)/u) W(O)’ [> 1.

Dzz“Du

Clearly, the spectrum of the infinitesimal generator ./, of the semigroups
defined by the solutions of (5,) is

D, Dzz(

ot = | 24221

The correspondent eigenspaces are

E(22) = (pv) € Y: 60) = "0 y =0, a ER]

E(22)= Jpv)e v 60)= 0 (Bt

w(6) = "B, B E R { .

Consequently, there exists a maximal fast manifold

‘ . o6/ ; D12 + e~Dzz/M R
b e 7 g =i o (22
’(¢ ) ¢( D22 _ Dll

w(6) = e"2%“B, a, FER s .
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For complementary manifold we may take

[6.0) € ¥:60) =~ &2 hy(6) a6, w(0) =],

2, =
On the other hand, the manifold of the orbits of the degenerate system is

Zo= | 6.0) € ¥ 60) == 5 v(—D. u(0) =0|.

Clearly, the following facts are true.
(i) Z,@r,=v.
(i) I, is the linear span of the generalized eigenspaces associated

with the unbounded (as u — 0 ") eigenvalues of .»7,. Consequently I', is fast
and X is slow.

(iii) The solutions of (5,) with initial data in 2, vanish for ¢ > 1.
(iv) Any solution y, satisfies, for ¢ > 1. the ODE

Dy, Dy ePum
ﬂ)’(t):[ e et e

0, D,, } ¥(8)-

4. INVARIANT MANIFOLDS APPROACHING THE MANIFOLD OF
ORBITS OF THE DEGENERATE SYSTEM.
SYSTEMS WITH BOUNDED DISTRIBUTED DELAYS

It is easier to apply the methods of this section in Hilbert spaces. Accor-
dingly, we take for phase space

X=L*{(~r,0); R™) X L*((—r,0); R") X R™ X R",

with r < 4-c0, and consider systems in the form (1,) with

A@)=( a(6)6(6) a0 ™)

and similarly for B, C, D, where the functions a, b, ¢, d satisfy the
hypotheses given in the Introduction.
The set of orbits of the degenerate system (1) is

Zo={(# v, 0, f) EX: Dof + C(9) + D(y) =0}

It is a closed linear submanifold of X with codimension #.
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It is known that, for 4 > 0, the solutions of (1,) define a C,-semigroup
T,(),t>0,0n X by

Tu([)(¢9 v, a, .B) = (xz’ Ve X(2), J”(t))’ 20 (8)

where (x, v) denotes the solution of (1,) with initial condition (4, v, a, §) at
t=0. It is possible to associate with the degenerate system a neutral system
(obtained from (1,) by differentiation of the second equation) also defining a
Cy-semigroup Tyo(t), ¢ >0, on X by (8). The infinitesimal generators of the
T, are denoted by .«7,.

THEOREM 5. A necessary and sufficient condition for the existence of a
Jamily of closed linear manifolds X, which are invariant under (1,) and
satisfy X, — Xy as u— 0" is:

(C) The ranges of the matrices c(0) and d(0) are included in the linear
span of the generalized eigenspaces associated with the eigenvalues of D,
which have positive real parts, a.e. in 8 € (—r, 0).

Proof. Denote the inner product in X by
-0 -0
(&Y. G vao)=b-a+y-f+| g-6+| h-w

where the dots denote the euclidean inner product.

With X, we can associate the functions G, =Dy 'c, H,= D, 'd, so that
the rows of (G,, H,,0,1,), where O denotes the # X m null matrix, are
normal to X,, i.e.,

A0 .0
Eo= |G v a)EX:f+ | Go6)p@)db+ [ Hi)w(®)do=0].

For the X, to be closed linear manifolds, invariant under (1,) and
satisfying ~, » %, as 4— 0", there must exist matrix-valued functions
G,,H,* whose entries belong to L*((—r,0); R) and with dimensions 7 X m
and #n X n, rtespectively, and an n X m matrix J,, so that the rows of
(G, H,4,1,) are normal to X, ie,

z, = ;(¢, v, a,f) € X: 5a+ﬁ+j0 G(8) 9(6) db + [O.H(H)w(ﬁ)dt?:O :

.

?To avoid overburdening the notation, the dependence on ¢ is dropped when there is no
danger of confusion.
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Then, the solutions of (1,) through initial data (4, y,a, )€ X, at =0
satisfy for 1 > 0

Sx(r) + y(£) + J"O G(6) x(t + 6) dO +J’° H(®)y(e+0)df=0.  (9)

—r

It is possible to associate with (9) another equation (obtained through
differentiation) which together with the first equation of (1,) defines the
system

X(t) = dox(1) + A(x) + B(y)
P(r) =—0[Aex(0) + 4(x,) + B(»)] (10)

- [’0 G(0) %(t + 6) df — [0 H(6) §(t + 6) do.

For X, to be invariant under (1,), the solutions of (1,) with initial data in
X, Z(o,) must agree with the solutions of (10) having the same initial
data (note that the solutions of (1,) with initial data in &'(+,) are absolutely
continuous). The solutions of the neutral equation (10) define a C,
semigroup S; , 5(f), 12> 0 on X, in a similar way as the semigroup T, was
defined (see [1] and [11]). Its infinitesimal generator. denoted by .%; ,, 5. is
explicitly given by

D Bn,8) =L ()

.,@G,H,B(gb’ w, o, f)= (¢,, w's Aga + A(9) + B(y),

~dldga+A@)+Bw) - G| Hy)

and must agree with o/, on X, i.e.,

%(175, v, a,f)= ﬂa,ﬂ,s(@ v, a, )

for (¢, v, a,B)EQ(&/ﬂ)ﬁEﬂ =Y (B ps)NEZ,,or

d
attl v

&ﬁ+
u
=5 (A0a+ﬁ a¢'+.‘ﬂi bu/) —‘f G¢r_J'i Hy'

for all (¢, v, a,B)E Z(#,)NZ,. But this implies that G and H are
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absolutely continuous, with the entries of G’, H' belonging to L% Using
integration by parts, one gets

D -0 d
| o] v

=6 (Aoa +Jira¢ +f0 bwi) —G(0)a—H(0)p

YN HHE W+ [ o[ Hw (1)

Since (¢, v, a, f) € X, we get from (9)

0

B =—ba —J:r Go -Jier//.
Substituting f, as given in this equation, into (11), we obtain the relations
G + (—D—"+H(0)) G=ba+%
Iz !
H + (V%JFH(O)) H=3b +%

| | (12)
54, — (%+ H(O)) 5+ G(0)=0

G(—ry=H(-r)=0.

Denoting A, = Dy + uH ,(0), the first two equations in (12) can be solved,
with initial conditions G(—r)= H(—r) =0, giving

Gu(6)=jje—fu<e—s)/u (0 ()+(_)>

(13)

B 0= e (an) + 9) g

—-r

Since A, =D, + uH(0), system (12) has a solution if and only if the
following equations can be solved for A, § with g small:

4 —-D, =f0 e /% (u 8b(s) + d(s)) ds (14)

—r

uoAd,— A6 =— (0 e (u da(s) + c(s)) ds. (15)

—-r
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For the X, to approach Z; as u— 0", we must have 5u—>0, G, G,
H,-H, as u—0"%. The last two relations imply uH,(0)=o0(1) as u—~0*
and so 4, =D;+o0(l1) as u—0*. Without loss of generality, we may
assume D; is in Jordan canonical form

) 1 )
A 0
e 0
|
n-[% 2 ]- MU
= () P R T
0 Dy o
0 | e,
| 0 i

where the J (J;) are Jordan blocks corresponding to eigenvalues with
positive (negative) real parts. For Eq. (14) to have a solution 4, = D, + o(1)
as u— 07, it is necessary that the lower blocks of the function d, in a
partition corresponding to the above partition of D, vanish. For Eq. (15) to
have such a solution with 6, -0 as u— 0", it is necessary that the lower
block of ¢ vanish. Consequently, Condition (C) must be satisfied. This
proves the necessity of Condition {(C) in the statement.

Assume now that Condition (C) holds. We partition A4, 8, b, ¢, and d
according to the partition of D, as

b=1b,, b,], c=

Take A,; =0. 6,=0. Then

and therefore Eq. (14) would be equivalent to the system

-0
Ay =D = e (ud by(s) + diy(5)) ds (16)

.0
A12=

M8, by(s) + dyo(s)) ds (17)

Ay~ D=0 (18)
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and Eq. (15) would be equivalent to
0
Ay =4, 8=~ e*(ub,as) + e(s)) ds. (19)

Let us now consider the function F, defined for k£ X k matrices M having
all eigenvalues with positive real parts, Xk X m matrices o, and z > 0 by

0
M~-D{ —f e" " (uob,(s) + d, (s)) ds

F(M, 0, )= . (20)
ucAd, — Mo + ’ M (uoa(s) + c,(s)) ds

and for x =0 by

21

F(M,a,O):[M_DJ].

—~Mo

The function F is continuous on its domain, and we have the Fréchet
derivative oF(M, o, u)/8(M, o) satisfying for u > 0

oF
s M ) ’
0L 0) (M, 0, u)(L, 1)
B .0 LS .0 ) T
L[ & uob (9) +dyy(s)ds,  — | uibi)ds

.0 L
=| —Lo+ ‘ eMs/m —;S~ (uoa(s) + c,(s)) ds,

.0
i urdy —MA + | e"™ula(s)ds
and for u=0
oF L, 0 ]
a0ty Mo L= [ Lo, —Mil
We also have
. oF ) L, 0
i ey o =| 7, g

The Implicit Function Theorem can then be applied to get unique functions
M*(u), o*(u), defined for ¢ > 0 small and depending continuously on 4, such
that

F(M*(u), 0%@)u)=0, M*0)=Dg, 0%*(0)=0.
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This proves that the system consisting of Eqs. (16) and (19) has a unique
solution (A3F(u), 67 (¢)) for u small, which depends continuously on x# and
satisfies

A¥W)y=D{ +o(l), o) =o0(1) as u—0%.

It follows, as a consequence, that system {16)}-(19) has a unique solution
(A, (), 6(u)) with

Ab). | e E () by(s) + dy(s)) ds
Alw) = Lor (22)
0, D;
and
AQ) =D, + o(1), o(u)=o(1) as u—0", (23)

This proves that, under Condition (C), the system {14)—(15) has at least
one solution (4(u), d(u)) satisfying (22) and (23). Consequently, system (12)
also has at least one solution (G, H,,d,) for 4 >0 small, which depends
continuously on u and satisfies G,—G,, H,~»H,, 6,-»0 as u—-0".
Therefore, there exist closed linear manifolds X, invariant under (1,), such
that ¥, —» X as g — 0*. This finishes the proof of the statement.

Remark 6. 1If the matrix D, has eigenvalues with positive real parts, then
there are solutions of (1,) which do not converge to solutions of the
degenerate equation as 4 — 0. On the other hand, as shown in [11], if all
the eigenvalues of D, have negative real parts, then all solutions of (1,)
converge to solutions of the degenerate system, as 4 — 0 *. In the latter case,
it follows from the preceding theorem that closed linear manifolds .,
approaching X, as 4 — 0", exist if and only if the second equation in (1 u)is
an ODE, i.e., system (1,) is equivalent to

()= Ayx(t) + A(x,) + B(y,)
up(t) =Dy y(1).

We conclude that the geometry of the phase space, associated with
singularly perturbed linear ODEs, is not preserved when we pass to retarded
FDEs, unless the perturbed equation can itself be written as an ODE. This is
an interesting fact, since it provides perhaps the first example of a geometric
result valid for ODEs which does not hold in the analogous situation for
retarded FDEs.

In case the manifolds X, with the properties described above exist, it is of
interest to inquire how they approach X, as u— 0. The following results
address this question.

(24}



324 LUIS T. MAGALHAES

LemMma 7. If Condition (C) holds, then, for u >0 small and arbitrary
¢, wEL?, a €R"™, the solutions of (1,) with initial data on the manifold = s
established in Theorem 5, and satisfying x(0)=a, x(8)=¢(#), and

»(@) = w(8) for —r < 8 < 0 converge uniformly on compact subsets of |0, )
as 4 — 0" to the solution of (1,) which satisfies the same conditions.

Proof. Let (x,,y,) denote the solution of (1,) satisfying the initial
conditions given in the statement, and denote X, =x, —Xx,, J, =), — V-
Then, using the notation in the proof of Theorem 5, we know that £, and 7,
must satisfy

X, (1) =A%, (¢) +J’0 a(f) %,(t + 6) do +J”O b@) 7, (t+6)do
F.(0)=—0,%,(1)— J’O G, (0)%,(¢+6)do— J’O H,(0) yp,(t+6)db
— 8, %4(t) — j ’ (G, (8) — Go(6)] x,(¢ + 8) dO

"JO (H,(8) — Hy(8)] yo(t + 6) db
.fu(o) = 0, .fu(g) = O, }Tu(e) =0 for —r<@<0.

Extending a, b, G,, H, to be zero outside the interval |—r, 0] we can write
the above equation as

£,00 - 45,00 = | "a(0—1)7,(0) d6 + _‘"t b6 — 1) 7,(6) d6
5 =—8,5,0— | GO~ 1) %,0)d8~ | H,(0~1)7,(0) db
~8,500) = [ 1G,(0) — Go(®)] xoft + 6) dF

= [ 151,66) — Ho®)] 3 + 0) .
Consequently,
(0= J‘t elott=® Jﬂs [a(0—s) %,(6) + b(0— 5)7,(0)] db ds.

Fix a compact interval [0, T}, T > 0, take t € |0, T}, and let ¢ > 0 be the
maximum absolute value of the real parts of the eigenvalues of 4,. By
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changing the order of integration above and using upper bounds for the
terms involved, we get, for some K, > 0,

N

|%u0] <Kyt | [1£,(0)]+]5.O)] do.

Recaling from the proof of Theorem 5 that 6,0, G, Gy, H,— H, as
407", we also get for some K, >0

|50 <oMIE0)+ Ko | 12,000 +15,(0)) 40

+o(1) I+ [ 1o d0 + [ 1x0) do|

uniformly in t€ [0, T] as u—>0".
Consider now a function f defined by

Sf(0) = max{|x, @), | 5, ()}
Then, for ¢ € [0, T| we have

£(£) < max 31(, et [ f(6)db. o(1) K, te" [ ' 1(0) df + K, J" 7(0)do + 0(1);5

uniformly in ¢ € {0, T| as g — 0. Consequently, there exists X > 0 such
that, for all 1 € [0, 7] and g > 0 in some fixed neighborhood of zero, we have

fy <o) +X [ 1(6)d6

uniformly in ¢€ [0, T] as u— 0". An application of Gronwall inequality
gives f(#) = o(1) uniformly in ¢ € [0, T] as g — 07, and therefore also

1%, =0(1),  [F(l=0(1)

uniformly in t€ [0, T| as .~ 0".
Let H'((—r, 0); R) denote the Sobolev space of real functions defined on

the interval (—r, 0), which are square-integrable and have square-integrable
first generalized derivative.

LeEmMMA 8. If Condition (C) holds, the entries of the matrix-valued
Sunctions ¢, d are in H'((—r,0); R) and c',d’ are continuous at zero, and
8,,G,, H, are as in the proofs of Theorems 5 and 6, then, for u>0
sufficiently small, the map u—~ (d,, G,, H,) is continuously differentiable and
the right derivatives of G,, H, at y =0 vanish.

505/54;3-3
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Progf. Consider the function F defined in the proof of Theorem 5 by
expressions (20)-(21). For 4 > 0 small and M a k X & matrix with (M, o, 1)
in the domain of F (M is nonsingular), we have

¢ Mso M.

. ) eMsiu (—i—b1(5)+"ll—fd11(s)‘ab1(5)) ds
M, o, u)= ‘

o M0 #)

0 ‘M. M "
od, __f oMs/u (_:_0 a(s) + ﬂ’s e (s)— oa(s)) ds

Using integration by parts in the terms containing the factor 1/u%, we get

0 M.
oF J eMs/m (—:Z b,(s)— abl(s)) ds
o (M, 0,u)= P Mso
o4, —J eMs/e (T a(s) — aa(s)) ds

1 1 .0
e ) = — |

-r

. {0
eMssd, (s) ds — —#—f e’s'"d, (s) ds

1 —Mr/u 1 0 Ms/u A 10 Ms/u
——7e rc,(—r)+7J e sc,(s)ds+—u—J et e (s) ds

—-r h -r

Consequently,

oF —M~d,(0)
lim — (M, o, u) = " ]
im = M:0.4) [0A0+M—1c1(0)

w—+0+

On the other hand, the right derivative of F(M, o, -} at zero is

%;(M,a,m): lim — [F(M, 0,4) ~ F(M,0,0)]

u—-0+

1 /0
‘_ﬂ_-’ e/ (uob,(s) + d,,(s)) ds
lim '
u—-0+

]

1 0]
oy +—- j "5/ (uoa(s) + c,(s)) ds

- [aA_o]Z_A;%%) }

It follows that the map u— F(M,o,u) is continuously differentiable for
u > 0, has bounded right derivative at zero, and the limit of its derivative as
4— 0% is equal to the right derivative at zero. Consequently, there exists a
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continuously differentiable extension of F defined for # in a neighborhood of
zero. An Implicit Function Theorem argument gives that the functions
M*@), o*(u) established in the proof of Theorem 4 are continuously
differentiable for 4 > 0 small and have continuous right derivatives at 4 = 0.

This implies that the functions A}, and JF, established in the proof of
Theorem 4, are continuously differentiable for 4 >0 small. Taking into
account the definition of the functions 4, J in terms of A}, éF that was
given in the proof of Theorem 5, and the definition of G, H by (13). it
follows that the map 4 -~ (4,,, G,, H,) is continuously differentiable for 4 > 0
small.

Now, taking into account (13) and (22), we get

6G, 1
= lim — —
o u:m(f)) Jlim = [G.(0) — Gy(D)]
: 1 -6 — AL (B—5)/ [
= lim —5’ e Mu *(uda(s) + c(s))ds — — D, (,uéa(0)+c(0))]
w0t LM U
_ 0 ) o -
e e 8=y a(s) + c,(s)) ds
. 1
= lim “7‘—(1)3)‘1 (ud,a(0) + c,(6))
“u—-0+
B 0 _
=0

and similarly for H,.

THEOREM 9. If the hypotheses in Lemma 8 hold, then, for u>0
sufficiently small, the flow of (1,) on the manifolds X, established in
Theorem 5, is “slow” in the sense that solutions of (1,) with initial data in
X, converge uniformly on compact sets to solutions of the degenerate
equation (1,) with initial data in XZ,, as u— 0", and their time derivatives
remain bounded as u—07. More precisely, if (¢, v, a,f)E X, with 6, v, a
fixed, then

-0 0
f=B.=—0,a~[ H—[ G

and the solution of (1,) with initial condition (¢, v, a, ) converges uniformly
on compact sets to the solution of (1,) with initial condition (x,, y,, x(0)) =
8w, ), with B,—fy dB,/du—0 as p—0%, and |%,(56,v,a8,),
[.(t; 6, w, a, B,)| bounded on compact intervals as u~07.
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Progf. After the two preceding lemmas, it only remains to prove the
boundedness, as 4— 0%, of the time derivatives of the solutions x,(t) =

x, o v, 0.8,) y,O)=y,t:0v,a,p,) for t€[0,T), with T>0
arbitrarily fixed.

Since the orbit of (x,, y,) lies on X, using the notation in the proof of
Theorem 5 we get from (1,,)

X (1) =Aox, (1) + jia(a) x,(t+60)do+ jf (@) y,(t+ 6) db
50 =Do3 @+ [ c@x,(t+0)d6+[ d0)5,0t+6)a0
— D350 +[ [00) = DeGu0)] 5+ 0) &0

+ ji [d(6) — Do H ()] ,.(¢ + 0) db.

From Lemma 7, it follows that x,(¢), y,(f) are bounded for ¢ € [0, T| and
4 > 0 in some neighborhood of zero. Consequently, there exists a K > 0 such
that, for 4 > 0 in some neighborhood of zero, we have

1%, () <K

—r!

40D, g
U |

The first inequality gives the desired boundedness for x,(¢), ¢ € |0, T], as
4 — 07, The differentiability of the function 4 +— (d,, G,,, H,), established in
Lemma 8, and the second inequality above give the boundedness of y,(¢),
t€[0,T), asu>0".

Remark 10. (i) The proofs of Theorem 9 and Lemma 8 still work if,
instead of assuming ¢, d € H' and ¢’, d’ continuous at zero, we only assume
these conditions for the blocks ¢,,d;; in the block representations of c, d
relative to canonical coordinates for D,, as introduced in the proof of
Theorem 5.

(i) In the case that all the eigenvalues of D, have negative real parts,
it was established in Theorem 5 that a necessary and sufficient condition for
the existence of invariant manifolds X, approaching X, as g~ 0%, is
C =D =0. In this case Proposition 3(i) can be applied to get the existence
of an invariant manifold I, which is fast under (1,) as #— 0%, such that
X=X,® I, and dim I', = n. The argument in the proof of that proposition
implies that the manifolds X, are uniquely determined for x4 in a
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neighborhood of zero. This takes care of the indeterminacy in the
construction of X, in the proof of Theorem 3.

(iii) Under the assumptions in Lemma 8, the manifold X, acts as kind
of a “center manifold” for (1,), as 4— 0", in the sense that the solutions of
(1) on X, determine the behavior of the solutions of (1,) in the limit u —» 0.

5. INVARIANT MANIFOLDS APPROACHING THE MANIFOLD OF
ORBITS OF THE DEGENERATE SYSTEM.
SYSTEMS WITH CONCENTRATED DELAYS

In order to describe the geometry of the phase space in analogy with the
situation for ODEs, the set of orbits of the degenerate system, 2, must be a
closed linear submanifold of the phase space. If there are no concentrated
delays present, this will be the case when we take for phase space

X =L*((~r,0); R™) X L*((~7,0); R") X R" X R",

as done before. However, when (1,) involves concentrated delays, the set of
orbits of the degenerate system is no longer a closed linear submanifold of X.
To discuss the geometry in analogy with the case of ODEs, it is therefore
necessary to use a different phase space. We choose to consider, in this case,
a Banach space of continuous functions. More precisely, we then take for
phase space

Y = C([-r,0];R™) X C(|—r, 0]; R™)

with the supremum norm and r < +o0. Clearly, systems without concen-
trated delays can also be considered in the phase space Y and, therefore, the
remarks in this section also apply to them.

We consider systems of the form (1,) with

A@9) = ; dla(0)] 6(6)

and similarly for B, C, D, where the integrals are taken in the Riemann—
Stieltjes sense and a, b, ¢, d are functions of bounded variation on [, 0],
vanishing at —r, and with variations over the intervals [s, 0] converging to
zero as s — 0.7

The set of orbits of the degenerate system is, in this case,

Zo={(9: W) € Y: D,9(0) + C(¢) + D(y) = 0}.

It is a closed linear submanifold of Y with codimension .

* The present setting allows for the occurrence of infinitely many concentrated delays.
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It is known (see [3]) that, for 4 > 0, the solutions of (1,) define a C,-
semigroup T,(¢), t >0, on Y by

T,0)@, v) = (x4, ), y(4, v))

where (x(¢, ¥), (¢, v)) denotes the solution of (1,) with initial condition
(8, w) at t=0, and, for u =0, the solutions of the neutral system obtained
from (1,) by replacing the second equation by the one obtained from it
through differentiation also define a Cy-semigroup on Y given in terms of the
solutions as in the case of u > 0. The infinitesimal generators of the T,
denoted by =7, are given by

Z(s7,)={(d, w) E Y: ¢, v are continuous differentiable and

9(0)=4,6(0) + A(4) + B(y), uy(0) = Dyw(0) + C(9) + D(v)}

and
2, (B w) =", v').

THEOREM 11.* A necessary and sufficient condition for the existence of
a family of closed linear manifolds X, which are invariant under (1,) and
approach X, as u— 0% is:

(C) The ranges of the matrices c(0) and d(0) are included in the linear
span of the generalized eigenspaces associated with the eigenvalues of D,
which have positive real parts, a.e. in § € (—r, 0).

Progf. This result can be proved in a way similar to Theorem 5, working
with the dual space of Y.

Theorem 7 is valid in the present context. Theorem 9 also holds, provided
the functions c,d are assumed to be somewhat smoother (e.g., twice
continuously differentiable) than in the hypothesis of that theorem.

ExaMPLE 12. Let us consider again the system of Example 4. Taking
into account the facts established there, it is possible to conclude the
following:

(i) I, does not converge in Y asu—07.
(ii) &, converges if and only if D,; > 0 and then

2, %, as u—-07",

* This theorem has the same wording as Theorem 5. However, the two statements refer to
completely different objects. In particular, the differences between the functions ¢, & in the two
settings should be noticed.



INVARIANT MANIFOLDS 331

(i) If D,; >0 or D,, > 0, then the solutions of the perturbed system
do not converge to solutions of the degenerate problem for all initial data.
Consequently, when we have convergence of solutions for alt initial data, the
manifolds X, I', do not converge as u— 07,

(iv) In Theorem 11, a condition (Condition (C)) was given for the
existence of invariant linear manifolds X, approaching X, as u—0r.
Applied to the present example, the condition amounts to D;, >0, in
agreement with the conclusion in (ii). Furthermore, the proof of that theorem
would give

R | e 60|
£,= 0.v) € Y: (6O wO) =~ d[H"("”[ww)}s
with
H(0)=— | e M0-my(s 1 1) ds
u

where U is the Heaviside function which equals ! for s > 0 and vanishes
elsewhere, and A, satisfies

1 .0
A—DO+7A| e U(s + 1) ds = L.
Y -1

The solution of this equation is

A = Dy, D12+e-01[,/'u
# 0, D,,

and therefore, for —1 8 <0, we have

—D,;(6+Dju

Dll

0, 1-%

7,(0)= [
0, 0

and, consequently,
_ . L e 0 _al
L= |BWEY IO == e w(6) db, v(0) = 0.

in agreement with the definition of %, in Example 4 and with property (ii).

If X=L*(—1,0); R*) X R* is taken for phase space in the preceding
example, then the above properties can be discussed for representatives of the
(equivalence classes) elements of X. All the properties hold in this setting,
except for (i) and (iv). The discussion in (iv) has no meaning in this context,
since X is not a closed linear submanifold of X, and property (i) should be
replaced by
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(i)’ I, converges if and only if D,,, D,, > 0, and then
I,-{0,0,0,f)EX: a, BER}, as u—0%,

This fact is related to the difference between the convergence properties in
spaces of continuous functions and spaces of square-integrable functions.

6. SYSTEMS WITH UNBOUNDED DELAYS

In the case the system does not involve concentrated delays, we may take
for phase space

X, =L*((~0,0); R™) X L*((~c0, 0); R") X R™ X R"

where the L? spaces are defined relative to a measure v, with Radon—
Nikodym derivative relative to Lebesgue measure equal to e”’. The space X o
is a Hilbert space with inner product

(@, v, @, B), (1, &, 7, 6))

-0

.0
=a-y+foo+| gonema| y-lew.
Y~

00

Systems with bounded delays can also be considered in this phase space and
the discussion in this section also applies to them.

THEOREM 13. Condition (C), given in Theorem 5, is sufficient for the
existence of a continuous one-parameter family of closed linear manifolds
X, invariant under (1,), and such that X, — X, as u— 07,

Progf. We proceed as in the proof of Theorem 5, and therefore omit the
details. In exactly the same way, with

Eu: 3(¢’ v, a,ﬂ)EX: 6ua+ﬁ+_ﬁ Gu¢e}'- -|-J.0 HuWeV' ZO:,

we get
D ) c
G’ + <TO +H(O)+y0) G=at,

D ' d
H 4 (S04 HO) 4 70) H=b+ (25)

5AO-€£5—H(O)5+G(0)=0
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or, denoting A4, = Dy + uH ,(0) + uy,,
0
G(B):e"’\“g/“ [G(O)—J ghusiu (50(&')—{— C(S) ) g~ VoS ds}
o \ H (26)
—A,0 -0 AL/ d( ) — yo$
H(B) = e~/ [H(O)—J euslH (5b( $)+ ) n ds}.
0

Consequently, the X, with the desired properties exist if and only if the
G, H,,d, satisfying (26) are such that G,, H, € L*((—0, 0);v) for x>0
smali, and G, - Gy, H,—» H,, 6,0 as u— 0", where

Go@)=D;'c(@)e "  and  H,(0)=D;'d(f)e .

Assume Condition (C) holds. We partition the matrix D, as in the proof
of Theorem 5, and partition the other matrices in a compatible way. Then,
functions G, H,,, satisfying (26), belong to L*((—o0, 0); v) if and only if the
upper blocks in the partitions of the matrices

Ausin (5a(s)+ cls) ) g oS ds]

— 00

G.0-[ e
and 27

-0

[HM(O)_; (5b( Y+ —= ds) ) o= 1 ds]

) U

vanish. Now, we can proceed as in the proof of Theorem 5 to construct a
family of linear manifolds X, with the required properties.

In the present case, contrary to what happens when the system contains
bounded delays and the phase space is defined through L? spaces on
bounded intervals, Condition (C) is no longer necessary for the existence of
the manifolds X, with the desired properties. However,if Condition (C) is
not satisfied, infinitely many one-parameter families of manifolds X,
depending continuously on g for u small, may exist. Rather than stating a
general result, we consider the particular case of Eq. (1,) with m =0, i.e.,

WO =Doy0)+ [ d)yie+ ), (8,)

and take for phase space X, = L*({—o0,0): R",¥) X R".

ProrositioN 14.  If condition

(C_.) The range of d(0) is included in the linear span of the
generalized eigenspaces associated with the eigenvalues of D, which have
negative real parts, a.e. in 8 € (—o0,0)



334 LUIS T. MAGALHAES

is satisfied, then there exist infinitely many continuous one-parameter
Jamilies of closed linear manifolds X, , invariant under (28,) and such that
L, —»Xyasu—-0",

Progf. Assume Condition (C_) holds. Similarly to what was done in the
proof of Theorem 13, with

Z= |whEX p+] Huew =],
we get
H + (—D—°+H(O) + yo) =2 (29)
u u
or, denoting A, = D, + uH,(0) + uy,,
H,(0)=e " [HM(O) - —;—J: e/t d(s) e 7o ds]. (30)

Consequently, the ¥, with the desired properties exist if and only if H,,
satisfying (30), belongs to L*((—o0, 0); R”, v) for 4 > 0 small and H, —» H,
as u— 07, where

H,(0) =Dy 'd(6) e "°.

We partition D, as in the proof of Theorem 4 and partition the other
matrices in a compatible way. For H,, given by (30), to belong to
L*((—00,0); R", v), the upper blocks of the partition of the matrix

1 0
[HM(O)—7 f_ euS/md(s) e 07 ds] 31)
must vanish. If the partitions of 4, and H(0) are denoted by

= al o[ o)

with A,, = H''(0) = H'*(0) = 0, then the upper blocks of matrix (31) vanish
and, because of (29), we have

HL\(6) = H2'(6) =0

- e oo 22
Hﬁl(ﬁ) = e—(D(,/uHo)gerf(o)o [Hﬁl(O) —_,u_f,, ePo/n+H, ‘O”Sdu(s) ds]

~ 1 0 B s
Hﬁz(ﬁ) =@~ Pg/u+ Vu)eeHiZ(O)G [HﬁZ(O) _ Z_J eWirn +H2H0))s dyy(s) a’s].

2]
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No matter what H2'(0), H2(0) are, for 4 >0 small, H, H)€
L*((—o0, 0); ¥). If HX(0), H2*(0) are chosen so that

H,(0)~ D; 'd(0), as u—-07,
we have
H{(0)— (Dg)™" dyy(0) e™7°
HN0)— (D7) ™" dyp(B) e™™°

and, consequently, H, — H, as 4— 07", Clearly, there are infinitely many
choices for H2'(0), H.}(0) such that H,(0)— (Dy )~ ' d(0) as 4 — 0. Each
one of these corresponds to one family of linear manifolds X, with the
desired properties.

Remark 15. As was pointed out before, the case of interest to have
convergence of all the solutions of (28,) to solutions of the degenerate
equation occurs when all the eigenvalues of D, have negative real parts.
When this is the case and we are considering Eq. (28,) with bounded
distributed delays which lie in an interval [—r, 0], r < +o00, the results
proved so far imply that:

(i) In X,=L*((—o,0); R",v) X R" there exist infinitely many one-

parameter families of closed linear manifolds X, invariant under (28,),
depending continuously on g for g > 0 small, and approaching ¥, as u—~0".

(i) In X=L*((-r,0);R") X R", a one-parameter family of manifolds
X, with the above properties exists if and only if (28,) is an ODE, ie.,
d=0.

In the case of the general system (1,), the situation is similar.

When considering systems which involve concentrated delays, for the
reasons explained in Section 5 above the existence of the manifolds X', with
the desired properties cannot be discussed in the phase space X. However,
the resuits given in this section can be proved taking for phase space

Y, =C,((—w0,0; R") X C,((—oo0, 0]; R™)
where the C, (—oo, 0] are Banach spaces defined by
C,(~,0]= {4 € C(—w,0]:  Jim e"%(9) = 0}

with the norm

ol = sup |e”?6(8),
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and considering systems of the form (1,) with 4, B, C, D being bounded
linear operators defined on spaces C,, (—co, 0].

EXAMPLE 16. Let us consider the scalar system

wit) =Dy y(1) + ¥t — 1) 32,)

with D, < 0, in the space space C, (—0, 0].
We consider the manifolds

z=l4e C,(—, 0]:

{

-0 1 0
60)+ef e mt (@) do—— [ emeamrag@— 1) do =0€.
—oo o
Assume ¢ € 2. Then the solution of (32,) with initial condition ¢ at
t =0 can be written, for 0 <t < I, as

-t
()= e(Do//.()t¢(0) +_LJ e(Do/u)(t~s)¢(S —1)ds
u

1]
= @o/mt [—c JJO e Lo/ur04(0) df

0 1 ,
b [ et 0g(g 1y dg [ e MIG@— 1)d0|.  (33)
) 4o

We also have

0
l g~ (Po/uto010 ,t(g) do

v =0

—t 0
=J e~(Do/u+c)9¢([ + 9) do + ' e—(Do/u+c)6’y(t + 9) db
o0 -t

and, using (33) with straightforward caiculus, we get

e (Do /u +c)0yt(0) de

Y-

— pDo/wt [0 e~(Dg/u+c)s¢(S) ds __l_J'O e—(Do/u+c)s¢(S _ 1) ds
Y — oo CU/_
1 .te_(po/u)s¢(s _ I)ds] +_1_e(Do/M Y J“ e~ Pom+OSY (e 1Y) ds.
CH o cu - )
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Therefore,

.0 1,0 )
¥ +ec J g~ Po/ut®y () df " J e Poiray (1) dh =0.

-

Consequently, ¢ € Z% implies y(¢) € £ for 0 < t < I. This, in turn, implies
that Z¢ is invariant under (32,), for all # > 0, c ER.

The preceding argument establishes the existence of infinitely many
(cardinality of R) closed linear submanifolds of Y, , which are invariant
under (32,) and have codimension 1. Choosing an arbitrary continuous
function gt c,, defined for g small, and such that ¢, -0, we get, as
u—0%,

-0
e, | e Pormte®G(6) dd— 0

Y-

1 0
_,Iu_f_ e~ Po/mredb4(0 — 1) df— ¢(—1)/D,.

Therefore, X6 — Z,.
Consequently, £, -~ X, as u— 0", for infinitely many continuous one-
parameter families of closed linear manifolds X, invariant under (32,).

7. AN EXAMPLE OF A SYSTEM WITH DISTRIBUTED UNBOUNDED DELAYS

In this section we consider in detail the particular case of Eq. (1,) which
can be written as”

.0
W) =Doye)+| dO)y(t+6)db (34,)
where p(1)ER, dO)=37_ ,d.e"® >0, with mEN, d, >0, 0<y, <
P, < +-- <9, and D,=~ [°__d. For simplicity of the presentation it is
further assumed that the function of complex variable
o A
oM)= > =& (35)
) it A+

has simple zeros. The general case could, however, be treated in a similar
way.

* This equation was obtained by linearization of a system occurring in [9] in connection to
the rehology of certain polymer filaments.
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We take for phase space
X,=L*((—o0,0);v) XR
where v is a measure with Radon—Nikodym derivative, relative to Lebesgue

measure, equal to e”, with y, < y,.

LEMMA 17. There exists p, >0 such that the solution of (34,), with
initial condition (¢, a) € X, at t=0, satisfies for t >0 and 0 < u <
d,
Vi + )

where the C,, A, are continuous complex-valued functions defined on [0, u,)
and having the following properties:

(i) Au)=0, —F<Reld(u)<0, OKu<uyy, k=1..,m—1, for
some fixed § > 0, and the 1,(0) (k= 1,...,m — 1) are the zeros of P.

(il) 4, satisfies the asymptotic relation

=3 Cw) [a+ )

k=0

ji e”‘sqi(s)ds] e (36)

D
A’m(/l)z——ﬂg—+0(1/ﬂ)s as ,U—’0+

(iii) For 0 <u <y,

U
Colu) = ™
pry
i=1 Vi
U
Ck('u) == m » k= 1,..., m.
@) S —
o1 (7 + Adw))
(iv)
1 d 1/CuN—1,  j=k jk+0
— Y i =11, ok
# = @+ )+ Ade) J#

1/Colu), J=k=0.

Proof. Algebraic manipulations on the characteristic function A4, of
(34,,) show that it can be extended to C — {y,,..., 7,,} as an improper rational
function having as zeros A = 0 and the roots of the equation

e 1 oodyy
)RS Sk g, 37
WA= U= A+ G37)
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¥, is a rational function that can be written as

m—1
,I/u(i)z'—l— Zmi=1 Ci;Li
Il A+
where the ¢; are real constants and c,,_, = —D; > 0. Therefore, ¥, has m
distinct first-order poles and only one zero at infinity. Consequently, the root
locus of ¥, (A)=—1, when u >0 changes, consists of a set of bounded
continuous paths and exactly one unbounded path.

Because ¥, = ®/u, the zeros of @ are simple by hypothesis, and the root
locus of ¥,(A)=—1 has a finite number of branches approaching the zeros
of @ as u— 07, it follows that there exists u, > 0 such that the equation
¥,(A) = —1 has m distinct simple roots 4,(u), k = 1,..., m, for each 0 <u <y,
all of them except one, say, 4,(u), lying in a fixed bounded region of the
complex plane.

The proper rational function 4, ! has, therefore, an expansion in partial
fractions of the form

a'w= 3 s 68)

where A,=0. By inverse Laplace transformation, we get the fundamental
matrix for (34,) from which the formula (36), for the general solution, is
obtained.

Let 27, denote the infinitesimal generator of the semigroup T, defined by
the solutions of (34,) in a way similar to that described in Section 3 for the
general system considered there. We denote by p(#,), 0(+7,), and P_(s7,)
the resolvent set, the spectrum, and the point spectrum of .=, , respectively,
and define for 6 ER

Cs={A€C:Rel >4}
From a result due to Naito [13], we have
(COCPU(‘%“)UP(%)CC—}'O/Z' (39)

A simple computation shows that, for the system presently considered,
o(s7,) N C, = {0}. Since the A,(u) with real parts greater than —y,/2 belong
to 0(s7,), lie in a bounded region of the complex plane for k = 1,..,m — 1,
and converge to zeros of the function @ as 4 — 0%, we get property (i) in the
statement.

Property (ii} follows from the asymptotic formula

A
and the fact that |1,,(u)} > o0 as u—> 0%,

wu(x)zi-z—kmﬂd—"/%r o(1), as |i|—
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Property (iii) results from the following consequence of (38):

Cuw) = lim 4714~ 44)

= lim '1"1;(”) ,
Ao ) 3 <1 +_1_2 di/)’i)
#is Aty

In order to prove property (iv), we apply (iii) and the fact that 4,,(u) is a
root of (37).

ProrosiTION 18. Let u, be as in Lemma 17. For 0 < u < y,, there exists
a direct sum decomposition of the phase space

X,=0QP;®OPID - DP),

such that

(i) dimP;=1, k=0,.,m,

(i) (P a)eEPt—{(0,0)}=>a+0, k=0,.,m,

(ili) (#a)EO <=y, (t:0,0)=0,120,0<u<u,y,

(v) (9, ) EPL= p(t; 0, @) = ae* ™ 20,0 < u < gy,
where y,(-; @, a) is the solution of (34,) through the initial datum (9, @) at
t=0 and the A, are as in Lemma 17.

Furthermore, the subspaces O, O @ Py are all invariant under the
semigroup T, defined by the solutions of (34,) as T,,(1)(9, @) = ((y,), (¢> @),
Yul(t; 4, @)

Proof. Let G: X,— R™"! be such that

1

o

66, a)— L e“:s¢(s) ds

(% e’ g(s) ds
and

0= {(¢.a)€X,: G(¢,a)=0}. (40)

The set O is a closed linear submanifold of X,. Let II, be the projection
operator projecting orthogonally X, upon O. We have

16, @) — Ho(9: @)* = min (6, @) — (v A
= min_ {4, @))* + ll(w, BI* — 2{(#, @). (v B))}-

(©,8)€0
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Therefore I1,(¢, @) is the unique minimum, over the set O, of the functional
given by

V(.;',a)(l//a :B) = <(W’ :B)a (W, ﬁ)> - 2<(¢’ a)’ (W9 :B)>

It is easy to show that V', ., and G are C', and that G maps X, onto R™* .
Therefore, if (4., a,) is a minimizer of ¥, over O, the Lagrange Multiplier
Theorem implies the existence of z* € (R™"')* such that

DV 5 (895 @) + 2*DG(gg, 2) = 0.

Therefore, for some K, (¢, a) € R (i =0,..., m), we get

m

Me®=(9- Y K@ e ™ a—K@a) @)

Lo
i=

with the K (9, «) such that G(I1,(g, @)) =0, i.e.,

K9, a) =0,
(42)
nK@da) 0 ‘
/\ﬁ it A2 e’o(s) ds. = 1,0 .
i1Vt Y=Y J"OO ¢( : ’

Since the above minimization problem corresponds to an orthogonal
projection in Hilbert space, it has a unique solution. Therefore the matrix

def 1 e
R= [————ﬁ] (43)
Yit Vi~ Yelijz1
is nonsingular. Because G maps X, onto R™*', it follows from (41) and (42)
that
S S )
0= (b @) € X,:0(5)= X' Kie "W, 5 <0, K, ER:. (44)
i=1

Clearly, dim O*=m + 1.
For p(f) = ae***", 1> 0, to be a solution of (34,) with initial condition
{9, ) at t =0 it is necessary and sufficient that, for ¢ > 0,

) 0 = — (3 BT o ) et
=1 Vi K

\Yi d . A0 y o
o Vi i5 ds — ———nx |
T e U ey ds y,-+ak<a>J

i=1 -~

This equality is only possible for the A,(u) (k=0,..m) appearing in
Lemma 17. We have that A,(¢) =0 and the A4,(u) (k = 1...., m) are the roots

505/54/3-4
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of Eq. (37) for 0 < u < u,, with g, also as in Lemma 17. Consequently, the

set of initial data (4, &) for which ae®*”, t> 0, is a nontrivial (a0 for
¢ # 0) solution of Eq. (34,) is

Pl = 3(¢, a) € O a=(y;, + A1) Jj e’g(s) ds, i = 1,..., m; (45)

for k=0,..,m, 0 <y <u,.
We now introduce the matrices

1 1 1
S e e 7l S T
Solw) .
sw= || ww= | swee @7)
S) 1
ey
E(s)= [ : } . (48)
ewm‘?o)s

Then, for k =0,...,m and 0 <y < g, it follows from (44) and (45) that, for
some row matrix W = [w, w,,..., w, |, we have (¢, a) belonging to P§ if and
only if

¢(s) = WE(s), §<0
aS (u)=WR
or
d(s)=aS,(u)R'E(s), s<0
for some a € R. Thus
Pu)={(a)E X,: ¢(s) = aS,(u) R 'E(s), s <0}. (49)

For the decomposition X, =0 ® Py @ --- @ P to hold, it is necessary
and sufficient that the following system have exactly one solution for each
1 X m matrix W and a € R:

2 ¢=o
j=0

i &S () R™E(s) = WE(s).
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With Z = [, ..., £}, this system can be written as
EU) = [a, W]. (50)
Now, Lemma 17 implies

1! 0, 1, ., 1

; 1 m,m C,(‘Ll) dj Jln;m .
B _S g =1,... (I
5z e || v ) [T €0
b

The first matrix in this product is equal to

Therefore, U(u) is nonsingular and, consequently, system (50) has a unique
solution =, establishing, as a consequence, the desired decomposition of X, .
Directly from (49) it follows that dim P{ =1 and that ¢+ 0 for all
(9. @) € P§ — {(0,0)}, proving (i) and (ii) in the statement.
Now, from Eq. (36) in Lemma 17 we get that y, (¢;¢.0)=0 for t >0 if
and only if

1 a
[ 1 Jmm %e”‘,é(s) ds B
7+ Ad) Loy -
1 —dﬂle'*’"”(b(s) ds

From (51), the first matrix in the preceding expression is nonsingular.
Consequently, the second matrix must vanish, i.e.,

y,u(t; ¢’ a):09 [>O<:>G(¢, a)=0@ (¢v a)e 0.

Property (iv) is a consequence of the discussion preceding the definition of
the P% in (45).

The invariance of the subspaces O and O @ P, under the semigroup T,,
is a direct consequence of properties (iii}-(iv) and the definition of T, .
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COROLLARY 19. The manifold

2, =0DP;@ - ®P,_,,

defined for 0 < y < u,, is a closed linear submanifold of X ,, has codimension
1, is invariant under (34,), and approaches the manifold X, of orbits of the
degenerate equation, as u— 07,

Progf. Everything in the statement is a direct consequence of the
preceding proposition, except the convergence of X, to X,.

It is easy to see from (49), (46), and Lemma 17(i) that, for k =0,..., m — 1,
P — P} as u— 07, where

= {(¢,a) EX,: d(s) = aS,(0) R 'E(S),s < 0}.

On the other hand, for k=0, 1,...,m — 1, we have

0 3 9
Do+ d@)as,0 R EOd0=a[- ¥ e S L) @)

The A,(¢) (k=0.,..,m—1) are the zeros of the function 4, which remain
bounded as uz — 0%, and this function satisfies

A,ﬂ):;u—( f L/

i 14

'[45

n

7e1)

—_

Therefore, the right-hand side of Eq. (52) vanishes. Noting that

Z,= ;(¢,a)€XU:DOa+ﬁ d(@)¢(9)d9=0$,

we conclude that P¥ c %, for k=0,..., m — 1. Since the P} (k=0,....,m — 1)
are one-dimensional linear subspaces generated by independent elements of
X,,and Oc X, it follows that ~, - ¥, as u—»0".
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