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Abstract 

Seyffarth, K., Hajos’ conjecture and small cycle double covers of planar graphs, Discrete 

Mathematics 101 (1992) 291-306. 

We prove that every simple even planar graph on n vertices has a partition of its edge set into 

at most [(n - 1)/2] cycles. A previous proof of this result was given by Tao, but is incomplete, 

and we provide here a somewhat different proof. We also discuss the connection between this 

result and the Small Cycle Double Cover Conjecture. 

1. Introduction 

An even graph is one in which each vertex has even degree, and it is well 

known that the edge set of such a graph can be partitioned into cycles. The 

converse of this statement also holds: any graph whose edge set can be 

partitioned into cycles is necessarily even. A natural question relating to this is 

the following: What is the minimum number of cycles needed to partition the edge 

set of a given even graph? 

Let G be an even graph. A cycle decomposition of G is a partition of the edge 

set of G into cycles, and we denote by c(G) the minimum number of cycles 

required in a cycle decomposition of G. 

Suppose G is a simple even graph on n vertices that contains a vertex v of 

degree n - 1. Since any cycle through v contains exactly two edges incident with 

v, at least (n - 1)/2 cycles are needed in a cycle decomposition of G. Thus, in 

general, we can not expect a bound smaller than [(n - 1)/2] for the minimum 

number of cycles in a cycle decomposition of G. This brings us to the following 

conjecture of G. Hajos (see [S]). 

Conjecture 1 (Hajos’ Conjecture). If G is a simple even graph on n vertices, then 

c(G) < ](n - 1)/2]. 
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The bound given by Hajos is slightly weaker, namely [n/2], but Dean [4] 

observes that the two conjectures are equivalent. 

Hajbs’ Conjecture has been proved for graphs with maximum degree at most 

four by Granville and Moisiadis [6] and by Favaron and Kouider [5]. Tao [13] 

proves Hajos’ conjecture for planar graphs. However, his proof is incomplete; 

i.e., some of the cases are overlooked. In this paper we present a proof of Hajbs’ 

conjecture for planar graphs, and discuss the connection between cycle decom- 

positions and small cycle double covers. 

A cycle double cover (CDC) % of a graph G is a collection of cycles such that 

every edge of G belongs to precisely two cycles of %. One obvious necessary 

condition for a graph to have a CDC is that the graph be bridgeless. Seymour [ll] 

conjectures that this condition is also sufficient. 

Conjecture 2 (CDC Conjecture). Every bridgeless graph has a cycle double 

cover. 

Although Seymour is usually credited with making this conjecture, Szekeres 

[12] conjectured that every cubic bridgeless graph has a CDC, which turns out to 

be an equivalent conjecture. 

Bondy [l] proposed a strengthening of the CDC Conjecture that concerns the 

number of cycles in a CDC of a graph. Suppose G is a simple graph on it vertices, 

containing a vertex v of degree n - 1. Clearly, a CDC of G requires at least 12 - 1 

cycles, so it can be expected that the general lower bound on the size of a CDC is 

at lest IZ - 1. A small cycle double cover (SCDC) of a graph G on n vertices is a 

CDC consisting of at most n - 1 cycles. 

Conjecture 3 (SCDC Conjecture). Every simple bridgeless graph has a small 

cycle double cover. 

For a graph G we denote by V(G) and E(G), respectively, the vertex set and 

edge set of G, with IV(G)( = v(G) and ]E(G)] = e(G). A plane graph is a planar 

graph along with some embedding of the graph in the plane, and if G is a plane 

graph, we denote by F(G) the set of faces of the graph, with f(G) = IF(G)]. If 

Y E V(G), then d(v) denotes the degree of v in G. Unless otherwise stated, all 

graphs considered are simple (that is, they have no loops or multiple edges). Any 

terminology not specified here follows that of [2]. 

We note that since the main results in the paper concern plane and planar 

graphs, frequent implicit use of the Jordan Curve Theorem is made. 

2. Haj6s’ Conjecture for planar graphs 

A somewhat incomplete proof of Hajos’ Conjecture for planar graphs was 

given by Tao [13]. We present here a complete proof of this result, which uses a 
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slightly different approach than Tao’s Part of our proof is similar to that given by 

Granville and Moisiadis [6] in their proof of Hajos’ Conjecture for graphs of 

maximum degree at most four. In fact, Lemmas 2, 3, and 4 are essentially the 

same as lemmas used by them in their proof. Proposition 5 is a variation of a 

lemma used by Tao in his proof and is crucial to our proof. 

Theorem 1 (Tao). If G is a simple planar even graph on n vertices, then 

c(G) c [(n - 1)/2]. 

The proof of this theorem is by contradiction. Let G be a minimum 

counterexample to the theorem; that is, G is a counterexample with a minimum 

number of vertices, and subject to this, a minimum number of edges. We first 

establish three lemmas concerning G. 

Lemma 2. G is 2-connected. 

Proof. If G is disconnected with components G,, G2, . . . , Gk, k 2 2, where 

V(Gi) = ni, 1 s i s k, then n = Cf=“=, ni and 

c(G) = 5 c(G;). 
i=l 

Since ni <n for all i, we have by the minimality of G that 

c(Gi)c , l<i<k. 

Therefore, 

and we have contradiction. 

Now suppose G has a cut vertex, v, and let G= GlUG2, where V(GI)n 
V(G,) = {v}. It is clear that G1 and G2 are both even graphs (otherwise, v would 

be a unique vertex of odd degree in G, or G2). If V(Gi) = ni, i = 1, 2, then 

nl+nz=n+landnI,n,<n. BytheminimalityofG, 

C(Gi)c , i=l,2. 

Clearly, c(G) = c(G,) + c(G*). Therefore, 

which is a contradiction. Cl 

Lemma 3. G has at most one vertex of degree two. 
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Proof. Suppose that G has at least two vertices of degree two, say u and V. By 

Lemma 2, G is 2-connected, so there exists a cycle C,, through u and 21. Let G’ 

denote the graph obtained from G - E(C,) by deleting all isolated vertices (in 

particular, u and v). Then G’ has n’ = n -k vertices, where k is the number of 

isolated vertices in G - E(CO). By the minimality of G, 

c(G)sc(G’)+l= 

and we have a contradiction. Cl 

We now fix some embedding of G in the plane. Suppose w E V(G) is a vertex 

of degree four in G. We denote the neighbours of w in cyclic order around w by 

w,, wi, w,, w3. We say that wwi and WWj are consecutive edges (with respect to w) 

if i - j = fl (mod 4); otherwise, WY and wwj are nonconsecutive. Notice that 

since G is plane, at most one of wOwz, w, w3 is an edge of G. We say that w is 

symmetric if, whenever w,w,+ 1 E E(G) we also have w~+*w~+~ E E(G), i = 

0, 1, 2, 3, where the subscripts are read modulo 4. 

Lemma 4. Every vertex of degree four in G is symmetric. 

Proof. Let u E V(G) be a vertex of degree four with neighbour set 

{ u2, u3} (in cyclic order around u), and suppose that u is not symmetric. 

V$h~~t loss of generality, we may assume that u,+.J, E E(G) and uzz.+ $ E(G) 

(Fig. 1). Let G’ be the graph obtained from G by deleting edges zq and uu3 and 

adding the edge u2u3. The graph G’ is even, and has the same number of vertices 

as G, but has one less edge. Thus, by the minimality of G, 

Let % denote a cycle decomposition of G’ into c(G’) cycles, and let C, E % be the 

cycle containing edge ~2~3. 

(i) If u 4 C1, then C1 can be extended to a cycle C; in G by replacing ~2~3 

with u2u and uu3. Then (% - C,) U {C;} 1s a cycle decomposition of G into c(G’) 

cycles. 

UO 

X 

Ul UO Ul 

G: G' : 
u u 

u3 u2 u3- u2 

Fig. 1 
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(ii) If u E C,, then uOul $ C,, and we let C2 E %’ be the cycle containing uOu,_ 

By replacing uOul with uOu and uur in C 2, and replacing uOu and uu, with uOu, in 

Cr, we obtain a cycle decomposition of G’ that satisfies (i). 

Therefore, 

a contradiction. 0 

Let u be a vertex of degree two in G and let N(u) = {u,, ui}. We say that u is 

suppressible if uOul 4 E(G); the suppression of u is the deletion of u and its 

incident edges, and the addition of the edge uOuI. Two vertices of degree two, u 

and u, are simultaneously suppressible if each is suppressible, and if u and v do 

not lie in a (unique) 4-cycle in G; i.e., v is suppressible in the graph obtained 

from G by suppressing u. 

The main result needed to prove Theorem 1 is the following proposition. Its 

proof is somewhat technical and is postponed until the next section. 

Proposition 5. Let G be a simple 2-connected planar even graph having at most 

one vertex of degree two, and in which every vertex of degree four is symmetric. 

Then there exist two vertices of degree four, u and v, and a cycle CO through u and 

v, such that u and v are simultaneously suppressible in G - E(C,j. 

Proof of Theorem 1. Suppose the theorem is false, and let G be a minimum 

counterexample. By Lemmas 2, 3, and 4, G is 2-connected, has at most one 

vertex of degree two, and every vertex of degree four is symmetric. Thus, by 

Proposition 5, G contains two vertices of degree four, u and v, and a cycle CO 

through u and v, such that u and v are simultaneously suppressible in G - E(C,). 

Let G* denote the graph obtained from G - E(C,) by suppressing vertices u 

and v. Since v(G*) = n - 2, we have, by the minimality of G, 

If we let uo, u1 and v(,, v, denote the neighbours of u and v, respectively, in 

G - E(C,), then unul, vnvl E E(G*). Let Ce denote a cycle decomposition of G* 

into c(G*) cycles, and suppose that C,, C, E % are cycles containing uoul, vOvl, 

respectively (where, possibly, C, = C,). Then C; = (C, - uOu,) U {uou, uul} and 

Cl = (C, - vOvl) U {vOv, vvr} are cycles in G, and 

(% - {Cl> Cd) u {Co, c;, c;> 
is a cycle decomposition of G with c(G*) + 1 cycles. Therefore, 
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and we have a contradiction, thereby establishing the theorem. 0 

3. Proof of Proposition 5 

The following lemma is required in the proof of Proposition 5. 

Lemma 6. Let G be a simple 2-connected graph and let x, y, z be three distinct 
edges of G. Suppose that every cycle in G through x and y contains z, and that 
every cycle through x and z contains y. Then {y, z} is a 2-edge-cut in G. 

Proof. Let G’ = G - z. Clearly G’ is connected. Since every cycle in G through x 
and y contains z, there is no cycle in G’ through x and y, so x and y must be in 
different blocks of G’. 

Without loss of generality, we may assume that G’ has the following structure: 
G’ consists of blocks B1, BZ, . . . , Bk, k 3 2, with z = .z1z2 having one endpoint, 
zr, in B1 and the other endpoint, z,, in Bk, and 

IV(Bi) n V(B,)I = [ :, ~t~e~Is~ ” 

Let V(B,) fl V(Bi+l) = {bi}, 1 c i c k - 1, and let bO = zl, bk = z,. Note that 
neither b,, nor bk is a cut vertex of G’ (Fig. 2). As we already observed, x and y 
lie in different blocks of G’. Let Bi denote the block of G’ containing edge x, and 
let Bj denote the block containing edge y. 

If Bj -y is connected, we let P denote a path in Bj - y from bi_l to bj, and let 
C be a cycle in G through x and y. Then z is an edge of C, C - z is a path in G’ 
from bO to bk, and each bi is a vertex of C - z. Let Q be the path in C - z from 
bj-l to bj; certainly, y is an edge of Q, but x is not. If we replace Q by P in C, we 
obtain a cycle C’ in G through x and z, not containing y, a contradiction. Thus 
Bj - y is not connected, and y is a cut edge in G’, so {y, z} is a 2-edge-cut in 
G. Cl 

One final fact that we require about 2-connected graphs is the following. In a 
2-connected graph G, any pair {a, b} s V(G) U E(G) lies on a cycle in G. 

Fig. 2. 
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w3 w2 w3 w2 w3 WZ 

type1 type2 type3 

Fig. 3. 

Proof of Proposition 5. Since the vertices of degree four in G are symmetric, 
they can be partitioned into three classes. A vertex w E V(G) of degree four is 
said to be of type 1 if WiWi+l 4 E(G) f or all i, 0 <i < 3 (subscripts modulo 4). 
Vertex w is of type 2 if wiWi+i E E(G) for all i, 0 s i < 3. Finally, w is of type 3 if 

wiwi+13 wi+2wi+3 E E(G) and Wi+iWi+z, Wi+3Wi $ E(G) for some i, 0 c i s 3; with- 
out loss of generality, wow,, ~2~3 E E(G) and w1w2, w3wo $ E(G) (Fig. 3). 

Let n denote the number of vertices in G. Since G is a plane graph, it has at 
most 3n - 6 edges. This, together with the fact that G is even and has at most one 
vertex of degree two, implies that G has at least four vertices of degree four, and 
thus has two vertices, u and u, of the same type. 

Case 1: Suppose that u and u are both type 1. Let Co be a shortest cycle 
through u and KJ in G. Since Co is a shortest cycle, it contains exactly two vertices 
of N(u). If u is not suppressible in G - E(C,), then either uou2 or u,u3 is an edge 
of G. Without loss of generality, we may assume that uou2 E E(G) and that ulu 
and u3u are edges of Co (Fig. 4). By the planarity of G and the Jordan Curve 
Theorem, Co contains either u. or u 2, contradicting the choice of Co as a shortest 
cycle through u and ~1. Therefore, u is suppressible in G - E(C,). The same 
argument shows that v is suppressible in G - E(C,). 

If u and u are not simultaneously suppressible in G - E(C,), then they lie in a 
unique 4-cycle in G - E(C,), and since Co is a shortest cycle in G through u and 
2r, Co must be of length three or four. 

If Co has length three, then u and 21 are adjacent in G, N(u) - {v} = N(v) - {u}, 
and G contains the subgraph in Fig. 5. Clearly, u and v are not type 1, a 
contradiction. 

If Co has length four and u and u are not adjacent in G, then N(u) = N(v) = 

{uo, u,, u2, u3}, and G contains the subgraph in Fig. 6(a). Since u and v are type 
1, N(u) is an independent set, and since G has at most one vertex of degree two, 

u 9 V 

Fig. 4. Fig. 5. 
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uo 
Ul 

U Q V 

U 

U3 

(a> 

U 

W 
Fig. 6. 

there exists a vertex z E V(G) - {u, v, uo, u,, u2, u3}. Also G is 2-connected, so 

there exist internally disjoint paths from z to u and n, say Q, and Q2; without loss 

of generality, uou is an edge of Q, and ~~21 is an edge of Q2. We redefine the 

cycle Co = Q, U Q2 U {uu,, ulv} (Fig. 6(b)). S’ mce N(u) is independent, it is easy 

to see that u and u are simultaneously suppressible in G - E(C,). 

Finally, suppose Cc, has length four and that u and u are adjacent in G. Since u 

and v also lie in a 4-cycle in G - E(C,), G contains one of the subgraphs in Fig. 

7, and it is clear that u and v are not type 1, a contradiction. 

Case 2: Suppose that u and v are both type 2. 

(2.1) If u and u are adjacent, then G contains one of the two configurations in 

Fig. 8, according as IN(u) fl N(v)1 = 3 or 2. 

In (a), if we let Co = UIJU~U~U~U, the u and u are simultaneously suppressible in 

G - E(C,). 

In (b), it follows from the fact that G is plane, and from the Jordan Curve 

Theorem, than neither u321 nor u3u is an edge of G. Thus, if we let Co = uu0vu2u, 

then u and v are simultaneously suppressible in G - E(C,), unless u3u3 is an edge 

of G. If u3u3 E E(G), let Co = u~u2u3~3u0u. Then we see from Fig. 9 that u and v 

are simultaneously suppressible in G - E(C,). 

(2.2) We may now assume that u and v are nonadjacent in G. Let C denote a 

shortest cycle through u and n. Without loss of generality, there are three cases to 

consider. 

(2.2.1) Suppose the edges of C incident with u are non-consecutive and those 

incident with v are nonconsecutive. Without loss of generality, uou, uu2, vOv, vv2 

are edges of C (Fig. 10). By the minimality of C, u,, u3, v,, ‘u3 are not vertices of 

C, so by the planarity of G and the Jordan Curve Theorem, neither u1u3 nor u1v3 

(a) 

Fig. 7. 

(b) 
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G-4 

Fig. 8. 
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Fig. 10. 

Fig. 11. 

u2 

Fig. 12. 
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pj” Via 
u2 u1 VI v2 

(a) 

u2 Ul Vl v2 

(b) 

Fig. 13. 

is an edge of G. Let Co = C; then u and v are each suppressible in G - E(C,). 

If u and u are not simultaneously suppressible in G - E(C,), then they lie in a 

4-cycle in G - E(C,), and without loss of generality, u, = 2rr and u3 = u3. Since 

Co was chosen as a shortest cycle through u and u, and since u and u are not 

adjacent in G, we must also have, without loss of generality, u. = vg and u2 = v2. 

Thus N(u) = N(v) = { uo, ur, u2, u3}, and because u and v are both type 2, G 

contains the subgraph in Fig. 11. Redefine Co = UU~UOUIVU~U. Clearly, u and r~ 

are simultaneously suppressible in G - E(C,). 

(2.2.2) Suppose the edges of C incident with u are nonconsecutive and those 

incident with u are consecutive. Without loss of generality, uou, uuz, uou, uur are 

edges of C (Fig. 12(a)). By the minimality of C, ur, L(~, v2, v3 are not vertices of 

C, and thus u1u3 4 E(G). Let Co= (C - VVJ U {t+, u3v2, 2122rl} (Fig. 12(b)). 

Since neither 2~~2)~ nor u1u3 is an edge of G - E(C,), u and v are each 

suppressible in G - E(C,). 

If u and v are not simultaneously suppressible in G - E(C,), then they lie in a 

4-cycle in G - E(C,), so that {ui, uj} = {v,, v2}_ But v,v~EE(G), and u1u3$ 

E(G), a contradiction. 

(2.2.3) Finally, suppose the edges of C incident with u are consecutive and 

those incident with u are also consecutive. Without loss of generality, 

&@, UUlr uou, vu1 are edges of C (Fig. 13(a)). By the minimality of C, 

u2, u3, 2r2, 2r3 are not vertices of C. Since at most one of uou2, ulu3 is an edge of 

G, we may assume that u1u3 $ E(G); similarly, we may assume that v,u3 $ E(G). 

Let C1 = (C - UU,) U (uu2, u2ul} (Fig. 13(b)). 

(2.2.3.1) If u2f u2, then let Co = (C, - r~vr) U {uv,, v2v,} (Fig. 14). Since 

neither u1u3 nor ~~21~ is an edge of G, u and Y are each suppressible in 

G - E(C,). 

If u and u are not simultaneously suppressible in G - E(C,), then they lie in a 

Fig. 14. 
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Fig. 15. 

4-cycle in G - E(C,), and so {u,, uj} = {vi, v,}; moreover, C (the cycle we 

started with) must have had length four since it was a shortest cycle, so 

{ua, u,} = {q,, vi}. This implies that u. = q), U, = v,, and u3 = ug, and thus G 

contains the subgraph in Fig. 15 (since u2#v2). Redefine Co= uu~uu,u. By the 

planarity of G and the Jordan Curve Theorem, uOu2, uou2 $ E(G). Also, u2 # v2. 

Thus, u and v are simultaneously suppressible in G - E(C,,). 

(2.2.3.2) If v2 = u2, let P denote the path in C, from u and v that contains 

vertex u2, and let P, denote the part of this path from u2 to v. There are two 

cases to consider, according as PI II {v,, v,} = v1 or q, (Fig. 16). 

In (a), vi is a vertex of PI, and we let Co be the cycle obtained from C, by 

replacing PI with the edge u2v (Fig. 17(a)). Then uou, uu2, u2v, vu0 are edges of 

Co and since u1u3, v1v34 E(G), u and v are each suppressible in G - E(C,). 

Notice that this covers the possibility that u. = vo. 

In (b), v. is a vertex of PI (so u. f vo), and we let C,, be the cycle obtained from 

Ci by replacing PI with the edge u2v, and also replacing edge vu, with vu0 and 

vovl (Fig. 17(b)). Then uou, uu2, u2v, vu0 are edges of Co, and since neither u,u3 

nor v1v3 is an edge of G, u and v are each suppressible in G - E(C,). 

In either case, if u and v are not simultaneously suppressible in G - E(C,), 

then they lie in a 4-cycle in G - E(C,), so that {u,, u3} = {v,, v3}. Recall that C 

was chosen as a shortest cycle containing u and v; the fact that u and v lie in a 

4-cycle in G - E(C,) implies that C has length four, and thus {u,, ui} = {v,, v,}. 

The only way that we can have { ul, u3} = {v,, v3} and {uo, ul} = {vo, vl}, is for 

ui = vi, u. = vo, and u3 = v3. Since u2 = v2, N(u) = N(v) = {uo, ul, u2, u,}, and 

because u and v are both type 2, G contains the subgraph in Fig. 18. Redefine 

(4 
Fig. 16. 
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Fig. 17. 

C, = UU~U~U~VU~U. Clearly, u and u are simultaneously suppressible in G - 

E(C,). 
Case 3: Finally, suppose that u and v are both type 3. 

(3.1) If u and TV are adjacent, then without loss of generality, 2r0 = uO, and G 

contains one of the subgraphs in Fig. 19. Let Co be a shortest cycle in G through 

edges uu2 and vv2. Since G is plane, and both u and v have degree four, uv is an 

edge of Co. Also, since u and v are both type 3, u0u3 and u0v3 are not edges of 

G, so u and v are each suppressible in G - E(C,). If u and v are not 

simultaneoulsy suppressible in G - E(G), then they lie on a 4-cycle in this graph. 

Thus u3 = v3, and G contains the subgraph in Fig. 20. Redefine Co = uvu3u; by 

the planarity of G and the Jordan Curve Theorem, u0u2, v0v2 4 E(G). Moreover, 

since u and v are type 3, u2 # v2, so u and v are simultaneously suppressible in 

G - E(C,). 

(3.2) Now we may assume that u and v are not adjacent in G. Let 

G’ = (G - u) U {uIu2, u3uo} (Fig. 21). Clearly, G’ is a simple 2-connected 

planar even graph. 

If either u1u2 or u3u0 joins, in G’, a pair of endpoints of consecutive edges 

incident with v, then without loss of generality, we may assume that v1 = u1 and 

v2 = u2. Thus, G’ contains the subgraph in Fig. 22. Let Co be the 4-cycle uulvu2u 

in G. Since neither u3uo nor v3vo is an edge of G, u and v are each suppressible 

in G - E(C,). 

If neither uIu2 nor u3uo joins, in G’, endpoints of consecutive edges incident 

with v, let G”= (G’ - v) U {v,v2, v3vo}. Then G” is a simple 2-connected planar 

even graph (Fig. 23). Suppose that every cycle in G” through u1u2 and v1v2 

Fig. 18. 
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Fig. 24. 

contains either u3u0 or u3u0, that every cycle through u1u2 and ~J~ZJ~ contains 

either u3uo or u1u2, that every cycle through u3uo and ~~21~ contains either uluz 

or v3uo, and that every cycle through u3uo and ~~21~ contains either u1u2 or v1u2. 

(3.2.1) If every cycle in G” through u1u2 and 2r1u2 contains u3uo, and every 

cycle through ulu2 and ~~21~ contains 21iu2, then, by Lemma 6, {v,v2, QV~} is a 

2-edge-cut in G”, and corresponds to the cut vertex 21 in G’. This contradicts the 

fact that G’ is 2-connected. 

(3.2.2) Thus, without loss of generality, we may assume that there is some 

cycle C in G” through ulu2 and 2r12r2 that contains u3uo but not ~~21~. Consider the 

graph G” - u3uo, and let G* be the block of this graph containing the cycle C. In 

G*, every cycle through vlv2 and ulu2 contains u3uo, and every cycle through 

ZJ~U~ and u3uo contains u1u2. By Lemma 6, {u1u2, u3uo} is a 2-edge-cut in G*. 

If {u1u2, u3uo} is a 2-edge cut in G” as well as in G*, then u is a cut vertex in 

G, contradicting the fact that G is 2-connected. Otherwise ‘u3 and v. lie in 

different components of G”- {VIVA, ulu2, u3uo}, and {u1u2, u3uo, 213~o} is a 

3-edge-cut in G”. But G” is even, so all edge cuts in G” have an even number of 

edges, and we have a contradiction. 

The two contradictions allow us to assume that G” contains a cycle C through 

ulu2 and ‘u1v2 that contains neither u3uo nor u3uo. We now let 

Co = (C - (UlU2, %V2)) u {UlU, uu2, UlV, v7J2). 

Then Co is a cycle in G through u and o, and since u3uo, u3uo 4 E(G), u and v are 

each suppressible in G - E(C,) (Fig. 24). 

The cycle Co in G through u and r~ contains ulu, uu2, u12r and vu2 (so that u 

and u are each suppressible in G - E(C,)). If u and u are not simultaneously 

suppressible in G - E(C,), then they lie on a 4-cycle in G - E(C,), implying that 

{uo, u3} = {vo, v3}. But this is impossible, since we have assumed that neither 

ulu2 nor u3uo joins, in G’, a pair of endpoints of consecutive edges incident with 

u. Thus u and v are simultaneously suppressible in G - E(C,), and this completes 

the proof of the proposition. 0 

4. Cycle decompositions and small cycle double covers 

Suppose G is a simple even graph on IZ vertices. If Hajos’ Conjecture is true, 

then G has a cycle decomposition consisting of at most l(n - 1)/2] cycles. By 



Hajck conjecture and covers of graph 305 

taking two copies of such a cycle decomposition, we obtain a CDC of G with at 

most 

n-l 

22 I I 
cn-1 

cycles, and hence G has an SCDC. Since Hajos’ Conjecture holds for simple 

planar even graphs, and for simple even graphs with maximum degree at most 

four, graphs in both these classes have SCDC’s. 

The validity of Hajos’ Conjecture for simple planar even graphs provides a 

method for proving the SCDC Conjecture for more than just this class of graphs, 

and it has been shown in [lo] that every simple 4-connected planar graph has an 

SCDC. 

Let G be a 4-edge-connected graph on n vertices. Jaeger [7] has shown that 

every such graph is the union of two even subgraphs. These two even subgraphs, 

along with their symmetric difference are three even subgraphs of G with the 

property that each edge of G lies in precisely two of them. By decomposing each 

of these three even subgraphs into cycles, we obtain a CDC of G. The truth of 

Hajos’ Conjecture, though not implying that G has a SCDC, does imply that G 

has a CDC with at most 3 ](n - 1)/2] cycles. The condition that G be 

4-edge-connected can be weakened slightly (see, for instance, [3]). 

Using the Four Colour Theorem, it is not too difficult to show (see, for 

example, [lo]) that every bridgeless planar graph, G, can be double-covered by 

three even subgraphs. That is, there exist three even subgraphs of G such that 

every edge of G lies in precisely two of the subgraphs. Since Hajos’ Conjecture 

holds for planar graphs, this implies that every simple planar graph has a CDC 

with at most 3 L(n - 1)/2] cycles. 
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