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Abstract-h this paper, some properties of Ramsey numbers are studied, and the following 
results are presented. 

(1) For any positive integers /cl, kz, . , km, 11,12,. ,1, (m > l), we have 

r (ii ki + 12 ii 4 + 1) 2 fi [r (ki + 1, zi + 1) - l] + 1, i=l i=l i=l 

(2) For any positive integers kl, kz,. . . , km, 11,12,. , I,, we have 

r (~k~+l~~~j+l) >~i:r(ki+l,~j+l)-~~+l. 
i=l j=l i=lj=l 

Based on the known results of Ramsey numbers, some results of upper bounds and lower bounds 
of Ramsey numbers can be directly derived by those properties. @ 2003 Elsevier Ltd. All rights 
reserved. 
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1. INTRODUCTION 

DEFINITION 1.1. For any given positive integers k and I, the Ramsey number r(k,l) is the 
smallest integer that makes each graph with at least r(k, I) vertices contain a clique with k 
vertices or an independent set with 1 vertices. 

It has been generally accepted that it is difficult to determine the Ramsey numbers. So it is 
meaningful to study the properties of the Ramsey numbers and their upper bounds and lower 
bounds. 

DEFINITION 1.2. If neither a clique with k vertices nor an independent set with 1 vertices exists 
in graph G, then G is called a.(k, I)-ingenuity graph. 

According to Definitions 1.1 and 1.2, the following lemmas are obviously true. 

LEMMA 1.1. Ifgraph G is a (k,Z)-ingenuitygraph oforder m, thenr(k,I) > m. 

LEMMA 1.2. If m < r(k, 1), then there exists a (k, l)-ingenuity graph with m vertices. 

The other terminologies and known results can be found in [l-4]. 

2. MAIN RESULTS 

First, we present a proposition as follows. 

PROPOSITION 1. For any positive integers kl, kz, 11,12, we have 

PROOF. Let Gi(V,E), i = 1,2, be two ingenuity graphs with r(kl + 1,11 + 1) - 1 and r(k2 + 1, 
12 + 1) - 1 vertices, respectively, then 

w(G) I ki, w (ci) I k, i = 1,2. 

Let V(G1) = {v~,vz, . . . ,z)~}, V(G2) = (~1~~2,. . ,un}, and quote Gi, j = 1,2,. . . ,m, denote m 
isomorphic graphs of G2 with vertices sets V(G$ = {ui, ui, . . . , uh}, j = 1,2, . . . , m, respectively, 
where uf maps to ur under the isomorphic mappings. We now define a graph G(V, E) as follows: 

V(G)= ijV(G;), 
j=l 

where (uf,uj”) E E’ iff (‘ui,uj) E E(G1). Ob viously, we have w(G) 5 klka, w(c) < 1112. Hence, 

r (hkz + 1,412 + 1) - 1 2 IV (G)I = (r (ICI + 1,11 + 1) - 1) (r (k2 i- 1,12 + 1) - 1)) 

which is the conclusion of this proposition. 

THEOREM 2.1. For any positive integers kl, kz, . . , k,, 11, 12,. . . , 1, (m > I), we have 

r (fix,+l.iil,+l) zfi[r(ki+1,li+1)-1]+1 
i=l i=l i=l 

PROOF. Use induction on m. If m = 1, then r(kI + 1, l1 + 1) 2 r(kl + 1,11 + 1) - 1 + 1, and the 
conclusion is true. If m = 2, according to Proposition 1, the conclusion is also true. 

Suppose the conclusion is true for any integer less than m. Particularly, for m. - 1 (m > 2), 
the conclusion is true, that is, 

/m-l m-1 \ m-1 

?- [I-f ki + 1, n li + 1) L n [r (ki + l,& + 1) - 11 + 1. 
i=l i=l i=l 



Some Properties of Ramsey Numbers 1189 

We now prove the conclusion is true for m: 

m-1 

2 n IT (Ici + 17 li + 1) - l][r (km + 1,1, + 1) - l] + 1 
i=l 

=II[~(ki+l,li+l)-l)+l. 
i=l 

So the conclusion is true. 

If ki = 11 = k, kz = 12 = 1, then we can obtain following corollaries immediately. 

COROLLARY 2.2. [See [l].) F or any positive integers k and 1, we have 

T (kl + 1, kl + 1) - 1 2 (r (k + 1, k + 1) - 1) (r (1 + 1,l + 1) - 1) . 

COROLLARY 2.3. If r(k + 1, k+ 1) = m + 1, for all n > 0, we have 

T (kn + 1, k” + 1) > mn + 1. 

PROOF. When n = 0, the conclusion is true obviously. 

When n > 0, by Theorem 2.1, we have 

r(kn+l,kn+l)>fi(r(k+l,k+l)-l)+l=m”+l. 
i=l 

By Corollary 2.3, we can obtain the following corollary immediately. 

COROLLARY 2.4. (See 111.) For all n > 0, we have 

r(2n+1,2n+1) >5”+1. 

PROPOSITION 2. For any positive integers ICI, k2, 11,12, we have 

4f 1. 

PROOF. Let Gi, i = 1,2,. . . ,4, be ingenuity graphs with 

IV(G) I = T (h + ~11 + 1) - I, tV(G2) I = v- (h + I, 12 + 1) - I, 

IV(G3)I=~(k2+1,ll+l)-1, IV (G4) I = T- (kz + ~12 + 1) - 1. 
. 

We have 

w (G1) I kl, w (&) 5 11; w (Gz) I kl, w (‘52) I: 12; 

w (G3) I kz, w ((73) 5 11; w (G4) 5 kzr w (e4) 512. 
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Let a E V(Gl), b E V(G*), c E V(Gz), and d E V(G3). We now construct a graph as follows: 

V(G) = bV(Gi); E(G)=E’u ()E(Gi) , 
i=l ( ) i=l 

where E’ = {(u,v) ) u E V(G1) and v E V(Gs), or u E V(G2) and 21 E V(G4)) U {c&cd}. If a 
graph Go is obtained by joining any vertices between two vertices disjoint graphs G’ and G”, it 
is clear that w(Go) 5 w(G’) + w(G”) and w((&) 5 max{w((?), w(@)}, hence, we have w(G) 5 

kl+kz, w(G) 5 h+h, hence, 7-(h+h+1,~1+h+l)-l 2 jV(Gl)I+IV(G2)I+IV(G,)I+IV(G4)/, 
which is the conclusion of this proposition. 

When m = 2 and n = 1 (or m = 1 and n = 2), let G1 and G2 be two ingenuity graphs with 
IV(Gl)/ =r(kl+1,11+1)-1 andIV(G2)l =r(kz+l,Il+l)-1 (or IV(Gl)l =r(kl+l,Il+l)-1 
and /V(G2)/ = r(kl + 1,/z + 1) - l), respectively. Graph G is obtained by joining all of the 
vertices (or adding just one edge) between V(G1) and V(G2). Clearly, the conclusion is true. 

When m = 1 or n = 1, the conclusion is trivial. 

THEOREM 2.5. For any positive integers kl, k2,. . . , k,, 11, la,. . , l,, we have 

r (gki+l,klj+lJ ~~~r(ki+l,l~+l)-mn+l. 
i=l j=l i=l jzl 

PROOF. Combining with Proposition 2, we use induction on n. 
If n = 1, the following conclusion can be proved: 

>$fJr(ki,ll+I)-m+l 
i=l 

We now use induction on m. 

(1) If m = 1, then r(k1 + 1,11 + 1) = r(kl + 1, l1 + 1) - 1 + 1, so the conclusion is obviously 
true. 

(2) Assume the conclusion is true for all integers less than m. Without loss of generality, 
assume that the conclusion holds for m - 1 (m 2 2), that is, 

m-1 m-1 

T xki+l,ll+l 2 ~r(ki+1,11+1)-(m--1)+1. 
i=l i=l 

We now prove the conclusion is true for m: 

m-l 
xki+k,,,+l,ll+l 
i=l 

m-1 

IT ~ki+l,ll+l +r(k,+l,ll+l)-2+1 
i=l ) 

m-1 

2 c r (h + 1,11 + 1) + r (km + I,11 + 1) - (m - 1) -t 1 - 2 + 1 
i=l 

=gT(k;+l, ll+l)-mfl. 
i=l 

By the induction principle, the conclusion is true for any m 2 1 and n = 1, that is, 

> 
Z~~(ki+l,ll+I)-m+l. 

i=l 
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(3) Assume the conclusion is true for all integers less than n, particularly for n - 1 (n 2 2), 
that is, 

T (,l;f,l,Fl,,l) ~~~r(ki+l,lj+l)-77(n-1)+1. 
i=l j=l i=l j=l 

We now prove the conclusion is true for n: 

m n-l 
2 c c r (ki + 1, lj + 1) - m (n - 1) + 1 

ix1 j=l 

+~r(ki+l,l,,+l)-m+I-1 
i=l 

=~~r(k,+1,!,+l)-mn+l. 
i=l j=l 

Combining the above process, the conclusion holds for any integers m > 1, n > 1, that is, 

r 

COROLLARY 2.6. 

PROOF. Let ki = 
have 

(gki+I,kl,+l) >~~r(ki+l,lj+l)--mn+l. 
i=l j=l i=l j=l 

For any positive integers k and 1, we have 

r (k,l) 1 (k - 1) (1 - 1) + 1. 

l,i=l,2 ,..., k-l,lj=l,j=1,2 ,..., 1-l,thenfromTheorem2.5,we 

r (k, 1) = T 

>xxr(2,2)-(k-1)(1-1)+1 
i=l j=l 

= 2 (k - 1) (1 - 1) - (k - 1) (1 - 1) + 1 = (k - 1) (1 - 1) + 1. 

From Corollary 2.6, it is easy to obtain following corollary. 

COROLLARY 2.7. For any positive integer k, we have r(k, k) 2 (k - 1)2 + 1 

COROLLARY 2.8. For any positive integers k and 1, we have 

r (2k + 1,21 + 1) > 5kl + 1. 

PROOF. By the above theorems and corollaries, we have 

r(2k+l,21+1)>(r(2+1,2+1)-l)(r(k+l,l+l)-l)+l 

> (r (3,3) - 1) kl + 1 = 5kl+ 1. 
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THEOREM 2.9. Every vertex in a (k, l)-ingenuity graph of order r(k, I) - 1 is included in some 
cliques with k - 1 vertices or in some independent set with 1 - 1 vertices. 

PROOF. Let G = (V,E) b e a (k,l)-ingenuity graph with r(k,l) - 1 vertices and let a be any 
vertex of G. 

Suppose each vertex subset with k - 1 vertices which includes vertex a is not a clique. 
We now consider graph G’ = (V’, E’) of order r(k, 1), whereV’=VU{b},E’=EU{byIayE 

E} u {ab}, b $ V. W e now prove G’ is an ingenuity graph. 
Let X be any set with k vertices of G. We consider the following three cases. 

CASE 1. a, b E X. Then /X - {b}l = k - 1, X - {b} C V, and X - {b} contains a. From the 
assumption, X - {b} is not a clique in G. So X - {b} is not a clique in G’, hence, X is not a 
clique in G’. 

CASE 2. b $ X. Then X C V, 1x1 = k. Since G is a (k,l)-ingenuity graph, X is not a clique 
in G. Hence, X is not a clique in G’. 

CASE 3. b E X and a $ X. Since a and b have the same neighborhood, this is similar to Case 2. 
X is not a clique in G’. 

By the above discussion, X is not a clique in G’. Since X is any set with k vertices, no clique 
exists with k vertices in G’. 

Let Y be any set with 1 vertices. We consider four cases. 

CASE A. a, b E Y. Because of ab E E’, Y is not an independent set in G’. 

CASE B. a E Y and b $ Y. Then Y E V, since G is a (k, I)-ingenuity graph, but IY 1 = 1, Y is 
not an independent set in G. Hence, Y is not an independent set in G’. 

CASE C. b E Y and a $ Y. Then, since a and b have the same neighborhood, this is the same 
as Case B, Y is not a clique in G’. 

CASE D. a $ Y and b $ Y. Then Y 2 V, since G is a (k,l)-ingenuity graph, but IYI = 1, Y is 
not an independent set in G. Hence, Y is not an independent set in G’. 

By the above discussion, Y is not an independent set in G’. Since Y is not any set with 1 
vertices, no independent set with 1 vertices exists in G’. 

Hence, G’ is a (k,l)-ingenuity graph. But there are r(k,l) vertices in G’. This contradicts 
Lemma 1.1, hence, we have proved that vertex a is contained in some clique with k - 1 vertices. 

Similarly, we can prove that vertex a is included in some independent set with 1 - 1 vertices. 

THEOREM 2.10. Let G be a (k, l)-ingenuity graph with r(k, 1) - 1 vertices, then there exist k - 1 
disjoint independent sets with 1 - 1 vertices in G, and 1 - 1 disjoint cliques with k - 1 vertices 
in G. 

PROOF. Assume G = G(V, E). 

(1) First, we prove that there exist k - 1 disjoint independent sets with 1 - 1 vertices. 
We now divide the vertex set V into disjoint independent subsets FI, Fz, . . , F,, S, 

where Fl,Fz,... , F, are independent sets with l- 1 vertices, and S is all of the remaining 
vertices not in Fl, Fz, . . . , Fm. Clearly, the independent set in S has at most I- 1 vertices. 
If there is no independent set with 1 - 1 vertices in G, let S = V, and m = 0. If there is 
at least one independent set with I- 1 vertices in G, the subsets Fl, Fz, . . . , F,,, and S are 
easy to get. We may allow m = 0 and S = 8. 

If m > k - 1, then we have the known conclusion. 
If m < k - 1, then we consider the graph G’ = (V’, E’) with r(k, I) vertices, where 

b $ V, V’ = Vu {b}, E’ = E u {ab I a 6 S}. 
As in the proof of Theorem 2.9, it follows that G’ is a (k, l)-ingenuity graph. But there 

are r( k, 1) vertices in G’, which contradicts Lemma 1.1. Hence, m > k - 1, that is, the 
conclusion is true. 

(2) Similar to (l), it follows that there are 1 - 1 disjoint cliques with k - 1 vertices in G. 
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Finally, what we should state is that for every positive integer k > 2, according to monotonous- 
ness of the function, it is known that: 

(1) when k < 15, 2k/2 < (k - 1)2 + 1; 
(2) when k > 15, 2”i2 > (k - 1)2 + 1. . 

Hence, when 2 5 k 5 15, from the formula r(k, k) 2 (k - 1)2 + 1, we can get a better lower 
bound of the Ramsey number than from the formula r(k, k) 2 2k/2; when k > 15, the lower 
bound of Ramsey number by means of r(k, k) > 2k/2 is better. 

Similarly, when m = min{ k, 1) 5 15, we can get a better lower bound of Ramsey number by 
means of r(k, 1) 2 (k - 1)(1- 1) + 1 th an r(k, 1) 2 2k/2. When m = min{k, I} > 15, we can get a 
better lower bound of Ramsey number by means of r(k, 1) 1 2”i2 than r(k, 1) > (k - 1)(1- 1) + 1. 
Of course, if min{k, 1) is not big enough, but Ik - II is bigger, we can get a better lower bound of 
Ramsey number from r(k, 1) 2 (k - 1)(2 - 1) + 1. 

And what is more, in order to get a bigger lower bound of Ramsey number, we can divide k, 1 
into several integers by employing Theorem 2.1. 

For Ramsey number R( Rr , R2, . . . , R,), it is not difficult to get the same conclusion as in this 
paper, and we can deduce other bound formula of Ramsey number from the conclusions in this 
paper 
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