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1. Introduction

Let GL, and Sp,, denote respectively the general linear group and the symplectic group over the
complex number field C. Combinatorics of tableaux provides a unifying scheme to understand repre-
sentation theory of GL, and geometry of the flag varieties and the Grassmann varieties. In particular,
the theory of double tableaux gives a finite presentation of the coordinate ring of the affine space
Mpm = C"® C™ which is compatible with the natural action of GL, x GLy,. Moreover, we can explic-
itly describe weight bases of representation spaces from the combinatorial structure of tableaux.

In this paper, we develop a parallel theory for the Sp,,-nullcone N, which is defined by
Spyn-invariant polynomials on the space My, with vanishing constant terms. We begin with
a known algebro-combinatorial description of the space My, as a cell of the Grassmann variety
of n-dimensional spaces in C™*", Using this observation, we construct a convex polyhedral cone
C(Mp,m) associated with the space M, and study the integral points in the cone. Then we charac-
terize the defining ideal of Nj 2, in terms of integral points in C(My 2,). This characterization provides
a convex polyhedral cone C(Nj 2,) associated with A 2, compatible with the action of GLy x Spy,.
Our construction of the polyhedral cone C(N 2,) turns out to be related to a fiber product of the
Gelfand-Tsetlin patterns.
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We also describe explicit joint weight vectors of GLy x Sp, in the coordinate ring of Nj 2, in terms
of standard double tableaux. As a result, we obtain standard monomial theory for the nullcone and
show that the nullcone can be degenerated to an affine toric variety presented by an algebra over a
distributive lattice.

The toric degenerations of spherical varieties (e.g., [1,4,8,32]) and standard monomial theory
(e.g., [27,29]) have been actively studied. Using classical invariant theory, we can study such com-
binatorial and geometric results in connection with various representation theoretic questions.

The recent papers [16-18] and their sequels construct algebras encoding branching rules of rep-
resentations of the classical groups, and then study their standard monomial bases and toric degen-
erations. With a similar philosophy, [19] and [22] study tensor products of representations for the
classical groups with explicit highest weight vectors. By degenerating the multi-homogeneous coor-
dinate rings of the flag varieties, [20] and [21] describe weight vectors of the classical groups in
terms of the Gelfand-Tsetlin polyhedral cone. This paper may be understood as an application of such
approaches to the nullcone in the multi-vector representation of the symplectic group to obtain ex-
plicit combinatorial and representation theoretic descriptions of it. For the nullcone associated with
representations of reductive groups and its interesting applications, we refer readers to [24,25].

This paper is arranged as follows: In Section 2, we introduce notations for tableaux and patterns,
and review standard monomial theory for the coordinate ring C[Mp ] of My m. In Section 3, we
define the convex polyhedral cone C(M, ) associated with a degeneration of M, m,, and study its
connection to representations of the general linear group. In Section 4, we study the coordinate ring
R(Nk,2n) of Ny.2n and show its standard monomial theory and toric degeneration. In Section 5, we
describe the integral points in the convex polyhedral cone C(N 2) for Nj 2, and explain its relations
to representation theory.

2. Affine space: My, m

In this section, we review some results on the Young tableaux, the Gelfand-Tsetlin patterns, and
their applications to representation theory and geometry of the Grassmann varieties.

2.1. Tableaux

Let Mp.m = My m(C) be the space of complex n by m matrices:
Mpm={(xij): 1<i<n, 1<j<m}. (21)

A Young diagram or shape is an array of square boxes arranged in left-justified horizontal rows
with each row no longer than the one above it (e.g., [7,31]). We identify a shape D with its sequence
of row lengths D = (r1,12,...). Then the transpose D' of D is a shape (ci,cp,...) where ¢; is the
length of the i-th column of D. The length £(D) of shape D is the number of rows in D. For a subset
I =iy, ..., 1] (respectively J =[j1,..., ji]) of {1,...,n} (respectively {1, ..., m}), which we can think
of a filling of shape (1,...,1) of length [ with its elements, we shall call the pair [I : J] an one-line
tableau of length £([I: J]) =1. We assume that the entries of I and J are listed in increasing order,
e, 1<ii<---<ip<nand 1< ji<---<jis<m.

A partial order <, called the tableau order, can be imposed on the set of one-line tableaux

D(m,m)={{I:J]: |I|=]J| < min(n,m)}

as follows: [I: J]<[I": J'], if the length of [I: J] is not smaller than that of [I’: '], and i < i and
jk < Jj, for each k not bigger than the length of [I’: J']. Then it is easy to see that with respect to the
tableau order D(n,m) forms a distributive lattice (D(n, m), A, V).

Consider a collection {[I7: J1],..., Iy : Jul} € D(n,m) with I, = £([I} : Jx]) for each k. A concate-
nation t of its elements is called a double tableau, if they are arranged so that I > [y for all k. The
shape sh(t) of t is the Young diagram (lq,...,I;)t. We note that by considering first components I
and the second components [, separately, we can think of a double tableau of shape D in terms of a
pair of fillings of the same shape D.
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Let us write §j;.; for the map from M ;; to C by assigning to a matrix X € My 5, the determinant
of the [ x | submatrix of X with rows and columns indexed by I and ] respectively:
Xigjr 0 Xigjy
(1. ) =det
Xigji 00 Xigjy
For a double tableau t consisting of {[I : Ji]}, we define the corresponding element in the coordinate
ring C[Mn,m] of My, to be the following product:

A= [T duesu-

1<k<u

Definition 2.1. A double tableau t is called a standard tableau if the one-line tableaux in t form a
multiple chain in D(n, m), i.e.,

(s Jal = =t Jul

For a standard tableau t, we call A(t) a standard monomial.

Now, let us consider the following subposet:

Lin,my={[I: Jle Dn,m): I=[1,...,|]I]}
={lj1..... j): I<min(,m), 1< ji <--- < ji<m}.

For each [I: J] € L(n,m), since the first component I is determined by the size of J, we shall
write J for [I: J]. Similarly, we can also think of the subposet L’(n,m) consisting of [I: J] with
J=11,...,|I]]. Then, a semistandard tableau as found in the literature (e.g., [7,31]) can be defined as
a multiple chain in such posets with respect to the tableau order.

This poset L(n, m) has been extensively studied for the flag varieties, the Grassmann varieties, and
the determinantal varieties. For example, the elements of L(n,m + n) with fixed length n, which
we shall denote by Pl(n,m + n), may encode the Pliicker coordinates for the Grassmann variety
Gr(n,m + n) of n-dimensional spaces in C™*". In fact, this case is general enough to study double
tableaux thanks to the following correspondence.

Lemma 2.2. The following map & gives an order isomorphism from D (n, m) to the subposet of L(n, m +n) con-
sisting of all the elements of length n except m+1,...,m+n]: for [I: J]1 € D(n,m) with I = [iy, >, ..., 1]
and | =[j1, j2,..., jnl

E:[I:J1— Lj1,J2s- s jp-mAup, m—+up, ..., m+uy_p]

where {uy} is defined so that {n +1 —uq, ..., n+ 1 — uy} is complement to I in {1, 2, ..., n}.
For the proof, see [30, p. 519].
2.2. Gelfand-Tsetlin patterns

The poset f(m, m), L(m, m) with an extra top element, with respect to the tableau order < turns
out to be a distributive lattice whose join-irreducibles form the following poset, which we shall call
the Gelfand-Tsetlin (GT) poset:

n={z:1<j<i<m}
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satisfying z;iﬂ) > z;i) > zj.’il]) for all i and j [20, Theorem 3.8]. We call z®H = (zgi), z(zi), el zfi)) the
i-th row of I};. We will draw it in a reversed triangular array so that 23.')
right along diagonals. For example, I'4 can be drawn as

are decreasing from left to

Z§4) Z;4) Z:(;l) z£l4)
233) Z§3) Z§3)
ZSZ) Z;Z)
2

Definition 2.3. A GT pattern p of GL;, is an order preserving map from I, to the set of non-negative
integers:

p:Im— Z>o,

and the i-th row of p is p(z?) = (p(zgi)), p(zg)), . p(zl@)).

The m-th row of a GT pattern p of GL;, will be alternatively called the top row of p. By identifying p
with its values, our definition agrees with the original one in [10].

Note that for each i, since p(zgl)) > p(z(z')) > > p(zf’)) >0, the i-th row p(z®") of a pattern p
can be seen as a Young diagram. There is a well-known conversion procedure between semistandard
Young tableaux and GT patterns compatible with successive branching rules of GL, down to GL,_q for
2 <k <m. See, e.g., [11, Proposition 8.1.6].

Lemma 2.4. The following procedure gives a bijection from the set of GT patterns of GL;,, with a fixed m-th
row D and the set of semistandard tableaux of shape D with entries from {1, ..., m}: for a given GT pattern p
of GLy, with p(z™) = (1, ...,rm), fill in the cells in Young diagram (r1, ..., rm) corresponding to the skew
diagram p(z®) /p(z4=V) with i for 2 < i <m, then fill in the cells corresponding to p(z(V) with 1.

The collection P(m) of all the GT patterns of GL; with the function addition forms a semigroup,
or more precisely a commutative monoid with the zero function as its identity, which we shall call
the semigroup of patterns for GLp:

P(m) ={p: I'm > Zxo} (2.2)

Then P(m) is generated by characteristic functions over order increasing subsets of I3, and these
generators correspond to elements of L(im, m) via Lemma 2.4. In this connection, one can realize the
semigroup ring of P(m) as the Hibi algebra [12] over the distributive lattice L(m, m). Moreover, the
semigroup structure is compatible with the combinatorial correspondence given in Lemma 2.4 in the
following sense: the GT pattern corresponding to a semistandard Young tableau t or equivalently a
multiple chain J; <--- < J, in L(m,m) is the product of the corresponding GT patterns pj, in the
semigroup P(m), i.e.,

t=(1 2 = J) - pi=)_py (23)

k=1

and also p; +py =pjay +pjvy. We refer readers to [15] and [20] for further details.
2.3. Standard monomials

Let us review standard monomial theory for the Grassmann variety Gr(n, m 4+ n) of n-dimensional
spaces in C™*" and its application to a presentation of the coordinate ring C[Mp ] of the space Mp m.
The proofs of the results discussed in this subsection and further details on the structure of C[Mp ]
can be found in [3, §7] and [30, §13].
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Note that the Pliicker coordinates for Gr(n,m + n) can be matched with the elementary basis
elements of A" C"*". By taking them as elements of L(n, m +n) with fixed length n:

Pi(n,m+n) ={K € L(n,m+n): |K| =n},

we shall continue to denote by §x € C[Mp myn] the maximum minors over My m4+n Whose columns
are indexed by K € Pl(n,m + n). Then for any incomparable pair K, K’ € Pl(n, m + n), by applying the
Pliicker relations to 8x &g/, we obtain its standard expression.

Lemma 2.5. (See [9, pp. 234, 236].)

i) For K, K’ € Pl(n, m + n), the corresponding product 8x 8k € C[Mpn m+n] can be uniquely expressed as a
linear combination of standard monomials, i.e.,

Sk =Y _ Crbr,bq (24)
r

where T, < T} in Pl(n,m + n) for each .

ii) In the right-hand side, 8y nx'Sx vk’ appears with coefficient 1, and T < K AK' < K v K’ < T} for all .
Moreover, for each (T;, T}) # (K A K', K v K’), let a be the smallest integer such that the sum s of the
a-th entries of T, and T, is different from the sum sq of the a-th entries of K and K'. Then s > s.

By applying the above identities, one can show that any product []dx € C[Mym+n] with K €
Pl(n,m +n) can be uniquely expressed as a linear combination of standard monomials A(t) = ]_[j 3k;
with K1 < K < ---. See [3,9,13] for further details.

Note that all the maximal minors 8x € C[Mp m+n] are invariant under the left multiplication of
the special linear group SL, on C[Mp ;m+nr] and in fact the maximal minors generate the invariant ring
C[Mpmsnl®". This shows that the invariant ring C[My m4n]°" forms an algebra with straightening
laws (ASL) with standard monomials A(t) as its basis.

Now, let us consider the embedding Mp m — Mp m+n given by X — (X' |I,) and

MT(I),TT!-HI ={(X’ | In)} C Mnmn

where [y is the n x n identity matrix and X’ is the matrix obtained by reversing the rows of X = (x; ;),
i.e.,

Xn,1 o Xpm—1 Xn,m
X Xn—1,1 Xn—1,m—-1 Xn—1,m
X1,1 s X1,m—1 X1,m
For each K € Pl(n,m 4+ n) which is not [m+ 1,...,m + n], consider the restriction 5?( to Mr?.ern

of the maximal minor 8x € C[My m+n]. Then 8;)( is equal to, up to sign, the minor 55*1(10 € C[Mp,m]
over Mp, with rows and columns given by the one-line tableau £~1(K) € D(n,m) via the map &
defined in Lemma 2.2. This provides an algebraic realization of the space My, = M,?’m_m as a cell of
the Grassmann variety Gr(n, m +n).

Proposition 2.6. (See [3, Lemma 7.2.6], [30, p. 522].) The map ?from CIMp.manl® to C[My m]:
g: (SK [ d 8%-—1 (K)

gives an isomorphism between (C[Mn’mM]SL"/kerg and C[Mpn ] where 1<er§ is the ideal generated by
(5[m+l ,,,,, m+n] — 1)'

Since [m+1,...,m+n] is the largest element in Pl(n, m + n), standard mongmial basis elemen/t\s
[, 8k, which do not end with 8m+1,... mtn; form a C-basis for C[Mp.n 1% / ker . Using this map &,
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we can transfer the multiplicative structure of C[Mnymw]s"n to C[Mpn m]. In particular, since £ in
Lemma 2.2 is an order isomorphism, the properties of straightening laws given in Lemma 2.5 can be
also transferred to any product 8. j18(y. )} in C[Mp m].

Corollary 2.7. Let A, B be elements in D (n, m). Then in the algebra C[Mp,m], the corresponding product 5455
can be expressed as a linear combination of standard monomials

8488 =) _ Crdx,dy, (2.5)
T

such that for each r we have either Xy < AANB <AV B <Y, or Xy < AA B with y, =1, and 5arpSavB
appears in the right-hand side with coefficient 1.

Let us consider a non-standard monomial [], 8j,.j,; with [, = £¢([I; : J;]) and Iy > 1, > ---. Then,
by applying the above relations as many times as necessary, we can express [[.dp,.j,; as a linear

combination of standard monomials with shapes ({,15,...)" such that Yk =Yk I for each

k > 1. Hence we can impose a filtration F$" = {Ffjh} by shapes on the algebra C[My ], and then
consider its associated graded algebra:

ClMpml= Y.  FJ(CIMuynml).

£(D)<min(n,m)
o' (CMpml) = Y. ory (CIMum]). (26)
£(D)<min(n,m)

Finally, we obtain standard monomial theory for C[Mj p;].

Corollary 2.8. (See [3, Theorem 7.2.7], [30, p. 530].) Standard monomials A(t) form a C-basis of C[Mp m]. For
its associated graded algebra, the D-graded component grth((C[Mn,m]) is spanned by standard monomials of
shape D.

We refer readers to [3,30] and [5,6] for further details on the ASL structure of C[My ] and double
tableaux.

3. Lattice cone for My, m

A lattice cone is the intersection of a convex polyhedral cone in R for some [ with Z!. We shall
construct a lattice cone associated with the space My, in terms of order preserving maps on a
subposet of the GT poset Ijp4+n for GLypin. Once C[My ] is shown to be a flat deformation of the
Hibi algebra Hpu,m) over D(n,m), the lattice cone for My, can be understood as a cone encoding
the affine toric variety Spec(Hp,my). The lattice cone for My, j, is related to the Gelfand-Tsetlin cones
attached to the flag varieties studied in [20,23,28].

3.1. The semigroup Pn.m

Let us write 1 for [m+1,...,m+n] € Pl(n,m+n). For the semigroup P(m+n) defined in (2.2), let
P(n,m) denote its subsemigroup generated by the GT patterns p; corresponding to J € Pl(n,m 4+ n).
Recall that for a subtractive subset B of a monoid (A, +), the quotient monoid A/B is defined by the
following equivalence relation: a ~ a’ if there are b and b’ in B such thata+b=a" +b’.

Definition 3.1. The semigroup Pp , of patterns for Mn, is the quotient of 77(n,m) by the multiples
of the pattern p3 corresponding to 1:

Pam =P@,m)/({p7).
Let C[Pn,m] denote the semigroup ring of Py m.
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We can obtain a more explicit description for the elements of P, . Simple computations of the
bijection given in Lemma 2.4 can easily show the following.

Lemma 3.2.

i) For every p € P(n, m), the support of p is contained in

anJrn {Z € lintnt J < }

i) Ifp € P(n, m), then for all z,(f) € Inyn with z(“) 2™ e have p(z(a)) p(zmHmy
iii) Ifp = p7, then p(z(a)) =1 for zlg”) 2™ and p(z(a)) =0 otherwise.

Example 3.3. The ordered elements [1, 2, 3], [1, 3, 4], [2, 5, 6], 1= [5,6,7] of PI(3,7) form the follow-
ing semistandard tableau t of shape (4,4, 4):

1/1]2]5
2|3/5/6
314167

and we can visualize its corresponding GT pattern p; for GL; by listing its values as
4 4 4 0 0 0 0

Note that its support is exactly I3} C I7, and p(z\") = 4 for all 2" >z},

Then, from the description of supports for p € P(n,m) and p, we obtain the following characteri-
zation for the elements of the quotient Py .

Corollary 3.4. Every element of the semigroup Py m of patterns for My m can be uniquely represented by an
order preserving map to the set of non-negative integers from
Tom =\ 20 29 > 20",

Then the GT pattern for GL; shown in Example 3.3 corresponds to the following order preserving
map defined on I3 4:

3
3 2
3 2 2
3 2 1 (3.1)
3 1
2

Now we define the convex polyhedral cone associated with the space My n as the collection of all
non-negative real valued order preserving maps over I m:

CMpm) ={f: Inm— R;O}-

Then, by identifying f with its values (f (zl()a) )) € R™ for zl()a) € I'ym, we can realize the semigroup
Pn.m of patterns for My, as the set of integral points in C(My n), i.e., the lattice cone for My m:

'Pn,m = C(Mn,m) ﬁ an.
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3.2. Degeneration of C[Mn,m]

We want to consider a degeneration of the algebra C[M, ;]. We shall use basically the same
degeneration technique shown in [8].
Recall that the Hibi algebra H; over a distributive lattice L is the quotient ring

Hp =Clzx: x € L1/ (zxzy — ZxnyZxvy)

of the polynomial ring by the ideal generated by {zxzy — ZxnyZxvy}. Then the Hibi algebra defines an
affine toric variety [12].

To extract the Hibi algebra structure from the algebra C[My ], we will use the following weight
defined via the correspondence given in Lemma 2.2.

Definition 3.5. Let us fix an integer N greater than 2(n +m). For [I: J1 € D(n,m) and &([I : J]) =
[q1,...,qn], we define their weights wt([I : J]) = wt([q1,...,qn]) as

wit([I: J1) =) (m+r—g)N""

r>1

The weight of a double tableau t consisting of {[Ij : Ji]} is defined to be the sum of individual weights,
e, wet) = Y welli : Jil)-

We shall assume that, by extending the above formula, the weight of [m+1,...,m +n] is equal
to zero. We define the weight of A(t) to be the weight of the corresponding double tableau t.

Proposition 3.6. For A, B € D(n, m), let

Sa0p = ZCrSXr(Syr
r

be the standard expression of §48p given in (2.5). Then, wt(A) + wt(B) > wt(X;) + wt(Y;) for all r and the
equality holds only for (X;,Y;)=(AAB,AV B).

It follows directly from Lemma 2.5 and Corollary 2.7. Let &(A) = K, &(B) = K’, £&(X;) = T, and
EYy) =T, If K=1ki,...,kn] and K’ = [k}, ..., k;], then the i-th entry of K A K’ is min{k;, k} and
the i-th entry of K v K’ is max{k;, k;} for 1 <i < n. Therefore, if (T, T)) = (K A K, K v K), then
we have wt(A) + wt(B) = wt(X;) + wt(Y;). Otherwise, from the second statement of Lemma 2.5 we
have wt(A) + wt(B) > wt(X;) +wt(Y;). Note that if 8y, is 1, then as discussed after Definition 3.5 the
weight of the corresponding element [m+1,...,m+n] is 0, and therefore we still have the inequality
wt(A) + wt(B) > wt(X;) + wt(Yy) = wt(Xy).

Theorem 3.7. The algebra C[My m] is a flat deformation of the Hibi algebra Hpn,m) over D(n, m). More pre-
cisely, there is a flat C[t] module whose general fiber is isomorphic to C[My m] and special fiber is isomorphic
to the Hibi algebra over D (n, m).

Proof. Let us define a Z-filtration FW! = {F(‘;"t} on C[Mp ] with respect to the weight wt, i.e,
F;"‘((C[anm]) is the C-span of the set

{A®: wet) <d}.

The filtration F" is well defined, since every product []84 can be expressed as a linear combination
of standard monomials with smaller weights by the above proposition. For all pairs A, B € D(n,m),
since Wt(A) + wt(B) = wt(A A B) + wt(A Vv B), 848 and Sa,p84vp belong to the same associated
graded space. Therefore, we have s -gr S = SanB -gr SAvp Where sc are elements corresponding to ¢
in the associated graded ring gr**(C[Mpm]) of C[My m] with respect to the filtration F*. Then it is
straightforward to show that the associated graded ring gr*'(C[My m]) forms the Hibi algebra over
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D(n, m). From the general properties of the Rees algebras (e.g., [1]), the Rees algebra R of C[My n]
with respect to F"':

R' =P Fy (CIMyml)t!
d>0

is flat over C[t] with its general fiber isomorphic to C[Mum] and special fiber isomorphic to the
associated graded ring which is Hpum). O

3.3. Representations

Every irreducible polynomial representation of GL is, via the correspondence between dominant
weights and Young diagrams, uniquely labeled by a Young diagram with no more than k rows. Let ,0,?
denote the irreducible representation of GL; labeled by Young diagram D. Now we impose an action
of GL, x GLy on the space M, n by

(21,£2Q = (g) Qg (3.2)

for g1 € GLy, g2 € GLy, and Q € My . Then we have the following decomposition of the coordinate
ring C[Mpn,»] with respect to the action:

ClMpml= Y. PP ®pm;
£(D)<min(n,m)

where the summation runs over all D of length £(D) less than or equal to min(n, m). This result is
known as GL,-GL, duality. See [11, Corollary 4.5.19] and [14, Theorem 2.1.2].

Every minor §;.;; over Mp, with [I: J] € D(n,m) is scaled under the action of the diagonal
subgroups of GL; and GLy. Therefore, standard monomials A(t) = 1_[1r<:1 811,:J,) can be seen as joint
weight vectors for the irreducible GL, x GLp representation p? ® p2 where D is equal to sh(), i.e.,
D= ((I1: J1D),..., &I : J;D)L. Then, by Corollary 2.8 the above representation decomposition is
compatible with the associated graded algebra in (2.6) in that grSD“((C[Mn’m]) = ,o,? ® p,g and

grSh((C[Mn,m]) = Z ,OnD ® ,0,,2.
£(D)<min(n,m)

On the other hand, if we write Prffm for the collection of elements p in the lattice cone P, n, for
My m such that p(z™) = D, then Pn.m can be expressed as the following disjoint union:

Pn,m = U ,Piem
£(D)<min(n,m)

over Young diagrams D of length not more than min(n, m).

Recall that the GT patterns p of GL, with fixed top row p(z®) = D encode weight basis elements
for the irreducible representation ,okD of GL, with highest weight D [10]. Hence the joint weight
vectors of ,0,? ® ,o,ﬁ can be encoded by pairs of GT patterns of GL; and GL;, with the same top row D.

Proposition 3.8. The Hibi algebra Hpu,m over D(n, m) is isomorphic to the semigroup ring C[Pp m].

Proof. Since the multiple chains in D(n, m) provide a C-basis of the Hibi algebra over D(n, m) [12], let
us find a bijection between the set of standard tableaux of shape D and PnD_m. For a standard tableau t
of shape D consisting of {[I : Jx]}, consider the GT pattern p of GL;,, corresponding to the semis-
tandard tableau whose columns are {&([I : Jx])} where & is the bijection given in Lemma 2.2. Then
this correspondence is injective, and it is straightforward to check that p is an element of P(n,m)
satisfying p(z™) = D. To see surjectivity, note that p as an element of P, = P(n, m)/{(p3) can be
decomposed into two parts having supports in {z;a) € I'ym: a>m} and in {zf,a) € Im: a < mj respec-
tively, and therefore GT patterns of GL, and GL; with the same top rows D. So we have a one-to-one
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correspondence between P,Em and the set of standard tableaux of shape D. This bijection provides an
algebra isomorphism from our discussion (2.3). O

In the proof we used the following observation: I, ;; can be seen as a gluing of two GT posets I
and I, along their top rows. For instance, the pattern in the quotient P, ;; given in (3.1) can be seen
as a fiber product of GT patterns for GL3 and GL4 over their top rows:

3 2 2 0

Remark 3.9. This is a GT pattern version of the correspondence given in Lemma 2.2 for tableaux. That
is, for a standard monomial A(t) =[] &,:,1, let T~ and T+ be the semistandard tableaux whose
columns are {I;} and {]J} respectively, and let &([I : J¢]) = K € Pl(n,m 4+ n) for each k. Then the
pattern p € P(n + m) corresponding to the semistandard tableau with columns {Kj} can be, as an
element of P, m, identified with the gluing of p_ and py along their top rows where p_ € P(n) and
p+ € P(m) are the GT patterns corresponding to T~ and T respectively.

4. Standard monomial theory for Ny, 2,

In this section, we define the nullcone Nj 2, in the multi-vector representation of the symplectic
group and consider the GL; x Sp,, action on it. Then we study standard monomial theory and a toric
degeneration of N ,. Having an explicit description of the standard monomials for C[M o], we
develop a relative theory to My on for Nj 2n by investigating the defining ideal of A 2n.

4.1. Nullcone for Sp,,

For the space C2" with the elementary basis {e;}, let us fix our skew symmetric bilinear form (, )
on it such that for every i, ep;j_1 and ep; form an isotropic pair with (ey;j_1,e2;) = 1. We can con-
sider the space My, of k x 2n complex matrices as k copies of C2" with the natural action of
the symplectic group Sp,,. Then by the first fundamental theorem of invariant theory (e.g., [11, Theo-
rem 4.2.2], [14, Theorem 3.8.3.2]), the Sp,,-invariants of C[Mj 2] are generated by the basic invariants
rij = (v, vj) obtained from row vectors v; and vj, or in terms of the coordinates specified in (2.1),

n

rij = Z(Xi,Zu—lXj,Zu — Xj2u—1Xi,2u)
u=1

for 1<i<j<k.

Definition 4.1. The nullcone Nj 2, for Sp,, is the subvariety of My o, defined by the Sp,,-invariants
with vanishing constant terms.

If we let Z denote the ideal of C[My »,] generated by {rjj: 1<i < j <k}, then it is a radical ideal
and the coordinate ring of N 2y is

R(Ni,2n) = C[Mj 211/7.

See [14, Theorem 3.8.6.2]. One can also study the nullcone N2, as the zero fiber 7=1(0) of the
quotient 77 : Mg 2n — My 2n//SPon and investigate the orbit structure. See [26] for this direction.

From the action of GLx x GLy, on My 2, given in (3.2), by taking Sp,, as a subgroup of GLp,, we
can consider the action of GLy x Sp,, on C[Mj 2,]. Moreover, since GL, and Sp,, commute with each
other in this action, the ideal Z is stable under GL, x Sp,,. Therefore, we can regard R (N ;) as a
GLy x Sp,,, stable complement of 7.
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Recall that by highest weight theory, every polynomial representation of GL; and Sp,, can be
uniquely labeled by a Young diagram with no more than k and n rows respectively. We let p,f’ and
02?1 denote the irreducible representations of GL; and Sp,, respectively labeled by Young diagram D.

Proposition 4.2. (See [14, Theorem 3.8.6.2].) Under the action of GL; x Sp,,, we have the following decompo-
sition:

RWNea)= Y. oL @0y,
r(D)<min(n,k)

where the summation runs over all Young diagrams D with length no more than min(k, n).

We remark that the space H (Mg 2n) of Spy,-harmonics in C[M 2,] can be defined by the kernel of
the symplectic analogs of Laplacian differential operators. Then, as is the case for R(N 2n), the space
of harmonics is stable under the action of GL x Sp,,. In fact, H(Mjy, 2,) and R(N 2,) share the same
decomposition under the action of GLy x Sp,, [11,14]. Therefore, our results may be used to study the
space of harmonics.

4.2. Standard monomials for N on

Let us fix some notations. We write w for the following Sp,,-invariant element in /\2 c2m:

" 2
w = Zer_l N ey € /\ (CZn.
u=1

For J =1[j1,...,Jpl € L(2n,2n), write e; for the elementary basis element ej Aej, A---Aej, €
/\P CZn_

Definition 4.3. An w-sum of Sp,, is a linear combination Y ,_; ¢4 /4 of elements from L(2n, 2n) such
that

;
> caej ewn (/\p_2 (Cz”)
d=1

for some p > 2. We denote by £2, the collection of w-sums of Sp,,.

Proposition 4.4. The following set generates the ideal T C C[M 2] of the nullcone Ni an:
e = {ch‘SU:Jd]: ch]d e -QZn}-
d d

Proof. The ideal generated by ® contains Z, because the basic Sp,,-invariants r;; are elements of &
with I' =i, j1, Ja=[2d —1,2d] and ¢4 =1 for 1 <d < n. For ex, Aeg, A---Aek, , € /\p’2 C2", let us
consider the following elements in w A (/\"_2 Cc2y:

n
WA (B, A€y A -++ /\ekpfz) = Zezu—] Nequ Negy Nejy A Nek, ,

u=1

n
=ZUu(ej1 Aej, Ao Aejy)
u=1

n
=2_oue,
u=1
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where {j1,...,jp} ={2u —1,2u,kq,...,kp_2} with j; <-.-- < jp. If there is a repetition in {2u —
1,2u,kq,...,kp_5}, then o, = 0. If there is no repetition in {2u — 1, 2u, k1, ..., kp_2}, then oy is the
signature of the permutation sorting 2u —1, 2u, k1, ..., kp_> in increasing order. Since w A (/\p—2 C2m

is spanned by these elements, the elements of ©® are linear combinations of their associated elements
> _10udji:j,)- The column expansions for the determinants yy.;,) show that Y, 0y8j1.),) is an ele-
ment of the ideal generated by the basic Sp,,-invariants {r;;}. This shows that @ is contained in Z,
and therefore ® generates the ideal Z. O

Next, we characterize standard monomials of C[Mj 2,] associated with the elements of the ideal Z,
and then we define standard monomials for the quotient R(Nj 2,). Let us impose the lexicographic
order on the elements of the same length in L(2n, 2n). We say [i1,...,ip]l >jex [Jj1,..., jp] if the left-
most non-zero entry of (iy — ji,...,ip — jp) € ZP is positive. We fix the element 7: [1,3,...,2n—1]
of length n having 2d — 1 as its d-th smallest entry for 1 <d <n.

Lemma 4.5. Let ) _, cqJa be an w-sum of Sp,,,. Then the smallest element J; among {]q} with respect to
the lexicographic order satisfies J1 % J. Conversely, if J1 € L(2n, 2n) satisfies J1 % ], there is an w-sum of
Spy, whose smallest non-zero term with respect to the lexicographic order is J.

In particular, note that if £(J) > n, then J % 7 The above lemma is from computations of the
fundamental representations of Sp,,, which can be realized in the quotient of A C?" by the ideal
generated by w. Its proof can be found in [20, Propositions 5.6, 5.9] and [7, §17]. See also [2] for a
combinatorial description of such computations.

Definition 4.6. Let us define a distributive lattice D(N) for N' = N o, as
D) ={[I: J1€ D(k,2n): €({I: J1) < min(k,n) and J > J}.

A multiple chain t= (X7 < X <---) in the poset D(N) is called an A/ -standard tableau, and the
corresponding monomial A(t) =[], 8x, € C[Mg 2n] is called an A -standard monomial.

Proposition 4.7.

i) For A, B € D(N), the corresponding product §485 in R (N 2n) can be expressed as a linear combination
of N-standard monomials:

8/483 = ZCYBXrSYr
r

where 8y, can possibly be 1, and $a,p8av g appears in the right-hand side with coefficient 1.
ii) Moreover, in the above expression, wt(A) + wt(B) > wt(Xy) + wt(Y;) and the equality holds only for
(Xr,Y)=(AAB,AVB).

Proof. Note that for A,B e D(NV), AAB and A Vv B belong to D(\) and the corresponding ele-
ment 8a,pdavp appears in the standard expression of §48p in C[My 2,] by Proposition 3.6. Then
the first statement follows easily from the following computation: starting from the standard expres-
sion ), c;8x,8y, of 84a8p in C[M 2,1 given in Proposition 3.6, if there is X, = [I: J] which is in
D(k, 2n)\D(N) then we can obtain the A/ -standard expression of §x, 8y, by successive applications of
the elements (8.j7 — > 4 S4d[1:5,1) in the generating set @ of the ideal Z such that [I: Jq] >jex [I: J]
for all d, combined with the relations in Proposition 3.6 if necessary. We can always find such el-
ements in @ by Lemma 4.5. For the second statement, note that after replacing a non--standard
term 8x, 8y, by (O_45ad1:j,1)3y,, the weights of new terms wt([I : J4]) + wt(Y;) are strictly smaller
than wt(X;) + wt(Y;). If a term 8y, 8y, is already A/ -standard, then the inequality of the weight di-
rectly follows from Proposition 3.6. O

Now we state standard monomial theory for the nullcone N 5, and show its degeneration by the
same method used for C[Mp ] in Section 3.
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Theorem 4.8. The N\ -standard monomials in C[M 2, project to a C-basis of R (N 2n). In particular, the
N -standard monomials A(t) of shape sh(t) = D project to a basis of p,? ® 02’37.

Proof. For a standard monomial [, &j,. 5,1 of C[My anl, if Js 7 for some s, then we find Big: s —
Y dCadls:jq 51 € © With Jg ¢ > Js for all d by Lemma 4.5. Then

(5[13:151 - chﬂs[ls:fd.s]) I T80
d

T#S

is in the ideal Z having the monomial [, dyj,.;,; as its initial term. By repeating this procedure,
combined with the relation in Proposition 4.7 if necessary, we can express [ [, 8f,j,] as a linear com-
bination of N -standard monomials. This implies that A -standard monomials project to a spanning
set of the space R(N 2n). Moreover, since the subspace of R(N 2n) spanned by A -standard mono-
mials of shape D is stable under GLy x Sp,,,, the dimension of the space ka ®02?1 is less than or equal
to the number of N -standard monomials of shape D.

Now we claim that the number of N -standard monomials of shape D is exactly the dimension of
the space p? ® o). For an \-standard monomial [T, 8(;,.j,) of shape D, the row indices {I} form a
semistandard tableau T~ of shape D with entries from {1,...,k}. Then, the number of such semis-
tandard tableaux is equal to the dimension of ,o,f’ (e.g., [7,11]). On the other hand, the column indices
{Jr} form a semistandard tableau T* of shape D such that each column is greater than or equal
to 7 The set of all possible such semistandard tableaux T* with entries from {1,...,2n} labels the
weight basis of 02?1 (e.g., [2,20]). Therefore, the number of all the A -standard monomials A(t) with
sh(t) = D is equal to the dimension of ,0,? ® 02131. This finally shows that the A -standard monomials
with shape D project to a C-basis of p? ® 0. O

Theorem 4.9. The algebra R (N 2n) is a flat deformation of the Hibi algebra over D(N'). More precisely, there
is a flat C[t] module whose general fiber is R (N, 2n) and special fiber is isomorphic to the Hibi algebra Hp (s
over D(N).

Proof. From Theorem 4.8, every element of R(N 2;) can be uniquely expressed as a linear combi-
nation of N -standard monomials A(t). Hence, we can impose the same filtration F"* of C[M 5] on
R (Nk,2n) via the weights wt on N -standard monomials (Definition 3.5 with D(k, 2n)): Fg’t(R(./\/k,zn))
is the C-span of the set

{A®: wtt) <d}.

This filtration is well defined, since in the standard expression ) ,.crA(t;) of any product []84, the
weights wt(t;) are smaller than the weight of []da by Proposition 4.7. Moreover, since the equality
holds only for (X;,Y;) = (A AB,AV B), as in the case for the space My ,,, we have the relation
SA 'gr SB =SAAB ‘gr SAvB Where sc are elements corresponding to ¢ in the associated graded algebra
g™t (R (Nk.2n)) with respect to FW'. Therefore it is easy to see that the associated graded algebra forms
the Hibi algebra over D(N\). Now for the flat degeneration, we can construct the Rees algebra R':

R =P FY (R W20t
d>0

with respect to F"!, then from the general properties of the Rees algebras (e.g., [1]), R' is flat over
CJt] with general fiber isomorphic to R(N 2,) and special fiber isomorphic to the associated graded
algebra which is Hpnny. O

5. Lattice cone for NV, 2n

In this section we study a lattice cone associated with A 2,. As is the case for My p, it turns out
that each point in the lattice cone for N, can be identified with a pair of Gelfand-Tsetlin patterns.
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Proposition 5.1. Let A(t) = [, &, ;.1 be an N -standard monomial and p; € Py 2q be the pattern correspond-
ing to A(t). Then, p; has its support in the following subposet of I 2n:

Fron= Fk,Zn\(A UB) (5.1)

where the subsets A and B of I'yp1y are defined as

A= {zl(,a) € Dokt a<2nandb > (a+1)/2};
B

>z},

) . 7%
— { b € Iontk: Zmin(k,n)+1

We shall prove it in a few steps. First, note that if a GT pattern p € P(k+2n) of GLy,x corresponds
to an A -standard monomial, then this proposition says that the length of the 2n-th row is at most
min(k, n) and the support of p corresponding to the bottom 2n rows is contained in the “left half” of
Iy C F2n+k-

Example 5.2. For k =4 and n = 3, let us consider the following N -standard monomial for Ny g:

0[123:13516[124:136]0[12:2416[13:35]6[1:4] -

Then the corresponding semistandard tableau with respect to & given in Lemma 2.2 is the following
chain in Pl(4, 10):

112|134
313/4|5|7
5/6/7|7]|8
71818(9]9

and we can visualize its corresponding GT pattern for GLig by listing its function values as
5 5 5 5 0 0 0 0 0 0

5 5 5 3 0 0 0 0

Note that the length of the 6-th row (5,4, 2) is 3 and the support corresponding to the bottom six
rows is contained only in the “left half” of the poset of I's C I'lp.

Let us write 1 for [2n+1,...,2n 4 k] € Pl(k, 2n 4 k), and write ps for the GT pattern of GLp,i
corresponding to 1 via Lemma 2.4. Recall that J =1[1,3,...,2n— 1] € L(2n, 2n).

Lemma 5.3. Let [I : J] € D(k, 2n) be an one-line tableau and K = &([I : J]) be the element of Pl(k, 2n + k)
corresponding to [I : J] via Lemma 2.2. Let supp(px) denote the support of the GT pattern pi corresponding
to K.If ] £ ], then the following intersection

supp(pk) N {Zt(,a) € pyr:a<2nandb > (a+ 1)/2}

is non-empty. Conversely, if | > 7 then the intersection is empty.

Proof. This is an easy computation similar to [20, Lemma 5.11]. O
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Recall that for each standard monomial A(t) =[], 8j,.j,; of C[Mk 241, by the bijection constructed
in the proof of Proposition 3.8, we can find its corresponding pattern p; € Py an for My ;. More
precisely, p; as an element of P(k, 2n) is the sum of GT patterns p, of GLy,k corresponding to &([I; :
Jr]) where £ is the bijection given in Lemma 2.2. If A(t) =[], d(s,.j,7 is an N -standard monomial,
then J, > 7 for all r. Therefore, by the above lemma, the support of p; € Py o, does not intersect
with {zl(f) € Iiy2n: a<2n and b > (a + 1)/2}. Also, note that J 7%7 if £(J) >n and that £(I) < k.

Then the condition that p; is supported in Fkln\{zga) € Teyon: zfﬂ”n)(k —— zl()a)} follows from the fact
£([I: J]) < min(k, n) for [I: J]€ D(N). This finishes the proof of Proposition 5.1.

Now by using the poset identified in (5.1), we can define the semigroup and the cone for A 2,.

Definition 5.4. The semigroup P (N ) of patterns for N o, is the set of order preserving maps
from [ 2, to the set of non-negative integers with the usual function addition as its product. We let
C[P(Nk.2n)] denote the semigroup ring of P (N 2n).

We can define the convex polyhedral cone associated with the space N 2, as the collection of all
non-negative real valued order preserving maps on f i ,:

CWNi2n) ={f: Fron— Rxol

Then, by identifying f with its values (f(zl(,a))) e RN for zl(f') € F.2n, We can realize the semigroup
P (Ni.2n) of patterns for Ny on as the intersection of C(Nj 2n) With ZN, i.e., the lattice cone for Ny on:

P(Ni2n) = C(Ni2n) N ZN

where N is equal to the number of elements in the poset f i . Let us denote by P(Ny2q)p the
collection of p € P(N 2,) whose 2n-th row is equal to Young diagram D, i.e., p(z®") = D. Then the
lattice cone for N 2n can be expressed as the disjoint union

PWNi2n) = JPWNi2n)p
D

over all D with ¢(D) < min(k, n).
The following is a lattice cone version of Theorem 4.8.

Proposition 5.5.

i) For N = N 2n, the Hibi algebra Hpnry over D(N) is isomorphic to the semigroup ring C[P (N 2n))-
ii) There is an one-to-one correspondence between P (N 2n)p and the set of weight vectors for p,? ® 02[,’1
in R(M<,2n)-

Proof. The proof of the first statement is parallel to that of Proposition 3.8. Note that the multiple
chains in D(N) provide a C-basis for the Hibi algebra Hpns) over D(N) [12]. The pattern corre-

sponding to an A -standard tableau consists of two parts having supports in {zl()a) € Fion: a=2n}

and in {z;a) € Fkan: a < 2n} respectively, and therefore GT patterns of GLy and GL, with the
same top row D. Furthermore, by Proposition 5.1, such GT patterns of GL, have their supports in
{zf)”) € Fran: a<2n and b < (a+ 1)/2}, and then they represent GT patterns for Spy, (e.g., [20]).
Hence the correspondence given in Proposition 3.8 provides a bijection between the set of A/-standard
monomials of shape D and the set of pairs of patterns (p—, p;+) where p_ and p; are GT patterns for
GLy and Sp,, respectively with the same top row D. Therefore, we obtain the bijection between the

set of weight vectors for ,o,? ® 02’?1 and PNk 2n)p. O

Example 5.6. The GT pattern of GLip given in Example 5.2, considered as an element of P4 =
P(4,6)/(p7), can be visualized as a pattern over Iy as follows:



1246 S. Kim / Journal of Combinatorial Theory, Series A 117 (2010) 1231-1247

4 2 0

2

Note that the non-zero entries are corresponding to the poset [ 4. As we discussed in Remark 3.9 for
Mn,m, it can also be seen as the fiber product of two GT patterns, one for GL4 and the other for Spg,
along their top rows:

5 4 2

5 4 2 0 5 4 1
5 4 1 and 5 3

5 3 4 2
5 3

The above GT patterns correspond to the following semistandard tableaux of shape (5, 4,2) via the
conversion procedure given in Lemma 2.4:

1[1]1]1]1] 1[1]2]3]4]
2[2]2]3 and [3[3]4]5
3[4 5[6

They were denoted by T~ and T+ respectively in the proof of Theorem 4.8, and they can be easily
read from the row indices and the column indices of the N -standard monomial in Example 5.2.

Finally, we remark that the discussion in [15] on a simplicial decomposition of a polyhedral cone
and its relation with an algebra decomposition can be directly applied to our case, and then we can
interpret standard monomial theory of R(N 2,) in terms of a simplicial decomposition of C(Nj 2n).
More precisely, if we take a maximal linearly ordered subset S of D(N), then all the products of
elements from

S={81.1 € RWNk20): [1: J1 € S}

are N-standard monomials. Therefore, elements in S are algebraically independent and generate a
polynomial subring of R(N 2n). On the other hand, a computation of Lemma 2.4 shows that S must
be induced from a linearization of the poset [ 2,. Moreover, from our construction of C(N 2p) in
terms of [ 24, all possible linearizations of F 2, give rise to a simplicial decomposition of the cone
C(Nk.2n). Consequently, we can obtain a decomposition of R(MNj 2,) into polynomial rings. This de-
composition is not disjoint, however, it is compatible with a simplicial decomposition of C(Nj 2n)
induced from linearizations of F i 5. For more details in this direction, we refer readers to [15].
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