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For 1 < p < ~8, p # 2, it is well known that a strongly continuous, one-parameter 
group of isometries in the Hardy space HP( oi) does not satisfy the classical Stone 
theorem, that is, there is no a-additive spectral measure on the Bore1 sets of the real 
line whose FourierrStieltjes transform is the given group. However, if we relax the 
topology of HP(D) by imbedding it into some larger space, then it is shown, for the 
case of 1 < p < 2, that any such group does satisfy Stone’s theorem when considered 
as acting in some appropriate larger space. The situation for 2 < p < z is more 
complicated. If the group of isometries is of elliptic type then it again satisfies 
Stone’s theorem in a suitable larger space. However, for parabolic groups the 
situation is fundamentally different; such a group can never be interpreted as a 
FourierrStieltjes transform in any space containing HP(O). ( 1986 Academic Press. ln~ 

INTRODUCTION 

The classical Stone theorem asserts that if T: R + L!?(X) is a weakly con- 
tinuous group of unitary operators { T(t); t E IR} in a Hilbert space A’, 
where 2(X) denotes the space of all continuous linear operators on X 
equipped with the strong operator topology, then there exists a spectral 
measure P: a + Y(X), where ti is the o-algebra of Bore1 subsets of the 
real line R, such that T is its FourierStieltjes transform. That is, 

T(t) = JR e” LIP(S), lE R. (1) 

It is important to note that the spectral measure P is countably additiur 
with respect to the strong operator topology and that the integral in (1) is 
in the usual sense of integration with respect to a o-additive vector 
measure, [9, Chap. II]. 

* This work was done while the author was visiting the University of Illinois (Urbana). 
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On the other hand, if X is a Banach space and T: R + Y’(X) a group of 
surjective isometries in X, the natural analogues of unitary operators in 
Hilbert space, then it is well known that in general the classical formulation 
of Stone’s theorem is no longer valid, even in the case when X is reflexive. 
However, if it is not required that the “spectral measure” P whose 
FourierrStieltjes transform is the group T be countably additive, then it is 
shown in [ 1, Theorem 4.201 that for certain types of groups T: R + .Y’( X) 
there does exist a version of Stone’s theorem. Namely, there exists a unique 
projection-valued function P: [w + Y(X), called a spectral ,furnifJl (cf., [ 1. 
Sect. 21 for the definition) such that in the strong operator topology, 

<I 

T(t)= lim e”‘ LIP(s), t E R, 
<I - I (, 

(2) 

where, for each u > 0, the “integrals” over [ - u, a] exist as the strong limit 
of Riemann-Stieltjes sums. But, it should be stressed that in general the 
spectral family does not generate a countably additive measure in Y(X). 
Accordingly, the associated functional calculus is somewhat limited. 

However, as suggested in the note [lo, Sect. 41, an alternative inter- 
pretation of (2) is possible. Namely, a group T: IL! + Y(X) may fail to be 
the Fourier-Stieltjes transform of a spectral measure solely because the 
underlying domain space X is “too small” to accomodate the projections 
needed to form the spectral measure. Accordingly, if the group is inter- 
preted as acting in some suitable space containing the space X, it happens 
often that the so extended group is the FourierStieltjes transform of a CJ- 
additive spectral measure in the larger space. This has the advantage that 
the group and its corresponding spectral measure have associated with 
them a rich functional calculus. 

In this paper we are concerned with groups of isometries in certain 
Hardy spaces. In this setting, it is shown in [2, 31 that any strongly con- 
tinuous one-parameter group { T(t); t E iw )- of isometries in a Hardy space 
H”(D), where ID = {z E @; I z / < 1) and 1 < p < X, uh~u~s has a Stone-type 
representation of the form (2) for a suitable spectral family P(. ). However, 
if p # 2, this (unique) spectral family does not generate a spectral measure 
in H”(D) and so the interpretation of (2) cannot be as in the classical 
Stone theorem. Accordingly, there naturally arises the question of whether 
the group does satisfy the classical Stone theorem in some larger space con- 
taining HP( ED). 

Our aim is to show that this is indeed the case if 1 < p < 2; see 
Theorems 2.1, 3.1, and 4.1. Hence, the failure for the group { T(t); t E R ) 
being a FourierStieltjes transform in HP( ED), in the case of 1 < p < 2, is 
only apparent. It is due, roughly speaking, to the fact that HP(D) is “too 
small” in some sense to accomodate the projections which ought to bc 
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present if the spectral family P( .) were to generate a spectral measure (this 
is made precise in Sect. 1). However, there does exist some larger space, 
containing a dense copy of H”(D), in which each of the operators forming 
the given group in H”(D) has a natural extension and such that the exten- 
ded group does satisfy the classical Stone theorem. 

In contrast, the situation for 2 < p < EG is more complicated. If the group 
is of elliptic type (see Sect. I for the definition), then it is again a 
FourierStieltjes transform in a suitable space containing H”(D); see 
Theorem 2.1. However, the situation for parabolic groups is fundamentally 
different. It is shown (cf., Theorem 3.4) that such a group can rmer be 
interpreted as a FourierStieltjes transform in any space containing H”( ED). 
In this case the reason that the group fails to satisfy the classical Stone 
theorem is genuine; no modification of the domain space HP(D) will save 
the situation. The proof of this statement requires a detailed knowledge of 
the associated spectral family P(. ), [3, Sect. 3, Sect. 51. 

Unfortunately, for the remaining case of hyperbolic groups, no such 
detailed description of the associated spectral family P(. ) is available 
(except for the particular case of y = 2 [ 1 I, Chap. 41). Accordingly, for 
hyperbolic groups we have been unable to determine (in the case of 
2 < p < x) whether the group is a Fourier Stieltjes transform in some 
space containing H”(D). There is some evidence, however. to suggest that 
this is not the case (cf., Sect. 4). 

1. PRELIMINARIES AND NOTATION 

Let X be a locally convex Hausdorff space, always assumed to be quasi- 
complete, x’ its continuous dual space and Y(X) the space of all con- 
tinuous linear operators on X equipped with the topology of pointwise 
convergence on X. The identity operator is denoted by I. 

A spectral wwasure in X is an Y’(X)-valued, a-additive, and mul- 
tiplicative map P: .N + .9(X), whose domain N is a a-algebra of subsets 
of a set R, such that P(Q) = 1. Of course, the multiplicativity of P means 
that P(E n F) = P(E) P(F), for every E E I N and FE K. We say that P is 
cquicontinuous if its range, (P(E); E E fl), is an equicontinuous subset of 
Y(X). It follows from the OrliczzPettis lemma that an Y(X)-valued 
function P on a a-algebra , X is a-additive if and only if the complex-valued 
set function 

(Ps,.~‘): E-, (P(E)x,x’), EE.@, 

is a-additive for each s E X and I’ E x’. 
Let P: I K + U(X) be a spectral measure. An M-measurable function f 
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on .Q is said to be P-integruhle if it is (Px, _u’)-integrable for every x E X 
and s’ E X’, and for each E E , N there is an operator iL ,f dP in g(X) such 
that 

for every x E X and x’ E X’. This definition of integrability agrees with that 
for more general vector measures, [9, Chap. II]. 

A (weuk1.y) strongly continuous one-parameter group of operators in X is 
a homomorphism T: R + g(X), where R is the additive group of real 
numbers, such that the mapping t -+ T(t), t E R, is continuous for the 
(weak) strong operator topology. A group T: R + U(X) is said to be 
cyuicontinuous if [ T(t); t E R! } is an equicontinuous subset of T(X). 

A group of operators T: Iw -+ y(X) is said to be a Stone-type group if 
there exists an equicontinuous spectral measure P: A? + Y(X) whose 
FourierStieltjes transform is the given group T (i.e., T and P are related 
by the formula (I )). We remark that since the function s + errs, .F E R, is 
bounded and J-measurable, for each t E R, it is necessarily P-integrable. 
[ 10, Proposition 1.11, and so the right-hand side of (1) is defined, for each 
t E R. Furthermore, the equicontinuity of the range of P implies that the 
group T is necessarily an equicontinuous group. 

Let SE p(X). A locally convex Hausdorff space Y is said to be 
admissible for the operator S, [ 10, p. 2751, if there exist a continuous linear 
injection I: X -+ Y such that Y is the completion or quasicompletion of l(X), 
and an operator S,- in 6p( Y), necessarily unique, such that 

S,LU = Lsx, XEX. (3) 

In this case the dual space Y’ can be identified with the subspace 0,” I; 
13’ E Y’1 of X’. Therefore, we write Y’ E X’. The subspace Y’ of X’ separates 
the points of X. Sets bounded in X remain bounded in Y but, more impor- 
tantly, sets which are unbounded in X may be bounded in Y. 

LEMMA 1.1. Let X and Z he locally convex Hausdorjf spaces und 
U: X + Z be a hicontinuous isomorphism of’ X onto Z. Let SE 2(X) and 3 
denote the element USU -’ qf -V(Z). Then a locally convex Hausdorff space 
is admissible jbr S if and on111 iJ‘ it is udmissible jar 3. 

Prooj: Suppose that Y is an admissible space for S and 1: X-+ Y is the 
continuous injection such that (3) is satisfied. If K: Z + Y denotes the com- 
position I (J U- ‘, then K is injective, has range dense in Y and 

s,(K,‘)=Sy(lU~‘~)=z(SU~‘;)=J(U~~’~~)=K(S~), 
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for each z E 2.. This shows that Y is an admissible space for 5 and the 
operator 3; )I E F( Y) satisfying 

is precisely S,. 
Since S = U ‘SU, with c’ I: 2 -+ X a bicontinuous isomorphism of 2 

onto X, the same argument shows that if Y is admissible space for !$, then 
it is also an admissible space for S. 

Let T: R + 9(X) be a group homomorphism. A locally convex 
Hausdorff space Y is said to be T-admissihlu if Y is an admissible space for 
each operator T(t), t E R, and the continuous linear i 
that 

njecti on 1: X+ Y such 

is the same for every I E R. If the operator (T(I)) y E 9!( Y) is denoted by 
Ty(t), for each t E R, then T,( * ): R + y( Y) is again a one-parameter 
group. 

The following definition is the central notion of the paper; it makes 
precise statement (cf., the introduction) that a group T: R + 3(X) which 
does nut satisfy the classical Stone theorem in X, may, nevertheless, satisfy 
Stone’s theorem when interpreted as acting in a suitable larger space con- 
taining X. 

A one-parameter group T: R + Z(X) is said to be an extended Stone- 
type group, if there exists a Hausdorff locally convex T-admissible space Y 
such that the group T,-(. ): R --+ 5?(Y) is a Stone-type group in Y. 

The following two simple lemmas show that extended Stone-type groups 
are stable with respect to certain transfer operations. 

Proof. Suppose that T is an extended Stone-type group in a T- 
admissible space Y. Then there exist a continuous injection 1: X + Y, 
independent of f, such that (4) is satisfied for each t E R, and an equicon- 
tinuous spectral measure P: 99 + 58( Y) such that 

T,.(t) = J e i.vr dP( s ) 7 ER. (5) 
IL? 
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Lemma 1.1 (cf., the proof) shows that, for each t E R, Y is also an 
admissible space for F(t) and the continuous injection K = I I/ ’ of Z 
into Y, which is independent of t, satisfies 

T,(t)Kz=tiT(l)~, ZEZ. 

Accordingly, Y is F-admissible. Furthermore, since Fy(t) = r,.(t) for each 
te R, (5) implies that T is an extended Stone-type group in Y. 

Conversely, since r(r) = U -‘T(t)U for each t E R, with U ‘: Z-t X a 
bicontinuous isomorphism of Z onto X, the same argument shows that T is 
an extended Stone-type group whenever T is of extended Stone-type. 

LEMMA 1.3. Let T: R + Y(X) he u one-parameter group. Let CI and /I he 
real numbers with CI # 0. Therm T is an extended Stone-t?sptj group fund onI!* 
f the group 

S(1) = et”’ T(W), 1E [w. 

is an extended Stone-type group 

Proc$ Suppose that T is an extended Stone-type group in a T- 
admissible space Y. Then there exist a continuous linear injection z: X+ Y, 
independent of t, such that (4) is satisfied for each t E R, and an equicon- 
tinuous spectral measure P: 93 + 5?(Y) satisfying (5). It is easily verified 
that the same injection I: X-+ Y satisfies 

(e”” Ty(ctt)) cc = ~S(t).u, .Y E x, 

for each t E 58. Accordingly, Y is an S-admissible space and s,(t) = 
~‘~‘T,(xt) for each t E R. Furthermore. (5) implies that 

S,(t) = e”“T,(xt) = IF4 e”“+“)’ dP(s) = JR e”” dQ(u), 

for each t E R, where Q: 98 + L(Y) is the equicontinuous spectral measure 
obtained from P by the obvious change of measure transformation, 
namely, the change of variable U(S) = p + ES, s E R. This shows that S is an 
extended Stone-type group in Y. 

Since T(t) = @‘S(Et) for each t E R, where i = l/cr and B== - @, the 
same argument shows that T is an extended Stone-type group whenever S 
is of extended Stone-type. 

In the remainder of this section we summarize some relevant results con- 
cerning groups of isometries in Hardy spaces. 

So, let T: R’ + 9(HP( ED)) be a strongly continuous one-parameter group 
of isometries, where 1 < p < x. For I] # 2, the isometries (T(t); t E R} can 
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be represented via For&s theorem, [6, Theorem 21, in terms of a one- 
parameter group {4(t); f E R \i of Mobius transformations of II, 14, 
Theorem 2.11. Recall that a one-parameter group of Miibius transfor- 
mations of ED, say (&I); f E R }, is a homomorphism l--) b(f) of the additive 
group R into the group of canformal maps af D onto D, such that for each 
z E D the function I --) b(f)(z) is continuous on R. It is known, [S, 
Proposition 1.51, that for such a group (#(I); l E RI the set of common 
fixed points in the extended complex plane must be one of the following: (i) 
a doubleton set consisting of a point of D and its symmetric image with 
respect to the unit circle U (elliptiL’ case); (ii) a singleton subset of I7 
(pa~holic case); or (iii) a doubleton subset of H @~perhotic case). An 
explicit characterization of the groups {q5( t); / E R j described above is given 
by the following result 14, Theorem 1.6). 

*fin+ each t E R and z E D. 

(iii) lj’ (4(t); t E R ) is hyperbolic, there are unique cunstants LA, 5, ii 
with c > 0, z E II, 6 E II, and T # 6, such thlzt fur mch t E R and z E D, 

whew or,(z) = (z - T),/(I - 6). 

If i@(t); tdq is a group of Miibius transformations of D, and 
1 < p < I’;G, one can select in a canonical way a branch of (&( t ))“p for 
ta, where qY( I) denotes &4~)(Zwz, SO that (qY(s + t))“‘” = 
w(t) )I!p 0 (b(r)] [(b’( t)] “P fur each t, ,Y E R, where “‘Y’) denotes com- 
position of mappings [4, p. 2311. In the following result, [3, Proposition 
2.23, the symbol (#‘(t))‘:” will denote this special branch. 
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So, according to Propositions 1.4 and 1.5, a strongly continuous group 
of isometrics in Hp( ED), where 1 < p < CC, p # 2, is either elliptic, parabolic, 
or hyperbolic. We will examine each of these cases in turn. 

2. ELLIPTIC GROUPS OF ISOMETRIES 

It is assumed throughout this section that T: R + Y(HP(D)) is a 
strongly continuous one-parameter group of isometries such that the 
corresponding (unique) group of MCjbius transformations {4(t); t E R} as 
given by Proposition 2.5 is elliptic. In this case we will say simply that the 
group T itself is elliptic. 

THEOREM 2.1. LetI<p<~0,~#2,andT:1W~$p(H~(,,)heastrongll! 
continuous, elliptic group qf isometrics. Then T is an extended Stone-tl:pe r 
group. 

Proof: It is shown in the proof of Theorem 3.6 in [3] that there exists 
an isometry U of kV’( D) unto HP(D) satisfying U” = 1 such that the group 
S given by S(t) = UT(t) U for each t E R, is of the form 

for each f’~ HP(D) and t E R!, where C, M/‘E R are constants with c # 0. So, 
by Lemmas 1.2 and 1.3, it suffices to show that the group defmed by 

R( t)J’: z -+ f(e”‘z), (6) 

for seachf EH p(D) and E R, is an ex tended Stone-type group. At this stage 
it i s necessary to split the proof into a consideration of two se perate cases. 

Case (i). Suppose that I < p < 2. If we pass to the boundary in (6), 
thereby representing R as a group in HP(n), and note that this operation is 
a bicontinuous isomorphism, then if suffkes by Lemma 1.2 to show that 
the group specified by 

V(t) f: z + f(e’(“z), z E Il, 

for each J’ E HP(n) and f E R, is an extended Stone-type group. 
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Identifying HP(U) with the usual closed subspace of L”(Z7) we note that 
the Fourier transform map K: L”(n) + P(Z), where Z is the additive group 
of integers and q > 0 is the number satisfying p ’ + q ’ = 1, maps H”(n) 
into the closed subspace Y = { 5 E P(Z); t(n) = 0, n < 0) of P(Z). Further- 
more, the restriction, I, of ti to HP(n), is continuous, injective, and has 
dense range in Y (since HP(n) contains all trigonometric polynomials of 
the form C,“=,, uIzzn, N 3 0, for example). 

For each t E R, let V,(r) denote the operator in 9( Y) given by 

Vy(f)(: n + e”“‘((n), n E z. 

for each 5 E Y. If f E H”(U) and t E iw we note that V( t)f’ is the translation 
off by the element e”’ of the group I7, from which it follows via properties 
of the Fourier transform that 

V),(t) l,f’= Iv(t),f: 

This shows that the Banach space Y is V-admissible. 
For each integer n 3 0, let P( {UI } ): Y --f Y denote the projection defined 

by P({cn})~=v f or each ire Y, where v(m)=0 if mEi& m#n, and 
v(n) = t(n). Then the (necessarily equicontinuous) spectral measure 
P: &? + .9(Y) defined by 

P(E)= t ME P({cn)), 
,I = 0 

for each E E 93, satisfies 

Vy( t) = !^, e”’ dP(s), tER. 

This shows that V is an extended Stone-type group in Y which completes 
the proof of the theorem for the case when 1 < p < 2. 

Case (ii) Suppose now that 2 < p < a. As remarked earlier in the proof, 
it suffices to show that the group (6) is an extended Stone-type group. 

Let Y denote the Hilbert space H2(D) and 1: HP(D) -+ Y be the natural 
inclusion of HP(D) into H’(D). Then I is injective, continuous, and its 
range is dense in Y. For each t E iw, the element R y(t) of 9(Y) given by 

R,(t)f:z+,f(e”‘z), ZED, 

for each .f E Y, clearly satisfies 

RAf) lJ‘= 1RtrJ.L fE H”(D). 

Accordingly, Y is an R-admissible space. 
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Since the strongly continuous group R y(. ): Iw + 9?( Y) consists of 
unitary operators in Y it follows from the classical Stone theorem in 
Hilbert space that R, is the FourierStieltjes transform of some (unique) 
spectral measure P: 99 -+ 9( Y). That is, R is an extended Stone-type group 
which completes the proof for 2 < p < C;CI. 

3. PARABOLIC GROUPS OF ISOMETRIES 

For strongly continuous, elliptic groups of isometries in H”(D), 
1 <p < co, it was shown in Section 2 that the state of affairs is very 
satisfactory; all such groups are of extended Stone-type. For 1 -=c p < 2, the 
situation is similar in the case of parabolic groups. 

THEOREM 3.1. Let 1 < p < 2 and T: IF? + .Y(HP( ED)) he a strongly con- 
tinuous, parabolic group of isometrirs. Then T is an extended Stone-type 
group. 

The proof will be via a series of lemmas. To begin with we allow p to 
belong to the set (1, 2) u (2, CC ). 

It is shown in the proof of Theorem 3.6 in [3] that there exist an 
isometry W of HP(D) onto itself and a particular strongly continuous 
group of isometries V: Iw + 9(HP(D)) such that 

WT(t) W-’ =e”“V(2ct), tE R, (7) 

where c, WE iw are constants with c #O. So, by Lemmas 1.2 and 1.3 it suf- 
fices to show that V is an extended Stone-type group. 

Let U: 1w + $P(L”(Iw)) denote the usual group of translations in L”( Iw), 
that is, 

U(t) f: s + f(s + t), SE R, 

for each f E Lp( [w) and t E IF!. Then there exists an isometry S of HP( [w) 
onto HP(D) such that 

s ‘V(t)S= W’(t), tER, (8) 

where, for each t E [w, Up)(t) denotes the restriction of the operator U(r) to 
the closed invariant subspace HP(R) of Lp([w); see again the proof of 
Theorem 3.6 in [3]. Furthermore, if for each E, E [w, E(1) denotes the Riesz 
projection in Lp(Iw) corresponding to the p-multiplier x, x ,,,, , then H”(R) 
is invariant for E(A) and the family of projections 

F(A) = SE’“‘(l)S ‘, 1.E 52, (9) 
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where E(,)(A) denotes the restriction of E(3.) to HP(R), is the (unique) 
spectral family for the group V [3, Corollary 3.181. 

LEMMA 3.2. Let 1 < p < 2. Then there exists a Banach space Y which is 
an admissible space ,for each prqjection F(i), i E R. Furthermore, the projec- 
lion-valued set ,jiinction of intervals defined h?t 

(u, L>] + F>,(v) - Fy(u), 

bchenever u, v E I?4 and u < v, has an e.ytension to an A!‘( Y)-valued spectral 
measure on 98. 

Proqf: Let K denote the restriction of the Fourier transform map 
(denoted by  ̂ ) from L”(R) to H”(R). If Y denotes the closed subspace of 
L”(R) given by 

jgELY((W);g(3.)=Ofora.e.3.<0}, 

where q > 0 is the number such that p ’ + q ’ = 1, then the Paley -Wiener 
theorem implies that the continuous, injective mapping K assumes its 
values in Y. In addition, the range of K is dense in Y. To see this notice that 
f actually belongs to HP( Iw), whenever f’ E Lp( [w) satisfies f(A) = 0 for a.e. 
1. < 0 (by the PaleyyWiener theorem). 

Now, for each 1. E [w, let Q(A): Ly(R) 4 Ly( [w) denote the operator of 
pointwise multiplication by xc x,, j3 and Fy(A) E y( Y) denote the restric- 
tion of Q(i) to the invariant subspace Y. Then it follows from properties of 
the Fourier transform and the definition of the Riesz projections that 

Fy(A) KJ'= Ki?"'(;1),f; .f‘EffP(R), (10) 

for each 1 E [w. If S: Hp( [w) + H”( ED) is the isometry satisfying (8) and (9), 
and r = ti ‘: S ‘: HP(D) + Y, then it follows from (9) and (10) that 

for each 1” E [w. Since I is injective, continuous, and has dense range in Y it is 
then clear that Y is an admissible space for each projection F(I.), ;1 E [w. 

Finally, since for each interval (u, II] E [w, the operator F,(v) - F,(U) is 
the operator in Y of pointwise multiplication by x~~,,,,~ it is clear that the so 
defined set function of intervals is extendable to an 5?( Y)-valued spectral 
measure P on S#‘, namely that of pointwise multiplication by Bore1 subsets 
of [w. This completes the proof of the lemma. 

LEMMA 3.3. Let 1 < p < 2 and V:iR + S!(H~(lD)) he the group giuen hy 
(7). Then, in the notation of the proqf CI~ Lemma 3.2, the Banach space Y is 
V-admissible. 
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Proof It was noted earlier that the spectral family of V is the function 
F: [w + Y(HP( D)) given by (9). So, if t E II%? is fixed, then it follows from [3, 
Theorems 2.5(i) and 3.61 that, for the strong operator topology in HP(D), 

where, for each u > 0, the operator V(r; a) = j” L, erri dF(E.) is defined as a 
strong limit of RiemannStieltjes sums of the form 

j, ~“YF(4)k-F(4, 1)) 

(with s,, E (A,, , , i.,,] for each 1 6 n d k), where { j”,}i = i is a partition of 
[ -u, a]. It is then clear from Lemma 3.2 that Y is an admissible space for 
each operator V(t; a), a>0 (with respect to the imbedding I: HP(lID) + Y 
specified in the proof of Lemma 3.2), and 

( V( t; a)) y = 1” err’ dP(s) 
(1 

(12) 

where the integral in (12) is now with respect to the a-additive spectral 
measure P::% + y(Y). By the dominated convergence theorem for C- 
additive vector measures, [9, II Theorem 21, it follows that the limit 

(13) 

which we denote by Vy( t), exists in the space y( Y). Using (11) and the 
continuity of the mapping I it follows that 

V,(t)~f=‘h~m (V(t;a)),lf‘= lim zV(t;u)f=lV(t),f; 
o--t x 

for each ,f’~ HP( ED). This shows that Y is a V-admissible space and com- 
pletes the proof of the lemma. 

The proof of Theorem 3.1 is now an immediate consequence of 
Lemma 3.3 and (13) since the P in that formula is a a-additive, y(Y)- 
valued spectral measure on g (cf., proof of Lemma 3.2). 

In contrast to Theorem 3.1, it turns out that the situation is fundamen- 
tally different when 2 < p < o. 

THEOREM 3.4. Let 2 < p < CC and T: R -+ Y(HP( ID)) be a strongly con- 
tinuous, parabolic group of isometries. Then T is not an extended Stone-type 
group in any T-admissible space. 
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Proof The idea of the proof, which is by contradiction, follows the 
lines of the proof of Theorem 3.3 in [7]. 

So, suppose that T is an extended Stone-type group. Then it follows from 
Lemmas 1.2 and 1.3 that the group (7) and, hence, also the group U’“’ 
given by (8) is an extended Stone-type group in some fJ’P”-admissible 
space, say Y. Accordingly, there exists an equicontinuous spectral measure 
Q: $9 + P’(Y) such that 

U($)(t) = j, P d&s), t E l-2. 

In particular, substituting t = 1 gives 

uc”‘( 1) = i,, e” d&s) = s,, z de(z), (14) 

where Q is the equicontinuous 9’( Y)-valued spectral measure defined on 
the o-algebra, g(n), of Bore1 subsets of the unit circle I7 by 

Q(E) = o( {SE 52; PEE}), EgS?(l7). (15) 

Accordingly, U’“‘( 1) is an extended pseudo-unitury operator in Y, in the 
sense of [7, Section 11. Our first aim is to show that the measure Q arises 
in a special way. 

Recall that U( 1) is the operator of translation by 1 in LP(Iw). Now, 
U(l)=P’, where A, is a well-bounded operator of type (B) in L”(R), 
a(A,) s [0,271] and 271 is not an eigenvalue of A, [S]. Since HP(R) is 
invariant for U( 1) and U( 1) ’ (cf., d iscussion prior to Corollary 3.18 in 
[3]) it follows that HP(R) is invariant for A, [3, Theorem 3.21, and hence, 
is invariant for the spectral family of A, 13, Theorem 3.11. 

For I. E [LO, 2711, let xi: Il+ @ denote the characteristic function of the 
arc {e”; 0 6 s 6 2). Then, for each 2 E [0, 2711, the idempotent function 
s -+ Xi(eiS), s E [w, is a p-multiplier for 5X; see [7, Lemma 1.4; or 8, 
Lemma 61, for example. The corresponding multiplier operators 
SA E y(LP([w)), all projections, induce the spectral family of A, (cf., proof 
of Theorem 1 in [8]). Accordingly, from the remarks in the previous 
paragraph it follows that HP(R) is invariant for each operator S,, 
I, E [0, 2n], and hence, also invariant for all differences S, - S,,. Of course, 
Sj. - S,, is the projection corresponding to the p-multiplier X,P,i,(e”.‘), 
where x~~,~,: 17-t @ denotes the characteristic function of the arc {P; 
p<s</l}. 

So, with each arc E E I7 of the form {e’“; p < s < A}, we have associated a 
projection P(E) E T(L”(rW)) which necessarily commutes with U(l), as it 
commutes with A,, and such that HP(R) is invariant for P(E). Further- 
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more, it follows from properties of p-multipliers that P(. ) is multiplicative 
and finitely additive as a set function of arcs and hence, has a multiplicative 
and finitely additive extension to the ring of subsets, 3, of Z7, generated by 
the semiring of all arcs of the form {e”; p <s < i}. If this extension to 8 is 
again denoted by P, then it is clear that HP(R) invariant for each projec- 
tion P(E), E E .%. Accordingly, we can consider, for each E E 3, the restric- 
tion, P’“‘(E), of P(E), to the closed invariant subspace H”(R). 

The crucial observation is that, whereas {P(E); E G I7, E an arc) is a 
uniformly bounded set of operators this is generally not the case for 
{P(E); EE .@}. It is this fact which will eventually give us our desired con- 
tradiction. For the moment, however, we wish to show that the resolution 
of the identity for the operator U,!“( 1 ), namely the spectral measure (15) 
must arise by extension of the set function P(“‘(. ) from the ring of sets d to 
the a-algebra g(Z7). 

LEMMA 3.5. Let I: H”(R) -+ Y he the continuous imhedding such that 

voq1)z~=L@~(1)f 3 ,f E H”(R). 

Then, for each E E .%, 

Q(E) z,f = zPCP’(E)f, .f E H”(R), 

where Q is the measure (15). In particular, Y is necessarily an admissible 
space.for each operator P’“‘(E), EE 2, and P’/“(E) = Q(E). 

Proof Since both Q and P(“’ are finitely additive it suffices to verify the 
result for a single arc E= {e’“; s E (a, h]}. 

If Q(z) = 23” N CxllZ’l is any trigonometric polynomial on /7, then it 
follows from (14) and the functional calculus for Q that 

@( U’$‘( 1)) = [ Q(z) de(z). (16) 
-n 

By [7, Lemma 1.11 we have also that 

~(U:“‘(l))=~(U”‘)(l)),= f %(U:“‘(l))“. (17) 

Fix SE HJ’( R). If y’ E Y’, then 

(Q(E) IA Y’> = i, XL;(Z) d(Q(z) lfi Y’). (18) 
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Let {Fr}y=, denote the sequence of Fejer kernels on I7. Since the uniformly 
bounded sequence of trigonometric polynomials 

r = 1, 2,..., 

converges pointwise on I7 to the bounded function 

* = Xl: + 4 I;<,‘“; ~ + Q‘d“;, 

which by (18) satisfies 

(Q(E) 2.L Y’> + t<Q( ie”‘))~.f:.I:‘)-i(ec~e’~‘~)Ir.?~’)=~~,~d<Qz,f; y’>, 

(19) 

it follows from (16) (17), and the dominated convergence theorem that the 
right-hand side of (19) is equal to 

lim [ @, (I( Qt./; ~9’) = lim (@,( U’$“( 1 )) r,f; y’) 
)’ + -, d [I I +I 

= lim (@,(Up’(l))f; 1” r). (20) , t il 

Consider now the elements @,( C”“‘( 1)) ,f‘ = @,( (i( 1)) f; r = 1, 2,..., of 
H”(R), as belonging to L”(R) and extend 1“ I E (HP(R))‘, via the 
Hahn-Banach theorem, to a continuous linear functional on L”(R), say t. 
Then it is shown in the proof of Lemma 3.1 in 171, provided we take there 
G to be the line group R and g = 1, that the last limit in (20) is equal to 

(21) 

where P(E) is precisely the projection in LP( R) corresponding to the arc E, 
as defined earlier, and s[d:=;], I E n, denotes the multiplier operator in 
LP( R) corresponding to the p-multiplier .s + x (= I (e”), s E R. Since singleton 
subsets of R are null for Lebesque measure it follows that S[bIzI] = 0 for 
each z E Z7. So, (21) is actually equal to (P(E) ,f; 5 ) which in turn equals 
(P’“‘(E) j- 1” 1 f) since .I‘E H”(R). Accordingly, the left-hand side of (19) 
is equal to’ <P’“‘(E)f; J“ t> I). 

To complete the proof of the lemma it suffices to show that Q( (j”) ) E 0 
for each i E Z7. For, if this is the case, then it follows from (19) that 

(Q(E) I.f; L”) = (P’qE),f; .1‘! ” I) = (lP”“(E),f; f), 

for each J’ E Y’, and hence, Q(E) r.f’ = tP”“( E),f; as required. 
So, it remains to show that Q( { j,) ) = 0 for each jL E Ii’. For simplicity WC 
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consider the case 1= 1. Since l( H”( [w)) is dense in Y it s&ices to show that 
Q({ll)rIh=O for each /zEH~([W). 

Fix an element hi HP(R). By the dominated convergence theorem for 
vector measures we have 

in the topology of the space Y. It follows from the functional calculus for Q 
and [7, Lemma I.11 that 

for each N = 1, 2,.... Since r is continuous if suffices to show that 
(N+ l))‘F,(U”“(l))h-+0 in HP(R) as N-+ co or equivalently, since 
H”(R) is invariant for each operator &,( U( 1)) N= 1, 2,... (as each 
.&.( U( 1)) is a trigonometric polynomial in U( 1)) that 

lim (N+l) ’ :~JU(l))h=O (22) 
\, + x 

in LP([w). Now, it is shown in the proof of Lemma 3.1 in [7], provided 
again we substitute there G to be the group Iw and g= 1, that 

lim (N+l) ‘~~~(U(1))4o=S[~:,)]cp, (23) 
Y- * 

in LP([w), whenever ~EC,.*C,, where C,. denotes the space of continuous 
functions on iw with compact support. Since the LP-operator norms of 
{(N+ I)-’ Ev(u(l))};=, are uniformly bounded it follows that (23) 
actually holds for all cp E L”(R). But, as noted earlier S[diZ,] = 0 for each 
z E I7 and so (22) follows. This completes the proof of the lemma. 

It is via Lemma 3.5 that we can now achieve our desired contradiction. 
For, let y’ be any non-zero element of Y’, assumed fixed from now on. 
Then < = y’ c I is a non-zero element of (HP( K!))‘. Since the Riesz projec- 
tion E(0) corresponding to the p-multiplier xc =,“, is a continuous projec- 
tion of Lp(R) onto HP(R) we can define a continuous linear functional F 
on Lp(R) by the formula 
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Since the projections P(F), FE.%, commute with E(0) it is easily verified 
that 

(P(F)h, ?) = (E(O) P(W, 5) = (f”“‘(F) .W)h, 0, FE& (25) 

for each h E LP(R). By Lemma 3.5 the right-hand side of (25) is equal to the 
set function (Q(. ) S(O)h, y’ ) on W, for each h E L”(R). Hence, if {F, j,TL= , 
is any sequence of sets in 9 and {h,\,,“_ , any sequence in the unit ball of 
Z.P(iR), then it follows from the equicontinuity of Q and the boundedness of 
{ lE(O) hi},?!, in Y that 

sup I WF,)Z$, 4”) I = sup 
I i 

Accordingly, r is the zero functional 

I <Q(F,, WW,, Y’> I < a. 

on L”(R) [7, Lemma 3.41, and so, by 
(24), (E(O)h,c)=O for all hEI,“( Since E(0)(LP(R))=HP(R) it 
follows that t is the zero element of (HP(R))‘. This gives the desired con- 
tradiction and the proof of the theorem is complete. 

4. HYPERBOLIC GROUPS OF ISOMETRIES 

In this final section we consider the remaining case of hyperbolic groups 
of isometries in HP(D). It turns out, for the case 1 < p < 2, that the 
question of whether or not the group is of extended Stone-type can be 
reduced to considering a certain translation group in L”(G), where G is the 
group of non-zero real numbers with respect to multiplication (its Haar 
measure is dx/ \ x I). Since it will be needed later we begin by calculating the 
dual group, G, of G. 

Let C, denote the 2-element cyclic group, realized as the numbers 
( -1, 11 with respect to multiplication, and Iwo denote the multiplicative 
group of positive real numbers. If sgn denotes the function on R\{O} 
defined by sgn(x) = x/l xl, x E R\(O), then the mapping 

r-(w(r), 1~0, YEG, (26) 

is a bicontinuous group isomorphism of G onto the direct product group 
C2 x R @. Now, the dual group of Cz consists of the two characters 
{ Sgn, I,}, where I, denotes the function constantly equal to 1 on C2 and 
Sgn denotes the restriction of sgn to { -1, 1 }. Since the logarithm In: 
Iw@’ -+ R’ is a bicontinuous group isomorphism of R@ onto the additive 
group of reals R’, it follows that the dual group @@ can be identified with 



STONE'S THEOREM 223 

fi which is, of course, just R again. It follows from (26) that G consists of 
precisely those characters on G of the form 

for some s E R’. or of the form 

1/-+E’ “‘“ly’ sgn(v), ;’ E G, (27.2) 

for some s E R. 

THEOREM 4.1. Let 1 < p < 2 and T: R! + Y(HJ’(iIb)) he a strongl,v con- 
tinuous, hevperholic group of isometries. Then T is un extended Stone-type 
group. 

Proqf: It is shown in the proof of Theorem 3.6 in [3] that there exists a 
linear isometry U of H”(D) onto H”(R) and real numbers 6 and p, with 
p > 0, such that 

UT(t)U-‘=e’“‘V(pt), tE R, 

where V: R -+ U( H”( R)) is the group of isometries given by 

V(t) f: M’ + e”” ,f(e’w), WE R, 

for each fE HP(R). So, by Lemmas 1.2 and 1.3 it suffices to show that V is 
an extended Stone-type group. 

The linear operator C: L”(R) -+ L”(G) defined by 

C,f: s -+ ) SI ‘1” .f(s), SE lx, 

for each f E L”(R), is an isometry of L”(R) onto L”(G). If C”” denotes the 
restriction of C to H”(R) and Z = C”‘)(Hp(R)) is the range of Ccp’, then Z 
is a closed subspace of L’“‘(G) and C (P) is an isometry of HP(R) onto Z. 
So, by Lemma 1.2 it suffices to show that the group .#: R -+ Y(Z) given by 

.x(t) = c(p) V(t)(C(p’)- ‘, IEIW, 

is an extended Stone-type group. Define a group v: [w -+ Y(L”(R)) by 

V(t) ,f: u’ + e’lPf(e’w ), wE[W,.fEL”(w, 

for each t E R. Then Z is an invariant subspace for each operator 2(t) = 
Cv(t) C ‘, t E R, and the restriction of 2(t) to Z is precisely the operator 
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.x(t), for each t E R. By direct calculation it can be shown that, for each 
t E R, 3?(t) is the operator given by 

$(t).f’: ‘r + ,I’(r’y), ;’ E G, 

for each .f‘ E L”(G). 
Let ti denote the Fourier transform map of L”(G) into Ly(G), where 

q> 0 is the number such that p ’ + y ’ = 1. Then K is continuous, injec- 
tive, and has dense range in Ly(G). For each t E R, let .$(t) be the operator 
in Y(L”(G)) defined by 

-Q)$: v -+ [e’, v] l//(v), 1’ E G, (28) 

for each $ E Ly(G), where [e’, V] denotes the evaluation of the character 
v E 6 at the element P’ E G. Noting that for each t E R, k(t) is the operator 
in L”(G) of translation by the element e’ of G, it follows from properties of 
the Fourier transform that 

ciF;~(t) x,f’= K.iF(t),f: f’E L”(G), 

for each t E R. Accordingly, Ly(6) is an .%-admissible space. We claim that 
the extended group .$q: R! --f P’(L”(G)) is actually a Stone-type group. 

By the discussion prior to Theorem 4.1 we can identify d with c’z x @@. 
Then each element of Lq(6) may be interpreted as a function of two 
variables (u, s) with II E { -1, 1 ) and s E R, where s is identified with the 
character &“” ’ in @ @. That is, characters of the form (27.1) are identified 
with (1, s), s E R, and characters of the form (27.2) are identified with 
( - 1, s), s E R. The Haar measure ,? on G is the product of the Haar 
measures jtiz on (?.2 and A, on 6 @ (which equals Lebesgue measure when 
Go is identified with R). 

If g E L”(e) and h E Ly(6))‘, then it follows from (28) that 

(.$,(t)g, h) = [ [e’, (u, as)] g(u, s) h(u, .s) dA(u, s), (29) 
” tl 

for each t E R. Since e’ > 0 it follows from (27.1) and (27.2) that for each 
tc[W, [r’,(zd,s)]=e”“ for all uE(--l,l:, SE R. Substitute this into (29) 
and use Fubini’s theorem gives 

<%j(t)gJQ=j-R e’“‘(g(l,s)h(l,s)+g(-l,s)h(-l,.y))dJ.,(S), 

(30) 

for each t E R. 



STONE'S THEOREM 225 

For each Bore1 set EEA?, define a projection operator P(E)E P(Ly(G)) 
by the formula 

P(E)f’: (4 .s) + Xk,(S) .f’(u, .S)> ,f E L@). 

The so-defined set function P(. ) is a spectral measure. If g and h are as 
above, then it follows, by Fubini’s theorem again, that the measure 
(P(.)g,h) is given by 

(P(E)g,h)=J (g(l,s)h(l,.T)+g(-l,s)h(-l,.S))d~,(S), EE.“A. 
I: 

Hence, for each t E R, we have 

I‘ 
! e’$’ c/( P(s) g, h ) = 1 e’,“( g( 1) s) h( 1) s) + g( - 1) s) /2( - 1, s)) dA, (s). 
TJ Ja 

It follows from (30) that 2; is the Fourier-Stieltjes transform of P, that is, 
.9(; is a Stone-type group in Ly(G). 

Let 1 denote the restriction of ti to the closed subspace Z of L”(G) and Y 
denote the closure of z(Z) in Ly(6). Then I is continuous, injective and has 
dense range in Y. 

CLAIM 1. The Banach space Y is invariant ji)r each operator *J t), t E R. 

Proof: Fix t E R. If $ E l(Z), then $ = zf= Kf for some ,f~ Z and so it 
follows from (28) and properties of the Fourier transform that 

.$(t)$ = [e’, .]$ = [e’, .] kf = Kf(e’, .) = ti,%(t)j 

Since f E Z and Z is an invariant subspace for the operator 2(t) it follows 
that .g4(t)$ = d(t)f= z.%(t)f‘E z(Z) c Y. That is, i%$t)t) E Y whenever 
I/ EZ(Z). Since Y is the closure of z(Z) it follows from the continuity of 
%?@t) that $;(t)( Y) z Y. 

CLAIM 2. The space Y is invariant ,for each projection P(E), E E g. 

Proof: If we define F(j”) = P(( -a, lb]), for each i, E R, then the so 
defined function F: R + S?(L”(C?)) is the (unique) spectral family for the 
strongly continuous group c%q. Since Y is invariant for each operator $4(t), 
t E IR’ (cf., Claim l), it follows that Y is invariant for each operator F(i), 
1, E R, 13, Theorem 3.41, and hence, is invariant for each projection 
P((u, v]) = F(o) - F(u), whenever u < v are real numbers. If &? denotes the 
ring of sets generated by the semiring of intervals {(u, v]; U, c E 178, u < ZJ}, 
then it is clear by additivity of P that Y is invariant for each projection 
P(E), EEL?. Let A’= (EE.~; P(E)(Y) c Y). If {E,,}~=, is a monotone 
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sequence of elements of JZ, with limit E say, then it follows from the 
(strong) a-additivity of P that E E .&‘. Accordingly, .X is a monotone class 
of sets containing 9 and so ./Z = ti. This completes the proof of the claim. 

It follows from Claim 2 that the restriction, Q, of P to Y, defines a spec- 
tral measure Q: 59 + sP( Y) whose Fourier-Stieltjes transform is, of course, 
the group 2q restricted to the closed invariant subspace Y. Denote this 
restricted group by J?~, that is, for each t E R, *#J(t) is the restriction to Y 
of the operator $$(t). Then 

that is, Xy is a Stone-type group in Y. But, if,f E Z, then it follows from the 
definition of t and the fact, for each t E R, that X(t) is the restriction to Z 
of the operator 2(t), that 

for each t E R. This shows that Y is an R-admissible space and hence, that 
X is an extended Stone-type group in the space Y. The proof of 
Theorem 4.1 is thereby complete. 

There remains the case of strongly continuous, hyperbolic groups of 
isometries T: R -+ 9(Hp(KD)) for p in the interval (2, a). It was noted in 
the proof of Theorem 4.1 that such a group T is of extended Stone-type if 
and only if the associated group 2: R + L?(Z) given by 

.Wt).f: j! -+ f’(b), y E G, J’ E Z, 

for each t E R, is an extended Stone-type group, where Z is a certain closed 
subspace of LP(G); note that the arguments used to deduce this fact did 
not require the restriction 1 < p < 2. Observing that % is the restriction to 
Z of a certain group of translations 2 in L”(G) and that none of the 
operators 2(t), te R\{O), is an extended pseudo-unitary operator [7, 
Theorem 4.21, we would very much expect that an argument along the 
lines of the proof of Theorem 3.4 would show that X, hence also T, is not 
an extended Stone-type group in any &?-admissible space. However, to 
carry out such an argument would require an explicit description of the 
spectral family for X or equivalently, of the spectral family for the group V 
given in the proof of Theorem 4.1. Unfortunately, unlike for parabolic 
groups, there is no such description available in the hyperbolic case (unless 
p = 2 [ 111). So, we can only suggest a conjecture, namely, that for 
2<p<oo, a strongly continuous, hyperbolic group of isometries T: 
5% + 9(HP(D)) is not an extended Stone-type group in any T-admissible 
space. 
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Final Remark. It is worth noting that any one-parameter strongly con- 
tinuous group of isometries in H” (Kb) necessarily satisfies Stone’s theorem 
in the space H”(D) itself. For, if T: [w + P’( H”(D)) is such a group, then 
it follows from a result of L. A. Rubel (see [S], for example) that there 
exists sl E [w such that 

T(t) = erz’l, fE R, 

and hence, T is the FourierrStieltjes transform of the spectral measure P: 
A?-Y(H”(D)) given by P(E)=x~({cI})I, for each EEL. 
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