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For 1 < p< o, p#2, it is well known that a strongly continuous, one-parameter
group of isometries in the Hardy space H"([D) does not satisfy the classical Stone
theorem, that is, there is no g-additive spectral measure on the Borel sets of the real
line whose Fourier-Stieltjes transform is the given group. However, if we relax the
topology of H7([D') by imbedding it into some larger space, then it is shown, for the
case of 1 < p <2, that any such group does satisfy Stone’s theorem when considered
as acting in some appropriate larger space. The situation for 2 < p < oc is more
complicated. If the group of isometrics is of elliptic type then it again satisfies
Stone’s theorem in a suitable larger space. However, for parabolic groups the
situation is fundamentally different; such a group can never be interpreted as a
Fourier-Stieltjes transform in any space containing H”(ID). ¢ 1986 Academic Press. Inc.

INTRODUCTION

The classical Stone theorem asserts that if 72 R — #(X) is a weakly con-
tinuous group of unitary operators {7(z); teR} in a Hilbert space X,
where £ (X) denotes the space of all continuous linear operators on X
equipped with the strong operator topology, then there exists a spectral
measure P: 4 — ¥ (X), where 4 is the g-algebra of Borel subsets of the
real line R, such that T is its Fourier—Stieltjes transform. That is,

T(z)zjR e dP(s),  teR. (1)

It is important to note that the spectral measure P is countably additive
with respect to the strong operator topology and that the integral in (1) is
in the usual sense of integration with respect to a o-additive vector
measure, [9, Chap. 117

* This work was done while the author was visiting the University of Illinois (Urbana).

206
0022-1236/86 $3.00

Copyright () 1986 by Academic Press, Inc.
All rights of reproduction in any form reserved.


https://core.ac.uk/display/82604675?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

STONE’S THEOREM 207

On the other hand, if X is a Banach space and 7: R — £(X) a group of
surjective isometries in X, the natural analogues of unitary operators in
Hilbert space, then it is well known that in general the classical formulation
of Stone’s theorem is no longer valid, even in the case when X is reflexive.
However, if it is not required that the “spectral measure” P whose
Fourier—Stieltjes transform is the group 7 be countably additive, then it is
shown in [1, Theorem 4.20] that for certain types of groups 7. R —» .Z(X)
there does exist a version of Stone’s theorem. Namely, there exists a unique
projection-valued function P: R - £ (X), called a spectral family (cf., [1,
Sect. 2] for the definition) such that in the strong operator topology,

T()=lim [ " dP(s), reR. 2)

a

where, for each a > 0, the “integrals” over [ —a, a] exist as the strong limit
of Riemann-Stieltjes sums. But, it should be stressed that in general the
spectral family does not generate a countably additive measure in #(X).
Accordingly, the associated functional calculus is somewhat limited.

However, as suggested in the note [10, Sect. 4], an alternative inter-
pretation of (2) is possible. Namely, a group 7: R - #(X) may fail to be
the Fourier-Sticltjes transform of a spectral measure solely because the
underlying domain space X is “too small” to accomodate the projections
needed to form the spectral measure. Accordingly, if the group is inter-
preted as acting in some suitable space containing the space X, it happens
often that the so extended group is the Fourier-Stieltjes transform of a o-
additive spectral measure in the larger space. This has the advantage that
the group and its corresponding spectral measure have associated with
them a rich functional calculus.

In this paper we are concerned with groups of isometries in certain
Hardy spaces. In this setting, it is shown in [2, 3] that any strongly con-
tinuous one-parameter group {7(s); te R} of isometries in a Hardy space
H"(D), where D= {zeC; |z} <1} and I < p < 0, always has a Stone-type
representation of the form (2) for a suitable spectral family P(-). However,
if p#2, this (unique) spectral family does not generate a spectral measure
in H”(D) and so the interpretation of (2) cannot be as in the classical
Stone theorem. Accordingly, there naturally arises the question of whether
the group does satisfy the classical Stone theorem in some larger space con-
taining H”(D).

Our aim is to show that this is indeed the case if 1< p<2; see
Theorems 2.1, 3.1, and 4.1. Hence, the failure for the group {7(¢);re R}
being a Fourier-Stieltjes transform in H”(D), in the case of 1 < p<2, is
only apparent. It is due, roughly speaking, to the fact that H7(D) is “too
small” in some sense to accomodate the projections which ought to be
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present if the spectral family P(-) were to generate a spectral measure (this
is made precise in Sect. 1). However, there does exist some larger space,
containing a dense copy of H”(D), in which each of the operators forming
the given group in H”(D) has a natural extension and such that the exten-
ded group does satisfy the classical Stone theorem.

In contrast, the situation for 2 < p < oo is more complicated. If the group
is of elliptic type (see Sect.l for the definition), then it is again a
Fourier—Stieltjes transform in a suitable space containing H?(D); see
Theorem 2.1. However, the situation for parabolic groups is fundamentally
different. It is shown (cf, Theorem 3.4) that such a group can never be
interpreted as a Fourier—Stieltjes transform in any space containing H”(D).
In this case the reason that the group fails to satisfy the classical Stone
theorem is genuine; no modification of the domain space H”(D) will save
the situation. The proof of this statement requires a detailed knowledge of
the associated spectral family P(-), [3, Sect. 3, Sect. 5].

Unfortunately, for the remaining case of hyperbolic groups, no such
detailed description of the associated spectral family P(-) is available
(except for the particular case of p=2 [11, Chap. 4]). Accordingly, for
hyperbolic groups we have been unable to determine (in the case of
2 < p<ov) whether the group is a Fourier Stieltjes transform in some
space containing H”(D). There is some evidence, however, to suggest that
this is not the case (cf, Sect. 4).

1. PRELIMINARIES AND NOTATION

Let X be a locally convex Hausdorff space, always assumed to be quasi-
complete, X" its continuous dual space and ¥(X) the space of all con-
tinuous linear operators on X equipped with the topology of pointwise
convergence on X. The identity operator is denoted by 1.

A spectral measure in X 1s an ¥(X)-valued, o-additive, and mul-
tiplicative map P: .# - #(X), whose domain .# is a c-algebra of subsets
of a set 2, such that P(Q2) =1 Of course, the multiplicativity of P means
that P(E~ F)= P(E) P(F), for every Fe .# and Fe .#. We say that P is
equicontinuous if its range, { P(E); Ee.# }, is an equicontinuous subset of
ZL(X). 1t follows from the Orlicz-Pettis lemma that an #(X)-valued
function P on a ¢-algebra .# is o-additive if and only if the complex-valued
set function

(Px, x> E— {P(E}x, x'), Ee #,

is g-additive for each xe X and x' e X".
Let P: .# — £(X) be a spectral measure. An M-measurable function f
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on £ is said to be P-integrable if it is {Px, x'»-integrable for every xe X
and x"€ X', and for each Ee.# there is an operator [, f dP in £(X) such

that
<<J / dP) X, X’> = f £ d{Px, x>,

/

for every xe X and x"e€ X". This definition of integrability agrees with that
for more general vector measures, [9, Chap. I1].

A (weakly) strongly continuous one-parameter group of operators in X is
a homomorphism T: R - #(X), where R is the additive group of real
numbers, such that the mapping r— T(z), teR, is continuous for the
(weak) strong operator topology. A group T R— £(X) is said to be
equicontinuous if {T(r); re R} is an equicontinuous subset of .Z(X).

A group of operators T: R - £ (X) is said to be a Stone-type group if
there exists an equicontinuous spectral measure P: 4 — £(X) whose
Fourier-Stieltjes transform is the given group T (ie., T and P are related
by the formula (1)). We remark that since the function s — ™, seR, is
bounded and #-measurable, for each e R, it is necessarily P-integrable,
[ 10, Proposition 1.1], and so the right-hand side of (1) is defined, for each
te R. Furthermore, the equicontinuity of the range of P implies that the
group 7T is necessarily an equicontinuous group.

Let Se Z(X). A locally convex Hausdorfl space Y is said to be
admissible for the operator S, [10, p. 2757, if there exist a continuous linear
injection 1: X' — Y such that Y is the completion or quasicompletion of (X)),
and an operator S, in #(Y), necessarily unique, such that

Syx=18x, xeX. (3)

In this case the dual space Y’ can be identified with the subspace {1
v €Y'} of X'. Therefore, we write ¥’ < X". The subspace Y’ of X’ separates
the points of X. Sets bounded in X remain bounded in Y but, more impor-
tantly, sets which are unbounded in X may be bounded in Y.

LEMMA 1.1, Let X and Z be locally convex Hausdorff spaces and
U: X = Z be a bicontinuous isomorphism of X onto Z. Let Se #(X) and §
denote the element USU ™" of #(Z). Then a locally convex Hausdorff space
is admissible for S if and only if it is admissible for S.

Proof. Suppose that Y is an admissible space for S and 1: X — Y is the
continuous injection such that (3) is satisfied. If k: Z — Y denotes the com-
position 1o U™, then « is injective, has range dense in ¥ and

Sykz)=S,(U 'z)=1(SU '2) = (U " 'Sz) = x(S2),
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for each zeZ. This shows that Y is an admissible space for S and the
operator Sy € #(Y) satisfying

is precisely S,.

Since S=U 'SU, with U ': Z— X a bicontinuous isomorphism of Z
onto X, the same argument shows that if Y is admissible space for S, then
it 1s also an admissible space for S.

Let T R— Z(X) be a group homomorphism. A locally convex
Hausdorff space Y is said to be T-admissible if Y is an admissible space for
each operator 7(7), 1€ R, and the continuous linear injection 1: X — Y such
that

(T(t))y x=1T(t)x,  xeX, (4)

is the same for every 7€ R. If the operator (7(1)), € £(Y) is denoted by
T,(t), for each reR, then Ty (-): R— £(Y) is again a one-parameter
group.

The following definition is the central notion of the paper; it makes
precise statement (cf., the introduction) that a group 70 R— #(X) which
does not satisfy the classical Stone theorem in X, may, nevertheless, satisfy
Stone’s theorem when interpreted as acting in a suitable larger space con-
taining X.

A one-parameter group 7. R — £(X) is said to be an extended Stone-
type group, if there exists a Hausdorff locally convex T-admissible space Y
such that the group T,(-): R— .#(Y) is a Stone-type group in Y.

The following two simple lemmas show that extended Stone-type groups
are stable with respect to certain transfer operations.

LemMMa 1.2. Let X and Z be locally convex Hausdorff spaces and U:
X — Z be a continuous isomorphism of X onto Z. Let T: R —» L (X) be a one-
parameter group. For each te R, let T(t) denote the element UT(1)U ' of
L(Z). Then the group T: R — L(X) is an extended Stone-type group if and
only if the group T: R — L(Z) is of extended Stone-type.

Proof. Suppose that T is an extended Stone-type group in a T-
admissible space Y. Then there exist a continuous injection 1 X — Y,
independent of ¢, such that (4) is satisfied for each re R, and an equicon-
tinuous spectral measure P: 8 —» Z(Y) such that

T,(1) :J e dP(s), reR. (5)

(23
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Lemma 1.1 (cf, the proof) shows that, for each reR, Y is also an
admissible space for 7(¢) and the continuous injection k=1« U~ ' of Z
into ¥, which is independent of ¢, satisfies

Ty (1) kz=xT(1)z, zel.

Accordingly, Y is T-admissible. Furthermore, since T,(t)=T,(1) for each
reR, (5) implies that T is an extended Stone-type group in Y.

Conversely, since 7(1)=U "'T(t)U for each teR, with U ": Z—> X a
bicontinuous isomorphism of Z onto X, the same argument shows that 7 is
an extended Stone-type group whenever T is of extended Stone-type.

LeMMA 1.3, Let T: R — L(X) be a one-parameter group. Let a and [§ be
real numbers with o #0. Then T is an extended Stone-tvpe group if and only
if the group

S(t)=e? T(at), reR,
is an extended Stone-type group.

Proof. Suppose that T is an extended Stone-type group in a 7-
admissible space Y. Then there exist a continuous linear injection 1: X - Y,
independent of ¢, such that (4) is satisfied for each 1€ R, and an equicon-
tinuous spectral measure P: # — £(Y) satisfying (5). It is easily verified
that the same injection 1: X — Y satisfies

(e T (at)) 1x=15(1)x, xelX,

for each reR. Accordingly, Y is an S-admissible space and S,(¢)=
e T, (at) for each re R. Furthermore, (5) implies that

Sy([)zel'/fny(at):J €i(/f+1s)1 dP(?)ZJ e dQ(L{),

83 R

for each re R, where Q: 4 — L(Y) is the equicontinuous spectral measure
obtained from P by the obvious change of measure transformation,
namely, the change of variable u(s)= 8+ as, s € R. This shows that S is an
extended Stone-type group in Y.

Since 7(t)=e"? S(d1) for each 1eR, where 4= 1/a and f= —fd, the
same argument shows that T is an extended Stone-type group whenever S
is of extended Stone-type.

In the remainder of this section we summarize some relevant results con-
cerning groups of isometries in Hardy spaces.

So, let T: R — #(H”(D)) be a strongly continuous one-parameter group
of isometries, where 1 < p < «. For p # 2, the isometries {7(¢);7e R} can
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be represented via Forelli’s theorem, [6, Theorem 27, in terms of a one-
parameter group {¢@(z);7€R} of MoObius transformations of D, [4,
Theorem 2.1]. Recall that a one-parameter group of Mobius transfor-
mations of D, say {#(7); 1€ R}, is a homomorphism ¢ — ¢(t) of the additive
group R into the group of conformal maps of I onto D, such that for each
zeD the function r—¢(r)(z) is continuous on R. It is known, [5,
Proposition 1.5], that for such a group {@(z);7€R} the set of common
fixed points in the extended complex plane must be one of the following: (i)
a doubleton set consisting of a point of D and its symmetric image with
respect to the unit circle 7 (elliptic case); (ii) a singleton subset of /7
(parabolic case); or (iii) a doubleton subsct of IT (hyperbolic case). An
explicit characterization of the groups {#(¢); 7€ R} described above is given
by the following result [4, Theorem 1.6].

PROPOSITION 1.4, Ler {§(t); 1€ R} be a one-parameter group of Mobius
transformations of D:

(1) If {¢(1); te R} is elliptic, then there are unique constants ¢ and 1,
with ce R, ¢ #0, and 1€ D such that ¢(1)(z) =7y (e""y (z)) for each te R and
zeD, where y (z)=(z—1)/(zz— ).

(1) If {#(1); teR} is parabolic, there are unique constants ¢ and J,
with ce R, ¢ #0, and é € IT such that

(I —ict)z+ictd
—ic otz + (1 +ict)

P(i)(z) =

Jor each te R and e D.

(i) If {¢(1); te R} is hyperbolic, there are unique constants ¢, 1,0
with ¢>0, tell, §eIl, and © # 0, such that for each te R and ze D,

i) =0 (e, 4(2)),

where 6, 5(z)=(z—1)/(z—9).

If {¢(r); teR} is a group of Mobius transformations of D), and
! < p<oo, one can select in a canonical way a branch of (¢'(¢))"? for
teR, where ¢'(1) denotes d¢(1)(z)/dz, so that (¢'(s+1)'"=
LN o p()]1['(1)]V" for each 1, 5seR, where “-” denotes com-
position of mappings [4, p. 231]. In the following result, [3, Proposition
2.2], the symbol (¢'(1))"” will denote this special branch.

PROPOSITION 1.5. Let T: R - L(H"(D)) be a strongly continuous group
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of isometries, where pe (1, o), p#2. If T is not continuous in the uniform
operator topology, then T has a unique representation in the form

T(nf=e"[¢'0]7 f(d(1).  feH"(D),

or each teR, where we R and t); te R} is a one-parameter group of
: s group
Mobius transformations of D.

So, according to Propositions 1.4 and 1.5, a strongly continuous group
of isometries in H7(D), where 1 < p < oo, p#2, is either elliptic, parabolic,
or hyperbolic. We will examine each of these cases in turn.

2. ELLIPTIC GROUPS OF ISOMETRIES

[t 1s assumed throughout this section that 7@ R— Z(H?(D)) is a
strongly continuous one-parameter group of isometries such that the
corresponding (unique) group of Mdobius transformations {@(z); re R} as
given by Proposition 1.5 is elliptic. In this case we will say simply that the
group T itself is elliptic.

THEOREM 2.1. Let | <p<oo, p#2,and T: R > L (H?(D) be a strongly
continuous, elliptic group of isometries. Then T is an extended Stone-t1ype

group.

Proof. 1t is shown in the proof of Theorem 3.6 in [3] that there exists
an isometry U of H”(D) onto H”(D) satisfying U? = I such that the group
S given by S(1)= UT(¢) U for each 1€ R, is of the form

S(/‘)f z eiwleid,’pf'(ezz‘tz)’ -€ [D,

for each fe H(D) and 7€ R, where ¢, we R are constants with ¢ # 0. So,
by Lemmas 1.2 and 1.3, it suffices to show that the group defined by

R(1) f:z - f(e"'z), zeD, (6)

for each fe H”(D) and re R, is an extended Stone-type group. At this stage
it is necessary to split the proof into a consideration of two seperate cases.

Case (i). Suppose that | < p<2. If we pass to the boundary in (6),
thereby representing R as a group in H”(IT), and note that this operation is
a bicontinuous isomorphism, then if suffices by Lemma 1.2 to show that
the group specified by

V(t) f:z—> fle™'z), zell,

for each f'e H?(II) and e R, is an extended Stone-type group.
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Identifying H?(IT) with the usual closed subspace of L?(II) we note that
the Fourier transform map «: L*(IT) — /%(Z), where Z is the additive group
of integers and ¢ >0 is the number satisfying p '+g¢g '=1, maps H”(IT)
into the closed subspace Y = {{e€/(Z); £&(n)=0, n<0} of [4(Z). Further-
more, the restriction, 1, of k to H”(II), is continuous, injective, and has
dense range in Y (since H”(II) contains all trigonometric polynomials of
the form >'~_, a,z", N =0, for example).

For each re R, let V(1) denote the operator in £ (Y) given by

Vi(t)En— "™ E(n), nel,

for each e Y. If f e H?(II) and 1€ R we note that V(¢) fis the translation
of /by the element e*’ of the group /7, from which it follows via properties
of the Fourier transform that

Vilt)iof =1¥(t) f.

This shows that the Banach space Y is V-admissible.

For each integer n 20, let P({cn}). Y — Y denote the projection defined
by P({cn})é=v for each éeY, where v(m)=0 if meZ, m+#n, and
v(n)=£&(n). Then the (necessarily equicontinuous) spectral measure
P: B — #(Y) defined by

P(E)=S yulen) P({en}),

for each E e 4, satisfies

V,.(z):J" ¢ dP(s), teR.

[
This shows that V' is an extended Stone-type group in Y which completes

the proof of the theorem for the case when 1 < p<2.

Case (ii) Suppose now that 2 < p < oo, As remarked earlier in the proof,
it suffices to show that the group (6) is an extended Stone-type group.

Let Y denote the Hilbert space H*(D) and i1: H?(D)— Y be the natural
inclusion of H”(D) into H*(D). Then : is injective, continuous, and its
range is dense in Y. For each re R, the element R,(¢) of £(Y) given by

R, (1) f:z— f(e"z), zeD,
for each f e Y, clearly satisfies
Ry(1)1f =1R(1) f, feH (D).

Accordingly, Y is an R-admissible space.
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Since the strongly continuous group R,('): R— £(Y) consists of
unitary operators in Y it follows from the classical Stone theorem in
Hilbert space that R, is the Fourier-Stieltjes transform of some (unique)
spectral measure P: # — £(Y). That is, R is an extended Stone-type group
which completes the proof for 2 < p < c0.

3. ParaBoLIC GROUPS OF ISOMETRIES

For strongly continuous, elliptic groups of isometries in H”(DD),
l <p<oo, it was shown in Section2 that the state of affairs is very
satisfactory; all such groups are of extended Stone-type. For 1 < p <2, the
situation is similar in the case of parabolic groups.

THEOREM 3.1. Let |l <p<2 and T: R—> L(H"(D)) be a strongly con-
tinuous, parabolic group of isometries. Then T is an extended Stone-type
group.

The proof will be via a series of lemmas. To begin with we allow p to
belong to the set (1, 2)u (2, o).

It is shown in the proof of Theorem 3.6 in [3] that there exist an
isometry W of H?(D)) onto itself and a particular strongly continuous
group of isometries V: R - Z(H”(D)) such that

WT() W '=e™V(2ct), teR, (7)

where ¢, we R are constants with ¢#0. So, by Lemmas 1.2 and 1.3 it suf-
fices to show that V is an extended Stone-type group.

Let U: R— £(L”(R)) denote the usual group of translations in L7(R),
that is,

Ut) frs— f(s+1), seR,

for each fe L”(R) and re R. Then there exists an isometry S of H”(R)
onto H”(D) such that

S "W(t)S=U"(1), teR, (8)

where, for each te R, U'”'(¢) denotes the restriction of the operator U(t) to
the closed invariant subspace H”(R) of L”(R); see again the proof of
Theorem 3.6 in [3]. Furthermore, if for each A€ R, E(1) denotes the Riesz
projection in L”(R) corresponding to the p-multiplier y, _ . ;7. then H”(R)
is invariant for E(A) and the family of projections

F(A)=SE"()S ', J1eR, (9)

580/67:2-5
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where E'7)(4) denotes the restriction of E(A) to H”(R), is the (unique)
spectral family for the group V [3, Corollary 3.18].

LEMMA 3.2. Let | < p<2. Then there exists a Banach space Y which is
an admissible space for each projection F(1), / € R. Furthermore, the projec-
tion-valued set function of intervals defined by

(1, 0] = Fylv) = Fylu),

whenever u,veR and u<v, has an extension to an L(Y)-valued spectral
measure on 4.

Proof. Let k denote the restriction of the Fourier transform map
(denoted by ") from L?(R) to H”(R). If Y denotes the closed subspace of
L%(R) given by

{ge LYR); g(})=0forae A<0},

where ¢ > 0 is the number such that p '+¢q '=1, then the Paley-Wiener
theorem implies that the continuous, injective mapping x assumes its
values in Y. In addition, the range of k is dense in Y. To see this notice that
[ actually belongs to H?(R), whenever f e L”(R) satisfies AA2)=0 for ae.
/<0 (by the Paley—Wiener theorem).

Now, for each ZeR, let Q(4). LYR)— LYR) denote the operator of
pointwise multiplication by . .. ;; and Fy(4)e £(Y) denote the restric-
tion of Q(4) to the invariant subspace Y. Then it follows from properties of
the Fourier transform and the definition of the Riesz projections that

Fyd)kf=kET(A) f,  feH"(R), (10)

for each AeR. If S: H?(R) - H”(D) is the isometry satisfying (8) and (9),
and 1=« o S ': H?(D)— Y, then it follows from (9) and (10) that

Fua)if =K1 f. feHI(D),

for each A e R. Since 1 is injective, continuous, and has dense range in Y it is
then clear that Y is an admissible space for each projection F(4), le R.

Finally, since for each interval (u, v] = R, the operator 7 (v) — Fy(u) is
the operator in Y of pointwise multiplication by y,,. it is clear that the so
defined set function of intervals is extendable to an #(Y)-valued spectral
measure P on %, namely that of pointwise multiplication by Borel subsets
of R. This completes the proof of the lemma.

LEMMA 3.3. Let l<p<?2 and V:.R > L (H"(D)) be the group given by
(7). Then, in the notation of the proof of Lemma 3.2, the Banach space Y is
V-admissible.
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Proof. Tt was noted earlier that the spectral family of V' is the function
F:R— #Z(H”(D)) given by (9). So, if re R is fixed, then it follows from [3,
Theorems 2.5(1) and 3.6] that, for the strong operator topology in H”(D),

V(1)= lim j e dF (), (11)
where, for each a >0, the operator V(1;a)={* ,e"* dF(}) is defined as a
strong limit of Riemann-Stieltjes sums of the form

(with s, €(4, _,, 4,] for each 1 <n<k), where {4,}4_, is a partition of
[ —a, a]. Tt is then clear from Lemma 3.2 that Y is an admissible space for
each operator V(z;a), a>0 (with respect to the imbedding i: H/(D)-> Y

specified in the proof of Lemma 3.2), and
(Mt a), =| " dP(s) (12)

where the integral in (12) is now with respect to the g-additive spectral
measure P:%4 - £(Y). By the dominated convergence theorem for o-
additive vector measures, [9, Il Theorem 27, it follows that the limit

lim (V(1;a)), :f ™ dP(s), (13)

a > A hed

which we denote by V,(¢), exists in the space .#(Y). Using (11) and the
continuity of the mapping 1 it follows that

Vyyif = lim (V(t;a))yif = lim V(e a) f=1V(1) f,
for each f'€ H?(D). This shows that Y is a V-admissible space and com-
pletes the proof of the lemma.

The proof of Theorem 3.1 is now an immediate consequence of
Lemma 3.3 and (13) since the P in that formula is a g-additive, #(Y)-
valued spectral measure on # (cf,, proof of Lemma 3.2).

In contrast to Theorem 3.1, it turns out that the situation is fundamen-
tally different when 2 < p < o0.

THEOREM 34. Let2<p< oo and T: R— L (H?(D)) be a strongly con-
tinuous, parabolic group of isometries. Then T is not an extended Stone-type
group in any T-admissible space.



218 W. RICKER

Proof. The idea of the proof, which is by contradiction, follows the
lines of the proof of Theorem 3.3 in [7].

So, suppose that T is an extended Stone-type group. Then it follows from
Lemmas 1.2 and 1.3 that the group (7) and, hence, also the group U'”
given by (8), is an extended Stone-type group in some U'7-admissible
space, say Y. Accordingly, there exists an equicontinuous spectral measure
O: B — #(Y) such that

U (1) j 5 dd(s),  reR

In particular, substituting 1 =1 gives

U1 je”dQ() szQ(Z), (14)

where Q is the equicontinuous #(Y)-valued spectral measure defined on
the g-algebra, #(11), of Borel subsets of the unit circle I7 by

Q(E)=0({seR:e"eE}), EeB(). (15)

Accordingly, U'”)(1) is an extended pseudo-unitary operator in Y, in the
sense of [7, Section 1]. Our first aim is to show that the measure Q arises
in a special way.

Recall that U(1) is the operator of translation by 1 in L”(R). Now,
U(l)=¢e"", where 4, is a well-bounded operator of type (B) in L7(R),
o(4,)<=[0,2n] and 2r is not an eigenvalue of 4, [8] Since H”(R) is
invariant for U(1) and U(1) ! (cf, discussion prior to Corollary 3.18 in
[37]) it follows that H”(R) is invariant for 4, [3, Theorem 3.2], and hence,
is invariant for the spectral family of 4, [3, Theorem 3.1].

For Ae [0, 2n], let y,: [T - C denote the characteristic function of the
arc {e“‘;OSssi}. Then, for each Ae[0,2xn], the idempotent function
s—y:e®), seR, is a p-multiplier for R; see [7, Lemma [.4; or 8,
Lemma 6], for example. The corresponding multiplier operators
S, e #L(L*?(R)), all projections, induce the spectral family of 4, (cf., proof
of Theorem 1 in [8]). Accordingly, from the remarks in the previous
paragraph it follows that H”(R) is invariant for each operator S;,
A€ [0, 2n], and hence, also invariant for all differences S, — S,,. Of course,
S, — S, is the projection corresponding to the pmult1pher L (€,
where X(ui1: IT— C denotes the characteristic function of the arc {e";
pu<s< /l}

So, with each arc E < IT of the form {e”; u <s< 1}, we have associated a
projection P(E)e #(L”(R)) which necessarily commutes with U(1), as it
commutes with A,, and such that H”(R) is invariant for P(E). Further-
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more, it follows from properties of p-multipliers that P(-) is multiplicative
and finitely additive as a set function of arcs and hence, has a multiplicative
and finitely additive extension to the ring of subsets, #, of I1, generated by
the semiring of all arcs of the form {e”; p<s<A}. If this extension to # is
again denoted by P, then it is clear that H”(R) invariant for each projec-
tion P(E), E € %. Accordingly, we can consider, for each E e Z, the restric-
tion, P'"/(E), of P(E), to the closed invariant subspace H”(R).

The crucial observation is that, whereas {P(E); E< [I, E an arc} is a
uniformly bounded set of operators this is generally nos the case for
{P(E); E€ #}. It is this fact which will eventually give us our desired con-
tradiction. For the moment, however, we wish to show that the resolution
of the identity for the operator U{/’(1), namely the spectral measure (15),
must arise by extension of the set function P'”'(-) from the ring of sets # to
the g-algebra #(11).

Lemma 3.5, Let 1 H’(R) > Y be the continuous imbedding such that

Up(l)yif =1UY(1)f,  feH"'(R)

Then, for each Ec A,

QENIf=1PVNE)f,  feH"(R),

where Q is the measure (15). In particular, Y is necessarily an admissible
space for each operator P'")(E), E€ R, and PV(E)= Q(E).

Proof. Since both Q and P'” are finitely additive it suffices to verify the
result for a single arc E= {e”;se (a, b]}.

If &(z)=3" ,a,z" is any trigonometric polynomial on /I, then it
follows from (14) and the functional calculus for Q that

DUY(1)=| B(z)dQ(2). (16)

7l

By [7, Lemma 1.1] we have also that
N
DUY (1)) =D(U(1))y = ) a,(ULA(1))" (17)

N

Fix fe H?(R). If y'e Y, then

CQ(E) 1f, ,V’>=f[7 1ulz) d<Q(z)1f. ). (18)
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Let {# }™ , denote the sequence of Fejer kernels on 7. Since the uniformly

r=1

bounded sequence of trigonometric polynomials
@, =y, *F, r=12,..,
converges pointwise on /7 to the bounded function
V=dr+3Aem — 3 e
which by (18) satisfies

COUE . ¥+ 1QU 1 ef. > = 3CQU e a3y = | wddQuf .
(19)

it follows from (16), (17), and the dominated convergence theorem that the
right-hand side of (19) is equal to

~

lim

r— vy

P, d{Quf. ¥') = lim (D (UY())if, V')

= lim (@UTM) Ly w1y (20)

Consider now the elements & (U'7(1)) f =@ (U(1)) f, r=1,2,., of
H?(R), as belonging to L”(R) and extend y' < :1e(H”(R)), via the
Hahn-Banach theorem, to a continuous linear functional on L”(R), say ¢.
Then it is shown in the proof of Lemma 3.1 in [7], provided we take there
G to be the line group R and g = 1, that the last limit in (20) is equal to

(PEY £, 80+ 5(S[on 1 108> —3(S[P ] £, D, (21)

where P(E) is precisely the projection in L”(R) corresponding to the arc £,
as defined earlier, and S[¢ ., ], z€ /1, denotes the multiplier operator in
L”(R) corresponding to the p-multiplier s — y,_.(¢"), s € R. Since singleton
subsets of R are null for Lebesque measure it follows that S[¢,.,]=0 for
each ze Il. So, (21) is actually equal to (P(E) f, £> which in turn equals
{PPNE) f, v o 1) since f e H?(R). Accordingly, the left-hand side of (19)
is equal to (PYUE)f, v« 1D

To complete the proof of the lemma it suffices to show that Q({/.})=0
for each A e Il. For, if this is the case, then it follows from (19) that

CQUE) 1S, y' > =CPTUEY Loy o 1) = QP TAE) £, V'),

for each y' € Y’, and hence, Q(E) 1/ =:1P'”/(E) {, as required.
So, it remains to show that Q({4})=0 for cach Ae /1. For simplicity we
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consider the case 4= 1. Since 1(H”(R)) is dense in Y it suffices to show that
Q({1})1h=0 for each he H?(R).

Fix an element #e H”(R). By the dominated convergence theorem for
vector measures we have

Q({1})th= lim [ (N+1)7'%(2)dO() th

N — o

in the topology of the space Y. It follows from the functional calculus for Q
and [7, Lemma 1.17 that

(N+1) 1| #u(2)dQ(z) h
= (N+1) 'ZUPD) th=1((N+1) ' Z(UP(1)h)

for each N=1,2,... Since 1 is continuous if suffices to show that
(N+ 1) 'FJAUP(1))h—>0 in H’(R) as N— oo or equivalently, since
H?(R) is invariant for each operator %, (U(1)), N=1,2,. (as each
Zy(U(1)) is a trigonometric polynomial in U(1)), that

lim (N+1) ' Z(U(1)h=0 (22)

N oo

in L?(R). Now, it is shown in the proof of Lemma 3.1 in [7], provided
again we substitute there G to be the group R and g = 1, that

lim (N+1)"" Z(U(1)o=S[4,]0, (23)

N — =

in L?(R), whenever ¢ € C.xC,, where C, denotes the space of continuous
functions on R with compact support. Since the L7-operator norms of
{(N+1) " Z(U(1))}=_, are uniformly bounded it follows that (23)
actually holds for all ¢ € L”(R). But, as noted earlier S[¢.,]=0 for each
ze [T and so (22) follows. This completes the proof of the lemma.

It is via Lemma 3.5 that we can now achieve our desired contradiction.
For, let »' be any non-zero element of Y’, assumed fixed from now on.
Then £=y’ 1 is a non-zero element of (H”(R))". Since the Riesz projec-
tion E(0) corresponding to the p-multiplier .. o is a continuous projec-
tion of L?(R) onto H”(R) we can define a continuous linear functional &
on L?(R) by the formula

(h &> =C(EO)h &>, hel”(R). (24)
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Since the projections P(F), Fe #, commute with E(0) it is easily verified
that

(P(FYh, & = CE(0) P(F)h, &> = (PUVF) E(0)h, &), FeR, (25)

for each he L7(R). By Lemma 3.5 the right-hand side of (25) is equal to the
set function <Q(-):E(0)h, y'> on &, for each he L?(R). Hence, if {F}7
is any sequence of sets in # and {h,} | any sequence in the unit ball of
L7(R), then it follows from the equicontinuity of Q and the boundedness of

{1E(0)h;}= , in Y that

sup [ {P(F)hy, &> (= sup [ CQUE)EQ) A, y' )| < oo,

Accordingly, € is the zero functional on L”(R) [7, Lemma 3.4], and so, by
(24), C(E0)h, &>=0 for all heL”(R). Since E(0)(L?(R))=H"(R) it
follows that & is the zero element of (H?(R))". This gives the desired con-
tradiction and the proof of the theorem is complete.

4. HypeERBOLIC GROUPS OF [SOMETRIES

In this final section we consider the remaining case of hyperbolic groups
of isometries in H”(D). It turns out, for the case | < p<?2, that the
question of whether or not the group is of extended Stone-type can be
reduced to considering a certain translation group in L?(G), where G is the
group of non-zero real numbers with respect to multiplication (its Haar
measure s dx/| x|). Since it will be needed later we begin by calculating the
dual group, G, of G.

Let C, denote the 2-element cyclic group, realized as the numbers
{ —1, 1} with respect to muitiplication, and R® denote the multiplicative
group of positive real numbers. If sgn denotes the function on R\ {0}
defined by sgn(x)=x/}x{, xe R\{0}, then the mapping

7 - (sgn(y), [v]), y€G, (26)

is a bicontinuous group isomorphism of G onto the direct product group
C, xR®. Now, the dual group of C, consists of the two characters
{Sgn, 1,}, where I, denotes the function constantly equal to 1 on C, and
Sgn denotes the restriction of sgn to { —1,1}. Since the logarithm In:
R® - R is a bicontinuous group isomorphism of R® onto the additive
group of reals R, it follows that the dual group R® can be identified with
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R which is, of course, just R again. It follows from (26) that G consists of
precisely those characters on G of the form

Bz y€G, (27.1)

A
7 e

for some se R, or of the form
y— e sgn(y),  yeg, (27.2)

for some se R.

THEOREM 4.1. Let 1< p<2 and T: R—> L(H?(D)) be a strongly con-
tinuous, hyperbolic group of isometries. Then T is an extended Stone-type

group.

Proof. Tt is shown in the proof of Theorem 3.6 in [3] that there exists a
linear isometry U of H”(D) onto H”(R) and real numbers ¢ and p, with
p >0, such that

UT(HU "=e""V(pt), teR,

where V: R —> #(H”(R)) is the group of isometries given by
V() f:w— e’ fle'w), welR,
for each f e H?(R). So, by Lemmas 1.2 and 1.3 it suffices to show that V is

an extended Stone-type group.
The linear operator C: L?(R) - L?(G) defined by

Cr:s—|s1"” f(s), seR,
for each e L”(R), is an isometry of L?(R) onto L”(G). If C'”? denotes the
restriction of C to H”(R) and Z = C'”'(H”(R)) is the range of C'”, then Z

is a closed subspace of L'”/(G) and C'”’ is an isometry of H”(R) onto Z.
So, by Lemma 1.2 it suffices to show that the group #: R — ¥ (Z) given by

H()=CPVENCP) !, teR,

is an extended Stone-type group. Define a group VR — Z(L"(R)) by

V() f:w— e fle'w), weR, feL(R),

for each re R. Then Z is an invariant subspace for each operator #(t)=
CV(1)C~!, teR, and the restriction of #(t) to Z is precisely the operator
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H# (1), for each reR. By direct calculation it can be shown that, for each
teR, #(t) is the operator given by

H () fy- fley), 7eG,

for each f e L7(G).

Let k denote the Fourier transform map of L”(G) into LYG), where
¢>0 is the number such that p_ "+4 '=1. Then x is continuous, injec-
tive, and has dense range in L4(G). For each re R, let }V( ) be the operator
in #(LYG)) defined by

v - [e', v] i(v), ve G, (28)

for each y € LYG), where [¢’, v] denotes the evaluation of the character
ve G at the element ¢’ € G. Noting that for each re R, #(1) is the operator
in L”(G) of translation by the element ¢’ of G, it follows from properties of
the Fourier transform that

AV kf =) [,  fel"G),

for each re R. Accordingly, LY(G) is an #-admissible space. We claim that
the extended group ]7 R — £(LYG)) is actually a Stone- -type group.

By the discussion prior to Theorem 4.1 we can identify G with C, x R®.
Then each eclement of L4(G) may be interpreted as a function of two
variables (u, s) with ue { —1,1} and se R, where s is identified with the
character ¢*'""in R®. That is, characters of the form (27.1) are identified
with (1,5), se R, and characters of the form (27.2) are identified with
(—1,s), se R. The Haar measure 4 on G is the product of the Haar
measures 4, on C, and 4, on R® (which equals Lebesgue measure when
R is identified with R).

If ge LYG) and he LYG 7)), then it follows from (28) that

CA g by =] Te' ()] gl 5) hlu. 5) difu, ). (29)

for each re R. Since ¢' >0 it follows from (27.1) and (27.2) that for each
reR, [, (u,s)]=¢" for all ue {—1,1}, seR. Substitute this into (29)
and use Fubini’s theorem gives

(J?ﬁ,(z)g, h> :.[ e"(g(1, s)h(1, )+ g( =1, s) h(—1, 5)) dA,(s),

(30)

for each re R.
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For each Borel set Ec 4, define a projection operator P(E)e Z(L4(G))
by the formula

PE) f:(u,5) = 1uls) flu,s),  feLiG).

The so-defined set function P(-) is a spectral measure. If g and A are as
above, then it follows, by Fubini’s theorem again, that the measure

{P(-)g, h> is given by

(P(E)g, h> :J (g(1, s)h(1, $)+ g( —1, s) h(—1, s)) di,(s). Ee®.

Hence, for each re R, we have

J”‘ e d(P(s) g h> = J e“(g(1, 5) h(1, 5)+ g( =1, s) h(~1.5)) dA,(s).

R

It follows from (30) that qu is the Fourier-Stieltjes transform of P, that is,
#, is a Stone-type group in LY(G).
Let 1 denote the restriction of « to the closed subspace Z of L”(G) and ¥

denote the closure of ((Z) in L G). Then 1 is continuous, injective and has
dense range in Y.

Cramm 1. The Banach space Y is invariant for each operator ffj,( 1), te R

Proof. Fix teR. If ye(Z), then Yy =1f =k f for some feZ and so it
follows from (28) and properties of the Fourier transform that

A=, W=[e, Tkf =rfle', ) =xH (1) f.

Since f € Z and Z is an invariant subspace for the operator #(t) it follows
that #, (1) =xH (1) f=1#(t) fe(Z)<= Y. That is, #(t1)y € Y whenever
wei(Z). Since Y is the closure of 1(Z) it follows from the continuity of
A1) that Z,(NY)< Y.

CLaM 2. The space Y is invariant for each projection P(E), E€ 3.
Proof. 1If we define F(i)= P((~o0,4]), for each 1eR, then the so

defined function F: R — £(L%(G)) is the (unique) spectral family for the
strongly continuous group ffq Since Y is invariant for each operator j{,(t),
te R (cf., Claim 1), it follows that Y is invariant for each operator F(4),
AeR, [3, Theorem 3.4], and hence, is invariant for each projection
P((u, v])= F(v)— F(u), whenever u <v are real numbers. If Z denotes the
ring of sets generated by the semiring of intervals {(u, v];u, veR, u<v},
then it is clear by additivity of P that Y is invariant for each projection
P(E), Ec®. Let M ={Ec@, P(EXY)= Y} If {E,}*_, is a monotone

n=
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sequence of elements of .#, with limit E say, then it follows from the
(strong) g-additivity of P that Ee.#. Accordingly, .# is a monotone class
of sets containing # and so .# = #. This completes the proof of the claim.

It follows from Claim 2 that the restriction, Q, of P to Y, defines a spec-
tral measure Q: # — #(Y) whose Fourier-Stieltjes transform is, of course,
the group %” restricted to the closed invariant subspace Y. Denote this
restricted group by %y, that is, for each 1€ R, #,(r) is the restriction to Y
of the operator J#,(t). Then

%ﬂ”z&d%@@L reR,

that is, #, is a Stone-type group in Y. But, if / € Z, then it follows from the
definition of 1 and the fact, for each e R, that #(r) is the restriction to Z
of the operator #(t), that

HAN 1 = (1)K f =k F (1) [ =14 () f,

for each e R. This shows that Y is an s#-admissible space and hence, that
# is an extended Stone-type group in the space Y. The proof of
Theorem 4.1 is thereby complete.

There remains the case of strongly continuous, hyperbolic groups of
isometries T: R — £ (H”(D)) for p in the interval (2, oc). It was noted in
the proof of Theorem 4.1 that such a group 7T is of extended Stone-type if
and only if the associated group #: R — #(Z) given by

() fy— fley), veG, feZ,

for each 1€ R, is an extended Stone-type group, where Z is a certain closed
subspace of L?(G); note that the arguments used to deduce this fact did
not require the restriction 1 < p < 2. Observing that 3# is the restriction to
Z of a certain group of translations J# in L”(G) and that none of the
operators #(t), teR\{0}, is an extended pseudo-unitary operator [7,
Theorem 4.27, we would very much expect that an argument along the
lines of the proof of Theorem 3.4 would show that #, hence also T, is not
an extended Stone-type group in any -admissible space. However, to
carry out such an argument would require an explicit description of the
spectral family for # or equivalently, of the spectral family for the group V'
given in the proof of Theorem 4.1. Unfortunately, unlike for parabolic
groups, there is no such description available in the hyperbolic case (unless
p=2 [11]) So, we can only suggest a conjecture, namely, that for
2< p<co, a strongly continuous, hyperbolic group of isometries T
R— Z(H”(D)) is not an extended Stone-type group in any 7-admissible
space.
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Final Remark. It is worth noting that any one-parameter strongly con-

tinuous group of isometries in H* (D) necessarily satisfies Stone’s theorem
in the space H*(D) itself. For, if T: R— ¥ (H™ (D)) is such a group, then

it

follows from a result of L. A. Rubel (see [5], for example) that there

exists « € R such that

T(t)=e™1, teR,

and hence, T is the Fourier—Stieltjes transform of the spectral measure P:
B - L(H*(D)) given by P(E)=y({a})l, for each Ee€ A.
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