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Abstract

We show that any graph of maximum degree at most 3 has a two-coloring such that one color-class is an
independent set, while the other color-class induces monochromatic components of order at most 750. On
the other hand, for any constant C, we exhibit a 4-regular graph such that the deletion of any independent
set leaves at least one component of order greater than C. Similar results are obtained for coloring graphs
of given maximum degree with k + � colors such that k parts form an independent set and � parts span
components of order bounded by a constant. A lot of interesting questions remain open.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

A coloring of the vertices of a graph is called proper if the endpoints of any edge are assigned
different colors. The greedy algorithm, the simplest coloring procedure producing a proper col-
oring, guarantees the existence of a proper coloring of any d-regular graph with d + 1 colors.
The clique Kd+1 shows that the number d + 1 of required colors is best possible for d-regular
graphs.

In this paper we consider a relaxation of proper coloring by allowing “errors” of certain con-
trolled kind. The following definition will be convenient. We say that a coloring of a graph is
C-relaxed if all monochromatic components have order at most C. With this definition, 1-relaxed
is equivalent to proper coloring. It is easy to see that any graph of maximum degree at most 3 has
a 2-relaxed two-coloring. Alon, Ding, Oporowski and Vertigan [1] proved that every graph of

✩ Research is supported in part by the SNF Grant 200021-108099/1.
E-mail addresses: berker@inf.ethz.ch (R. Berke), szabo@inf.ethz.ch (T. Szabó).
0095-8956/$ – see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jctb.2006.12.001

https://core.ac.uk/display/82606154?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


R. Berke, T. Szabó / Journal of Combinatorial Theory, Series B 97 (2007) 652–668 653
maximum degree 4 has a 57-relaxed two-coloring. They also gave a construction of a 6-regular
graph for arbitrary C which does not admit a C-relaxed two-coloring. Haxell, Szabó and Tardos
[5] established that it is always possible to find even a 6-relaxed two-coloring of a graph of max-
imum degree 4 and proved that every graph of maximum degree 5 has a C-relaxed two-coloring
with some constant C (in fact, C < 20 000).

Earlier work related to relaxed colorings focused on special kinds of graphs, like line graphs of
cubic graphs [3,6]. These works culminated in the result of Thomassen [9], who proved that there
exists a two-coloring of the edges of any cubic graph such that not only every monochromatic
component is bounded, but is a path of length at most five.

In this paper we are concerned about the asymmetric version of the relaxation of proper two-
coloring. Namely, we allow larger components in only one of the color-classes, the other one has
to be an independent set. Obviously any 2-regular graph has a two-coloring where one of the
color-classes is an independent set, and the other induce monochromatic components of order at
most 2. Our main theorem claims that a similar statement holds for graphs of maximum degree 3
as well.

Theorem 1. Let G be a graph of maximum degree at most 3. There exists a partition of the vertex
set of G into subsets I and B where I is an independent set and every component of G[B] is of
order at most 750.

We prove Theorem 1 in Section 2. After some initial simplification we break the graph G

into two pieces: one containing vertices which do not participate in any triangle, the other con-
taining vertices from triangles. We solve our problem separately for each piece in Sections 2.1
and 2.2, respectively. To handle triangle-free graphs we apply a useful lemma from [5] about
matching transversals. For graphs whose vertex set is the union of vertex disjoint triangles we
utilize the theorem of Thomassen about certain edge-two-coloring of cubic graphs. In Section 2.3
we finish the proof of Theorem 1 by combining the two-coloring of the two pieces through a se-
ries of modifications. This process is quite technical but finally yields the bound of 750 on the
component-order.

To complement Theorem 1 we prove in Section 3 that a similar statement cannot hold for
4-regular graphs.

Theorem 2. For any constant C there exists a 4-regular graph G such that for any independent
set I ⊆ V (G), G[V (G) \ I ] has a component of order larger than C.

In Section 3 we investigate relaxed colorings of graphs with more than two colors. For this
we need the following definition. A graph G is called C-relaxed (k, �)-colorable if there exists a
C-relaxed (k + �)-coloring of G such that each of the first k color-classes are independent sets.
A set of graphs G is called (k, �)-colorable if there exists an absolute constant C such that every
member G ∈ G admits a C-relaxed (k, �)-coloring. Obviously (k,0)-colorability is the same as
the usual k-colorability. The main result of [5] could be formulated as the family of 5-regular
graphs is (0,2)-colorable. Our main results state that cubic graphs are (1,1)-colorable, while
4-regular graphs are not.

In [5] the maximum degree condition for (0, k)-colorability is investigated. It is shown that
there exists a constant δ > 0 such that for large �, 3 + δ < Δ(0, �)/� < 4, where Δ(k, �) is
the smallest integer such that the family of graphs with maximum degree Δ(k, �) is not (k, �)-
colorable. One of the outstanding questions of the topic is to determine the asymptotics of
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Δ(0, �)/�. In Section 3 we give general bounds on the maximum degree which guarantees (k, �)-
colorability.

Finally, in Section 4 several of the intriguing open problems are gathered.

1.1. Notation, terminology

The length of a path is the number of edges contained in it. The order of a graph is its number
of vertices. The size of a graph is the number of its edges. Δ(G) of a graph G denotes the max-
imum degree in G. By component we always mean connected component. If X is the subset of
vertices in some graph G, then G[X] denotes the subgraph of G induced by X. For a vertex v ∈ X

we say that v is an X-vertex, and for a component C of G[X] we say that C is an X-component
(assuming that the reference to G is implied). For two subsets X and Y of the vertex set of some
graph G and an edge e with one endpoint in X and other endpoint in Y we say that e is an
XY -edge. The degree of a vertex in a graph G is denoted by dG(v). Sometimes dX(v) is used to
denote the number of neighbors of v in some subset X; in this case there should be no confusion
about the underlying graph. For a subset X we denote by Γ (X) the set of vertices which have a
neighbor in X. For a vertex v we write Γ (v) instead of Γ ({v}) and for a subgraph H we write
Γ (H) instead of Γ (V (H)).

2. Two-coloring cubic graphs

In this section we prove our main theorem.
First we justify a couple of simplifying assumptions. If Δ(G) � 3, no two triangles in G share

exactly one vertex. Two triangles sharing an edge form a diamond. We argue that, without loss
of generality, we can assume that our graph is diamond-free. Indeed, let D be a diamond in G

and let G′ be the graph obtained from G by deleting the vertices of D. By induction (on the
number of diamonds) we obtain a partitioning of G′ into sets I ′ and B ′ satisfying the properties
of Theorem 1. Let the two vertices of D sharing the common edge be denoted by v1, v2, the
remaining two vertices are denoted by u1, u2 and the unique neighbor of ui outside of D by u′

i

(u′
i might not exist). Now let us define a partition of V (G) into sets I and B by letting I ′ ⊆ I

and B ′ ⊆ B and putting ui into I if and only if u′
i is in B ′. The vertices v1, v2 are put into B

regardless. Since u1 is not adjacent to u2, I is independent by definition. Also, the vertices of D

put into B are separated from B ′ by a vertex of I , thus the largest newly introduced component of
G[B] could be the diamond itself. Thus the order of the largest component of G[B] is max{C′,4},
where C′ is the order of the largest component of G[B ′].

By a similar argument, we can assume that G does not contain two triangles connected by
two edges (see Fig. 1).

Fig. 1. A diamond and two triangles connected by at least two edges.
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Definition 1.

(i) Let T denote the class of all graphs G, with Δ(G) � 3, where every vertex v ∈ V (G) is
contained in exactly one triangle of G and there are no subgraphs isomorphic to either two
triangles sharing an edge or two triangles connected by two edges.

(ii) Let Z denote the class of all triangle-free graphs G, with Δ(G) � 3.

By the above observations, we can assume in the proof of Theorem 1 that there is a partition
(Z,T ) of the vertex set of G such that G[T ] ∈ T and G[Z] ∈ Z . We simply put the vertices
contained in a triangle into T and define Z = V (G) \ T .

2.1. Relaxed two-coloring of triangle-free graphs

In this subsection we prove that Theorem 1 (with a better constant) holds if G is triangle-free.

Lemma 1. For any G ∈ Z , there exists a partition of the vertex set into I and B where I is an
independent set and no component of G[B] has order larger than 6.

Proof. As a first approximation let us take a max-cut (U1,U2) (i.e., there is no other partition
with more edges going across), with |U1| minimal (among all max-cuts).

Since (U1,U2) is a max-cut, every vertex has degree at most one within its own part. That is
G[U1] and G[U2] consist of disjoint edges and isolated vertices. Eventually, our goal is to select
one of the endpoints of each edge in G[U1] and move it to the other side such a way, that we do
not create too large components.

First we make a few observations about the impossibility of certain configurations. For i = 1,2
and j = 0,1, let Ui,j = {x ∈ Ui : dUi

(x) = j}. For i ∈ {1,2}, we denote by i′ the other element
of {1,2}, i.e., i′ ∈ {1,2} and i′ �= i.

Proposition 1. Let x ∈ Ui,1 and x′, x′′ ∈ Ui′,1, for some i = 1,2. Then x is not adjacent to both
x′ and x′′.

Proof. Switching the sides of x, x′, x′′ increases the number of edges in the cut and thus contra-
dicts the maximality of (U1,U2) (see Fig. 2). �
Proposition 2. Let x ∈ U2,0 and x′, x′′, x′′′ ∈ U1,1. Then x is not adjacent to all of x′, x′′, and x′′′.

Proof. Switching the sides of x, x′, x′′, x′′′ would not decrease the number of edges in the cut,
but would decrease the cardinality of |U1|, a contradiction (see Fig. 3). �

Fig. 2. Configuration 1.
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Fig. 3. Configuration 2.

Fig. 4. Configuration 3.

Proposition 3. Let x ∈ Ui,0, x′, x′′ ∈ Ui,1 and y′, y′′ ∈ Ui′,1, for some i = 1,2. Then it is not
possible that x is adjacent to both y′ and y′′, y′ is adjacent to x′, and y′′ is adjacent to x′′.

Proof. Switching the sides of x, x′, x′′, y′, y′′ increases the number of edges in the cut and thus
contradicts the maximality of (U1,U2) (see Fig. 4). �

Note that Propositions 1–3 fail to be true if G contains triangles.
We define an auxiliary graph H on the vertex set V (H) = U1,1. Two vertices x and y of H

are adjacent if they have a neighbor in the same component of G[U2].

Claim. Δ(H) � 2.

Proof. Let x ∈ V (H). By the definition of V (H), x has at most two neighbors in U2. Let y be
one of them.

If y is an isolated vertex of G[U2], then by Proposition 2, y has at most one more neighbor
(besides x) in U1,1. So y does not account for more than one H -neighbor of x. If y is in an
edge-component of G[U2], let w be its unique neighbor in U2. By Proposition 1 y has no other
neighbor in U1,1 but x. Similarly, w has at most one neighbor in U1,1. So y is responsible for at
most one H -neighbor of x.

We showed that each of the (at most two) U2-neighbors of x can produce at most one
H -neighbor for x. That is the degree of x in H is at most 2. �

Now we use the following lemma from [5].

Lemma 2. [5, Corollary 4.3] Let H be a graph with Δ(H) � 2. Suppose that V (H) is partitioned
into subsets of size two, V (H) = W1 ∪ · · · ∪ Wm, |Wi | = 2 for i = 1, . . . ,m. Then there exists a
“matching transversal,” i.e., a subset T ⊆ V (H) of the vertices such that |Wi ∩ T | = 1 for every
i = 1, . . . ,m and Δ(G[T ]) � 1.
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Since Δ(H) � 2, we can apply Lemma 2 for H , with the edges of G[U1] as Wi . (Remember
G[V (H)] is a perfect matching!) We select a matching transversal T and move it over; that is we
define I = U1 \ T and B = U2 ∪ T .

Clearly I is an independent set.
How large could a component be in G[B]? Note that T is an independent set in G and since

T induces a matching in H , any component of G[B] can contain at most two vertices from T .
If a component of G[B] contains exactly one vertex of T , then its size is at most 5.
Suppose now that a component C of G[B] contains two vertices t1, t2 ∈ T . There must be a

component C′ of G[U2] in which both t1 and t2 has a neighbor.
Since both t1 and t2 have at most two neighbors in U2, C contains at most three components

of G[U2].
If there are at most two components of G[U2] in C, then the cardinality of C is at most 6.
Assume now that there are three components C′,C1,C2 of G[U2] glued together in C. By

Proposition 1, neither t1 nor t2 is adjacent to two components of order two. So if |C′| = 2, then
|C1| = |C2| = 1 and thus |C| = 6.

Similarly, if |C′| = |Ci | = 1 for some i = 1,2, then |C| = 6.
Finally, the case |C′| = 1 and |C1| = |C2| = 2 is impossible because of Proposition 3.
Concluding, we proved that all components of G[B] are of order at most 6. �

2.2. Relaxed two-coloring of graphs from T

In this subsection we prove Theorem 1 for graphs from T . In fact, we show a stronger state-
ment which comes in handy in Section 2.3, when we put together the relaxed two-coloring
of a general graph G of maximum degree at most 3 from the relaxed two-colorings of G[Z]
and G[T ]. Instead of partitioning G[T ] into two parts, we partition into three. The extra part X

provides some flexibility: vertices of X could later be placed arbitrarily into either I or B . Note
that the degree of every vertex in G[T ] is either 2 or 3. Let Vi be the set of vertices of degree i.
The flexible part X lies completely in V2; these are the vertices which could have a neighbor in
the triangle-free part Z.

From now on, in this subsection, G denotes a graph from T .

Lemma 3. For any G ∈ T , there exists a partition of the vertex set V (G) into three sets I , B and
X such that

(i) I ⊆ V3, X ⊆ V2, I ∪ X is an independent set and no component of G[B ∪ X] is larger
than 21,

(ii) every component of G[B ∪ X] contains at most three vertices from B ∩ V2, all of which are
contained in the same triangle. Any component of G[B ∪ X] containing exactly one vertex
from B ∩V2 is of order at most 8, and each component containing two or three vertices from
B ∩ V2 is fully contained in one triangle.

Definition 2. Let T1, . . . , Tm be the triangles of a graph G ∈ T . The triangle-graph T (G) of G

is defined on the vertex set V (T (G)) = {T1, . . . , Tm} where two vertices are adjacent if the cor-
responding triangles are connected by an edge.

By the definition of T , T (G) is a simple graph.
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A vertex in V3 is denoted by vi,j if it is contained in triangle Ti and there is an edge incident
to it which goes to a vertex of triangle Tj .

In order to prove our lemma, we need the following statement, due to Thomassen.

Theorem 3. [9, Theorem 2] Let H be a graph of maximum degree at most 3. Then the edge set
of H has a red/blue coloring and an orientation of the edges such that

(i) each monochromatic component is a directed path of length at most 5, and
(ii) each vertex of degree 2 is either an interior vertex of a monochromatic directed path or the

endpoint of a monochromatic directed path of length at most 3.

We apply Thomassen’s theorem to the triangle-graph T (G) and obtain an edge-coloring ct

and edge-orientation ot of T (G). Given ct , we can define a canonical red/blue coloring c of the
vertices in V3, namely let the color of vertices vi,j , vj,i be the same as the color of the edge TiTj .
With this definition, a monochromatic path of length i in T (G) corresponds to a monochromatic
path of length 2i − 1 in G. Thus c is a vertex-two-coloring of G[V3] where each monochromatic
component is a path of length at most 9.

Using ot , we can define a canonical orientation o of those edges of G which go within the
monochromatic paths of c. Let the orientation of the edge vi,j vj,i be defined to be the same
as the orientation of the edge TiTj . Edge vi,j vi,k within triangle Ti is oriented if and only if
both of its endpoints received the same color, in which case it is oriented such that the path
vj,i , vi,j , vi,k, vk,i becomes directed.

This vertex-coloring c and partial edge-orientation o of G[V3] can now be transformed into a
partition (I,B,X) of G satisfying Lemma 3.

The interior vertices of the monochromatic directed path components of G will be called
interior vertices, while the starting and ending vertices of the monochromatic directed path com-
ponents will be called extremal vertices. Every vertex in V3 is either an interior or extremal
vertex, but not both.

A triangle is called a degree-i triangle if the corresponding vertex in the triangle-graph has
degree i. A degree-3 triangle always contains two interior vertices and one extremal vertex.
A degree-2 triangle either contains two extremal or two interior vertices. A degree-1 triangle
always contains one extremal vertex.

We are now ready to define our partition.
Let I contain the starting vertices of all the monochromatic directed paths. Let I also contain

the end vertices of the monochromatic paths unless the path is of length 1 or it ends in a degree-2
triangle. This definition ensures that all vertices selected to I are of degree 3, i.e., I ⊆ V3.

The (unique) vertex of degree 2 of a degree-2 triangle is put into X if none of the other two
vertices of the triangle were put into I . Thus X ⊆ V2 by definition.

The rest of the graph belongs to B . Observe that all interior vertices of monochromatic paths
are in B , together with the endpoints of monochromatic paths of length one and the endpoints of
monochromatic paths which end at a degree-2 triangle. Besides these, some vertices from V2 are
also in B . The unique vertex of degree 2 of a degree-2 triangle K is in B if and only if a path
starts at K . Also, all vertices of degree 2 from degree-1 and degree-0 triangles are in B .

Is I ∪X an independent set? Its definition ensures that X is an independent set and there is no
edge between X and I . Now let us consider I and observe that I contains only extremal vertices.
There cannot be two adjacent extremal vertices in two different triangles unless they are the
starting- and end-vertices of the same path of length one; these are not both in I by definition.
Also, any triangle contains at most one vertex from I because any degree-3 triangle contains
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exactly one extremal vertex (Theorem 3(i)), and no degree-2 triangle contains more than one
starting vertex (Theorem 3(ii)). We can conclude that I ∪ X is independent.

In the following, we look at why the components of G[B ∪X] are of bounded order. A mono-
chromatic directed path component of length i in G gives rise to paths in G[B] of length either
i − 2 or i − 1, depending whether both extremal vertices were put in I or just the starting vertex.
We call such a path a B-path. Every B-path is of length at most 8. A component of G[B ∪ X]
could possibly contain several B-paths, so we investigate how B-paths could “glue” to each other
and to vertices of V2 to form the (B ∪ X)-components.

Case (i). In a degree-3 triangle there are always two interior vertices which belong to one
particular B-path P . The third vertex w of the triangle is either in I (i.e., there is no “gluing”) or
it is the endpoint of a monochromatic path of length one. In the latter case w is in B and glued
to P as a monochromatic path of length 0.

Case (ii). What can happen in a degree-2 triangle K? Let u1, u2,w be the vertices of K ,
where u1, u2 ∈ V3 and w ∈ V2. If u1 and u2 are both interior vertices, then they are in the same
B-path and w is in X glued to it. Otherwise u1 and u2 are two extremal vertices of different
monochromatic paths P1 and P2, respectively. If one of these paths, say P1, has a starting vertex
in K , then u1 ∈ I . Then u2 is the endpoint of P2, thus u2,w ∈ B , i.e., w is glued to P2. If
both paths P1 and P2 have endpoints in K , then one of them, say P1, was obtained from a
monochromatic path of T (G) of length at most 3 (by Theorem 3(ii)) and the other was obtained
from a monochromatic path of T (G) of length at most 5 (by Theorem 3(i)). In this case w

is contained in X. Only in this case two B-paths of length at least 1 are glued into the same
(B ∪ X)-component. The length of P1 is at most 4, while the length of P2 is at most 8, so
altogether they form a B-component of order at most 14.

Case (iii). In a degree-1 triangle the two vertices of degree 2 could be glued to the end of a
monochromatic path of length one.

In conclusion, two B-paths of length at least 1 could only be glued at their endpoint (when
they both end at the same degree-2 triangle). Their other vertices might be glued to the vertices
in their triangles, but not more. Hence the 14 vertices of the two glued B-path of the last case of
case (ii) could still pick up 7 more vertices from their triangles, which adds up to 21.

For part (ii) of our lemma we first observe that if a (B ∪ X)-component C contains some
vertex of a degree-0 or degree-1 triangle then C is fully contained in it. Now suppose w ∈ B ∩V2
is a vertex of a degree-2 triangle K . Let V (K) = {w,u1, u2}. Since w /∈ X, either u1 or u2 must
be in I . Without loss of generality u1 ∈ I and u1 is a starting vertex of a monochromatic B-path.
Thus u2 must be the endpoint of a B-path of length at most 4 (corresponding to a monochromatic
path of T (G) of length at most 3 by Theorem 3(ii)). By the discussion above, this B-path is not
glued to any other B-path except maybe to vertices in the triangles it intersects. Besides K , there
could be two other triangles intersected by P . If the third vertex in these triangles is of degree 2,
then it is contained in X. Thus C does not contain any more vertices of B ∩ V2. Also, C cannot
contain more than 8 vertices.

2.3. Putting things together

Proof of Theorem 1. As it was mentioned at the beginning of this section, we can assume that
we find a partition of V (G) into two parts (T ,Z) with G[T ] ∈ T and G[Z] ∈ Z . Further, we
define Ti as the set of triangles in G[T ] having i neighbors in Z. A vertex is called a neighbor
of triangle K if it is adjacent to a vertex of K but not contained in K . (Since all triangles are
disjoint, a neighbor of a triangle K has exactly one neighbor in K .)
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Eventually, we try to achieve that any B-component of G[T ] is adjacent to at most one B-
component of G[Z]. As it turns out, the principal hurdle to this are those triangles from T2
and T3 whose neighbors form an independent set. Hence, initially, we define a supergraph H

of G[Z] such that possibly no set of neighbors of a triangle from T2 ∪ T3 is independent. We
do this by iteratively adding edges to G[Z]. We might not be able to make all the neighbor-sets
non-independent however, as we would also like to keep H triangle-free.

Formally, we define the graph H ⊇ G[Z] starting from G[Z] as follows:
We iteratively check for every triangle K ∈ T3 whether its three distinct neighbors (all in Z)

form an independent set. If the answer is positive, we check whether there exist two of these
three neighbors, say u and v such that adding the edge {u,v} to H does not introduce a triangle
in H . If there is such a pair of neighbors of K , then we select one such pair and add the edge
between them to H . We call this edge eK . Otherwise, i.e., if for all three pairs the addition of the
edge would create a triangle in H , we do not do anything.

Then, iteratively for every triangle K ∈ T2 we check whether two neighbors of K in Z form
an independent set. If the answer is positive, we add the edge between these two neighbors
(and name it eK ) unless it introduces a triangle in H , in which case we do not change any-
thing.

We define D ⊆ T3 and P ⊆ T2 to be the sets of triangles whose neighborhood in (the final) H

forms an independent set. Observe that eK is defined for some (but not necessarily all) triangles
from (T2 \P) ∪ (T3 \D). Note also that the function K → eK is injective.

The following easy proposition is needed in most of our arguments.

Proposition 4. For any vertex v ∈ Z,

dH (v) = dG(v) − ∣∣{K ∈ T0 ∪ T1 ∪ T2 ∪ T3: v ∈ Γ (K) and v /∈ eK or eK is not defined
}∣∣.

In particular,

dH (v) � 3 − ∣
∣{K ∈P ∪D ∪ T0 ∪ T1: v ∈ Γ (K)

}∣∣

and H ∈ Z .

Proof. The first statement is true because we subtract from dG(v) the number of those edges
incident to v going to triangles because of which we did not introduce any new edge at v (note
that any incident edge of v goes to at most one triangle since G is diamond-free). Now equality
follows, since the function K → eK is injective.

The bound on dH (v) then follows easily after noting that dG(v) � 3 and that eK exists only if
K ∈ (T2 \P) ∪ (T3 \D).

Hence Δ(H) � 3. By definition, the above process did not introduce triangles to H , which
implies H ∈ Z . �

We denote by G∗ the supergraph of G which contains all edges we added by the above pro-
cedure, formally G∗ = G ∪ H . Note that the maximum degree of G∗ might be larger than 3.
We still prove the existence of the appropriate relaxed coloring for G∗ instead of G. Note that
G∗[Z] = H and G∗[T ] = G[T ].

We choose a partition (IZ,BZ) on G∗[Z] and a partition (IT ,BT ,X) on G∗[T ] fulfilling
the conditions of Lemma 1 and Lemma 3, respectively. As the first approximation of our final
partition (I,B) we define (I (1),B(1)) = (IT ∪ IH ,BT ∪ BH ).
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I (1) is an independent set in G∗ since by Lemma 3(i) the vertices in IT have all their neighbors
in T .

Note that eventually a B-component of G∗[T ] can attach to B-components of G∗[Z] only
through a vertex whose degree in T is 2. By Lemma 3(ii) all B(1)-vertices of degree 2 of a B(1) ∪
X-component CT of G∗[T ] are contained in one triangle. We denote this special triangle of CT

containing all the degree 2 B-vertices of CT by KCT
. By the end of our proof vertices of X will

be placed into the part different from their Z-neighbor. This will ensure that the component CT

has a chance to connect to some B(1)-component of G∗[Z] only through KCT
. From Lemma 1

we know that any B(1)-component CZ of G∗[Z] is of order at most 6 and from Lemma 3(ii)
it follows that no attaching B(1) ∪ X-component of G∗[T ] is of order larger than 8. (We mean
“attaching” only through B(1)-vertices, as by the end, X-vertices will be placed such that they
block attachment to B-components of G∗[Z].)

The main problem is that currently a B(1)-component of G∗[T ] could be adjacent to more
than one B(1)-component of G∗[Z]. Hence we do not have any control on the order of B(1)-
components of G∗. Our plan is to modify (I (1),B(1)), resulting in partitions (I (i),B(i)) with
i ∈ {2,3,4,5} such that I (5) ∪ B(5) = V (G), I (5) ∩ B(5) = ∅, and any B(5)-component CT of
G∗[T ] with KCT

∈ (T3 \D) ∪ T2 ∪ T1 ∪ T0 will attach to at most one B(5)-component of G∗[Z′]
where Z′ = Z ∪ (

⋃
K∈D V (K)). Moreover I (i) remains an independent set throughout and we

will control the order of B(i)-components of G∗[T ], G∗[Z] and eventually of G∗[Z′]. Naturally,
components CT with KCT

∈ (T2 \ P) ∪ T1 ∪ T0 do not pose any problem (we will return to
this more formally later). In the first modification we handle components with KCT

∈ P . In the
second, we consider components with KCT

∈D. The third modification will resolve components
CT with KCT

∈ T3 \ D, while the fourth modification determines the final placement of the
elements of X.

For a vertex v ∈ B(i) (or I (i)) we will say that the status of v is B (or I ) and the status of a
vertex from B(i) is opposite to the status of a vertex from I (i). We also say that the status of a
vertex from X is neutral.

By Proposition 4, the neighbors t ′1 and t ′2 (∈ Z) of any triangle K ∈ P have degree at most
two in G∗[Z]. Moreover t ′1 and t ′2 must have at least one common neighbor in G∗[Z] because
the addition of the edge t ′1t ′2 would have created a triangle in H . Let us arbitrarily choose one of
these common neighbors for every triangle K ∈ P and denote it by w(K) and let N(K) = {t ′1, t ′2}
(see Fig. 5). We define W = {w(K)}K∈P .

In the following, we define (I (2),B(2)) by switching the current status of some vertices of Z.
We will not change the status of any vertex from T .

Modification 1. As the first step we set the status of each vertex from W to B . Then, iteratively
for every triangle K ∈ P , we set the status of a vertex v ∈ N(K) to B if its neighbor in G∗[Z \

Fig. 5. A triangle K ∈ P with N(K) = {t ′ , t ′ } and w(K).
1 2
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{w(K)}] exists and has status I . Otherwise we set the status of v to I , provided v /∈ W . Finally,
let I (2) (B(2)) be the set of those vertices whose status is I (B).

Claim 1. Every B(2)-component CT of G∗[T ] with KCT
∈ P connects to at most one B(2)-

component of G∗[Z]. I (2) is an independent set in G∗. No B(2)-component of G∗[Z] is of order
larger than 30.

Note that CT is also a (B(2) ∪ X)-component of G∗[T ] and it is contained in KCT
.

Proof. Either N(KCT
) ∩ I (2) �= ∅ or both vertices of N(KCT

) are contained in the same B(2)-
component on Z, since w(KCT

) ∈ B(2). This proves the first part of the claim.
Clearly I (2) is an independent set in G∗. Indeed, by construction I (2) ∩ Z is independent,

while the vertices I (2) ∩ T = IT do not have a neighbor in Z by Lemma 3(i).
To bound the B(2)-components of G∗[Z] we need few observations. Recall that W is the

collection of all w(K) with K ∈P , and let us define N = ⋃
K∈P N(K) \W and R = Z \W \N .

Observations. Let C be a B(2)-component of G∗[Z]. Then:

(1) Every v ∈ N ∩ C is a pendant vertex of C and its lone neighbor in C is contained in W .
(2) There are no two incident WW -edges in C.
(3) Each W -vertex is adjacent to at most one R ∪ W -vertex in C.
(4) If C contains a WW -edge or no vertex from R, then |C| � 6.

Proof. (1) Let v ∈ N(K) where K ∈ P . Then v has at most 2 neighbors in G∗[Z] by Propo-
sition 4, and one of those neighbors is certainly w = w(K). In case v has a second neighbor u

in Z, then just after having set the status of v in Modification 1, its status is opposite to the status
of u. We will show that this remains true even at the end of Modification 1. Assume it does not
hold anymore. The status of v did not change again, since its degree in G∗[Z] is 2 and thus v is
incident to at most one triangle from P . (Hence v is scheduled only once for a possible change
of its status.) Thus u must have gotten a new status according to the state of its unique neighbor
in G∗[Z \ {w(K ′)}], with K ′ ∈ P and u ∈ N(K ′), if it exists. This vertex is necessarily v, since
v /∈ W and u has at most one neighbor in Z \ W . This yields a contradiction, since u and v

already had opposite status, so the status of u did not change.
(2) Assume there are two incident WW -edges in C. Let us look at a vertex w ∈ W adjacent

to two other vertices u,v ∈ W . Let w = w(K), for some triangle K ∈ P . Since dH (w) � 3,
without loss of generality u ∈ N(K), so u is incident to K ∈ P . Therefore u has degree at most 2
in G∗[Z] by Proposition 4. So if u = w(K ′) then w ∈ N(K ′) and w is of degree at most 2 in
G∗[Z] as well. But then v ∈ N(K), and has degree two, too. If v = w(K ′′) then w ∈ N(K ′′), so
w is the neighbor of two distinct triangles from P . This, by Proposition 4, implies dH (w) � 1,
a contradiction.

(3) A vertex w(K) ∈ W has two neighbors u1, u2 in N(K). By the previous observation, at
least one of these neighbors, say u1, is in N . Then either u2 ∈ W or u2 ∈ N . In the first case
the degree of w(K) in G∗[Z] is two by considerations similar to the one in the proof of (2). If
u2 ∈ N , then w(K) can have at most one neighbor in W ∪ R since the maximum degree of H is
at most 3.

(4) The first case reduces to the second since the WW -edge forbids any vertex from R in C

by Observations (3) and (1). If R ∩ C = ∅, then by Observations (1) and (2) |C| is at most the
number of vertices in a tree with at most 2 inner vertices, thus at most 6. �
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Fig. 6. Three different dragons Di and their exteriors Ext(Di).

Let now C be a component of G∗[B(2) ∩ Z]. We will bound its order. Recall that the order of
each component G∗[B(1) ∩ Z] is at most 6, and changes could have happened only to the status
of W ∪ N -vertices.

By Observation (4) we can assume that there are no WW -edges in C and there exists a vertex
v ∈ R ∩ C. Let C′ be the largest R ∩ B(1)-component containing v. We claim that C is then
contained in the 2-neighborhood of C′. In other words, every vertex of C has a neighbor which
has a neighbor in C′. By Observation (1) the vertices of C′ are only adjacent to W -vertices
in C. These vertices from W are obviously part of the 1-neighborhood of C′. By Observation (3)
none of these W -vertices can be connected to another R-vertex and by our assumption neither
to another W -vertex, only to N -vertices. These N -vertices are part of the 2-neighborhood of C′
and by Observation (1) they all are pendant in C.

Now the bound on the order of C easily follows. Since C′ is connected and Δ(G∗[Z]) � 3,
the number of neighbors of C′ in Z \ V (C′) is at most |C′| + 2. Each of these neighbors can
have 2 more neighbors, so the 2-neighborhood of C′ has order at most |C′| + 3(|C′| + 2) =
4|C′| + 6 = 30, since |C′| � 6 by Lemma 1. This proves the upper bound on |C|. �

In order to proceed to Modification 2, we need few definitions. A dragon DK of G∗ is a
triangle K ∈ D, together with the three disjoint vertices t ′1, t ′2, t ′3 ∈ Γ (K) ∩ Z and the common
(not necessarily distinct) neighbor(s) of every pair of vertices from t ′1, t ′2, t ′3 (see Fig. 6 for the
three different kinds of dragons). All vertices of DK but t1, t2 and t3 are in Z, thus not contained
in triangles. Let Ext(DK) = {v ∈ V (DK): there is a neighbor of v in Z \ V (DK)} be the exterior
of dragon DK . Informally, Ext(DK) are those vertices of DK which have a chance to extend
significantly a B-component of Z′ beyond DK .

We will need the following basic properties of dragons and their exteriors. Recall the definition
of the set W from Modification 1.

Proposition 5.

(0) For any edge u,v ∈ V (DK)\V (K) of a dragon DK , exactly one of the endpoints is adjacent
to K .

(1) The set of vertices v with dDK
(v) = 2 form an independent set for each dragon DK . In

particular, Ext(DK) is an independent set.



664 R. Berke, T. Szabó / Journal of Combinatorial Theory, Series B 97 (2007) 652–668
(2) Let K,K ′ ∈ D be distinct dragons with V (DK) ∩ V (DK ′) �= ∅. Then V (DK) \ V (K) =
V (DK ′) \ V (K ′) and Ext(DK) = Ext(DK ′) = ∅.

(3) W ∩ (
⋃

D∈D Ext(D)) = ∅.

Proof. (0) If neither u nor v was adjacent to K , then they both were adjacent to two vertices
of Γ (K) \ V (K), so they would have a common neighbor in Γ (K) \ V (K), implying u,v ∈ T ,
a contradiction. Hence one of them, say u, is a neighbor of K . Then v is not a neighbor of K ,
otherwise the neighborhood of K is not independent.

(1) Suppose there are two adjacent vertices u,v ∈ DK with dDK
(u) = dDK

(v) = 2. Using
part (0), assume that u is a neighbor of K and v is not a neighbor of K . Thus, since dDK

(u) = 2,
v has to be the common neighbor of u and both of the two other vertices adjacent to K , contra-
dicting that v is of degree 2 within DK . For the second claim note that a vertex in the exterior of
a dragon has a Z-neighbor outside the dragon, so it can have at most two neighbors within the
dragon by Proposition 4.

(2) Obviously V (K) ∩ V (K ′) = ∅. Suppose that V (DK) \ V (K) �= V (DK ′) \ V (K ′). Then
there exists w ∈ V (DK) \ V (K) \ V (DK ′) which has a neighbor v ∈ V (DK) ∩ V (DK ′). By
Proposition 4 each vertex in the intersection of DK and DK ′ has at least one incident edge
which is also in the intersection. Let the edge {u,v} be in V (DK) ∩ V (DK ′). Since v has a Z-
neighbor outside DK ′ , Proposition 4 implies that v has degree at most two within DK ′ . If v was
adjacent to K , then Proposition 4 would even imply that dDK ′ (v) � 1, a contradiction. Thus, by
part (0), u is adjacent to K . Then, by Proposition 4, the degree of u in DK ′ is two. This is in
contradiction with part (1), since v was already shown to have degree two within DK ′ . Hence
V (DK) \ V (K) = V (DK ′) \ V (K ′).

By Proposition 4 only vertices v with dDK
(v) = 2 could have a neighbor in V (K ′). There are

at most three of these in V (DK), so all of them must connect to a vertex in V (K ′). Then, again
by Proposition 4, these vertices cannot have a neighbor in Z \ V (DK), so Ext(DK) = ∅.

(3) If w(K ′) of a triangle K ′ ∈ P is contained in DK , then at least one vertex of N(K ′) is
contained in DK as well, since vertices from DK have degree at most 1 to the outside of DK .
Such a vertex u ∈ N(K ′) has degree two within DK by Proposition 4, since u is the neighbor of
a triangle from P . Then by part (1), w(K ′) cannot have degree two within DK . So it cannot be
contained in Ext(DK) either. �

In the following modification we will switch the current status of some vertices of Z to obtain
I (3) and B(3). That is I (3) ∩ T = IT and B(3) ∩ T = BT . Each of the vertices whose status is
switched is contained in some dragon.

Modification 2. Iteratively, for every triangle K ∈ D, we switch the status of each vertex of
Ext(DK) to the opposite of its unique neighbor in Z \ V (DK). The status of all other vertices in
V (DK) is set to B . Finally, let I (3) (B(3)) be the set of vertices whose status is I (B).

Note that the status of t1, t2, and t3 was B already before the modification. Recall that Z′ =⋃
K∈D V (K) ∪ Z.

Claim 2. I (3) is an independent set. A B(3)-component of G∗[Z′] is of order at most 30. Every
B(3)-component CT of G∗[T ] with KCT

∈ P connects to at most one B(3)-component of G∗[Z′].
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Proof. According to Proposition 5(2) if two dragons intersect, then their exteriors are empty. So
the status of any vertex changed at most once during Modification 2.

I (2) is independent. If a vertex’s status is changed to I , then it is in Ext(DK) for some
dragon DK . The status of its unique neighbor in Z \ V (DK) is opposite by the construction,
while the status of its neighbors in Z ∩ V (DK) is also opposite because Ext(DK) is an inde-
pendent set by Proposition 5(1) and the rest of the dragon is put into B(3). Thus I (3) ∩ Z is an
independent set. I (3) ∩ T = IT did not change, thus still independent and has no incident edges
going to Z. In conclusion, I (3) is independent.

Let C be a B(3)-component of G∗[Z′]. If C intersects a dragon DK which intersects another
dragon DK ′ , then C is equal to the union of DK and DK ′ and its order is 12. If C intersects a
dragon which does not intersect any other dragon, then C is contained in the dragon and its order
is at most 9. Otherwise C is the subset of a B(2)-component of G∗[Z], and has order at most 30
by Claim 1.

For the last part of the claim it is enough to see that W ∩ I (3) = ∅. This is true because
W ∩ I (2) = ∅ and by Proposition 5(3), W ∩ (

⋃
D∈D Ext(D)) = ∅. �

In the next modification we change the status of some vertices of T from B to neutral. Thus
I (3) = I (4) and B(3) ∩ Z = B(4) ∩ Z.

Modification 3. Iteratively, for every triangle K ∈ T3 \D, choose a vertex vK ∈ V (K) such that
Γ (K) \ Γ (vK) ∈ E(H) and change the status of vK to neutral. Note that by the definition of D
such a vertex vK necessarily exists. Finally, let I (4) = I (3), let B(4) be the set of vertices with
status B , and let X′ be the set of those vertices whose status is neutral.

Claim 3. I (4) is an independent set. Parts (i) and (ii) of Lemma 3 are still true with G∗[T ],
I (4) ∩T , B(4) ∩T and X′ in place of G, I , B , and X, respectively. Every (B(4) ∪X′)-component
CT of G∗[T ] with KCT

∈ (T0 ∪ T1 ∪ T2 ∪ T3 \ D) connects to at most one B(4)-component of
G∗[Z′] via a B(4)-vertex of CT .

Proof. I (4) = I (3), thus the first part follows from Claim 2.
The partition (IT ,BT ,X) was chosen to satisfy Lemma 3. The only difference between the

partitions (IT ,BT ,X) and (I (4) ∩ T ,B(4) ∩ T ,X′) is that the status of one vertex of certain
degree-0 triangles (using the notation of Section 2.2) is changed from B to neutral. All claims of
Lemma 3 still easily hold.

Let CT be a (B(4) ∪ X′)-component of G∗[T ]. If KCT
∈ (T0 ∪ T1), then there is at most

one B(4)-vertex of CT with a neighbor in Z′. If KCT
∈ T2 \ P , then there are two neighbors of

CT in Z′ but these neighbors are adjacent. So there is at most one connecting B(4)-component
of G∗[Z′]. If KCT

∈ P , then we just refer to Claim 2 noting that B(4) ⊆ B(3) and no changes
happened in Z′. Finally, if KCT

∈ T3 \ D, then CT = V (KCT
) \ {vKCT

}. The neighbors of two

vertices of CT are adjacent in Z, thus CT connects to at most one B(4)-component of G∗[Z′]. �
In the very last modification we set the final status of the vertices from X′. Thus the status of

vertices in Z′ do not change.

Modification 4. Iteratively, set the status of each vertex from X′ to the opposite of the status of
its unique neighbor in G∗[Z] if it exists. Otherwise set its status to B . Define I (B) to be the set
of vertices with status I (B).
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Now we are ready to finish the proof of Theorem 1.
I is an independent set since it is the subset of I (4) ∪X′, which is independent by Claim 3 (cf.

Lemma 3(i)).
Let CT be a B-component of G∗[T ′], where T ′ = V (G) \ Z′. Then CT = C′ ∪ (CT ∩ X′),

where C′ is a B(4)-component of G∗[T ′]. By Modification 4, CT is not connected to a B-
component of G∗[Z′] via a vertex from CT ∩ X′ and by Claim 3 we know that CT is connected
to at most one B-component of G∗[Z′] through some vertex of C′.

Let C be an arbitrary B-component of G∗ and denote CZ = C ∩ Z′. By the above, CZ is
connected, i.e., it is a B-component of G∗[Z′].

If CZ = ∅, then, since B ⊆ B(4) ∪ X′, by Claim 3 (cf. Lemma 3(i)) C is of order at most 21.
Assume now that CZ �= ∅. By Claim 2, CZ has at most 30 vertices. A vertex v of CZ can

connect to at most three B-components of G∗[T ′]. Claim 3 (cf. Lemma 3(ii)) then implies that
no attaching B-component CT of G∗[T ′] is larger than 8.

We can immediately conclude that |C| � |CT |(3 · |CZ|) + |CZ| � 8(3 ∗ 30 + 30) = 750. �
3. Relaxed coloring with more than two colors

Recall the definition of Δ(k, �): it is the smallest integer Δ such that the family of graphs with
maximum degree Δ is not (k, �)-colorable.

Theorem 4. Let � > 0. For any constant C there exists a graph of maximum degree Δ = 2(k +
2� − 1) which is not C-relaxed (k, �)-colorable. That is Δ(k, �) � 2k + 4� − 2.

Proof. Erdős and Sachs [4] proved the existence of a (k + 2�)-regular graph GC with girth
C + 1, for an arbitrary integer C. Our construction is the line graph H of G = GC . Denote by n

the number of vertices of G and e the number of edges of G.
Obviously H is 2(k + 2� − 1)-regular and has e = (k+2�)n

2 vertices. Suppose we have a C-
relaxed (k, l)-coloring of H , and V1, . . . , Vk,Vk+1, . . . , Vk+� are the appropriate color-classes.
Then either

(i) ∃i ∈ {1, . . . , �} with |Vk+i | � n, or
(ii) ∃j ∈ {1, . . . , k} with |Vj | � n

2 � + 1.

Case (i). The set Vk+i corresponds to n edges in G. G has n vertices, so some of these edges
form a cycle K in G, whose length is at least C + 1. The vertices of H corresponding to these
edges in K also form a cycle of the same length. In particular they induce a component of H

with order at least C + 1.
Case (ii). The set Vj corresponds to n

2 � + 1 edges in G. That is two of these edges will share
an endpoint. The two vertices corresponding to these two edges are adjacent in H , a contradiction
to the independence of Vj . �

Theorem 2 is a special case of Theorem 4 with k = � = 1. The construction of Alon, Ding,
Oporowski and Vertigan [1] is a special case with k = 0, � = 2.

In [5] the following theorem has been proved:

Theorem 5. [5, Theorem 3.3] There exists a constant C such that the following holds. Given a
graph of maximum degree Δ � 3, it is possible to �(Δ + 1)/3�-partition the vertex set such that
each part induces components of size at most C.
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This statement has an immediate implication for (k, �)-colorings.

Corollary 1. Let k, � be non-negative integers. The family of graphs of maximum degree at most
k + 3� − 1 is (k, �)-colorable. That is Δ(k, �) > k + 3� − 1.

Proof. First suppose that � > 1. By a lemma from [8] one can partition the vertex set of G into
k + 1 classes V0 ∪V1 ∪ · · · ∪Vk = V (G) such that Δ(G[Vi]) = 0, for all i ∈ [k] and Δ(G[V0]) �
Δ − k. Then we apply Theorem 5 to �-partition V0.

Next we consider the case when � = 1. Again we apply the same lemma from [8] to partition
the vertex set into k classes V1 ∪ · · · ∪ Vk = V (G) such that Δ(G[Vi]) = 0, for all i ∈ {2, . . . , k}
and Δ(G[V1]) � 3. Then we apply Theorem 1 to (1,1)-color V1. �
4. Remarks and open problems

4.1. Remarks

1. A more detailed analysis of the structure of B-components in G[Z] yields a bound on the
order of components in G[B] of at most 189. A proof of this result can be found in [2]. Further
modifications of the (I,B)-partition yield a bound of 96 on the order of B-components. For a
sketch of the argument we refer again to [2].

2. The bound on the component order in Theorem 1 (and even 96 mentioned above) is very
likely far from optimal. The best we can show is a lower bound of 6 on the component order.
Consider the graph H whose triangle-graph T (H) is equal to the graph G in Fig. 7. The removal
of any independent set of H leaves at least one component of order at least 6. We omit the proof.

4.2. Open problems

One would like to know more about the behavior of the function Δ(k, �) in general, or at
least tighten the existing asymptotic gap. In the following, we discuss the most intriguing special
cases.

Maximum degree condition for (0, �)-colorability. As we mentioned in the introduction the
main theorem of [5] states that Δ(0,2) = 6. The value of Δ(0,3) is not known and is certainly
worth determining. It is known to be either 9 or 10 (see [5]). In other words, one has to decide

Fig. 7. The triangle-graph of H .
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whether there is a constant C such that it is possible to color the vertex set of any graph with
maximum degree 9 by three colors such that every monochromatic component is bounded by C?
Also in [5] it is shown that there exists δ > 0 such that for large �, 3 + δ < Δ(0, �)/� < 4. It
would be of great interest to determine asymptotically Δ(0, �).

Maximum degree condition for (k,1)-colorability. Our main result in this paper states that
Δ(1,1) = 4. By the results of the last section the value of Δ(2,1) is either 5 or 6. Asymptotically,
Δ(k,1) is between k and 2k. We conjecture the lower bounds are (closer to) the truth.

How big components are needed? Of course the number 189 (or even 96 as noted in the pre-
vious remark) is an artifact of our proof and not the best possible result. It would be nice to
determine the smallest possible component order we can have in Theorem 1 instead of 189. Our
guess is that cubic graphs should be C-relaxed (1,1)-colorable with a one digit number C.

By a detailed analysis of the method of [5] one could prove that 5-regular graphs are C-relaxed
(0,2)-colorable with C = 17 617, but that is definitely far from the truth. The determination of the
smallest possible C would be of interest but might be out of reach. Not so for 4-regular graphs;
there the required maximum component size is between 4 and 6, it could be very well feasible to
determine the smallest constant C such that every 4-regular graph is C-relaxed (0,2)-colorable.

Density version. Finally, let us generalize here a problem raised in [5]. A natural way to weaken
the maximum degree condition is by rather bounding the maximum average degree of the graph,
which allows a few very large degree vertices.

Let μ(G) = max{2|E(G[W ])|/|W |: W ⊆ V (G)}. For non-negative integers k, � what is the
supremum value α(k, �) such that every graph G with μ(G) < α(k, l) has a C-relaxed (k + �)-
coloring with some constant C. Obviously α(k, �) � Δ(k, �). In [5] the determination of α(0,2)

was raised. The wheel graph shows that α(0,2) � 4, while Kostochka [7] proved a lower bound
of 3. The greedy coloring implies that α(k,0) = k, for any k. We would be very much interested
in the value of α(1,1).
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