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We consider two classes of elliptic resonant problems. First, by local linking theory,
we study the double-double resonant case and obtain three solutions. Second, we intro-
duce some new conditions and compute the critical groups both at zero and at infinity
precisely. Combining Morse theory, we get three solutions for the completely resonant
case.  © 2001 Academic Press
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1. INTRODUCTION

In this paper we consider the elliptic resonant problem at higher eigen-
value of —4 with Dirichlet boundary condition on a bounded domain
QcR”Y, N>1. More precisely, we will be concerned with the multiple
solutions of the problem

—Au=g(x,u), in£, u=0 ondQ, (P)

where ge C'(Q xR, R). We denote by 0</i; <A, < --- <A< --- the
distinct eigenvalues of —4 in H := H{(Q) and by H(4,) the corresponding
Ar-eigenspace, respectively. We consider two cases. In the first case, we deal
with by using the local linking theory the double-double resonant case (see
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assumptions (A4,) and (A4,)) and obtain at least three solutions. In the
second case, by computing the critical groups and by using Morse theory,
we study the completely resonant case (see assumption (%) of subsection 1.2)
and obtain at least two nontrivial solution. We also establish some existence
results of one nontrivial solution under some very weak conditions.

1.1. Double-Double Resonance Case. In order to obtain multiple solutions
by using the local linking theory, we first make the following assumptions.
From now on, for two functions a, b, we write a(x) <Xb(x) (or a(x) =b(x))
to indicate that a(x) < b(x) (resp. a(x) = b(x)) with strict inequality holding
on a set of positive measure.

(A1) A <liminfy, _ . (g(x, 7)/t) uniformly for a.e. xeQ and there
exists a € C(£2) such that g'(x, 1) <o(x) <X Agy, for ae. xeQ and teR.

(A,) There exist m <k, t,>0 and fe C(Q) such that

_26(x, 1)

A1 < 2 <px)< 4, forae. xeQ and 0<|f| <1,

where G(x, t) = [§ g(x, 5) ds.
We see that (4,) and (4,) imply that

t t
7 <liminf £ < lim sup 90 <o) <A,
[t] = o0 |z| - oo
and
.. 2 2G(x, t . 2G(x, t
Am—1 <lim inf (t); )<11m sup %<ﬂ(x)<im,
t—0 t—0

which characterize (P) the double resonance at infinity and the double
resonance at zero. Let us call (P) a double-double resonance problem.
Problems with double resonance at infinity were treated first by Berestycki
and deFigueiredo (cf. [1]). Recently, the paper [2] (see also [3] and the
references cited therein) studied this problem and obtained one nontrivial
solution.

Evidently, (A4,) contains completely resonance at infinity, i.e.,

| g(x, 1)
m ——=/4;.
|t] > oo t

For this problem there are many well-known existence and multiplicity
results (see, for example, [4-9, 19-23, 26-29] and the references cited
therein). Most of them are under the assumption of the boundedness of
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nonlinear term, that is, there exists g, € L?(Q) such that |g(x, 1)| <gy(x)
for all te R and a.e. xeQ (see [4-9, 20, 27, 29]). If g is unbounded, one
nontrivial solution was obtained in [ 12, 13, 23, 26]; [ 10, 11] obtained two
solutions under some strong conditions. The main goal of this subsection
is to consider the multiple solutions of (P) with double-double resonance
and with unbounded nonlinear term. For this end, we introduce a
generalized condition of nonquadraticity at infinity (cf. [3]).

(A;) There exist ue(0,2) and y e C(L2) such that

tg(x,t)—2G(x, t)
|2]*

lim sup <p(x)<0 uniformly for a.e. xeQ.

[f] —>

Now the first main result stated as:

THEOREM 1.1.  Assume (A,), (A,), and (A3). Then (P) has at least three
solutions.

Remark 1.1. Indeed, there exist some functions satisfying (A,)—(A45).
For example, let ¢: Q — [0, Z] be continuous with g(x)=0 on €, and
o(x)=% on £,, where 2, and £, are two subsets of 2 with positive
measures. Define

Ak l—ik< : < 1) t < 1
It +———""(2tsin  o(x)+— | ——cos| o(x)+— | |,
TS ) 71 0

it |7 >3,

g(xs [): 25 .
<<Ak+27uk+l—xk)>r, it 1<) <3,

(A1 + (A= A1) sing(x))z, if 7] <L

Then it is easy to check that g(x, t) satisfies (4;)—(A5) with f(x)=4,,_1+
(Apy— Ap—1) sin g(x), p(x) = —cos g(x) and u = 1. Particularly, g(x, t) — 4.t
may be linear growth both at infinity and at zero on a subset of positive
measure.

Remark 1.2.  Assumption (A;) permits that lim, _, . (tg(x, 1) —2G(x, 1))
= oo on a subset of positive measure and at the same time, that lim ,, _, . (#g(x, ?)
—2G(x, t))=c (¢ =constant or — o) on other subsets of positive measures.
(A3) is a generalization of the condition of nonquadraticity at infinity
which was introduced in [ 3], where y(x) = constant <.

Remark 1.3. Theorem 1.1 generalizes Theorems 2.1 and 2.2 of [10]
and Theorem 2 of [5]. In [ 10] it was supposed that lim , _, ., (g(¢)/t) = A4,
A1 <inf, .,(g(?)/t) (a global condition) and that #g() is not sign-changing
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when |¢| large. Mizoguchi [ 5] introduced the so-called density condition with
respect to G and obtained only one nontrivial solution by different method.
If g is bounded, [5, 7] obtained some similar results by different methods
under different conditions.

There is a conjugate result of Theorem 1.1.

THEOREM 1.2.  Suppose that there exist m>k, ty>0, 2>pu>0; & f, 7€
C(Q) such that the following conditions hold:

(Ay) limsup,_, o (g(x, t)/t) < Ay uniformly for a.e. xeQ and g'(x, t)
> a(x)=Ap_q for ae. xeQ and teR,;
(Ay) Ay <2G(X, )/12 < B(X) X Ay fOr ae. xeQ and 0 < |t] < to;
(A3) liminfy,  , ((g(x, 1) 1 —=2G(x, 1))/]1]*) = p(x) = 0.
Then (P) has at least three solutions.
Remark 1.4. The proof of Theorems 1.1 and 1.2 is based on the reduc-
tion method and the local linking theory (cf. [17, 18]). We prove that the
reduction functional defined on a finite dimentional (or infinite dimen-

tional) subspace has the local linking geometry, then the abstract theorem
of [17, 18] could be used.

1.2. The Completely Resonant Case. We consider

=/

i -

—i.  and  lim &0

|7] - o t || >0 t (*)
Obviously, this case is contained in the double-double resonance case. But
by introducing some new conditions which enable us to compute the critical
groups, we obtain some new results about multiple solutions. For this case,
the corresponding functional of (P) is degenerate both at infinity and at
zero. Therefore, computing the critical groups becomes the main ingredient
when we want to use Morse theory.

Throughout this paper, we write

g(x, 1) =gt + f(x, 1) = Ayt + fo(x, 1)
and

t t

Flx, 1) = j f(x,s)ds,  Folx,1)= f folx, 5) ds.

0 0

First, for computing the critical groups at infinity (cf. [ 12]), we introduce
a control function /4, for f.
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Let 2:R*™ > R™ be an increasing function and 7, 7, two constants
such that

~

hoo(1)
(1)

0<7,< S<2 hy(st+1)<clhyg(s)+he(1), Vs, 1eR™.

S

Here and in the sequel, the letter ¢ will be indiscriminately used to denote
various constants whose exact value is irrelevant. Evidently, A (¢) =t with
0<o<1 is a simple example. Now we assume that

(By) f(x, )| <c(1+hy(]t])) for ae. xeQ and t€eR.

(By) liminf, , (+F(x, t)/H,(|t])):=a*(x)»0, uniformly for
ae xeQ.

We will see that (B;) and (B3) enable us to compute the critical groups
at infinity and Betti number precisely.

Since the existence of nontrivial solutions is closely related to the behavior
of f, at zero, we need some hypotheses around the origin. Similarly, we intro-
duce a control function as follows.

Let iy: R* > R™* be an increasing function and o,, o, two constants
such that

2<0, <M<02, ho(s+ 1) < clho(s) + ho(t)),
Ho(1)

for s, e R* and small. A simple example is /4(¢) =t with g >2. Now we
assume that

(C1) Sfo(x, B)] <chg(|t]) for a.e. xe2 and |¢| small.

(CF) liminf,, o(£Fo(x, )/ Ho(]t])) := b*(x) =0, uniformly for
ae. xef.

Remark 1.5. We can compute the critical groups at zero precisely under
(C,) and (C%). Considering (B,) (or (Cy)), (BF) (resp. (C¥)) are reasonable.
Noting that a*(x) and b*(x) are permitted of zero on a positive measure
subset of Q, then + F(x, t) and + Fy(x, t) may be sign-changing; F(x, t) is
allowed to be bounded or unbounded on different subsets of 2 with
positive measures.

In order to get multiple solutions, we need a further assumption, that is,

(D*) there exists & € C(Q2) such that +1"(x, 1) < +&(x) < + (A1 — 4i)
for ae. xeQ.
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Set

Hoo =dim(H(4)® -+ @ H(Ax_1)),  ve=dim H(4);
Ho=dim(H(4,) @ -+ @ H(Z,,_1)), vo=dim H(4,,).

Now we are prepared to state the main results in this subsection.

THEOREM 1.3. Assume (B,), (C,), and (D). Then (P) has at least two
nontrivial solutions in each of the following cases:
(1) (By) and (C3); [(poo + Vo) —

(4o + vo)| = odd number;
(i) (By) and (C3); oy + Ve

— lo| = odd number.

If (D7) holds, we can estimate the Morse index, therefore we get

THEOREM 1.4. Assume (B,), (C,), and (D™). Then (P) has at least two
nontrivial solutions in each of the following cases:
(i) (By) and (C3'); o+ Vo # Moo
(i) (B5) and (C3); fto # oo

If we drop (D*

), we obtain the existence results of one nontrivial
solution.

THEOREM 1.5. Assume (B,) and (C,). Then there exists at least one
nontrivial solution in each of the following cases:

(1) (By), (CF) and po, + vy # o+ Vo;
(i) (By), (Cy) and po + Vo, #los
(iii) (B3 ), (C5) and pt o # 1o+ vo;
(iv) (By), (Cy) and pio # po.

Remark 1.6. Theorem 1.5 extends different results contained in [12, 22]

In [12] it was assumed that f(x, ¢) is bounded and F(x, t) — oo uniformly
for |¢t| = 0. In [22], F(x, t) is not sign-changing.

Next we consider the following assumptions:

(EX) There exist y* e C(Q) such that

£ (tf(x, 1) = 2F(x, 1))

lim inf e >y (x) 0.

|t] >
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(EF) There exist 3% € C(Q) such that

+ (¢, —2F
i )20 ),
12| >0

Then we have

THEOREM 1.6. Assume that there exist T€(0, 1), o>2, such that | f(x, t)|
<c(l+|t]7) for all teR and a.e. x € Q and that | fo(x, t)| <c |t|? for |t| small
and a.e. x€ Q. Then (P) has at least one nontrivial solution in each of the
following cases:

(i) (E%)
i) (E)
(iii) (EZ)
(iv) (EZ)

, (Eg) and po, 4+ v, #pg+ Vo;
s (Eq) and po, + v # ho;
s (Eq ) and po, # pto+ vo;
 (Eq) and po, # 1g.

—_

—

Remark 1.77. We will prove that (E%) and (E;) imply completely the
critical groups at infinity and at zero, respectively. As we have pointed out
in subsection 1.1, (EZX) generalize the condition of nonquadraticity at
infinity (see [ 3, 32, 337]). But in those papers, no characteristics of the critical
groups were obtained under (E%). Conditions (EF) seem to be new.

Remark 1.8. 1t is easy to see that the above theorems contain the case
of A,=24,,, which means that the resonance happens both at zero and
at infinity simultaneously with the same resonant point. So they extend
different results of [ 5, 7, 10, 26, 27].

Remark 1.9. In Theorems 1.1 to 1.4, condition g'(x, ) <o(x)<XAg4q
(or g'(x, t) = a(x) = A;_,) can be replaced by a weaker version

g(x’ Z)_ g(xa S)
t—s

g(x7 t) B g(X, S)

>of(><)>ik_1>
t—s

<a(¥) < Aty (resp.

for all z #s. There is no essential difference for proving Theorems 1.1 to 1.4.

2. PROOFS OF THEOREMS 1.1 AND 1.2—BY LOCAL
LINKING THEORY

First, we have to establish some lemmas. Let |u| = ([o |V u|? dx)"? be
the usual norm in A induced by the inner product {u, v) = sg Vu-Voudx,
u,ve H. |||, denotes p-norm in LP(LQ). Since H(4;) is the eigenspace
corresponding to A;, H(4;) has the unique continuation property.
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LEMMA 2.1. Assume that there exists h: Rt > R™*, ¢, >0 and ¢,>0
such that

tht)

g <——< < 2%,
ISHO S

where 2* =2N/(N—=2) if N=3; 2*¥*=00 if N<2; H(t)= 56 h(s) ds. For
Pe C(2 xR, R), there exists 0* € C(Q) such that

.. TP(x, 1)
lim inf ————=>0%*(x) =0
Ty 2 Z

uniformly for ae. xeQ. Let H=V® W with dim V< oo and V have the

unique continuation property. If u,=v,+w, with v,eV, w,e W and w,/
[, | — 0, then

fim inf L2 T PO ) dx
n— oo H(|u,l|)

>0.
Proof. Evidently, dim V' < co implies that there exists C, >0 such that
[o(x)| < sup{|v(x)]: xe 2} < Cy |v], VoeV.
By the unique continuation property of V, using a similar argument as that
in the proof of Lemma 3.2 of [4], we have, for any ¢; >0 and ¢, >0, that
there exist d(¢;) € (0, 1) and J(e,) > 0 such that
meas{x e Q: |v(x)| <d(e) |[v]l} <&, Yoe V'\{0},
meas{x e Q : |w(x)|>d(e) [w|} <e,, Vwe W.
Letting
Q= 1{xeQ:[v,(x)| = (&) llvg |},
Qoy={x€Q 1w, (x)| <I(&p) [lw, |},

then meas(Q\Q2,,) <e¢;, meas(Q\Q2,,) <&,, 2, " 2,, # I and

0%(x)dx> 1 j 0% (x) dx >0,

Q,N2,, Q

if ¢; and ¢, are small enough.
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By our assumptions, for any ¢ >0, we have that

|4,,(X)| [ W, |

>d(ey) —d(e) >d(ey) —e,
[, [, | [, |
0 o el g ol
[l | [, [, |

as xeQ,, nQ2,, and n— o0; and that

|4,,(X)] loall W, |

<0
IR

as xe€2,,\2,, and n— oo.
On the other hand, for any ¢ > 0, there exists 7, > 0 such that

+P(x, 1)
H(|t])
Settlng an {XEQ: |un(x)| > Ts}’ Q3n= {xegln mQZn: |un(x)| > HunH}s

Qu={x€Q,nQ,,: lu,(x)| <|u,|}, then by the definition of / and for n
large enough, we have that

=>0%(x)—¢ for ae. xeQ and |f|=T..

+ P(x, u,)
2, na, H(lu,l)

H(lu,!)

\%

0*(x)—e)
lnnsan H([u,|)

l

fo” HJ ﬁ%<<lii:'>”+<|'Z:'|>Q)dx
[ o ) gy [ g D,
Jo.!
2],

\Y

\V

Uy ll) 2, H(|u, 1)

0*( <|u |> dx +J Hi(x)<|u"|>2dx—sc
[l | 2, [, |

0=( dx+J 0*(x)(d(eq) —e)2dx —ec

QAn

A\

= (d(ey) —¢)™ 0%(x) dx —ec

‘ann‘QZn
) —¢&)?
>—L 2 | 9F(x)dx—ec
2 Lz (x)

=c(d(egy) —e)2—ec.
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On the other hand, for » large enough,

+P(x, u,)
a\e, H(llu,|)
- 2P, uy) | EP(x, u,)
@2, ~@\e,) H(llu,l) @\e,ne, H(u,l)
H(x, u,)
S (0%(x) ) 7 dx
(£2,,\2,,) " 2, H({|u, )
> —ac—f-J M. )dx
(2,,\2,,) " 2, H(u,|)
%)
2_8C+J Oi(x)<|u,,|>
(2,,\2,,) " 2, l[ut,
> —ec— (8(e;) +e)20%(x) dx
(‘Q'Zn\gln)ﬁ‘gn
> —ec—(d(ey) +¢)2¢;c
and
+P b n iP b n
[P £ Px, uy)
ey, H([u,]) @esna, H(lu,l)
H(|u,|)

> —s+j (0% (x)—¢) o tnl)
(2\2,,) ",

H([u, )

un ‘1 un 5]
e () )
o\, \ [lu, | 24,

= —CE—CEy.

Combining the above estimates, we have that

lim inf f A P(x, uy)

dx = c(0(g)) —e)2—ec—ce (0(ey) +&)2—eye.
nooo Jo H(|u,|)

Noting that ¢, ¢, and ¢ are arbitrary, we have that

lim inf f AP, uy)

dx > (0(gy))2(c—ce;)>0. |
n— o0 H(llu, )
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Setting H™ =H(2))® H(42)® -+ @ H(Ax_1), H" = H(4 1) ® H(Ap42)
@® -, H*=H(J,), then H=H- ®@H*+ @ H°.

LemMa 2.2 [15]. (1) If a(x)<XAgy, for ae. xeQ, then there exists
0> 0 such that

Hsz—j a(x)w?dx =46 |w|> forall weH™.
Q
(i1) If a(x) = A4 for a.e. x € Q, then there exists 0 >0 such that
Hunz—j a(x) v dx< —6 |v|%  forall veH @ H".
o)

It is well known that the solutions u e H of (P) are the critical points of
C! functional

Hu)=1 L} Wk dx—L) G(x, u) dx.

Based on the above lemmas, we show how conditions (A4,) and (45) (or
(A4%) and (A4%)) imply the compactness condition (C), in the Cerami’s sense
(cf. [14]): any sequence {u,} = H such that I(u,) — ¢ and (1 + |ju,,[|) |'(u,)|l
— 0 possesses a convergent subsequence. It was shown in [4] that condition
(C), actually suffices to get a deformation theorem and then, by standard
minimax arguments, it allows rather general minimax results.

Lemma 2.3. Assume (A,) and (A5) (or (A}) and (A%)). Then I satisfies
the compactness condition (C), for every c€R.

Proof. We suppose that the first alternative holds. The proof with the
second alternative is similar. Assume {u,} is such that I(u,) — ¢ and that
(1+ llu,|l) II'(u,)|l > 0 as n— oo, then it is enough to prove that {u,} is
bounded. By negation, assume that |ju,| — oo, and write u,=u) +u, +
ue H*®@H - @H®=H. For any ¢>0, by (4,) and (A4,) we have that
_ﬁgf(j’t)soc(x)—ik—keﬁ-ﬁ?, for t#0.

If |u}t | = |u,; +ul|, then

SO u) () =y —up) < (a(x) = A+ &) (0 ) = (a(x) = A+ ), +uy)?

0
nl-

-
+C,lu, —u; —u
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If |ut | <|u,; +ull, then
SO u)(uf —u; —u®) < —e(u ) +e(u, +ul)>+C, luf —u, —ul|.

Consequently,

f(xv un)(u:_u__uo)
<(a(x) = A+ e) ;) 4 e(u, +up)?+ C, luy —u, —upl.

n

Combining Lemma 2.2, we have the estimates,
<I,(un)5 u; - Z/l; - u2>

= o |12 = My 12— g g 154+ Ay ey H%—LQ ((x) = Ay +&)(u,)? dx
—ej (u, +ul)?dx— CJ —u,; —ul)dx

Y
>6 Jur |2+< C

}“k 1

) 12— se Juz |12

—ec|lu, |2 —ec Juy > —c Juy, |,

it follows that [uF |/|u,| — 0. By Lemma 2.1 and (A4;), we have that

i s 2.0 /05 10) —2F(x, 1)) di

"o oo e [1#

<0,

which contradicts the fact that

f (f(x,u,) u,—2F(x, u,)) dx=2Iu,)— {I'(u,), u,y — 2c, as n— oo.
Q

Hence |ju, || is bounded. |

LemMma 2.4. Assume (A,). Let H=V @ W with dim V < o0 and V have the
unique continuation property. If u,, = v, + w, with |u, | = o and ||v, ||/|u,| = 1,
then

(a) (As) implies that lim inf, _, . fg ) dx/|u, |#) >
(b) (A%) implies that lim sup,, _, ., (g F(x, u,) dx/\lunl\") <O.

Proof. (a) For &>0, there exists 7,> 0 such that

o(x, 1) =2F(x, 1) < (y(x) + &) [1]%,
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hence

d <F(x, l)><(V(X)+8) o]

7 2 3 for |t|=T,.

Integrating the above inequality over an interval [z, T]<[T,, c0) yields
the estimate

dt.

F(x, T) F(x,1) IT(y(X) +¢) [1]*
- <

T2 t2 t 13
Noting that (A4,) implies that 0 <liminfy, , ,,(F(x, 1)/1*) < (1/2)(Ag £ 1 — ),
then F(x, t)/|t|* = —(p(x)+¢)/(2—u) for t > T, and a.e. xe Q. By the same
way, we can prove that it is also true for 1< — 7, and a.e. xe Q. Hence

fim inf 2000 5 70)
2—pu

>0 |E]*

=0.

By Lemma 2.1, we have that

i inp 42 FOo ) dx
noo u |

The proof of (b) is similar and will be omitted. ||

Before proving Theorems 1.1 and 1.2, we recall a global version of the
Lyapunov-Schmidt method (cf. Lemma 2.1 of [16]). Let H be a real
separable Hilbert space and X and Y be two closed subspaces of H such
that H= X@® Y. Assume that /e C'(H, R). If there are m >0 and 7 > 1 such
that

T(u+v)—T'(u+w),v—w)z=mlv—w|* forall ueX, v,weV,
then there exists y € C(X, Y) such that

I(u+y(u))=min I(u +v).

veY

Moreover, y(u) is the unique member of Y such that {I'(u+y(u)), v) =0
for all ve Y. Furthermore, if we define I(u) = I(u +/(u)), then Te C'(X, R)
and

(T (u),uyy =T (u+p(u)), u» for all u, u, e X.

An element u e X is a critical point of I if and only if u 4+ y(u) is a critical
point of I. Now we have to prove the following lemma.
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LeEMMA 2.5. Assume that ||I'(u)| <c(1+ HuHi’l) for ue H and that I
satisfies the compactness condition (C),. Then I satisfies the compactness
condition (C),.

Proof. Let u, € X be such that I(u,) — ¢ and that (1 + |ju,||) I'(u,) — 0,
that is

here and then, we denote by Py: H— X (or Py: H— Y) the projection
onto X along Y (resp. onto Y along X). By the definition of i, we know
that PyI'(u, + Y(u,)) =0; therefore (1 + |u,|) I'(u, + ¥ (u,)) — 0.

On the other hand, we have done if there exists a subsequence, which is
denoted by the same way, ||u, || — 0 as n — oo. Otherwise we suppose that
|u, || =c, for all n large enough, hence

m || ()1 < KT (uy + Y (u,)) — 1 (), () >
= = (u,), Y(uy,))
(1l [771) I (u,) -

It follows that |y(u,)|l/l|lu, | <c and that

W) | 1ty + () = %M"H)H

(1 ot + () DU (ut, + (1)) = 0,

ety | 1 (et + () = 0,

as n — oo. Therefore, up to a subsequence, u, + Y(u,) — u* + w* for some
u* e X, w* e Y. Hence, we have that u,, » u* and w* =y(u*). |

Remark 2.1. 1If I satisfies the usual (PS) condition, then so does I (cf. [ 7]).

Remark 2.2. Under the assumption of (A4,), we will find that =2 and
that |I'(u,)| <c(1+ |u,|) holds for all ue H.

Proof of Theorem 1.1. We divide the proof into steps.
Step 1. For any ue HH®H ", v, we H', by (4,) and Lemma 2.2,

Tu+v)=T'(u+w),v—wd> Hu—sz—j a(x)(v—w)2>dx =6 |v—w|>
Q

Therefore, there exists : HO@H~ — H™ such that I(u+y(u))=
min,, . 5+ I(u+w). The functional I: H°@ H~ —» R defined by I(u)=
I(u+y(u)) is of class C' and an element ue H°@® H ~ is a critical point of
I'if and only if u 4+ (u) is a critical point of I.
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Step 2. —1I hence —1 is bounded below on H~ @ H°. By negation,
if there exists u, e H°@® H~ such that —I(u,) < —n, then I(u,)>n and
l|lu,|| = o0 as n— oo. By (A4;) we know that

2G(x, t :
(>2c )2 Jx  uniformly for a.e. xeg,

lim inf

|t| - o0

hence, for sufficiently small ¢, there exists C,> 0 such that G(x, t) — A, 1> >
—t%—C, for all teR.

Write u,=u’+u, . If |[u, ||/|u,| = co #0, then we have that

1 A 1
Hu,) <= (1— ~ 2 Sl
(un) 2 < ) > Hun H jg <G(xa un) 2 /“kun> dx

‘k—1

1 A 1
<3 (1725 ) Iy 1245 e+ e

<
2 k—1

! Ze \ lus |2 >
<7 2 1_ k L 5 )
 lin (( ;) TRV

it follows that I(u,) > — oo as n — co. If ¢o =0, then lim,, _, ([|u°]/|lu,])= 1.
It follows from (A;) and Lemma 2.4 that

n— oo 2t 11

Consequently,

1 A
Iu)<=(1— ~ 12— | F(x,u,)dx— —oo.
<3 AH)'”" 1P Flew,)dx— —oo

Step 3. Letting H'=H(,)®H(,)® --- ®H(4,,_,;) and H*=
H(A,)® --- ®H(l), then H°@H =H'®H?* The functional —1
satisfies the local linking condition on H'@® H?, i.e.,

(u)

u for ue H' with |ul| <J,;
u)

—1I(u)=0
—I(u)<0 for ueH? with |jul| <J,.

In fact, since dim H'! < oo, condition (A4,) implies that there exists &, such
that

—Iwu)=>—1Iu)= -5 |ul*>+37,_ |ul3=0 for ueH"' with |u] <d,.
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Furthermore, since (A4,) implies that G(x, t) <3 B(x) t*+c |7|? for all te R,
where 2 <p <2*, we have by Lemma 2.2 that

—T(u) = — I+ (w))
< 3 lut Y+ | A0 et bt dxte |kl dx

< —cllu+)]?+ ¢ llu+pu)”.

Noting that p>2 and Yy e CY(H~ ® H° H™*), we have J,>0 such that
—I(u) <0 for ue H? with [Ju|| <6,.

Step 4. By Lemmas 2.3 and 2.5, T satisfies the compactness condition
(C), and evidently, inf, . 41 z2(—I(u)) <0. Therefore, combining Steps 1-3
and Local Linking Theorem (cf. [17, 18]), we know that —1I has at least
three critical points hence (P) has at least three solutions. |

Proof of Theorem 1.2. For this case, we have to consider @ = —I. Then
(D'(v4+w) =D (v+w,),w—w>=c|w—w,|* for wyw,eH~ and ve
H°@H*. 1t follows that there exists ¢ C(H°@ H™*, H™) such that
—I(v+¢(v))=min,, - (—Iv+w)) :=1(v) for ve H@® H*. By a similar
argument, —17 is bounded below and satisfies the local linking geometry
with respect to H'=H(A)® --- ® H(Ay), H?*=H(lp,1)® H(Ap,»)
@ ---, we omit the details. ||

3. PROOFS OF THEOREMS 1.3-1.6—BY MORSE THEORY

In this section, we will deal with (B,), (BY), (C,), and (C5). First of all,
we show how conditions (B5) imply the usual (PS) condition.
LemMmA 3.1.  Assume (By) and (BF). Then I satisfies (PS) condition.

Proof.  We just consider (B; ), since the proof with the other alternative
is similar.

Let {u,} be the (PS)-sequence. We write u, =w, +z, + v, with w, e H™,
z,€ H™ and v, € H®. It is enough to prove the boundedness of {u,}. Since

<1’(un)’ Wy — Zn>

:f Vu, - V(w,—z,) dx—ikf u,(w,—z,) dx
Iy

Q

=[S0 w)ow, = 2,) dx
Q
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=c HWn"‘Znuz_C Hwn+zn H —C HW,,"‘Z,,H <[ hoo2(|un|)dx>
Q
=c Hmjn_{—zn ‘|27C ”M}n_’_zn H

12
bzl ([ R de )

u, | = |lu, || ey | < llugy

=c HWn‘i‘ZnHZ—C ”Wn+ZnH

lua |\,
—clw,+z,0 ([ ) B2l ) dx
A CARN A

12
+ h;uun)dx)
[, | < Il

Zcllwy+z, 12 —cwy+z, | —clw,+z, ]l (14 (llu, )
ZCHW,,‘{‘Z,,HZ—C”VV”‘FZ"H

= Wt 2, | (LBl 1) + w270+ 2, 1270,

it follows that ¢ |w,|*+ ¢ ||z, ]|* < cH?(|lv,|). Noting that

L) > ¢ |, + 2,12 = ¢ Jw,+ 2, = | Flx, 0,) dx
Q
= Iyt 2, | (L (0, 1)+ 17270 4 2,27 )

> w2, 1= chZ (o, |) = | F(x, 0,) dx,
Q

then, if {|v,||} is unbounded, we have that

I(un) j‘.Q_F(xb Un) dX

0 N o2~ "2 e,
h2(lval) H . (l[v, )

which implies that /(u,) — oo, a contradiction! |

By the next lemma, we compute the homology groups H,(H, 1), where
H,(-,-) denotes the homology group with coefficients in a field 7,
I°“={u: I(u)<a}. We will denote such H (H,I~“) by C,(I, ) when a
large enough and call them the critical groups at infinity (cf. [12]).

LEMMA 3.2. Assume (By) and (BY). Then
(i) (By) implies that C,(I, o) =0gu,+v, 7>
(ii) (B5 ) implies that C (I, o0) =0

a
q,ﬂw'/ :
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Proof. (i) For any ue H, we write u=w+z+v with we HY, ze H™
and ve H® Let d=min{1 — A, /24, Ax/Ax_1 — 1} and consider the field

oA AHZ (|lv
T vl }

9={ueH: |w|?>—— <
{ g 8(A1+ 2x) 1+ ||o)?

where parameters 4 >0, M >0 will be determined later. Then the normal
vector on the boundary 02 of & is given by v=w(u)=w—dz— & (||v])
(v/|lv]]), where d=0JA,/8(Aq+ Ar), E(t)=H?(1)/(1+¢?). Then for ued%
and ¢ small enough,

(I'(u), vy =0 |w|?+od HZHz—CL (Lo ([ul)) [v] dx
>0 |lwl?+dd 122 = c [V (1+ A (o) + [w[=~ "+ [z =71
>0 |w|?+dd |z|?
—c(llwll +d |z +2& (D) + Ao (loll) + [wl ==+ |71
>3 min{d, od}(|w+z[* — (1 +d) ce~"hZ (|lv]))

—cM1+hg(llvl) o)) — A1 +e7 (& (lv]))?* .

On the other hand, it is easy to check that

2 2
W2 (1) < e +2724(0), (5'(t))2<(4fi°j(j)l <Tl2+l(r2—1)>, for ¢>0.

Then there exist ¢;,>0,c¢;>0 and for 1> 6¢c,, M>2c;/min{d, dd}, we
have that
! 1 : 2 2 )‘
{1 (u), v>>§m1n{5,6d} [wil*—d|z|*—2 Cd+§ (vl | —ea
|
>§mm{5, ody(Iwl1>—d |1z]> = 2&([lvl)) — ¢,

1
=§min{5, ody M —c,;>0.

It implies that I has no critical point outside 2 and that the negative
gradient of —/'(u) points inward to & on 0%. Furthermore, for u € 9,
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L0 AN, 0 Lo
<_- K i
My <5 (1+35) w7 =3 6 1

—J F(x, v) dx + c(1+ho([ol]) + [lwl==1 + (2] lw+ 2|

Q

o
< =5 2P+ ezl + e (o)) + = | Flx.v) d
Q
5 2 2
—S P+ e (ol + e — | Flx, v) d.
8 o)

By the definition of /., and Lemma 2.1, we have that

h? )d
®_Lc|t|?”? and  liminf Ja Flx. v) dx
H,(1) i e He([0l])

it follows that

lim jnf 2 FO0 0 dx
ol = e (o))

>

hence I(u) > — oo as ||v+z|| > c0. On the contrary, it is easy to see that

Hw)> —c <|z|2+L2 F(x, v) dx> —e,

which implies that ||z + v| —» oo whenever I(u) > —oo. Now we choose
a>0 such that K:={ueH:I'(u)=0} c{ue H:|l(u)| <a}. Hence there
exists R, = R,(a) such that Z,:={ueZ:|z+v|>=R,} =1 “NnZ. Setting
b=max{|[l(u)|: |z + 0| <Ry, [w[*><2/8(Z1+ ) lIz|>+2&([vll)}  and
b>max{a, b}, then 7> " 2 = Z,. Finally, choose R, >> R, >0 such that
9y :={ueZ: |v+z| =R} =1 N 2. Since {I'(u),v) >0 on 07, then we
can prove that (2, 2 nI1~¢) is a strong deformation retraction of the
topological pair (H,I~¢). On the other hand, there exists a geometric
deformation { of &, onto Z; and by the second deformation theorem (cf.
[21]), there is a strong deformation retraction # of I=*n 2 onto I N 2.
Hence, (o7 is a strong deformation retraction of /7“n% onto %,. It
follows that
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H(H, I~ ~H/(9, 9 1)
~H,(2, %)
~H,(H'@®@H, {uc(H°®H"): |lu| <R,})
=~ Z.

G, oy + Vg

(i1) Setting

ol
@={ueH:|z|2— w2~

AH§0<|U|)<M}
(21 + ) [+ ol |

> =
Then the normal vector on the boundary 00 of O is given by v=v(u)=

z—(021/8(2 + 2)) w—2& (v )(v/llv])), where &(1) = HZ,(¢)/(1+1%). By a
similar argument, there exist appropriately large A and M such that

1 6%, 2y Ok > >}
2max{5,8()bl+lk)<|2| S0, MHWH —A([vl) | +e

1
—EcM+c<O,

'), vy <

it follows that I has no critical point in H\( and that the negative gradient
flow of I'(u) outwards to ¢ on 0¢. On the other hand, for ue 0,

1 I W P N
1w)> 35w 2<1+ >| 12=] Fixo)dx

Q

—c(L+hg(lol) + w2~ + [z~ fw+z]|

Qq

> i —ch (o) — [ Flx,v) dx—c.
Q

OO

By (B5 ) and Lemma 2.1,

{o—F(x,v)dx

foll o5 hZ(lol) -

It follows that I(u)—> oo as |v+w| — oco. Similarly, |v+w| —> oo as
I(u) - oo. Therefore, by the definition of ¢ and the above arguments, we
can find a large enough such that K:={ueH:I'(u)=0} c{uecH:
|I(u)] <a} and I=*< H\C. Since K = O\I~'[a, ), the flow of the negative
gradient vector provides a strong deformation retraction of H\(¢ onto I =%
Then

H,/(H,1™*)=H(H, H\(Q)qu’ 7. 1

Heo
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Next we compute the critical groups at zero (cf. [21, 25]). Let H)=
H(Ay), Hy =H(lp )@ H(Ay )@ -, Hy =H(4)® - @ H(4, ),
then H=H) @ H, ® H; . We first prove the following auxiliary result.

LEMMA 3.3. Assume (CF). Then

Fy(
lim inf M
lloll > o Ho([vl)

vel

> 0.

Proof. By the definition of /4,, we have that

ngo(Ivl)dx<gzj vl ho(fol)
Ho([|vl) a [lvll Ao(llvll)

|U| >2(02—1) < |l}| >2(¢71—1) 1/2
c I — dx+f — dx
< lloll < o] <|v| ol = 1ol \ 0]l

C.

N

N

Noting that |v(x)| — 0 uniformly for a.e. xeQ as ve H) with ||v| - 0 and
that, for any &; > 0 there exists d(&;) > 0 such that meas(Q\Qel) <¢&;, where
Q, :={xeQ:|v(x)|=d(e) |[v]|} (cf. [4]), it follows that

61‘

+[a Folx, v) dx _ [o(b*(x) —&) Ho(|v]) dx
Hyllol) — ~ Ho([lv])

o Hlh
> [, P00 oy

4!
;j b*(x) <|“|> dx
2, lo|> ol o]l

+ b*(x) <|”|>al dx— ce

2, ol <ol

> (3(e)* | bE(x) dx— e

€1

which implies the conclusion. |i

LemMmA 3.4. Assume (Cy) and (C5). Then
(i) (Cy) implies that C(I,0)=6, ”OHO 7,
(ii) (C5 ) implies that C,(1,0) =9, ,
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Proof. (i) We write ueH as u=w+z+v with weHS, zeH,,
ve HY and consider a neighborhood .4~ of zero defined by

H2
M:z{ueH:|w|2—d|z|2—i o1l

<}"2 ZZ+ U2<r2
T+ o2 S > IzI7 + ol <rz ¢,

where  d<<(4,/8(A;+ A,,)) min{(A,,/Ap_1)— 1, 1 =2, /A 1} is  fixed;
A, 1y, 1, Will be determined later. Then the boundary of 4" consists of

H(lol) _
T+ ol

r1={u: Iwl2—d 2|2 =4 12, |22+ |v|2<r§},

Hi([v])
I="u||w|>—d|z|?— 12 <r2, ||z|I2 4+ v 2=r2}.
= {2 1217 = 2 TR < 1+ P = 13

The normal vector on 017 is

HY(t
1+

~

v

v=v(u)=w—dz—A&'(||v]) where &(t) =

lvl”

Let o =min{4,,/4,,_1—1,1—=2,,/Ap1}. Then for ueorl’

1/2
T'(u), vy Z o |w|*+do||z|*—c ||v] <L h(lul) dX>

> o | wl|*+do | z||?

2 2(ay—1)
~c ol ( J, o <Z> <:Z||> &
+f

> o [wl?+do |z]* —c [oll (ho(llv]) + w1+ [1z[71

12
B3l dx)

ul < lul

> |[w]|?—ce [[w]> —c [w]2—c(de " + ) [Jw]| >~
+do |z|? = cde ||z —cd ||z]| 72— e(e 7" + Ae) [|z]|* 727D
— (cde = hg([[o]]) + A& (Jlvll) ho([lv]) + cAe = (& ([[0])))?).

Noting that o, >2, and by the definition of /,, we may find A =A(d) large
enough, ¢ and r, small enough, such that
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A
vy 25 (Ii?=d 17 =3 (e +5) o)
> (Wl —d |1 (1ol
=73,

which means that the negative gradient flow is inward on 0I;. Next, we
estimate the value of I around I',. Let A,=id—/,(—4)~", then there
exists &, (0, 1) such that

1
I(u) < I\Ao\l lw? — *wHZHZ f Fo(x, v) dx
+c Hw+z|\j lho(v+O(w+ 2))| dx
Q

1
HA I lwll*— *wHZ\IZ—f Fo(x, v) dx
Q
+e lw+z| (o(llol) + wl =1+ 12|71

1
< Aol lIwl? — 1? Iz f Fo(x, v) dx +ce ™ ho([v]])

1
<ol 73+ (d 1o —4w> 212 | Fylx.0)dx
Q

Hillol)

+ A A
ol 721

+ee h(loll)

fa Fo(x, v) dx>
h([lvll)

In view of Lemma 3.3, for r, small, there exist ¢, >0, 0 <r; <r,, such that

1
< 4ol ri+ <d 4ol —4w> 2117+ A5(lloll) <c—

I(u) > -5 for [o]*+|z]*><r3, ue N,
I(u)<0 for |vl|*+ [Iz]|> >3, ueN;
Iu)< —e¢, for |v|*+|z|*>=r3, ue N

The remainder of the proof is similar to that of [22], we just give the
sketch. First, the inwardness of the negative gradient flow on 0I'; and the
estimates of I(u) around I', imply that I°~ .4 is a strong deformation
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retraction of /" and that I°N . 4"\{0} can be deformed to I3\~ 1",
where

I3 A N i={ue NV ol]P+ |22 =12 <10~ A7\ {0}.
Evidently, ./; can be deformed to I',, hence,

CALO)=H ,(I°n A, 1N A\{0})
= H (N, 1~ /\{0})

;Hq(JV,Fz)
=04 up+v 7 -
(i1) Define
N ITD 2 3(“ H) s
M= ||z]|F—d |w]]F — o Hz\ 1 w4+ o> <r3 ¢,
Hy(|lv])
Ii={u|z||?=d |wl|?— 2 =25 =72, |w|?>+ |[v]|> < r?},
1 { B4 [wl T+ o2 1 [w=+ vl 2

Hy(llvl) _
Fr={ui IzI? = d [lw]?— 4 I i T ris Iwl?+ v ? =7 }

Then 0#l =T'y N T, and the normal vector of I'; is v=v(u)=z—dw—

E(Jlvl)(v/l[v]]) with &(¢)= H3(1)/(1+¢*). By a similar computation, we
can determine 4, r; and r, such that {I'(u), v) <0 on 01"}, which implies
that the negative gradient of I is outward on 0I';. Moreover, there exist
go>0, ry<rs;<r, such that

(< for |w|*+ olP<ri. ue.,
I(u)>0 for |w|*+|v|>>r2, ue.,
I(u)>e, for |w|*+ |v|*=r3, ue .

Let 4y = o {u: |w|?+||v]|><ri} U T, then it is evident by a geometric
deformation, that there exists a strong deformation retraction of .# onto ..
On the other hand, let #(¢, u) be the negative gradient flow, 7,(u) be the
time of reaching I';, and 7,(u) be the time of reaching I°. Then #(u)=
min{7,(u), ¥5(#)} induces a flow as

oY
\

O~_(u t)_{'](ua tf(u))a lf ue’%ln (u) Oa
R 7 if uedy, #(u)=0.
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By the estimates of /() around I, , 6, provides a strong deformation retrac-
tion of .4, to ., :=/%r\10u1"3 Finally, the flow &,(u, t) :=n(u, t7,(u))
shows that I, is a strong deformation retraction of ./#,\{0}. Combining
the above arguments,

C L 0)= H,(I .M, I° ~ 4\{0})
>H((I°nM)AT,, T, o (I°A.4\{0}))
= H, (M, T, 0 (I° A 4\{0}))
> H,(M, T, ~(I°N.0\{0}))
~H,(M,T,)
SERPR A |

Proof of Theorem 1.3. By the proof of Theorem 1.1, there exists
Y: H*®@H~ —» H* such that I(u+y(u))=min, g+ I(u+w). Consider
reduction functional I: H°@® H~ — R defined by I(u) = I(u+ /(u)). Noting
that lim, _, ,,(F(x, ¢)/r*) =0 and that

F(x,u
liminfsg
n— o0 ol 1)

for u,=z,+v, with z,e H=, v, e H°, |u,|| » o and z,/|u,| — 0, then it
is easy to prove that —I, hence —1I, is bounded below on H~ @ H°. Since
I satisfies (PS) condition then so does —7 (see Remark 2.1), there exists
u* e H~ @ H° which is a minimum of —7 on H~ @ H°. Suppose now that
u* is an isolated critical point of —1, hence u* + y(u*) is an isolated critical
point of 7 (see Lemma 2.1 of [ 16]) and there exist two neighborhood U, and
U, of u* and u* +y(u*), respectively, such that

deg(I, Uy, 0) =deg(I, Uy, 0) = (—1)"=*",

where deg denotes the Leray—Schauder degree. By the relation between the
critical groups and the degree (cf. [21]),

i —1D)?dim C (1, u* +(u*)) = (—1)H= "V,
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Therefore, the hypotheses of Theorem 1.3 imply that u* + y(u*) #0. Assume
that (B, ) holds and that there is no other critical point, then combining
Lemma 3.2, Lemma 3.4, and Morse relations, we have that

(CF) implies that  (—1) 0+ 4 (—1)# o FVe = (—1)H =t Ve,
(Cy) implies that (—1)#04 (—1)# ot Ve = (—1)H oo,

these are impossible! ||

Proof of Theorem 14. For u=w+ve H @ H® with we H*, ve H®

we see that
/ )d
1(u)>|u|2<c<'w'> o Pz, ) dx x)-
flul [l

Evidently, I(u) - oo as ||u|| —» oo with [|w]//[|u]| = ¢ #0. But, if |w|/|u| —
c¢=0, it follows by Lemma 2.1 that lim, _, ( 59 (x, u) dx) = oo, hence
I(u) - oo, which implies that I is bounded below on H* @HO. On the
other hand, it is obvious that /(u) > —oo as ue H~ with ||u| - o. By
Saddle Point Theorem and its characteristics of the critical groups (see
[24, 30]), there is a critical point u, such that C, (I, u;)#0. By (D™) and
Lemma 2.2, we can prove that the Morse index m(u;) of u, is great or
equal to u,,. By Gromoll-Meyer Theorem (cf. [ 31]), m(u,) = u,. Shifting
Theorem (cf. [21, 25]) implies that C (1, u,)=C,_, (o, 0), where I, is
defined on the null space of I"(u;). Then Cy(/,, 0) #0 means that 0 is a
minimizer of /,. Consequently, C, (1, u;) =9, , #.Now (C;") and Lemma
3.4 imply that u; #0 if o+ vy # t .. Furthermore, if there is no other critical
point, Morse relation reads as (—1)* " 4 (—1)#» =(—1)*=, a contradic-
tion! Similarly we can prove the case of (C5 ). |1

Proof of Theorem 1.5. By combining Lemma 3.2 and Lemma 3.4, it is
easy to check that each case of Theorem 1.5 implies that C, (I, 0)#
C,(1, o) for some ¢g. Then Morse inequalities imply the existence of one
nontrivial solution. ||

Proof of Theorem 1.6. Combining Lemma 2.1, Lemma 3.1, Lemma 3.2,
and Lemma 3.4 and using a similar argument as that in the proof of
Lemma 2.4, we can prove that

(E%) implies that C,(1, 0) =0

9> 1oy + (O, 10"%'97’
(EF) implies that C,(,0)=0¢

P
‘1:/—‘0+(61’ 11) VOJ

Then the conclusion follows immediately from Morse inequalities. |
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