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Abstract

Let k be a positive integer and let D, (k) denote the space of joint distributions for k-tuples of selfadjoint
elements in C*-probability space. The paper studies the concept of “subordination distribution of B v with
respect to v” for u, v € D¢ (k), where H is the operation of free additive convolution on D¢ (k). The main
tools used in this study are combinatorial properties of R-transforms for joint distributions and a related
operator model, with operators acting on the full Fock space.

Multi-variable subordination turns out to have nice relations to a process of evolution towards H-infinite
divisibility on D (k) that was recently found by Belinschi and Nica (arXiv: 0711.3787). Most notably, one
gets better insight into a connection which this process was known to have with free Brownian motion.
© 2009 Elsevier Inc. All rights reserved.
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1. Introduction and statements of results

The free additive convolution H is a binary operation on the space of probability distributions
on R, reflecting the addition operation for free random variables in a noncommutative proba-
bility space. A significant fact in its theory (see [9,15,16]) is that the Cauchy transform of the
distribution p B v is subordinated to the Cauchy transforms of p and of v, as analytic functions
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on the upper half-plane C*. Thus (choosing for instance to discuss subordination with respect
to v) one has an analytic subordination function @ : C* — C™ such that

Guev(2) =Gy(w(2)), VzeCT,

where G, m, and G, are the Cauchy transforms of u H v and of v, respectively. Moreover,
the subordination function @ can be identified as the reciprocal Cauchy transform of a uniquely
determined probability distribution o on R. Following [11], this o will be denoted as “u[Hv.”
The name used in [11] for o = pu[EHv is “s-free additive convolution of © and v,” in relation
to a suitably tailored concept of “s-freeness” that is also introduced in [11]. Since s-freeness is
only marginally addressed in the present paper, ;[EHv will just be called here the subordination
distribution of p B v with respect to v.

The goal of the present paper is to introduce and study the analogue for pu[Hv in a multi-
variable framework where ©, v become joint distributions of k-tuples of selfadjoint elements in
a C*-probability space. The particular case k = 1 corresponds of course to the framework of
probability distributions on R as discussed above, with 1, v compactly supported. The main tool
used in the paper is the R-transform for joint distributions. In particular, the k-variable version
of w[Hv is introduced in Definition 1.1 below via an extension of the formula which describes
R, mv in terms of R, and R, in the case k = 1. (The 1-variable motivation behind Definition 1.1
is presented in Section 2.1.)

It is convenient to write the definition for the k-variable version of u[Hv by allowing p and
v to be any linear functionals on C(X7, ..., Xi) (the algebra of polynomials in non-commuting
indeterminates X1, ..., Xi) such that (1) = v(1) = 1. The set of all such “purely algebraic”
distributions will be denoted by Dye (k). The main interest of the paper is in the smaller set of
“noncommutative C*-distributions with compact support”

of selfadjoint elements in a C*-probability space

can appear as joint distribution for a k-tuple
De(k) = {ueDalgac)\ N hpedt 2 P }

But in order to define [H on D(k) it comes in handy to first define it as a binary operation
on Dyig(k), and then prove that u[Hv € D (k) whenever u, v € Dc(k).

In the next definition and throughout the paper, & is a positive integer denoting “the number
of variables” that one is working with.

Definition 1.1. Let 1, v be distributions in Dy (k). The subordination distribution of u Hv with
respect to v is the distribution u[Hv € Dyig (k) uniquely determined by the requirement that its
R-transform is

Rumv = Ru(z1(1+ My), ..., ze(1+ M) - (1 + M)~ (1.1)

In (1.1) M, is the moment series of v and (1 + M,)~! is the inverse of 1 + M, with respect to
multiplication, in the algebra C((z1, ..., zx)) of power series in the non-commuting indetermi-
nates z, ..., Zx. (A more detailed review of the notations used here can be found in Section 2.3.)
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Remark 1.2. 1° From Eq. (1.1) it is clear that the R-transform of p[Hv depends linearly on the
one of w. Since the R-transform linearizes H, this amounts to a form of “H-linearity” in the way
how p[Hv depends on p. More precisely one has

(1 Bu)EHy = (u1Ev) B (u2Ev), VYui, u2, v € Dyg(k), (1.2)
or, when looking at H-convolution powers,
(1) By = (BT, VYu,v e Dyglk), Vi > 0. (1.3)

2° The series R, (z1(1 + M,), ..., zx(1 + M,)) appearing in (1.1) bears a resemblance to a
well-known “functional equation for the R-transform” (see [13, Lecture 16]), which says that

Ru(z1(1+ M), .., ze(1 4+ M) = My, Vi € Dyg(k).

One can actually invoke this functional equation in the particular case of Definition 1.1 when
V = W, to obtain that

Rump =My -1+ M), peDygk). (1.4)

The series M, - (1 + MM)_1 is called the n-series of wu, and plays an important role in the
study of connections between free and Boolean probability. In particular, the relation between
R-transforms and 7-series yields a special bijection B : Dy (k) — Daig(k), defined as follows:
for every p € Dyg(k), B() is the unique distribution in Dy (k) which has

Ry = Ny (1.5

B is called the Boolean Bercovici—Pata bijection (first put into evidence in the 1-variable case
in [7], then extended to multi-variable framework in [5]). This bijection has the important prop-
erty that it carries D, (k) into itself and that B(D(k)) is precisely the set of distributions in D, (k)
which are infinitely divisible with respect to B (cf. Theorem 1 in [5]).

By comparing (1.4) to (1.5), one draws the conclusion that

uBp =B(u), Vu e Dyg(k). (1.6)

Eq. (1.6) can be generalized to a nice formula describing 11 [H > in the case when both (1 and
w2 are H-convolution powers of the same x; see Proposition 5.3 below.
3° One can rewrite Eq. (1.1) as

Rymy - (1+ M) = R;/.(Zl(l +M,), ..., z(1+ MV))7 (.7

and then one can equate coefficients in the series on the two sides of (1.7), in order to obtain an
explicit combinatorial formula for the coefficients of R, m,. This in turn can be used to obtain
an explicit formula for the moments of w[Hv, which is stated next. In Theorem 1.3, NC(n) is

the set of non-crossing partitions of {1, ..., n} (cf. review of NC(n) terminology in Section 2.2).
The notation “(iy, ..., i,) | V” stands for “(iy(1), ..., ivon)),” Where V.= {v(1),...,v(m)} is a
non-empty subset of {1, ...,n} (listed with v(1) < --- < v(m)) and iy, ..., i, are some indices

in{1,..., k).
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Theorem 1.3. Let 1, v be distributions in Dyg (k). For everyn > 1 and 1 <1iy, ... i, <k let us
denote the coefficients of z;, - - - z;, in the series R, and R, by o, .. ;. and B, .. i, respec-
tively. Then for everyn > 1 and 1 <iy,...,i, <k one has

(Ev)(X;, --- Xi,)

= Z( l_[ a(il,...,i,,)V)'< 1_[ iy ,.iW T+ B...., in)|W>~ (1.8)

weNC(n) V outer W inner
block of block of

Based on the moment formula from Theorem 1.3 one can find an “operator model on the full
Fock space” for [H. This is a recipe which starts from the data stored in the R-transforms R,
and R, and uses creation and annihilation operators on the full Fock space over C?* in order to
produce a k-tuple of operators with distribution £[Hv. The precise description of how this works
appears in Theorem 4.4. Once the full Fock space model is in place it is easy to see that one can
in fact upgrade it to a more general operator model for [(H, not making specific reference to the
full Fock space, and described as follows.

Theorem 1.4. Let H be a Hilbert space, let §2 be a unit-vector in H, and let ¢ be the vector-state
defined by §2 on B(H). Suppose that Ay, ..., Ak, B1, ..., B € B(H) are such that {Aq, ..., Ak}
is free from {Bq, ..., Bx} in (B(H), ), and let ., v denote the joint distributions of the k-tuples
A1, ..., Ag and respectively By, ..., Bx. Let moreover P € B(H) denote the orthogonal projec-
tion onto the 1-dimensional subspace CS2 of H, and consider the operators

Ci:=A;+(0—-P)B;(1-P)e B(H), 1<i<k. (1.9)
Then the joint distribution of Cy, ..., Cy with respect to ¢ is equal to u[BHv.

Now, any given pair of distributions u, v € D¢(k) can be made to appear in the setting of
Theorem 1.4, in such a way that the operators Ay, ..., Ag, By, ..., By involved in the theorem
are all selfadjoint. (This is done via a standard free product construction — cf. Remark 4.11
below.) Since in this case the operators Cy, ..., Cy from Eq. (1.9) are selfadjoint as well, one
thus obtains the following corollary, giving the desired fact that (F] can be defined as a binary
operation on D¢ (k).

Corollary 1.5. If u, v are in D (k) then wHv belongs to D.(k) as well.

Remark 1.6. In the 1-variable framework, the study of [H was started in [11]. That paper gives
an operator model for «[Hv obtained via an “s-free product” construction for Hilbert spaces, and
where [Hv appears as the distribution of the sum of two “s-free operators” with distributions p
and v, respectively. By using Theorem 1.4, it is easy to find a k-variable analogue for this fact —
that is, one can make p[Hv appear as the distribution of the sum of two s-free k-tuples on an
s-free product Hilbert space. The way how this is done is outlined in Remark 4.12 below.

The next part of the introduction (from Remark 1.7 to Proposition 1.10) explains how [H
relates to the work in [6] concerning evolution towards H-infinite divisibility and its connection
to the free Brownian motion.
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Remark 1.7. Here is a brief summary of relevant results from [6]. One considers a family of
bijective transformations {B; | # > 0} of Dyg (k) defined by

B, (1) = (MEE(I+l))w]/(1+l)7 Vi>0, Vue Dalg(k)v

where the H-powers and W-powers are taken in connection to free and respectively Boolean
convolution. The transformations B; form a semigroup (B;; = B o B;, Vs, > 0), each of them
carries D, (k) into itself, and at = 1 one has B; = B, the Boolean Bercovici—Pata bijection that
was also encountered in Remark 1.2.2. Thus for a fixed u € D (k) the process {B;(r) | t > 0}
can be viewed as some kind of “evolution of u towards H-infinite divisibility” (since B;(u) is
infinitely divisible for all # > 1).

On the other hand let us recall that the free Brownian motion started at a distribution v €
De(k) is the process {v B y®’ |t > 0}, where y € D.(k) is the joint distribution of a standard
semicircular system (a free family of k centered semicircular elements of variance 1). The paper
[6] puts into evidence a certain transformation @ : Dayg (k) — Dyg(k) which carries D, (k) into
itself and has the property that

D(vEBY®)=B/(D()), VYveDyg(k), Vi >0. (1.10)
In other words, (1.10) says that a relation of the form “® (v) = ©” is not affected when v evolves
under the free Brownian motion while © evolves under the action of the semigroup {B; | r > 0}.
The transformation @ from [6] turns out to be related to subordination distributions, as follows.
Theorem 1.8. For every distribution v € Dag (k) one has that

y[Ev=B(® (1)), (1.11)

where y is as above (the joint distribution of a standard semicircular system) and B is the
Boolean Bercovici—Pata bijection.

Remark 1.9. 1° Eq. (1.11) thus offers an alternative description for @:
@) =B~ (y[Ev), veDugk). (1.12)

It is worth noting that the two main properties of @ obtained in [6] (formula (1.10) and the fact
that @ maps D, (k) into itself) are very easy to derive by starting from this description and by
invoking the suitable properties of subordination distributions; see Proposition 5.7.

2° It is also worth noting that one has a simple explicit formula for how w[Hv itself evolves
under the action of the B;. This formula pops up when one compares the explicit descriptions for
the free and the Boolean cumulants of £ [Hv (see Remark 3.8.1 and Proposition 5.1 below), and
is described as follows.

Proposition 1.10. Let (1, v be two distributions in Dyg(k). Then for every t > 0 one has:

B, (uEHv) =B (1® Bv). (1.13)
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The final part of the introduction discusses two other interesting algebraic properties of [H,
obtained by extrapolating functional equations which are known to be satisfied by subordination
functions in the 1-variable framework. One of these two properties extends a remarkable formula
for the sum of the subordination functions of w HH v with respect to u and to v (see e.g. Theo-
rem 4.1 in [4]). This formula can be equivalently written in terms of the n-series of u[Hv and
v[Hu, and in this form it goes through to the multi-variable framework, as follows.

Proposition 1.11. One has that
Numy + MvEp = Mpsv, YU,V e,Dalg(k) (1.14)

Another property of [(H comes from the functional equation satisfied by the subordination
function of a convolution power vE? with respect to v, where v is a probability measure on R
and p € [1, 00) (see Theorem 2.5 in [3]). This too can be translated into a formula involving
n-series, which goes through to multi-variable framework. More precisely, the subordination
distribution of v®? with respect to v can be considered for any v € Dayg(k) and p € [1, 00) (see
Definition 6.3 below), and the following statement holds.

Proposition 1.12. For every v € Dyg(k) and p > 1, the subordination distribution of vEP with
respect to v is equal to (B(v))ECP-D,

In particular, for distributions in D, (k) one gets the following corollary.

Corollary 1.13. Let v be a distribution in D¢ (k). Then for every p > 1 the subordination distri-
bution of v®P with respect to v is still in D.(k), and is B-infinitely divisible.

One can also put into evidence other natural situations when subordination distributions in
D (k) are sure to be H-infinitely divisible. In particular, an immediate consequence of Re-
mark 1.2.1 (combined with Corollary 1.5) is that w [Hv is H-infinitely divisible whenever
w, v € D.(k) and p is itself B-infinitely divisible; see Corollary 4.13 below.

Remark 1.14. After circulating the first version of this paper, I was made aware of the connection
between the results obtained here and the paper [2] of Anshelevich, where a two-variable exten-
sion of the transformation @ from Remark 1.7 is being studied. More precisely, [2] introduces a
map

Daig(k) x Dag(k) 3 (p, ) = Plp, Y] € Dayg (k)

with the property that @[p, V] € D.(k) for every p, ¥ € D.(k) such that p is H-infinitely divis-
ible, and with the property that

Ply, v1=2(¥), V¥ €Dagk) (1.15)

(where y € D, (k) is the same as in Remark 1.7). The formula which gives the translation between
the results of the present paper and those of [2] is

Dlp, y1=B ' (p[EY), Vp, ¥ € Dyglk). (1.16)
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Eq. (1.16) can be used to explain why the argument p in @[p, V] is naturally chosen to be H-
infinitely divisible: as observed right before the present remark, one has in this situation that
p[E v is B-infinitely divisible, hence that B~! (o [(H) € D (k) for every ¥ € D¢ (k). (Another
explanation for why p is naturally taken to be infinitely divisible is presented in Remark 10
of [2].)

By using the formula (1.16), the description of @ given in the above Remark 1.9.1 is reduced
to (1.15), and it is also easily seen that Proposition 1.10 of the present paper is equivalent to
Theorem 11(b) from [2].

The scope of [2] is different from (albeit overlapping with) the one of the present paper, and
the methods of proof are different, invoking e.g. results about conditionally positive definite func-
tionals, or about a multi-variable version of monotonic convolution — see specifics in Section 4.2
of [2].

Remark 1.15 (Organization of the paper). Besides the introduction, the paper has five other sec-
tions. Section 2 contains a review of some background and notations. Section 3 derives explicit
combinatorial formulas for the free and Boolean cumulants of x«[Hv, and uses them in order to
obtain the moment formula announced in Theorem 1.3. Section 4 is devoted to operator models,
and to the proof of Theorem 1.4. Section 5 discusses in more detail the relations to the transfor-
mations B, that were stated in Theorem 1.8 and Proposition 1.10. Finally, Section 6 discusses in
more detail the statements made in Propositions 1.11, 1.12, and in Corollary 1.13.

2. Background and notations
2.1. Motivation from I-variable framework

Remark 2.1. Recall that for a probability distribution © on R, the Cauchy transform of p is the
analytic function G, defined by

1
G,Az)z/:du(t), zeC\R. 2.1)
R

The reciprocal Cauchy transform F), is defined by
Fu.(2)=1/G,(z), zeC\R. 2.2)

It is easily checked that G, maps the upper half-plane C* = {z € C | Im(z) > 0} to the lower
half-plane C~ = {z € C | Im(z) < 0}; as a consequence of this, F, can be viewed as an analytic
self-map of C*. The measure 4 is uniquely determined by G, (hence by F), as well); and more
precisely, p can be retrieved from G, by a procedure called “Stieltjes inversion formula” (see
e.g. [1]).

Let § denote the set of all analytic self-maps of C* that can arise as F), for some probability
measure i on R. One has a very nice intrinsic description of §, that

Flit
§= {F .C* > C* | Fis analytic and lim ~ 02 — 1}. 2.3)
t—o0 It

(For a nice review of this and other properties of § one can consult Section 2 of [12] or Section 5
of [8].)
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As mentioned in Section 1, the starting point of this paper is that for any two probability
measures /&, v on R, there exists a subordination function w € § such that

Guwv(d) = Gy(0(), zeC*. (2.4)

With u, v, w as in (2.4), it is natural to consider the unique probability measure o on R such that
F; = w. This o was studied in [11], where it is called the s-free convolution of p and v, and is
denoted by u[Hv. The name “s-free convolution” appears in [11] in connection to a suitably tai-
lored concept of “s-freeness” that is also introduced in [11]. Since s-freeness is only marginally
addressed in the present paper, we will refer to p[(Hv by just calling it the subordination distri-
bution of u B v with respect to v. We will only look at w[Hv in the special case when p and
v are compactly supported; in this case p[Hv is compactly supported as well (as one sees by
examining the operator model obtained for u[Hv in [11]).

Remark 2.2. If u is a compactly supported probability measure on R, then in particular p has
moments of all orders:

[e¢]

my ::/t”d,u(t), neN,

—00

and one can form the moment series of (,
o0
My@) =) muz". 2.5)
n=1

In (2.5), M, can be viewed as an analytic function on a neighbourhood of 0, but in the present
paper it is preferable to treat it as a formal power series in z. It is immediate that M, is connected
to the Cauchy transform G, by the formula

14+ M,(1/2) =z-Gu(2), (2.6)

where in (2.6) it is convenient to also treat G, as a power series (obtained by writing 1/(f — z) =
Yo "~1/z" and then integrating term by term on the right-hand side of (2.1), for z € C* with
|z| large enough).

In the study of free additive convolution a fundamental object is Voiculescu’s R-transform,
which has the linearizing property that R, s, = R, + R, . For a compactly supported probability
measure (4 on R, the R-transform R, can be viewed as a power series, defined in terms of M,
as the unique solution of the equation

Ry (z(14 My (2))) = My (2) 2.7)

(equation in C[z], where M,, is given as data and R/, is the unknown). For the next proposition
it is more convenient to write the definition of R, by emphasizing its relation to the Cauchy
transform G . On these lines one first defines the so-called K -transform of i, which is simply
the inverse under composition

Ku:=G\V. (2.8)
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K|, is a Laurent series of the form K, (z) = % + o) + oz +a3z2 + - - -, and one has?

1
R, (z) = Z<Ku (z2) — ;>. (2.9)

In Proposition 2.3, Eq. (2.9) will be used in the equivalent form giving K, in terms of R,,,

Ku(2) =

14 R, (2)
) 2.1
; (2.10)

Proposition 2.3. Let ., v be compactly supported probability measures on R, and let the proba-
bility measure w[EHv be defined as in Remark 2.1. Then

R, (z(1+ M, (2))

R )= 2.11
umv(2) T+, (2.11)
Proof. Let us denote for brevity u[Hv =: 0. From how p[Hv is defined we have that
Gumy=GyoF;. (2.12)
By taking inverses under composition on both sides of (2.12) one finds that K, @, = Fé_l) oK,,

hence that F; o K;;m, = K,; this in turn implies that G5 o K; gy = 1/K,, and that K, g, =
Ky o (1/K,). So one gets the formula:

Kumv(w) =Kq(1/K,(w)) (2.13)

(equality of Laurent series in an indeterminate w).
In (2.13) let us next replace the K -transforms of p Hv and of o in terms of the corresponding
R-transforms, by using Eq. (2.10). On the left-hand side we obtain

+ Kv(w)v

KMEE])(UJ) _ 1+R/483v(w) _ 1+R/L(w)+Rv(w) _ R;Lu()w)

w w

while on the right-hand side we obtain

1+ R;(1/Ky(w))
1/K,(w)

Ka(l/Kv(w)): :Kv(w)+Kv(w)'Ra(l/Kv(w))-

After making these replacements and after subtracting K, (w) out of both sides of (2.13) one
arrives to

Ru(w)

=K,(w) - Ry (1/Ky(w)). (2.14)

2 The original definition of the R-transform, made in [14], simply has R, (z) = K, (z) — 1/z. The present paper uses
the shifted version Ry, (z) = 2R (z), which is more convenient for extension to a multi-variable framework.



A. Nica / Journal of Functional Analysis 257 (2009) 428-463 437

Finally, in (2.14) let us make the substitution z = 1/K,(w), with inverse w = G,(1/z) =
z(1 4+ M, (z)); this substitution converts (2.14) into

Ruz+M,@) _ 1 @
z(1+ My (2)) z 07

and (2.11) follows. 0O
2.2. Non-crossing partitions

Notation 2.4 (NC(n) terminology). Let n be a positive integer.

1° Let w = {V1,...,V,} be a partition of {1,...,n} —ie. Vi,...,V, are pairwise disjoint
non-empty sets (called the blocks of ), and Vi U---UV, ={1,...,n}. We say that 7 is non-
crossing if for every 1 <i < j <i’ < j' < n such that i is in the same block with i’ and j is in
the same block with j’, it necessarily follows that all of i, i’, j, j’ are in the same block of 7. The
set of all non-crossing partitions of {1, ..., n} will be denoted by NC(n).

2° Let 7 be a partition in NC(n). Since 7 is, after all, a set of subsets of {1, ..., n}, it will be
convenient to write “V € 7 as a shorthand for “V is a block of #.” In the same vein, various
calculations throughout the paper will use functions “c : # — {1, 2}.” Such a function is thus a
recipe for assigning a number ¢(V) € {1, 2} to every block V of &, and will be referred to as a
colouring of .

3° For m € NC(n), the number of blocks of & will be denoted by |7]|.

4° Let m be a partition in NC(n), and let V be a block of . If there exists a block W of &
such that min(W) < min(V) and max(W) > max(V), then one says that V is an inner block
of . In the opposite case one says that V' is an outer block of .

5° Every partition 7 € NC(n) has a special colouring o, : m — {1, 2} which will be called the
inner/outer colouring of m, and is defined by

1 if V is outer,
V)= Vemn. 2.15
0z (V) { 2 if V is inner, d ( )

Remark 2.5. NC(n) is partially ordered by reverse refinement: for m, p € NC(n) one writes
“m < p” to mean that every block of p is a union of blocks of 7. The minimal and maximal
element of (NC(n), <) are denoted by 0,, (the partition of {1, ..., n} into n singleton blocks) and
respectively 1, (the partition of {1, ..., n} into only one block).

Let p = {W1,..., W,} be a fixed partition in NC(n). It is easy to see that one has a natural
poset isomorphism

{[reNCh) |m<p}om (m1,....7my) e NC(IWi]) x -+ x NC(IWg]) (2.16)

where for every 1 < j < ¢ the partition 7r; € NC(|W;]) is obtained by restricting w to W; and
by re-denoting the elements of W}, in increasing order, so that they become 1,2, ..., |W;|. This
is a particular case of a more general factorization property satisfied by the intervals of the poset
(NC(n), <) —see [13, Lecture 9].
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Remark 2.6. This paper also makes use of another partial order relation on NC(n), which was
introduced in [5] and is denoted by “<.” For 7, p € NC(n) one writes “m < p” to mean that
7 < p and that, in addition, the following condition is fulfilled:

{ For every block W of p there exists a block 2.17)

V of & such that min(W), max(W) e V.

It is immediately verified that “<” is indeed a partial order relation on NC(n). It is much coarser
than the reversed refinement order. For instance, the inequality 7 <« 1, is not holding for all
m € NC(n), but it rather amounts to the condition that the numbers 1 and n belong to the same
block of 7 (or equivalently, that 7 has a unique outer block). At the other end of NC(n), the
inequality 7 >> 0, can only take place when = = 0,,. The remaining part of Section 2.2 reviews
a couple of other properties of « that will be used later on in the paper.

Definition 2.7. Let , p be partitions in NC(n) such that m < p. A block V of 7 is said to be p-
special when there exists a block W of p such that min(V) = min(W) and max(V) = max(W).

Proposition 2.8. Let 7 € NC(n) be such that w < 1,,, and consider the set of partitions
{peNCn) |7 < p < 1,}. (2.18)

Then p+— {V € | V is p-special} is a one-to-one map from the set (2.18) to the set of subsets
of .3 The image of this map is equal to {0 C 7 |V 3 Vo), where Vy denotes the unique outer
block of 7.

For the proof of Proposition 2.8, the reader is referred to Proposition 2.13 and Remark 2.14
of [5].

Remark 2.9 (Interval partitions). A partition 7 of {1, ...,n} is said to be an interval partition
if every block V of 7 is of the form V = [i, j] N Z for some 1 <i < j < n. The set of all
interval partitions of {1, ..., n} will be denoted by Int(n). It is clear that Int(n) € NC(n), and
it is easily verified that every interval partition is a maximal element of the poset (NC(n), K).
It is moreover easy to see (left as exercise to the reader) that for every w € NC(n) there exists
a unique p € Int(n) such that m < p; the blocks of this special interval partition p are in some
sense the “convex hulls” of the outer blocks of 7.

2.3. Power series in k non-commuting indeterminates

Notation 2.10. We will denote by C({(z1,...,zk)) the set of power series with complex
coefficients in the non-commuting indeterminates zi,..., 2k, and we will use the notation
Co{(z1, - - -, zk)) for the set of series in C{(z1, ..., zx)) which have vanishing constant term. The
general form of a series f € Co{(z1, ..., zx)) is thus
o0 k
fi, .. )= Z Z Qiyin) iy * iy (2.19)
n=1 iy,...,ip=1

where the coefficients «;,, ... ;,) are from C.

,,,,,

3 According to the conventions made in Notation 2.4.2, “subset of 7 stands here for “set of blocks of 7.”
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Definition 2.11 (Coefficients for series in Co{(z1, - .., Zk)))-
1°Forn > 1and 1 <iy,...,i, <k we will denote by

Cfiy,...in : Collzt, ...,z = C (2.20)

the linear functional which extracts the coefficient of z;, - - - z;, in a series f € Co{(z1, ..., zk)).
Thus for f written as in Eq. (2.19) we have Cf;, . ;) (f) = o, ...in)-

2° Suppose we are given a positive integer n, some indices iq, ..., € {1, ..., k}, and a par-
tition 7 € NC(n). We define a (generally non-linear) functional

itinim - Col(zt, oz = G, 2.21)

as follows. For every block V = {v(1l),...,v(m)} of m, with 1 <v(l) <--- <v(m) < n, let us
use the notation

{1 eesin) | V2= Guys oo o) € (1o )

Then we define

in) (F) 1= HCf(il ..... v, YfeColzt,...,z). (2.22)

Vern

(For example if we had n =5 and &= = {{1, 4, 5}, {2, 3}}, and if iy, ..., i5 would be some fixed
indices in {1, ..., k}, then the above formula would become

f € Colzi1, .., z)).) The quantities Cf;,
cients of the series f.

3° Suppose that the positive integer n, the indices iy, ...,i, € {1,...,k} and the partition
m € NC(n) are as above, and that in addition we are also given a colouring ¢ : # — {I,2}.
Then for any two series f1, f> € Co{(z1, ..., zk)) we define their mixed generalized coefficient
corresponding to (iy, ..., i,), ¥ and c via the formula

.....

Cliiy.onimyiic (s f2) = [ | Charmiiv (o). (2.23)

Vern

(Forexampleifwehadn =5, 7 = {{1, 4, 5}, {2, 3}} and ¢ : # — {1, 2} defined by c¢({1, 4, 5}) =1,
c({2, 3}) =2, then (2.23) would become

for f1, f2€ Co(z1, ..., zx) and 1 < iy, ..., i5 < k.)

Remark 2.12. It is clear that for every n > 1, 1 < iy,...,i, <k, m € NC(n) and f €
Co{(z1, .- -, zx)) one has

T i,l);n;c(fv f) = Cf(i],...,in);ﬂ(f)v
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for no matter what colouring ¢ of 7. Let us also record here the obvious expansion formula

Cliymiyn (f1+ )= Y Cliyiyme(f1s 2), (2.24)

c:r—{1,2}
holding forevery n > 1, 1 < iy, ..., i, <k, € NC(n), and f1, fo € Co{(z1, .., 2k))-

Definition 2.13 (Review of the series M,,, R,;, n,). Let p be a distribution in Dyjg (k).
1° We will denote by M|, the series in Co{(z1, ..., zx)) defined by

00 k
MuGi, o) =y Y Xy Xi)z 2, (2.25)
n=1ig,..., in=
M, is called the moment series of 11, and its coefficients (the numbers (X, --- X;,), withn > 1
and 1 <iy,..., i, <k) are called the moments of .

2° The n-series of u is

=M (1+ M)~ € Collz, ..., 21l (2.26)
where (1 + MM)_l is the inverse of 1 4+ M, under multiplication in C((z1, ..., zx)). The coeffi-
cients of n,, are called the Boolean cumulants of .

3° There exists a unique series R, € Co((z1, ..., zx)) which satisfies the functional equation
Ru(zi(L+My), ..., zk(1+ M) = M. (2.27)

Indeed, it is easily seen that Eq. (2.27) amounts to a recursion which determines uniquely the
coefficients of R, in terms of those of M,,. The series R, is called the R-transform of 1, and
its coefficients are called the free cumulants of 1. (See the discussion in [13, Lecture 16], and
specifically Theorem 16.15 and Corollary 16.16 of that lecture.)

Remark 2.14. It is very useful that one has explicit summation formulas which express the
moments of a distribution € Dy (k) either in terms of its free cumulants or in terms of its
Boolean cumulants. These are sometimes referred to as moment—cumulant formulas. They say

that for everyn > 1 and 1 < iy, ..., i, <k one has
Xy Xi) = Y CfGyiir (Ry) (2.28)
TeNC(n)

and respectively

Xy Xi)= > Cliy iy () (2.29)

mwelnt(n)

(where (2.28), (2.29) use the notations for generalized coefficients from Definition 2.11.2, and
Int(n) is the set of interval-partitions from Remark 2.9). Moreover, a similar summation formula
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can be used in order to express the Boolean cumulants of x in terms of its free cumulants; it says

that for every n > 1 and 1 < iy, ..., i, < k one has
Cliymin ) = Y Cliyiir (R, (2.30)

weNC(n),

7T<<1n

(For a more detailed discussion of the relation between R, and n,, see Section 3 of [5], where
Eq. (2.30) appears in Proposition 3.9.)

3. The approach to [FH via R-transforms
The goal of this section is to derive explicit combinatorial formulas for the free and Boolean
cumulants of p«[Hv, and then use them in order to obtain the moment formula announced in

Theorem 1.3.

Remark 3.1. Let , v be distributions in Dyg (k). Consider the subordination distribution w[Hv,
and recall that its R-transform satisfies the equation

Rumv - (L+ M) =Ry (z1(1+ M), ..., ze(1 + My)). (3.1
If we denote for convenience
..... in(Rw) =tag,,.in, Yn=21, 1<iy,... i, <k,

then the series on the right-hand side of (3.1) is written more precisely as

Z Z Ay ju) Zjs L+ My) - 25, (1 + My). (3.2)

L jtsees Jm=1
Let us fix an n > 1 and some indices 1 < iy,...,i, < k, and let us look at the coefficient of
Ziy -+~ Zi, in the infinite sum from (3.2). Clearly, a term o}, ... j,)2j; (1 + M) -z, (1 + M,)

contributes to this coefficient if and only if m < n and there exist 1 = 5(1) <s(2) < --- <
s(m) < n such that

jl =i5(1)9 j2=is(2)w-~vjm =is(in)~ (33)

In the case when (3.3) holds let us denote {s(1),s(2),...,s(m)} =: §, and let us refer to the
intervals of integers

(s, s@)NZ, ..., (stm—=1,sm)NZ, (s(m),n]NZ

by calling them the gaps of S; with this notation the contribution of «j,
-2, (1 + M,) to the coefficient of z;, - --z;, in (3.2) is written as

Jm)Z 1 (1 + MV)

.....

(i eensin)|S ° l_[ v(Xi, - Xiy)



442 A. Nica / Journal of Functional Analysis 257 (2009) 428-463

(we make the convention that if G is an empty gap of § then the corresponding product
v(X;, - X;,) is taken to be equal to 1). Since the set S appearing above can be any subset
of {1, ..., n} which contains 1, we come to the conclusion that

i (Ru(z1 (14 M), ..., ze(1+ M)

.....

= Z <0l<i1 ..... in)lS - 1_[ v(Xip-~-X,~q)>. (3.4)

SC{l,...,n} G={p,....q}
such that §5 1 gap of §

By equating coefficients in the series on the two sides of (3.1) and by employing (3.4) one
obtains explicit formulas for the coefficients of R, as shown in the next lemma and proposi-
tion.

N

Lemma 3.2. Consider the same notations as in Remark 3.1. Foreveryn > 1 and 1 <iy,..., I,
k one has that

such that S 1,n gap of S

Proof. We will prove the required formula (3.5) by induction on 7.

For n =1, (3.5) states that Cf;)(R,mv) = o, V1 < i1 < k; this is indeed true, as one sees
by equating the coefficients of z;, on the two sides of (3.1).

Induction step. We fix an integer n > 2, we assume that (3.5) holds for 1,2, ...,n — 1 and we
prove that it also holds for n. So let iy, ..., i, be some indices in {1, ..., k}. The coefficient of
Ziy + %, in Rymy - (1 4+ M,) is equal to:

n—1

CHli i) Rutmn) + D Cliy i) (Rpatm) - V(X -~ Xi,). (3.6)

m=1

For every 1 < m < n — 1 the induction hypothesis gives us that

CtGiy, i) (Rumn) - v( Xy - Xiy)

= ) Qheinlse ( [T v&xi,- "Xiq)) V(X o Xiy)-

SCEiL,....m} G={p,....q}
such that S5 1,m gap of §

In the latter expression the separate factor v(Xj, ,, --- X;,) can be incorporated into the prod-
uct over the gaps of S, via the simple trick of treating S as a subset of {1, ..., n} rather than
a subset of {1,...,m}. (Indeed, in this way S gets the additional gap {m + 1,...,n}, with
corresponding factor v(Xj,,, --- X;,).) When this is done and when the resulting formula for
CtGiy,...ip) (Rpumv) - v(Xi, ., - Xi,) is substituted in (3.6), we find that

.....
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Cfiy....iny (Rumy - (14 M)

= Cf(i,.....i) (Rumy) + > am,...,i")s-( I v(x,-,,---xiq)) 3.7)

SC{l,...,n} G={p,....q}
such that 1€S and n¢S gap of §

Finally, we equate the right-hand sides of Eqgs. (3.7) and (3.4), and the required formula for
Cfy,....ip) (Rymy) follows. O

Proposition 3.3. Let 1, v be distributions in Dyg(k). For everyn > 1 and 1 <iy,...,i, <k one
has
Cliiyoiy(Rumn) = Y Cfiy.iyimion (R Ry), (3.8)
TENC(n),
7T<<1n

where the inner/outer colouring ox is as in Notation 2.4.5, and the generalized coefficient
in):mi0p (R, Ry) is as in Definition 2.11.3.

,,,,,

Proof. We will use the various notations introduced in Remark 3.1 and Lemma 3.2 above.
Let us pick a subset S C {1, ..., n} such that S 5 1, n, and let us prove that

Oé(il,‘..,i,,)|5'< I v(xi,,-~-xiq>)= > Clyinyimion (Rus R, (3.9)

G={p,....q} 7eNC(n)
gap of § such that Sex

In order to verify (3.9), let us write explicitly S = {s(1), s(2),...,s(m)} with 1 =s(1) <s5(2) <
-+ < s(m) = n; then the gaps of S are listed as Gy, ..., G,—1, with

sz{p.,',...,qj}—(s(J) s(]—l—l))ﬂZ forl<j<m—1,

and the left-hand side of (3.9) becomes

m—1

iy, sin)|S ]_[ v(Xi,, - Xiy ) (3.10)
j=1

(with the same convention as used above, that “v(X i X ig; )” is to be read as 1 in the case

when G ; = ). Now in (3.10) let us use the free moment—cumulant formula (2.28) to express the
moments v(X; T X; q,-) in terms of the coefficients of R,; we get

Gy, in)lS H( Z Cf(ipj,...,iqj);nj(Rv))

7, eNC(G, )

m—1
= Z (Cf(“ ..... inls(Ry) - HCf(11 ,,,,, inlG )i (Ry )) (3.11)

T eNC(G1 s, j=1
Tm—1ENC(IGp—11)
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But a family of non-crossing partitions 71 € NC(|G1]), ..., mm—1 € NC(|Gp—1]) is naturally
assembled, together with S, into one non-crossing partition w € NC(n); and all partitions
m € NC(n) such that S € w are obtained in this way, without repetitions. Moreover, when
my,...,Ty—1 and S are assembled together into 7, it is clear that the big product from (3.11)
becomes just Cf(;, . i.):7:0, (Ru, Ry). Hence the substitution (7rq, ..., mn—1) <> 7 leads to the
right-hand side of (3.9), and this completes the proof that (3.9) holds.

Finally, we sum over S on both sides of (3.9), with S running in the collection of all subsets
of {1,...,n} which contain 1 and n. The sum on the left-hand side gives Cf(;,, .. ;,)(Rumv) by
Lemma 3.2, while the sum on the right-hand side takes us precisely to the right-hand side of (3.8),
as we wanted. O

It will come in handy to also have an extended version of the formula found in Proposition 3.3,
which covers the generalized coefficients “Cf(;, . ;,).,” of the R-transform of u[Hv. This is pre-
sented in Lemma 3.6, and uses the following extension for the concept of inner/outer colouring
of a non-crossing partition.

Notation 3.4. Let n be a positive integer and let 7, p be partitions in NC(n) such that 7 < p. We
denote by o, the colouring of 7 defined by

1, if Vis p-special,

0n:p(V) = { Ven, (3.12)

2, if V is not p-special,
where the concept of “being p-special” for a block of 7 is as in Definition 2.7.

Remark 3.5. Let 7 be a partition in NC(n) and let p be the unique interval-partition with the
property that o >> 7. Then the colouring o , defined above is just the usual inner/outer colouring
o, —indeed, in this case a block V of m is p-special if and only if it is outer.

Lemma 3.6. Let u,v be distributions in Dyg(k). For every n 21, p € NC(n) and 1 <
i1,...,in <k one has

Cliiyoinyip(Rum) = Y Cliyiyyimion,, (Rus Ru). (3.13)
TeNCn),
TLp
Proof. Let us write explicitly p = {Wy, ..., W,}. Then

Ctiy,...rin):p (Rumv)

Il
.:IQ

Cliy,.in)iw; (Rpumv)
1

J

Il
:-Q

( > Cig.... in>wj>;n,;on_j(Ru,Ru))

7, eNC(IW;),
71_/<<1\Wj\

q
= > ( [T Ct G mimiwyyinsion, Ry Rv>>. (3.14)

T eNC(IW1 D). mi<Ljwy ., \ j=1
g eNC(IWy 1), 1q KLy |

1

J
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Now let us consider the bijection (2.16) from Remark 2.5. It is immediate that if 7 <
(1, ..., m4) via this bijection, then

q
J=1

Thus when in (3.14) we perform the change of variable given by the bijection from (2.16), we
arrive precisely to the right-hand side of (3.13), as required. O

On our way towards the formula for moments stated in Theorem 1.3 we next put into evidence
an explicit formula for the Boolean cumulants of p[Elv.

Proposition 3.7. Let 1, v be distributions in Dyg(k). For everyn > 1 and 1 <iy,...,i, <k one
has

Cliy.i) Mumn) = > > Cliipime(Rus R (3.15)

nTeNCn), n<1, c:r—{1,2}
with outer block V, such that ¢(V,)=1

Moreover, for every m € NC(n), © < 1, with outer block V,, one has:

Z Cf(i],...,in);n;c(R;La Rv) = Cf(i],...,i,,);n;on (R;u Rﬂ + Rv)- (3~16)

c:r—{1,2}
such that ¢(V,)=1

Hence Eq. (3.15) can also be written in the form

Cliyomin) ) = Y Cliyiyyimior (Rus Ry + R). (3.17)

weNC(n),
T<ly

Proof. It is immediate that the left-hand side of (3.16) is merely the expansion as a sum for
the product which defines Cf;, . ;.):7:0, (Ry, R, + Ry). Hence the only non-trivial point in this
proof is to verify that (3.15) holds.

By using how Cf(;, ;) (numy) is written in terms of the coefficients of R, m, (cf. Eq. (2.30)
in Remark 2.14), then by invoking Lemma 3.6 and by performing an obvious change in the order
of summation we get that

Cliyominy ) = Y Cliy. o (Rummw)

PENC(n),
p<ly

Z ( Z Cf(ih-.-,in);n;on,p(R;uRv))

peNC(n), * meNC(n),

p<kl, TLp
= Z ( Z Cf(il ..... i,,);:r;o,w,(R,u.y Rv))-
weNC(n), peNC(n)

Tkl such that 7 << p<<1,
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In order to conclude the proof we are left to show that for every partition w € NC(n) withw < 1,
and with outer block denoted Vj one has

E Cf(il ..... i,,);n;oﬂ,,,(Rp.» Rv) = E Cf(i|,...,i,1);7r;c(Ru., Rv)o (318)
peNC(n) c:r—{1,2}
such that 1< p<1, such that ¢(V,)=1

And indeed, recall from Proposition 2.8 that we have a bijection

{[peNCO) | <p <1y} > (TS| V> V)
p—{V en |V is p-special}.

When comparing this bijection against the formula which defined o, , in Notation 3.4, it is
immediate that the map p > oy , is itself a bijection from {p € NC(n) | 1 < p < 1,} onto the
set of colourings {c: m — {1, 2} | ¢(Vp) = 1}, and (3.18) immediately follows. O

Remark 3.8. 1° When considered together, Egs. (3.17) and (3.8) give that
Numv = Rum@sv); (3.19)
the latter formula is in turn telling us that
B(uEHv) = puH(u Bv), (3.20)

where B is the Boolean Bercovici—Pata bijection on Dy (k). Eq. (3.20) is a special case of
Proposition 1.10; but actually the general case of Proposition 1.10 easily follows from here, as
explained in the proof of Proposition 5.1 below.

2° In the same way as the statement of Proposition 3.3 was extended to the one of Lemma 3.6,
the formula found in Proposition 3.7 can be extended to

CliyominypMum) = Y Cfy. iymion, (R Ry + Ry), (3.21)

7eNC(n),
TLp

holding for every n > 1, p € NC(n), and 1 <iy,...,i, < k. Eq. (3.21) can be obtained from
(3.17) by an argument similar to the one used in the proof of Lemma 3.6; but in fact we do not
need to repeat that argument, we can simply infer (3.21) by using Lemma 3.6 itself, in conjunc-
tion to Eq. (3.19) from the first part of the present remark.

It is now easy to obtain the moment formula stated in Theorem 1.3.

Proposition 3.9. Let i, v be distributions in Dyg(k). For everyn > 1 and 1 <iy,...,i, <k one
has

(WEW X, X)) = Y Cliyiymoy (Rus R+ Ry). (3.22)
weNC(n)
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Proof. By using the Boolean moment—cumulant formula (Eq. (2.29) in Remark 2.14), then by
invoking Remark 3.8.2 and by performing an obvious change in the order of summation we get
that

(EVX;, - Xi,) = Z CtGy,.in):p (Mumn)
p€Elnt(n)

= Z ( Z Cf(il ..... i,,);n;omp(R;u RM+RU)>

pelnt(n) * 7eNC(n),
TLp

= Y ( > Cf,.... i,,);n;o,,,p<Ru,R,l+Ru>). (323)

weNC(n) * pelnt(n),
p>r

But for every w € NC(n) there exists a unique partition p € Int(n) such that p > 7, and for this
p we have o , = 05 (as observed in Remark 3.5). Thus the sum over p in (3.23) consists of just
one term, Cf(;, i.):7:0, (Ru, Ry + Ry), and (3.22) follows. O
Remark 3.10. 1° A summation of the same type as in Eq. (3.22), which uses coefficients from
two series and distinguishes between the inner and outer blocks of 7 € NC(n), has previously
appeared in the theory of c-free convolution — see e.g. the third displayed equation in [10, p. 366].
This connection is not pursued in the present paper, but c-free convolution is heavily used in [2]
(which relates to the present paper in the way explained in Remark 1.14).

2° In the proof of Theorem 4.4 we will also need the equivalent form of Eq. (3.22) where, for
every w € NC(n), the product defining Cf(;, . i y.7:0, (Ry, Ry + R,) is expanded into a sum. It
is immediate (left as exercise to the reader) to check that the formula for the moments of u[Hv
will then look as follows:

(Ev)(X;, -+ Xi,) = Z Cti,,.in:m:c(Ry, Ry), (3.24)

(7,0)
where the index set for the sum on the right-hand side of (3.24) is

( )‘ w € NC(n), c:m — {1,2}, such that
’ c(V) =1 for every outer block V of 7 |

Remark 3.11. Let 1 and () y>1 be in Dy (k). If

Nlim uN(Xi - Xi ) =pu(Xy, - Xi,), Va1, VI<iy, ..., 0, <k, (3.25)
—00

then one says that the sequence (un)n>1 converges in moments to p (denoted simply as
un — p). Due to the moment—cumulant formulas from Remark 2.14, this is equivalent to con-
vergence in coefficients for the R-transforms R, to R, or for the n-series 1, to n,.

Now, from the fact that one has polynomial expressions giving the moments of ©[Fv in terms
of the free cumulants of w and of v it is immediate that the operation [H is well-behaved under
taking limits in moments in Dyg (k). That is, if w, v, (un)%_; and (vy)F_, are distributions in
Dag (k) such that 1y — u and vy — v, then it follows that puy [Hvy — wEv. The same con-
clusion could have been of course derived directly from Proposition 3.3, or from Proposition 3.7.
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4. The approach to [H via operator models

This section puts into evidence a full Fock space model for u [Hv, then uses this model in
order to obtain Theorem 1.4 stated in the introduction of the paper.

The full Fock space model is given in Theorem 4.4, and is just a variation of the “standard”
full Fock space model for the R-transform (as presented for instance in [13, Lecture 21]). In
order to avoid tedious notations involving formal operators on the full Fock space, we will only
consider this model in the special case when the R-transforms R, and R, are polynomials.
A generalization of Theorem 4.4 could be obtained from this special case by doing approxima-
tions in distribution (a very similar procedure to how Theorem 21.4 is extended to Theorem 21.7
in [13, Lecture 21]). However, for the situation at hand it is actually more convenient to incorpo-
rate the necessary approximations in distribution directly into the proof of Theorem 4.10 below,
where the full Fock space model is upgraded to the more general framework of Theorem 1.4.

Notation 4.1. Let F be the full Fock space over C,
F:=CpC¥*g ((CZk)®2@...@ ((CZk)®" D

The vector 1 0B 0B --- D 0P --- is called the vacuum-vector of F and is denoted by £2.
We will let P € B(F) denote the orthogonal projection onto the 1-dimensional space C§2 C F.
The vector-state T +— (T §2, §2) defined by £2 on B(F) will be referred to as vacuum-state.

We fix an orthonormal basis for C2*, which we denote as e, ....eef,... el Thisleads to
a natural choice of orthonormal basis for F,

U ®& |n>1, &,.... 6 e{e.....en. el ... el }}. (4.1)

For every 1 <i <k the left creation operators with ¢ and e/ will be denoted by L and L7,
respectively. So L} € B(F) is the isometry which acts on the orthonormal basis (4.1) by

Li($2)=e¢;, LiE® - ®&)=¢ @60 @&,

and similar formulas hold for L}. Moreover, we will denote by 90t and 9)t” the sets of operators
in B(F) defined by

i)ﬁ’::{L;lmL; ln>1, 1<iy,...,i, <k},
! 4.2)
i)i)?”::{L;’1 -~~L;; ln>1, 1<iy,...,i, <k}
The full Fock space model from Theorem 4.4 will use some special monomials “S i"M 1-°-
SM,” formed with the isometries L}, ..., L;,LY,..., L} and their adjoints, which are de-
scribed in the next lemma.

Lemma 4.2. Given a positive integer n and some fixed indices iy, ...,i, € {1,...,k}.
1° Let w be a partition in NC(n) and let c : 1 — {1, 2} be a colouring. For everym € {1, ...,n}

let V={v(1),v(2),...,v(p)} (withv(l) <v(2) <--- < v(p)) denote the block of w which
contains m, and define
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L, ifc(V)=1,
Sy = Lij" £ o(V) = 2 4.3)
im lf‘C( ) ]
/ / / . _ — —
Liv(p) .- 'Liu(z>Liv(1) ifm=max(V)(=v(p)) and c(V) =1,
_ /e " : _ _
M, = Liu(p) Liv(Z)Liv(l) ifm=max(V) and c(V) =2, 4.4)
LpF) if m # max(V).
Then S{My---SyM, 2 = Q2.
2° Suppose that Sy, ..., Sy, M1, ..., M, € B(F) are such that
(i) SmelL] L]} 1<m<n;
(i) My € {lpr UM UM’ 1 <m <n(with, M as in (4.2)); and
(iii)) SfMy---SiM, 2 =S2.
Then there exist a partition m1 € NC(n) and a colouring ¢ : w1 — {1, 2} such that Sy, ..., Sy,
My, ..., M, are obtained from m and c via the recipe described in part 1° of the lemma.

Remark 4.3. 1° Here is a concrete example of how the recipe from Lemma 4.2 works. Say for
instance that n = 5. Let iy, ..., i5 be some indices in {1, ..., k}, and consider the monomial

(L3, (L) (L) LE Li (L

1377102

) (Lig) Lis L L, 45)
Note that the product in (4.5) reduces upon simplifications to 1p(r), so in particular it fixes £2.
Lemma 4.2 views this product as being S} M - - - ST Ms, where

Si=L. S=Lf. Si=Lj Si=L, S=L,
My=My=My=1pr), M3=L]L!, Ms=LL;L;

1377127 157714 11"

Moreover, these Si,...,Ss5, Mq,..., M5 correspond in Lemma 4.2 to the partition w =
{V1, b} e NC(5) with V| ={1, 4, 5}, V», = {2, 3}, and to the colouring ¢ : # — {1, 2} defined by
c(V)=1,c(Vh) =2.

2° The proof of Lemma 4.2 is very similar to the corresponding argument concerning the
standard full Fock space model for the R-transform, as presented e.g. in [13, Lecture 21]. Because
of this, I will only explain (in the remaining part of this remark) how one makes the connection
to the arguments from [13], and will leave the details as exercise to the reader.

Besides M and 9" from (4.2), let us also use the notation

M:={lgrU{Si--Se|e=1, Si.....8 e{L],.... L. L{,....L{}}.  (4.6)

Suppose that the following data is given: a positive integer n, some indices iy, ..., i, € {1, ..., k},
and a function b : {1, ...,n} — {1, 2}. Let the isometries S| € {L;.I,L;/l boooos Sned{L; ,Lj } be
picked via the rule that

L. ifb(m) =1,

S, =
" L} ifb(m) =2,

1<m<n, 4.7)
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and consider the following problem: describe all possible ways of choosing (My, ..., M;) € M”"
such that SYMy --- Sy M, 2 = £2 4 The solution to this problem is that the n-tuples (M1, ..., M,)
with the required property are canonically parametrized by NC(n). For the description of how to
construct the n-tuple (M, ..., M,) € M" canonically associated to a partition = € NC(n), and
for the explanation why this construction works, see the discussion on pp. 342, 343 and Exer-
cises 21.20-21.22 on pp. 356, 357 of [13]. The statement of Lemma 4.2 is merely an adjustment
of this procedure (for how to construct (My, ..., M,) by starting from ), where one has to
take into account the following additional detail: My, ..., M, are now only allowed to run in the
smaller set {157)} U9 UIM” (instead of all of 91). This imposes a compatibility condition
between 7 and the function b : {1,...,n} — {1, 2} that was used in (4.7) — specifically, that b
must be constant along the blocks of 7 (and hence must correspond to a colouring ¢ of ).

Theorem 4.4. Let 11, v be distributions in Dyg(k) such that the R-transforms R, and R, are
polynomials:

Ru(zi,....z0) = Z Z i) Ty """ i

(4.8)

RU(ZI"-"Z]()_Z Z Blir.osin)Ziy ** Ziy

(Where N is a common upper bound for the degrees of R, and R,). In the framework of Nota-
tion 4.1, consider the operator T € B(F) defined by

N k
—1B<f>+z Z iyiy L, L,]+Z Z Bar..inLi, - Liy,  (4.9)

A= (L)'T, Bi:=(L})'T, 1<i<k, (4.10)
followed by

Cii=A;+(1—-Pp)Bi(l—Pgp), 1<i<k. 4.11)
Then the joint distribution of Cq, ..., Cy with respect to the vacuum-state on B(F) is equal to
wHv.

Remark 4.5. By comparing the framework of Theorem 4.4 with the “standard” full Fock space
model for the R-transform (as presented for instance in Theorem 21.4 of [13]), one sees that
the operators Ay, ..., Ak, B, ..., By defined by Eq. (4.10) give the standard full Fock space
model for the free product p x v € D,g(2k). In particular one has that {Ay, ..., At} is free from

4 Itis easy to see that this condition is in fact equivalent to the requirement that the product S i‘ M, --- S)M, simplifies
to 1 () after repeated use of the relations (L})*L; = (L))*L} =1p(F), 1 <i <k.
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{B1, ..., Br} with respect to the vacuum-state on B(F), and the joint distributions of the k-tuples
A1, ..., Arand By, ..., By are equal to u and to v, respectively.

Another way of phrasing this same remark is that the full Fock space model for p[Hv is ob-
tained by merely performing an extra step (specifically, by considering the operators Cy, ..., Ck
defined by Eq. (4.11)) in the standard full Fock space model for p % v.

Proof of Theorem 4.4. For the whole proof we fix a positive integer n and some indices 1 <
i1,...,In <k, for which we will show that

(Ciy-+-Ci, 2, 2) = (nEV)(X;, -~ X;,). (4.12)

From (4.9)—(4.11) it follows that every C; (1 <i < k) can be written as a sum of products of
the form

Q-§*-(yM)-0Q, (4.13)

where Q € {lg(F), lpr) — Pe}, S € {L},L}}, and y M is a term from the sum defining T
(where y € C and M € {1p.F)} UM UM"). Of course, there are some restrictions on what
combinations of Q, S and y M can go together in (4.13): if Q = 1p(F) then § = L; and y M is
either 157 or of the form «j....j,) L -+ L', while Q = 1) — P goes with § = L] and
with y M being either 1) or of the form B}, ’---vjm)L/j/,,, . L’jfl. A precise count thus gives that
every C; splitsintoasumof 2- (1 +k+---+ k™) terms of the form (4.13). When one writes each
of C;,, ..., C;, as asum in this way and expands the product, the inner product on the left-hand
side of (4.12) is thus broken into a sum of (2- (1 +k + - - - + k™))" terms of the form

((Q181* (M) Q1) -+ (QnSu™ (va M) Q1) 2, £2). (4.14)

Now let us fix one of the possible choices of operators Q;, S;, yiM; (1 <i < n) in (4.14), and
let us look at the 4n vectors

EIZQIZQ’ §2=MnQn~Qa ceey §4n=QlSTMIQI"‘QnS:MnQnQ (415)

obtained by successively applying the operators Q,, M,,, S,*, On, ..., Q1, M1, S1*, Q1 to 2. 1t
is clear that each of these 4n vectors either is O or belongs to the orthonormal basis (4.1) for F;
and consequently, the inner product (4.14) is equal to

0 otherwise.

Let us moreover observe that if Q1S{M1Q1---Q,S;M, 0,82 = 2, then we also have
S{My---S;M, 2 = 2. This is because when one successively applies Qy, My, ..., S1*, Q1
to §2, the projections Q1, ..., @, used on the way either leave invariant the vector presented to
them, or send it to O (but cannot actually do the latter, as Q1 ST oM, 0,2 =82 #£0).

By invoking Lemma 4.2 we thus see that if an inner product as in (4.14) is to be different
from 0, then there have to exist a partition 7 € NC(n) and a colouring ¢ : 7 — {1, 2} such that
S1, My, ..., S,, M, are defined in terms of 7 and c in the way described in Lemma 4.2. It is
immediate that in this case the numbers y1, ..., y, from (4.16) are identified as «gj, ... j,)’s and
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Bji,orjm) s (coefficients of the R-transforms of w and of v) in such a way that their product
becomes

Vi Ve =Clg,imc(Ru, Ry). 4.17)

Conversely, let 7w be a partition in NC(n), let ¢ be a colouring of 7, and consider the operators
S1, My, ..., S,, M, defined in terms of 7 and ¢ in the way described in Lemma 4.2. Observe that
there exists a unique way of choosing projections Q1, ..., O, € {1p(F), 1 pF) — P} so that the
Sij,M;, Q; for 1 < j < n give together an inner product as in (4.14). To be precise, for every
1 < j < n the projection Q; is chosen as follows: consider the block V' of 7 which contains the
number j, and put

- { 1) ife(V) =1, @1s)

Note that whereas Lemma 4.2 ensures that S{ M - - - Sy M, 2 = §2, it may still happen that (with
Qs defined by (4.18)) the vector Q1S{M Q1+ QuS; M, Q0,52 is equal to 0. It is easy (though
perhaps notationally tedious) to check that

2 if ¢(V) =1 for every outer block of =,

QlSTMlleQnS:MnQnS?:{ (4.19)

0  otherwise.

The verification of (4.19) is left as exercise to the reader. Informally speaking, what makes (4.19)

hold is that in a sequence of 4n vectors obtained as in (4.15) one reaches 2 precisely at the

positions where the outer blocks of 7 begin and end — hence these are the positions where Q ;

has a chance to make a difference, and cause the vector Q Si“ M Q-+ 0,8 M, Q,$2 to vanish.
Summarizing the above discussion, one sees that

(Ciy,---Ci,R2,2) = Z Cfy,.in)imic(Rus Ry), (4.20)

(7,0)

where the index set for the sum on the right-hand side of (4.20) is

( ’ w € NC(n), c:m — {1,2}, such that
T, c .
c(V) =1 for every outer block V of &

But the sum on the right-hand side of (4.20) is precisely the expression observed for
(nEv)(X;, --- X;,) in Remark 3.10.2, and this concludes the proof. O

Let us now go towards the proof of Theorem 1.4. It will be convenient to adopt a slightly
different point of view on the vacuum projection, which does not make explicit use of vectors in

a Hilbert space, and is described as follows.

Definition 4.6. Let (A, ¢) be a noncommutative probability space. A vacuum-projection for ¢ is
an element P € A such that P = P? # 0 and such that

PAP =¢(A)P, YAcA. 4.21)
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Remark 4.7. 1° The main example of vacuum-projection is of course provided by the situation
when A = B(H), the functional ¢ is the vector-state associated to a unit vector & € H, and P is
the orthogonal projection onto the 1-dimensional subspace C&g of H.

2° Let (A, ¢) and P be as in Definition 4.6. Observe that ¢ (P) = 1 (as seen by making A = P
in Eq. (4.21)). Let us also observe that

@o(PB)=¢(B)=¢(BP), VBeA (4.22)
In order to verify the first of these two equalities we set A = (1 4 — P)B and find that
9(A)P =PAP=P(4— P)BP =0,

which implies that ¢(A) = 0 and hence that ¢(B) = ¢(P B). The verification of the second
equality in (4.22) is analogous.

Lemma 4.8. Ler (A, ¢) be a noncommutative probability space and let P € A be a vacuum-
projection for . Then

n
oI\ PToP---PT,) =[|e(T). Vn>2andTi.....T, € A. (4.23)

i=1

Proof. By induction on n. For n =2 we write

@(T\PTy) = (T PTaP) (by (4.22))
=¢(Ti - p(Tr)P) (by (4.21))
=@(M)e(T1 P)
=@(M)p(T1) (by (4.22).

The induction step “n = n + 17 is immediately obtained by writing Ty PT>P --- PT,PT, | as
T\ PT, with T := T> P --- PT,, PT, 41 and by repeating the above calculation, followed by the
induction hypothesis. O

Lemma 4.9. Let (A, ¢) be a noncommutative probability space and let Ty, ..., Ty, P be in A,
where P is a vacuum-projection for ¢. Suppose moreover that for every N > 1 we are given
a noncommutative probability space (Ay, on) and elements TI(N), e TZ(N), PWN) ¢ Ay, such
that PN is a vacuum-projection for gy. If the £-tuples TI(N), ey T[(N) converge in moments
for N— oo toTy,..., Ty, then the (£ 4 1)-tuples T](N), el TE(N), P converge in moments for
N — oo to the (£ + 1)-tuple Ty, ..., Ty, P.

Proof. It clearly suffices to verify that, for any n > 2 and any choice of noncommutative poly-
nomials f1,..., f, € C(X1,..., X¢), the sequence

on (AT TP (1™ T PN PN (1™ TY)), N
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converges for N — oo to o(f1(T1, ..., To)Pfo(Th, ..., T¢e)P--- Pfu(Th, ..., T¢)). But in view
of Lemma 4.8 the latter convergence amounts to

n n
]\lli_r)nooqu(ﬁ(Tl(N), o T = Hw(fi(Tl, o TY),
1= 1=

which is an immediate consequence of the given hypothesis. 0O

Theorem 4.10. Let two distributions i, v € Dy (k) be given. Suppose that (A, ¢) is a noncom-
mutative probability space and that Ay, ..., Ay, B, ..., By € A are such that {Ay, ..., Ay} is
free from {Bq, ..., By}, such that the joint distribution of A1, ..., Ay is equal to |, and such that
the joint distribution of By, ..., By is equal to v. Suppose in addition that P € A is a vacuum-
projection for ¢, and consider the elements

Ci=Ai+(14—P)Bi(14—P), 1<i<k. (4.24)
Then the joint distribution of C1, ..., Cy with respect to ¢ is equal to u[Hv.
Proof. Forn > 1and 1 <iy,...,i, <k we will denote the coefficients of z;, - - - z;, in the series

R, and R, by a,,...i,) and B, ..., respectively.
Let N be a positive integer. Consider the distributions wy, vy € Dag(k) which are uniquely
determined by the requirement that their R-transforms are

R;L(le--’zk) Z Z iy, ..,in)Ziy iy s

(4.25)

RU(Zlv-"vzk) Z Z ﬁ(ll ..... ln)le Ziu-

Let us consider the standard full Fock space model, exactly as described in Theorem 21.4 of [13],
for the free product uy * vy € Dy (2k). This gives us a noncommutative probability space
(An, ¢n) and elements AgN), el A,((N), BI(N), ...,B,EN) € Ay such that {AEN), ...,A,((N)} is
free from {BEN), e, B,gN)}, such that the joint distribution of A%N), R A,({N) is equal to uy,
and such that the joint distribution of BfN), e B,EN) is equal to vy. Since the full Fock space
model is constructed by using a true vacuum-state on a Hilbert space, we also get at the same
time a vacuum-projection PN € Ay.

We now make N — oo. From how uy and vy were constructed it is immediate that we have
limits in moments uy — w and vy — v. This implies that we also have the limit in moments
UN * VN — @k v, or in terms of operators that the (2k)-tuples A§N), A A,EN), BI(N), e, B,EN)
converge in moments for N — oo to the (2k)-tuple Aq,..., Ak, Bi,..., Bx. By invoking
Lemma 4.9 we upgrade this to the fact that the (2k 4 1)-tuples AEN), e A,((N), BI(N), e, B,gN),
P™) converge in moments for N — oo to the (2k + 1)-tuple Ay, ..., Ax, Bi, ..., Bx, P. The



A. Nica / Journal of Functional Analysis 257 (2009) 428-463 455

latter convergence implies in turn that the k-tuple Cj, ..., Ci defined in (4.24) is the limit in
moments for the k-tuples CI(N), e, C,EN), where for 1 <i <kand N > 1 we put

M =AM 1 (14, — PDYBM (14, — PV € Ay. (4.26)

But for every N > 1, the operators CfN), el C,EN) provide (as observed at the end of Re-
mark 4.5) the full Fock space model for the subordination distribution uy [EHvy. Hence the
conclusion of the preceding paragraph can be read as follows: the joint distribution of C1, ..., Ck
is the N — oo limit of the distributions py [Hvy. Since it was noticed in Remark 3.11 that
(uny EHvy)F_, converges in moments to u[Hv, the conclusion of the theorem follows. O

Remark 4.11. Suppose now that u, v € D.(k), i.e. they can appear as joint distributions for
k-tuples of selfadjoint elements in some C*-probability spaces. By considering the GNS repre-
sentations of these C*-probability spaces, one finds Hilbert spaces H, C, unit vectors &, € ‘H,
¢, € K, and k-tuples of selfadjoint operators Ay, ..., Ay € B(H), By, ..., Bx € B(K) such that
w is the joint distribution of Ay, ..., Ay with respect to the vector-state defined by &, on B(H),
while v is the joint distribution of By, ..., By with respect to the vector-state defined by ¢, on
B(K). Let us denote

H° :=H © C&,, K?:=K e Cg,

and let us consider the “free product” Hilbert space

M:=Ca(H’ &K’ ((H°®K°) & (K’ ®H’))
B (H'®K° 9H )& (K°QH  ®K)) @ - (4.27)

(direct sum of all possible alternating tensor products of copies of H° and K?). Then
Ai, ..., Ag, By, ..., By extend naturally to selfadjoint operators Zl, R Zk, El, R §k €
B(M) such that {X1, e, Xk} is free from {El, e, §k} with respect to the vacuum-state de-
fined by £2 on B(M) and such that (with respect to the same state) the joint distributions of
A1,...,Arand of By, ..., By are equal to u and v, respectively (see e.g. [17, Section 1.5]).

Theorem 4.10 clearly applies in the situation described in the preceding paragraph, and tells
us that if P € B(M) is the orthogonal projection onto C£2 and if we put

Ci=Ai+(1-P)Bi(1-Pg), 1<i<k, (4.28)

then the joint distribution of C Tyevns Ek is equal to w[Hv. Since the a- are selfadjoint, this
provides us with a proof that (as stated in Corollary 1.5) the subordination distribution p[EHv
does indeed belong to D, (k).

Remark 4.12. In the framework and notations of the preceding remark, consider the subspace £
of M defined by:

L=CRoH &K' @H)d (H @K QH) D - (4.29)
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(direct sum of all alternating tensor products of copies of H? and K? which end in H?). In the
terminology of [11], this is the s-free product space of the Hilbert spaces H and K, considered
with respect to the special unit vectors &, € H and ¢, € K.

Observe that £ is invariant for the operators C1, .. Ck from (4.28); this happens because
L is in fact 1nvar1ant both for A and for (1 — PQ)B (1 — Pg), 1 <i < k. It follows that the
restrictions of C Lyeens Ck to £ also provide us with an operator model for w[Hv, with respect
to the vector-state defined by 2 on B(L). By analyzing this operator model a bit further, one
can moreover relate to the concept of “s-freeness” from [11], in the way outlined in the next
paragraph.

Forevery 1 <i <k let A; and B; denote the restrictions to £ of the operators A; and respec-
tively (1 — P_q)B (1 — Pg). Let us consider the subalgebras A, B of B(L) which are generated
by {1pz), ;4\1, e, ;\\k} and respectively by {152) — Pg, El, e, §k}. (Note that B is not a uni-
tal subalgebra of B(£), but it has its own unit 153 = 1) — P, where Pg is viewed here
as a 1-dimensional projection in B(L).) Finally, let us select (and fix) an arbitrary unit vector
0, € H° € L, and let ¢ and v be the vector-states defined on B(L) by £2 and by 0, respec-
tively. It is not hard to verify that the algebras A and B are s-free in (B(L), ¢, ¥), in the sense
of Definition 7.1 from [11]. It is moreover immediate that the joint distribution of A Ly onns Xk
in (4,9 | A) is equal to p, while the joint distribution of §1, .. §k in (B, ¢ | B) is equal
to v. Thus S [ Hv has been reahzed as the joint distribution of Al + B Lo oens Zk + §k, where the
k-tuples Al, .. Ak and Bl, .. Bk are s-free and have distributions p and v, respectively.

The Venﬁcatlon of the s- freeness of A and B in the preceding paragraph is left as an exercise.
A reader who is interested in s-freeness may also find it as an amusing (not hard) exercise to start
from this latter description of p«[Hv and see, conversely, how the statement of Theorem 1.4 can
be obtained from there.

We conclude this section by observing that (as a supplement to the fact that u[Hv € D (k)
whenever u, v € D, (k)), there exist natural situations when w[Hpv is sure to be infinitely divisible.

Corollary 4.13. Let ., v be two distributions in D (k).

1° If u is B-infinitely divisible, then so is u[Hv.
2° Suppose that “u is a B-summand of v in D.(k),” in the sense that there exists v' € D, (k)
such that v = BV'. Then wBv is infinitely divisible.

Proof. 1° The hypothesis that p is H-infinitely divisible is equivalent to the fact that, for every
t > 0, the convolution power u®! (which can always be defined in Dayg(k)) still belongs to D (k).
But then, by invoking Remark 1.2.1 and Corollary 1.5 one finds that

(nE)* = (u*' \v) € De(k), Vi>0,

which means that p[Hv is infinitely divisible as well.

2° One has w[Hv = uH(u BVY') = B(uEV') (where at the second equality sign we used
Remark 3.8.1). Since u[HV' € Dc(k) (by Corollary 1.5), and since B carries D, (k) onto the set
of H-infinitely divisible distributions in D, (k), the conclusion follows. O
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5. Relations with the transformations B,
Proposition 5.1. Let (1, v be distributions in Dy (k). For every t > 0 one has that
B, (u[Ev) = unE(1® Bv). (5.1)
Proof. We first prove by induction that
By (uBv) =uB (" Bv), VmeN. (5.2)

The base case m = 1 of the induction is provided by formula (3.20) in Remark 3.8.1. The induc-
tion step “m = m 4+ 17 also follows immediately by using the same formula:

B+ (uEv) = B(Bm(/LEU)) (since B,,+1 =B oB,,)
= B(ME (;LEE’" H v)) (by the induction hypothesis)
=uH (,u 2! (;LEE’" 2! v)) (by Eq. (3.20))
=pnB (T Bv).

Now we move to proving that (5.1) holds for arbitrary ¢ > 0. It suffices to fix n € N and
1<iy,...,ip < k and to verify that

Chiiy, i) (RB () = Cfy, i) (Rym(u@rmyy)s - V1> 0. (5.3)

For both sides of (5.3) one has explicit writings as sums indexed by non-crossing partitions.
Indeed, Remark 4.4 from [6] tells us that the left-hand side of (5.3) is equal to

>0 tINCEG i (Rum). (5.4)

PENC(n),
p<Lly

while the right-hand side of (5.3) can be written (by Proposition 3.3 and by taking into account
the additivity of the R-transform) in the form

D Cfiyinyimion (Rus t Ry + Ry). (5.5)

TeNC(n),
T<ly

Rather than pursuing a detailed combinatorial analysis of the sums in (5.4) and (5.5) we can sim-
ply exploit the obvious fact that (for our fixed n and iy, ..., i,) both these sums are polynomial
functions of ¢. Two polynomial functions that agree (as shown by (5.2)) for all m € N must in
fact agree for all # > 0, and (5.3) follows. O

Remark 5.2. As an application of Proposition 5.1, we will next see how the formula “pu[Hu =
B(w)” from Remark 1.2.2 extends to a formula for (u®%) [H (u®"), where s, > 0. In order
to cover the cases when s =0 or r = 0, we will denote by § € Dyg(k) the “noncommuta-
tive Dirac distribution at 0” which has all moments equal to 0. Then, clearly, Rs = ns =0 €
Co{(z1, ..., zx); as a consequence one has 8%/ = §% = §, hence B;(8) = § for every ¢ > 0.
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Moreover, it is clear that § is the neutral element for both the operations B and W on Dy (k),
which justifies the convention that

PO =p=5, VYueDaglk). (5.6)
Concerning subordination distributions it is easy to check, directly from Definition 1.1, that
uwES=p and SHEHu=46, Vu € Dygk). 5.7

Proposition 5.3. Let (. be a distribution in Dayg (k). Then for every s, t > 0 one has

(1) B (1) = (Bi(w) ™" (5.8)
Proof. First observe that
pE () =pnEB((w®)Bs) (8 neutral element for H)

=B;(uHJ) (by Proposition 5.1)

=B (1) (by (5.7)).
Then recall from Remark 1.2.1 that (u®5) B (u®") = (B (F"))E*, and (5.8) follows. O

Remark 5.4. The remaining part of this section discusses the relation to free Brownian motion
stated in Theorem 1.8. Same as in Remark 1.7, we denote by y € D, (k) the joint distribution of
a free family of k centered semicircular elements of variance 1. A fundamental property of y is
that its R-transform is

Ry(zts. o zk) =234+ 123 (5.9)

(see e.g. [13, Example 11.21.2 on p. 187]). More generally, for every ¢ > 0 let y; denote the
distribution of a free family of k centered semicircular elements of variance ¢. It is immediate
that

Ry (z1...coz) = Ry (Wizy, o iz =t( + -+ 23);
hence R,, =R,,, which shows that y; = y®’ for every 7 > 0.

Proposition 5.5. Let v be a distribution in Dy (k). One has that

k
Ry -z = Y zi(1+ My, ... 20)zi. (5.10)

i=1
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Proof. Forn >3 and 1 <iy,...,i, <k one has
Cigy,....ip) (Rymv)
= Z Ci,,....ip):m:0; (Ry, Ry)  (by Proposition 3.3)
TeNC(n),
Tkl

= Z iy iy l_[ Cf(,,....inw(Ry)  (because of the special form of R, ).

weNC(n) Wernr
such that {1,n}em W#{1,n}

But the set of partitions w € NC(n) which have {1,n} as a block is in natural bijection with
NC(n — 2); when we follow through with this bijection, the above sequence of equalities is
continued with

=biri, - Z l_[Cf(iz ..... in_nw (Ry)

pPENC(n—2) Wep

=8i1.ip - V(Xiy -+ Xi,_,) (by the moment-cumulant formula (2.28))
k
=Cf(,,..in < ZZi(l + M, (z1,..., Zk))Zi>~

The above calculation shows that the series on the two sides of Eq. (5.10) have identical
coefficients of length > 3. It is immediately verified that the coefficients of length 1 and 2 also
coincide (each of the two series has vanishing linear part and quadratic part equal to Zle zl.z),
and this completes the proof. O

Corollary 5.6. The transformation @ : Dy (k) — Dyig(k) from [6] satisfies
yEEv:IB(q)(v)), Vv € Dy (k). (5.11)
Proof. In [6] the distribution @ (v) is defined via the prescription that its n-series is
k
Now @1,z =Y _zi(1+ My, ....20)z- (5.12)
i=1

Comparing this to Proposition 5.5 we see that n¢(,) coincides with the R-transform of y [Hv,
and Eq. (5.11) follows. O

It is worth noting that the two main facts proved about @ in [6] can be easily obtained from the
prespective of subordination distributions, as explained in the next proposition. (The two state-
ments of this proposition originally appeared as Theorem 6.2 and respectively as Corollary 7.10
in [6].)
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Proposition 5.7.
1° For every v € Dyg(k) and t > 0 one has that
P(wHBy) =B(P(1)). (5.13)
2° The transformation @ maps the subset D.(k) of Dag(k) into itself.

Proof. 1° Since the Boolean Bercovici—Pata bijection is one-to-one on Dy (k), it will suffice to
prove that

]B%(QD(U H y,)) = IB%(IB%t(cD(v))).

And indeed, starting from the right-hand side of the above equation we can go as follows:

B(B; (@ (v))) =B;(B(®(v))) (because BoB; =B, 41 =B, o B)
=B;(y[Hv) (by Corollary 5.6)
=y[H (yml H v) (by Proposition 5.1)
=y@E@wBy) (because y®’ =y;)
=B(®(vBy)) (by Corollary 5.6).

2° Since B is one-to-one, it will suffice to show that for v € D.(k) one has B(®(v)) €
B(D.(k)). The latter set is precisely the set of distributions in D.(k) which are H-infinitely
divisible (cf. Theorem 1 in [5]). In view of (5.11), what we have thus to prove is the impli-
cation “v € D.(k) = y [Hv is infinitely divisible.” But y is itself infinitely divisible (since
B =y, € D.(k), Vt > 0), so the required implication follows from Corollary 4.13.1. O

6. Properties originating from functional equations

Remark 6.1. In this remark we briefly return to the 1-variable framework and notations from
Section 2.1, and review the two functional equations that are to be extended to multi-variable
framework. Recall in particular that for a probability measure x on R, F,, : C* — C* denotes
the reciprocal Cauchy transform of 1. In the case when u is compactly supported F,(z) can be
viewed as a Laurent series in z, related to the n-series of u by the formula

1
FM(Z)ZZ(I _r’“<2>)‘ 6.1)

In order to verify (6.1), one writes F,, =1/G, n, = M, /(1 + M), and uses the relation be-
tween M, and G, that was recorded in Eq. (2.6) in Section 2.1.

1° Let pu, v be two probability measures on R, and let w1, w> be the subordination functions of
wH v with respect to i and to v, respectively. A remarkable equation satisfied by these functions
(see e.g. Theorem 4.1 in [4]) is that

w01(2) + 02(2) =2+ Fumv(z), ze€CT. 6.2)
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But w; = Fymy, and wp = Fjmy, hence (6.2) amounts to
Fumv (@) + Fomp(@) =2+ Fumv(z), zeCH. (6.3)

Let us moreover replace the reciprocal Cauchy transforms in (6.3) by n-series, by using Eq. (6.1).
Then (6.3) becomes

Numv + MvmEp = NpBv,

and in this form it goes through to the multi-variable framework of D¢ (k), as shown in Propo-
sition 6.2 below.

2° Let v be a probability measure on R. Then for every p > 1 one can consider the probability
measure v®P?, and in Theorem 2.5 of [3] it was shown that one has

1 1
G,my(2) = Gv<_Z + (1 - —)Fvaap(z)>, zeC™. (6.4)
P P

In other words, Eq. (6.4) says that the Cauchy transform of v®? is subordinated to the one of v,
with subordination function w defined by

0@ =224 (1 - 1)@3,, ©. zeCH. 65)
p p

It is immediate that @ from (6.5) belongs to the set § of reciprocal Cauchy transforms from
Eq. (2.3) of Section 2.1, hence there exists a unique probability measure o on R such that
Fy = . It is natural to call this o the “subordination distribution of vE? with respect to v.”
(If p > 2 then o is just VP~V Hv, but for 1 < p < 2 this point of view does not always work,
as the probability measure v®”~1 might not be defined.) So then Eq. (6.5) becomes

1 1
Fo(z)=—z+ (1 — —>Fvaa,7(z), zeCT,
p p

and upon writing the reciprocal Cauchy transforms in terms of n-series this takes us to

-1
Ne = P n,8p- (6.6)
p

This latter formula is the one that will be extended to the framework of D, (k) — see Corollary 6.4
and Remark 6.5 below.

Proposition 6.2. For every ., v € Dyg(k) one has that
Nusy = Numv + NvmEp- (6.7)
Proof. We fix n e N and 1 <ij,...,i, <k and compare the coefficients of z;, - --z;, for the

series on the two sides of Eq. (6.7). By using the relation between R and 7 and the linearizing
property of R, and then by invoking Eq. (2.24) in Remark 2.12 we find that
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Cliiyonin Mum) = Y Clyiyin (R + R)

weNC(n),
Ty

weNC(n), c:m—{1,2}
T<ly
In the latter double sum, the colourings ¢ of 7 can be subdivided according to whether c(Vp) = 1
or c(Vp) =2, where Vj is the unique outer block of 7. This leads to an equality of the form

in M) = 21 + 22,

,,,,,

where Y| is exactly as on the right-hand side of Eq. (3.15) from Proposition 3.7, and X is
the counterpart of X; with the roles of u and v being reversed. We are only left to invoke
Proposition 3.7 to conclude that

21+ 2 =Chgy, i Mume) + Clgy i vme) = Clgy i) Mumy + Momp) s

and (6.7) follows. O

When discussing the multi-variable analogue for Eq. (6.6) it is convenient to note that there
is no problem to generally talk about the “subordination distribution of A with respect to v” for
any A, v € Dyg(k).

Definition 6.3. Let two distributions A, v € Dyg(k) be given. Consider the distribution u €
Dag (k) which is uniquely determined by the requirement that

R,=R,—R, (6.8)

(or equivalently, via the requirement that w B v = A). Then the subordination distribution of A
with respect to v is, by definition, equal to u[Hv.

Corollary 6.4.

1° For every v € Dy (k) and every p > 1, the subordination distribution of VB8P with respect to
v is equal to (B(v))BP—D,

2° Let v be a distribution in D¢ (k). Then, for every p > 1, the subordination distribution of vF?
with respect to v belongs to D.(k) as well, and is moreover B-infinitely divisible.

Proof. 1° According to Definition 6.3, the distribution in question is v®®?~D[Hv. Thus we only
need to invoke the particular case of Proposition 5.3 where s = p —l and t = 1.

2° This follows from part 1° of the corollary and the fact that B(v) is H-infinitely divisible
(which implies that any convolution power (B(v))E!, ¢ > 0, lives in D¢ (k) and is itself infinitely
divisible). O

Remark 6.5. It is an easy exercise (left to the reader) to verify the identity

(B)* PV = (vE) PV gy e Dy k), ¥p el 00). (6.9)
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So if we denote the subordination distribution of VEP with respect to v by o, then by invoking
Corollary 6.4 and by taking the n-series of the distribution on the right-hand side of (6.9) we ob-
tain that n, = ((p —1)/p) - n,m,. Thus Corollary 6.4 gives indeed a multi-variable generalization
of Eq. (6.6) from Remark 6.1.2.
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