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1. Introduction

It is a very active research topic to investigate Hermitian positive semidefinite solutions to matrix
equations or positive solutions to operator equations. For instance, Hermitian positive semidefinite
solution to the matrix equation

AXB = C (11)

were studied by Khatri and Mitra [9]in 1976 and Zhang [20] in 2004, respectively. In 2007, Cvetkovic-Ili¢
et al. [3] considered the positive solution to the special case of (1.1)

AXA* = B (1.2)

in C*-algebras. In 2008, under the assumption that the underlying space is finite-dimensional or the
range of B is contained in the range of A*, Xu et al. [ 18] proposed a solvability condition for the operator
equation (1.1) to have a positive solution, and gave an expression of the general positive solution to
(1.1) in the general setting of Hilbert C*-modules.

In 1976, Khatri [9] established necessary and sufficient conditions for the existence of Hermitian
positive semidefinite solution to the system of matrix equations

AX =0,
XBy = G,

and presented an expression for Hermitian positive semidefinite solution to this equation in terms of
generalized inverse of some matrices when the solvability conditions are satisfied. In 2008, Daji¢ and
Koliha [5] proposed necessary and sufficient conditions for the existence of a positive solution to (1.3)in
rings and rings with an involution, and gave an expression of such a solution when the solvability con-
ditions are met, which generalized the main results in [4] for Hilbert space operators. Moreover, Xu [19],
Fang et al. [6] investigated system (1.3) of operator equations in the framework of Hilbert C*-modules.

As is known to us that a Hilbert C*-module is a natural generalization of a Hilbert space and a C*-
algebra. Therefore investigating operator equations over Hilbert C*-modules is very meaningful. Note
that(1.1)-(1.3) are some special cases of the following system of matrix equations or operator equations

(1.3)

AX =G,
XBy = (3, (1.4)
A3XB3 = (3,

whose general solution was first investigated over the complex number field by Bhimasankaram
[2], and over the real quaternion field by Wang and Lin, etc. [11,13-16], respectively. So far, to our
knowledge, there has been little information on either the positive semidefinite solution to system
(1.4) of matrix equations over the complex field or the positive solution to system (1.4) of adjointable
operator equations over Hilbert C*-modules.

Motivated by the work mentioned above, we in this paper aim to give some necessary and sufficient
conditions for the system of adjointable operator equations (1.4) to have a positive solution over the
Hilbert C*-modules, as well as present an expression for the general positive solution to this system
when the solvability conditions are satisfied. Our approach is different from that in dealing with the
complex matrix case.

The paper is organized as follows. In Section 2, we begin with some basic concepts and results
about adjointable operators and generalized inverse of adjointable operators over Hilbert C*-modules.
In Section 3 we give some necessary and sufficient conditions for the existence of a positive solution
to the system (1.4) of adjointable operator equations over Hilbert C*-modules. When the solvability
conditions are met, we also present an expression for the general positive solution to (1.4). In Section
4 we consider some special cases of the system (1.4) of adjointable operator equations over Hilbert
C*-modules.

2. Preliminaries

Hilbert C*-modules arose as generalizations of the notion Hilbert space. The basic idea is to consider
modules over C*-algebras instead of linear spaces and to allow the inner product to take values in the
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C*-algebra. The structure was first used by Kaplansky [8] in 1952. For more details of C*-algebra and
Hilbert C*-modules, we refer the reader to [10,17].

Let 2 be a C*-algebra. An inner-product 2-module is a linear space E which is a right 2(-module
(with ascalar multiplication satisfying A (xa) = x(Aa) = (Ax)aforx € E,a € 2, A € C),together with
amapE x E — 2, (x,y) — (x,y) such that

(1) (X ay + Bz) = alxy) + Bx2);

(2) (xya) = (x,y)a;

3) xy) = %)%

(4) (x,x)>0,and (x,x) =0 x=0
foranyx,y,z € E,a, B € Cand a € . An inner-product 2[-module E is called a (right) Hilbert
-module if it is complete with respect to the induced norm |[x|| = (x, x)'/2.

Throughout this paper H; and H, denote two Hilbert C*-modules, and B(Hq, Hy) is the set of all
maps T : Hy — H; for which there isamap T* : H, — Hy such that (Tx, y) = (x, T*y), forany x € H;
and y € Hy. We know that any element T of B(Hj, H») is a bounded linear operator. We call B(Hy, H>)
the set of adjointable operators from H; into Hy. In case Hy = H,, B(Hy, H;) which we abbreviate to
B(H1), is a C*-algebra and we use the notation I to denote the identity operator. We write R(A) and
N(A) for the range and null space of A € B(Hy, Hy). An operator A € B(H1, Hy) is regular if there is an
operator A~ € B(Hj, Hy) such that AA"A = A, A™ is called an inner inverse of A. It is well known that
Ais regular if and only if R(A) and N (A), respectively, are closed and complemented subspaces of Hy
and H;. For simplicity, we use £4 and R4 to stand for] — A”Aand [ — AA™, respectively.

An operator A € B(H) is called Hermitian (or self-adjoint) if A* = A, and positive if (Ax, x) > 0 for
all x € H, we write A> 0 if A is positive. The set B(H)™ of the positive operators is a subset of the
Hermitian operators.

The Moore-Penrose inverse of A € B(Hj, Hy) is defined as the operator AT € B(H,, Hy) satisfying
the Penrose equations

AATA — A,ATAAT — AT, (ATA)* =ATA, (AAT)* =AAT.

An operator A € B(Hy, Hz) has the (unique) Moore-Penrose inverse if and only if A has closed
ral}ge, 011‘_ equivalently if and only if it is regular. If a regular operator A is positive, then A" >0 and
AA" = A'A

Lemma 2.1 (Lemma 2.1 in [4]). Let A € B(Hy, Hy) with closed range. Given a pair of topological
complements M, N of R(A), N(A) respectively, there exist a unique inner inverse A~ € B(H,, Hy) of A
with R(AA™) = R(A), N(AA™) = M,R(I — A~A) = N(A"A) = N(A) and N(I — A"A) = R(A"A) = N.

Lemma 2.2 (Remark 1.2 in [19]). The closeness of any one of the following sets implies the closeness of the
remaining three sets R(A), R(A*), R(AA*), R(A*A).

Lemma 2.3 (Lemma 3.6 in [18]). Let H be a Hilbert C*-module, A and B be two positive elements of B(H),
and A, B and A + B have closed ranges. Then

(a) R(A+ B) = R(A) + R(B) = {Ax + By|x,y € H},
(b) A+B)A+B) A=A (A+B)(A+B) B=B5,
(c) AA+B)"B=A(A+ B)'B,

(d) A(A+B)"B=B(A+B)"A,

(e) (A(A+B)"B)* =A(A+B)"B,

(f) AA+B)"(A+B) =ABA+B) " (A+B) =B.

Lemma 2.4 (Lemma 3.7 in [18]). Let Hy, H; be Hilbert C*-modules, A € B(H1, Hy) with closed range. Then

(a) ATA and AAT both are projections,
(b) R(ATA) = R(AT) = R(A*), so that ATAA* = A*,
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(c) R(AAT) = R(A), so that A*AAT = (AATA)* = A%,
(d) The restriction of A" on R(A)~ is identically zero.

For other important properties of operators and generalized inverses of operators see [7,12].
3. Positive solution to system (1.4) of adjointable operator equations

In this section, we present necessary and sufficient conditions for the existence of a positive solution,
and give an expression for the general positive solution to system (1.4) of adjointable operator equations
over Hilbert C*-modules. We begin this section with the following lemmas, which can be deduced from
[18,19].

Lemma 3.1 (Remark 3.6 in [18]). Let Hy, Hy, H3 be Hilbert C*-modules, and A € B(H,, H3), B € B(H1, Hy)
have closed ranges, and C € B(H1, H3) such that AATCB'B = C. Then for any X € B(H,), X is a solution to
(1.1) if and only if (ATA)X(BB") = ATCB, where ATA and BB' are projections (hence positive elements) of
B(H3).

Lemma 3.2 (Lemma 3.1 in [18]). Let A € B(H1), B € B(H3, H1), D € B(H3). Suppose that A has closed
range, M is a Hermitian operator given by

A B
M= [B* D]‘
Then M >0 if and only if A>0,AA"B = B,D — B*A"B>0.

Lemma 3.3 (Theorem 2.1 in [19]). Let A, C € B(Hj, Hy), and A and CA* have closed ranges. Then the
adjointable operator equation AX = C has a positive solution X € B(H1) if and only if CA* > 0,R(C) C
R(CA*). In this case, the general positive solution is given by

X = C*(CA*)™C + £aSL},
where S € B(H,)™ is arbitrary, C*(CA*) ™ C is a particular positive solution to AX = C, independent of the
choice of the inner inverse (CA*) ™.

Lemma 3.4 (Theorem 3.7 in [19]). Let H,K, L be Hilbert C*-modules, and A, C; € B(H,K),B,,C; €
B(L, H),

A1] [q] [ C1AF qu]
D= , E= , F=
[Bﬁ c (A1G)*  CiB,
such that D, F be regular. Then (1.3) has a positive solution X € B(H) if and only if F is positive and
R(E) C R(F). In this case, the general positive solution of (1.3) can be expressed as
X =E*F"E+ £pTL),

where T € B(H) ™ is arbitrary.

In 2007, Cvetkovic-Ili¢ et al. in [3] proposed a solvability condition for a positive solution to the

operator equation (1.2), and derived an expression for the general positive solution to (1.2) in C*-
algebra, which can be generalized into Hilbert C*-modules.

Lemma 3.5 (Corollary 2.3 in [3]). Let H, K be Hilbert C*-modules. Assume that A € B(H,K), C € B(K)
such that A has closed range, C is Hermitian and R(C) C R(A). Then Eq. (1.2) has a positive solution
X € B(H) if and only if C is positive. If, in addition, C has closed range,then the general positive solution of
(1.2) can be expressed as

X=Xo + XoXPE(I — ATA) + (1 — ATA)E*Xox]
+ (I — ATAE*XIE( — ATA) + (1 — ATAYF(I — ATA),
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where Xo = ATC(A")* is a particular positive solution, E is arbitrary operator in B(H), and F is an arbitrary
positive operator in B(H).

Now, we turn our attention to consider the positive solution to system (1.4) of adjointable operator
equations.

The solvability conditions and an expression for the general solution to the system (1.4) of matrix
equations were once given over the complex number field by Bhimasankaram [2], as well as over the
quaternion algebra by Wang [13], respectively. The results can be generalized into Hilbert C*-modules.
In the following theorem, we suppose the system of adjointable operator equations (1.4) is consistent.
For simplicity, put

A e [ GAY B,
D_[BE‘] E_[Cf]' F_[(Alcz)* B2’

Yo=EFE, M=AsLp, N=c5Bs, L=M(C3—AsYoBs)N', T =M'M+NNT,
P=T NN\, Q=MMT~, R=L+L"+Y,+Y,, S=NNTIT"MM.

We now give the main theorem of this paper as follows.

Theorem 3.6. Let H; (i =1,2,...,5) be Hilbert C*-modules, Ay € B(H1,H>),As € B(H1,Hs),B, € B
(H3, Hy), B3 € B(Hs, Hy), C; € B(Hy, H), G, € B(Hs, Hy), C3 € B(Hs, Hy). SupposethatD, F, M,N, P, Q,
RS, T,NN'T~L, M"MT~L* have closed ranges. Then the consistent system of adjointable operator equa-
tions (1.4) has a positive solution in B(H) if and only if

F>0,S>0, R(E) C R(F), RINN'TL) C R(S), R(M'MT™L*) C R(S), (3.1)
in which case an expression of the general positive solution of (1.4) can be expressed as
X= Yo+ LpXo + XeXJUU = TT) + (1 — TTT)U*XoX]
+a - T nyuxiua —1'T) + 1 — T'nyva - 1) 25, (3.2)

where Yy is a particular positive solution of (1.3), Xo = TTR(T")*, Y1 and Y, are arbitrary positive solutions
to

Y;P=IT"M'M, QY, =NN'T"L (3.3)
such that R is positive, U is arbitrary and V is an arbitrary positive operator in B(H1).
Proof. Suppose that the consistent system of adjointable operator equations (1.4) has a positive solu-

tion Xp, then Xy is a positive solution of the system of adjointable operator equations (1.3). It follows
from Lemma 3.4 that F is positive and X can be expressed as

Xo = Yo+ £pYLh, Y € B(H)T (3.4)
where Yy is a particular positive solution of (1.3). Taking (3.4) into A3XB3 = C; yields that

MYN = C3 — A3YgB3 (3.5)
has a positive solution. By Lemma 3.1,

MTMYNNT =L (3.6)

has a positive solution. It can be verified that
(NN'T"M'M)* = M'M(T™)*NNT = MTMT~NNT = NNTT-MM.
Note that (3.6) is consistent, and
S = NN'T"M'MYNN'T~M'M = NNTT-M MY (NNTT~MTM)*.
Hence, if Y is positive, so is S. Now, we show that N(5*) € N((NNTT~L)*). Let S*x = 0, by Reid’s
inequality for the positive operator NNTYNNT,
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I(NNTTL)*x)|?> = ||(NNTT~MTMYNNT)*x| |

= |INNTYNNTT~MMx]|?

= |INNTY(NNTY*T~ M Mx|?
INNTY (NNTY*|[(NNTY (NNTY* T~ MTMx, T-MMx)
INNTY (NNTY*|| (M'MT~NNTY (NNT)*T~ M Mx, x)
= |INNTY(NNDY* | (NNTT~MTMYNNTT~ MM, x)
= [INNTY (NNT)*||(5x,x)
=0,

N

which means (NNTT~L)*x = 0, implying N(S*) € N((NNTT~L)*). Hence R(NNTT~L) C R(S). Simi-
larly, we can get R(MTMT~L*) C R(S).

Suppose (3.1) is satisfied. By F is positive, the system of adjointable operator equations (1.3) has a
positive solution and this positive solution can be expressed as

X =Yoo+ LpYLh Y eB(H)T (3.7)

where Y is a particular positive solution of (1.3). Taking (3.7) into A3XB3 = C3, we can get (3.5). Now,
we want to show that (3.5) has a positive solution. By Lemma 3.1, we get that (3.6) has a positive
solution. We first show that when S is positive and RINNTT~L) C R(S), RIMTMT~L*) C R(S), positive
solutions Y7, Y> can be so determined that R is positive. We rewrite (3.3) as Y1P = L1, QYy = Ly. Itis
easy to verify that [,Q* = § = P*Ly. By (3.1), R(S) = R(L}) = R(Ly). It follows from Lemma 3.3 that
the general positive solutions to every equation of (3.3) can be written respectively as

Y| = [,15_1,;k + R;‘;V'R,p, Y, = L;S_Lz + l:QWLB.
Note that
P*(L—LiS7L) =1, —SS7L, =0; (L—LiSTL)Q*"=1L; —L;S"S=0.

Hence
R= (L1 +L))S™ (LT + L) + [RpVRp + LoWLy + L — [1S L +L* — LS Lf]

v L— Lls—Lz} [RP}

=L +L)S” AT+ L) +[Rp £o] [L* _sLr " ch

When we choice S~ be ST, then (L; + L’z“)SJr (LY + L) is positive, any other inner inverse of S is of the
form S~ = ST 4+ Y — STSyssT for some Y. Then

(L1 + LSH)S™(LF + L) = (L + L) (ST + Y = STsyssH(LF + L) = (L + L)ST(LF + 1),
which show that (L 4+ L,S*)S™ (L} + L) is positive for any inner inverse of S. If we choose
V=1 W=(L"-LSTLH(L— LS L),
by Lemma 3.2, R is positive, and we can get
Yi =LiSTLF + RERp, Yo = L3S Ly + (LF — L3STLH)(L — L1S™ Ly).

It is easy to verify that (3.2) is a positive solution to (1.4). B
Suppose that X is a positive solution of (1.4). It follows from Lemma 3.4 that X can be express as

X =Yo+LpYL) YeBH)T
where Y is a particular positive solution of (1.3). Then
X — Yo = LpWc} (3.8)

for a positive operator W. Putting
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Y; = MIMWM'M, Y, = NNTWNNT,
it follows from

M'MWM'MT™NN' = MTMWNNTT~ MM
= M (A3 cpWLiBs)NTT" MM
=IT"M'M,

M'MT~NNTWNNT = NNTT~MTMWNNT
= NN'T"M" (A3 cpW}B3)NT
=NN'TL,

that Y7 and Y, are positive solutions to the adjointable operator equations in (3.3), respectively. Note
that

R=L+Y1+Y,+L*
= M"(C3 — A3YoB3)N' + MTMWM'M + NNTWNNT + (MT(C3 — A3YoB3)NT)*
= M"MWNN' + MTMWM'M + NNTWNNT 4+ NNTwmmT
= (MM + NNHYW (MM + NNT)
= TWT
= TWT*.
By Lemma 3.5, W can be expressed as
W=Xp + XoXpU(I — T'T) + (I = T'T)U*XoX]
+a-TTyuxua —1'1) + 1 = T'T)VE - TTT), (3.9)

where Xo = TTR(TT)*, Y; and Y are arbitrary positive solution to
Y;P =IT"M'M, QYo =NN'T7L

such that R is positive, U is arbitrary and V is an arbitrary positive operator in 8(H1). Taking (3.9) into
(3.8), we know X can be expressed as (3.2). [l

4. Some special cases of the system of adjointable operator equations (1.4)

In this section, we consider some special cases of the system of adjointable operator equations (1.4).

The following corollary consider the adjointable operator equation (1.1) over the Hilbert C*-modules.
Without loss of generality, by Lemma 3.1, we assume that the coefficient operators A and B are both
positive.

Corollary 4.1. Let A B € B(H)T,C € B(H). Suppose that A+ B, E= (A+ B)'B K = A(A+ B)',C +
C* 4+ Y+ Z T = B(A+ B)'C(A + B)'A have closed ranges. Then the adjointable operator equation (1.1)
has a positive solution in B(H) if and only if

AATCB'B=C, T>0, R[A(A+B)'C*] C R(T), R[B(A+ B)'C] C R(T),
in which case the general positive solution of (1.1) is given by
X = X* 4+ X*(X*)TUS + surx* (x*)T + su*(x*)Tus + svs,

where X* = (A+ B)T(C + C* + Y + Z)[(A + B)'* is a particular positive solution of (1.1), Y and Z are
arbitrary positive solution of
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Y(A+ B)'B= C(A+ B)'AA(A+ B)'Z = B(A+ B)'C

such that C + C* + Y + Z is positive, S = I — (A+ B)'(A + B), U is arbitrary and V is an arbitrary
positive operator in B(H).

Remark 4.1. In 2008, Xu et al. [18] proposed a solvability condition for the existence of a positive
solution to the adjointable operator equation (1.1), and derived an expression for the general positive
solution to (1.1) over Hilbert C*-modules. However, their results are restricted by the assumption that
the underlying space is finite-dimensional or R(B) is contained in R(A*). Our result in Corollary 4.1 has
no the constraint mentioned above.

We denote the complex number field by C, the set of all m x n matrices over C by C"™*". Next
corollary considers positive semidefinite solutions to the matrix equation (1.1) over the complex
number field. Without loss of generality, by [9], we assume that the coefficient matrices A and B
are both positive semidefinite.

Corollary 4.2. Let A,B € C™ ™ be positive semidefinite matrices and C € C™*™. Then the matrix equa-
tion (1.1) has a positive semidefinite solution in C™*™ if and only if

AATCB'B=C, T>0; rankT = rank{A(A + B)'C*} = rank{B(A + B)'c},
in which case the general positive semidefinite solution of (1.1) is given by

X = X* 4 X*(X*)TUS + SUX*(X*)' + su*(x*)Us + svs,
where X* = (A+ B)T(C + C* + Y + Z)[(A + B)'* is a particular positive semidefinite of (1.1), Y and Z
are arbitrary positive semidefinite solution of

Y(A+ B)'B= C(A+ B)'A,A(A+ B)'Z = B(A+ B)'C

such that C + C* + Y + Z is positive semidefinite, S = I — (A + B)T(A + B), U is arbitrary and V is an
arbitrary positive semidefinite matrix in C™™,

Remark 4.2. Khatri and Mitra [9] once presented the necessary and sufficient conditions for the ex-
istence of positive semidefinite solution to matrix equation (1.1) and established the expression of
the general positive semidefinite solution in terms of generalized inverse of some matrices when the
solvability conditions are satisfied. However, in 1984, Baksalary [ 1] pointed out that the general expres-
sion of positive semidefinite solution to matrix equation (1.1) in [9] did not involve all of the positive
semidefinite solution. In 2008, Xu etc. gave a correct expression of the general positive semidefinite
solution to matrix equation (1.1) in terms of generalized inverses of some matrices [18, Theorem 5.5].
In Corollary 4.2, we also give a new expression of this general positive semidefinite solution which is
different from one in [18].

We now investigate the positive semidefinite solution to the system of matrix equations (1.4) in
the following corollary. For simplicity, we put

Ay Cl} [ C1AT Cle]
D= , E= , F= ,
[35] [Cz A1G)* By
Yo=E'FE, M=AsLp, N=C”}Bs, L=M(C3—AsYoB3)N', T =MM+ NN,
P=T NN, Q=MMT~, R=L+L*4+Y;+Y,, S=NNTIT"M'M.
Corollary 4.3. Suppose that A; € C™" A3 € CP*" B, € C™*! B3 € C"™9,¢; € C™", ¢y € C™,

C3 € CP*9, then the consistent system of matrix equations (1.4) has an positive semidefinite solution
in C™™ if and only if

F>0, S>0, ranl<(NNTT7L) = rank(S), ran1<(MTMT7L*) = rank(S),
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in which case the general positive semidefinite solution of (1.4) is given by

X=Yo + Lp(Xo + XeXoUU — T'T) + (1 — TIT)U*XoX{
+a—-1nuxiua — 1) + ¢ - t'ryva - ') 22,

where Y is a particular positive semidefinite solution of (1.3), Xo = T'R(T")*, Yy and Y» are arbitrary
positive semidefinite solution to

Y;P =IT"M'M, QY, =NN'T™L

such that R is positive semidefinite, U is arbitrary and V is an arbitrary positive semidefinite matrix in
mem'
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