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Abstract

Starting from disjoint disks which contain polynomial complex zeros, the new iterative interval method for simultaneous
finding of inclusive disks for complex zeros is formulated. The convergence theorem and the conditions for convergence
are considered, and the convergence is shown to be fourth. Numerical examples are included. (© 2001 Elsevier Science
B.V. All rights reserved.
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1. Introduction

Let 2 be the vector space of the polynomials, let &, be the vector space of the polynomials of
degree less than or equal to n, and let ¥ be the complex plane.
We consider a monic polynomial P € &, n>=3:

Pz)=z"+a, 2" '+ tazta=]]E-{) (1)
j=1

with simple complex zeros (,...,{, of P, and a; € €.

Various authors developed the techniques for a posteriori error estimates for the approximations of
polynomial zeros (see [2,3,5,6,10,11]). A quite different approach to error estimates is based on the
use of interval arithmetic (see [4,7,9]). In this manner, not only very close zero approximations (given
by the midpoints of intervals) but also upper error bounds for the zeros (given by the semi-widths
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of intervals) are obtained which means the automatic verification of results and a control of errors
in each iteration. Recently, Zheng and Sun [12] presented a new approach for the simultaneous
computation of all zeros of polynomials. Using some results derived in [12] we propose in this
paper some new simultaneous methods for finding polynomial complex zeros in circular interval
arithmetic.

In Section 3 we derive the new simultaneous method in circular interval arithmetic. The conver-
gence analysis is given in Section 4. We prove that the convergence is of fourth order. Also, in this
section, we give a more simple interval iterative method under some condition in remarks. Some
numerical examples are included in Section 5.

2. Complex circular arithmetic

The circular arithmetic was introduced and for the first time systematically used by Gargantini
and Henrici [7]. Here we give some basic properties of complex circular arithmetic necessary for
this paper. For more details see the book [1].

If Z denotes the disk with center ¢ and radius 7,

Z:={z€%: |z—c|<r},

we write Z = {c;r}, c=mid Z, r =rad Z, for brevity.
We denote by (%) the set of all the disks.

Definition 2.1. Let Zl,ZQ € @((g), Zl = {Cl;l"l}, Zz = {Cz;l"z}. Then
2y £ 7y ={ci e + 1},

Zy - Zy =A{cica; |ci|r + |ea|ry + i},
21222221'1/22 1fO¢ZZ,

/2, ={& /(| = r3)im/(lea = 13)} i 0 ¢ 2,
where ¢, denotes the complex conjugate of c,.

From Definition 2.1, we have

m

Z {Ck;”k} = {kz; ck;;”k}

k=1
and

m

H{Ck;”k} = { Hck;H(|Ck| +re) — H |Ck|}-

k=1 k=1
In particular,

wt{er={wxer},
w-{c;r} = {we; |w|r},

where w € €.
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To enable the kth root of a disk to produce disks enclosing the mentioned regions, the following
circular approximation to the set {z'/¥; z € Z} was introduced in [9]:
Let ¢ = |c|exp(if) and |c| > r, i.e., the disk Z={c;r} does not contain the origin. Then

k—1
22
7' .= U {|c|1/k exp<t9 +k n) e = (|e|] - v)l/k} ,

=0

especially,

10 i0
7= {cr“ exp(z) el — (le] - r)l/Z} U {—\c“zexp (2) el — (le| - r)‘ﬂ}. 2)

3. A simultaneous method in circular interval arithmetic

Suppose that the disjoint disks Z;={mid(Z,);rad(Z;)}={z;; r;} with center z; and radius »; contain
the zeros {; of the polynomial P, i=1,...,n.
We introduce the following notation:

P(z;)

S ) ®

=3 @

- Zi Zj
J#i
n u
= — 5
; (z—z) )
i
n U
= / . (6)
; (zi — Z_i)(é’i - Zj)
i

Using Lagrangean interpolation of P with nodes zi,...,z,, we have

n ] n P(n) n
Pe)=Y [+ 2 e -2
j=1 J =1 ’ i=1
(S e
= 1-1-2": l (z—z;)+u ﬁ(z—zj)
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So
P(z)=
) Z —
J#
n uj n n
e |1 S ‘Zm [l =2,
i i j#i
Thus,
P'(z) “ 1 " uj 1+s;
i) -1 J = l'
P(Zl') ;Zl’—zi +;Zi_zj /u U;
i ' i
Let

o P(z;)
Cj = — >
H;‘;ﬁ? (zj —z)

where z, be another point, z, € €.
Then

j=0,1,...,n,

u .

Cj: / . ‘]#O

Zj — 2o

Using Lagrangean interpolation of P with the nodes zy,z,...,z,, we have

P(z) = (Z Zijz) H(Z —z;).
J j=0

J=0

By (8), we have, for some i, 1 <i<n,

Co ¢ P(z) P(z;)
Z— 2 * zZ—z B (z —20)(20 —Zi)H’fj‘;},(ZO —zj) " (z —z)(z —ZO)H}Z‘;(Zi —z;)
- 1 P(z) — P(z)
_(Z_ZO)HZ#},(ZO_Z/‘) Z0 — Zi
P(z) 1 1
Zi — Zo (z,—z)H, 1(2,—2,) (ZO_Z)HZ;}(ZO_Z./)

Then, let zy — z;, we have
Co Ci

zZ—2zy Z-—2z;
P/(Zi)
- n
(z —Zi)Hf;} (zi —Z_/)

(7)

(8)

)

(10)
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Pl ~ )T (o~ 2) — G~ 2 [T — 2]
[[7= (z _Zj)(Zl —z)(z0 — z)(z _ZO)H{/_#}(ZO _Zj)

zj)) +u Z?‘_#}_ 1/(zi — z;)

L S (2 —
. ‘
zZ— 2z
u; "
+(Zl'_Z)2H/ l(Z —Z H(Zl Zj)+(zi_z)jU1(Zi_
. 14+ S u;
Cz—gz (z—z)
Thus, by (10), we obtain
P(z) = Z Y Ltsi il (z—z-)ﬁ(z—z») (for zo=2z).  (11)
S G-E-z) z-z (z-z) A= N
i
Substituting z = {; & {zy,...,z,} in (11), and P(z) = P({;) =0, we have
U; 1 + 5 " U;
s (12)
(—z)P G-z = (zi —z)(i — z))
J#
Therefore,
21/[,‘
(i=z— = (13)
P+ JO 807 + 4, 5000wz — )G — )
Since {; € Z;,i=1 n, from (13) it follows
274,‘ ~
Ci €z — n 172 = is (14)
L+ +((1+ ) +4u Z,:1 w/(zi — 2, (Zi — zj))+
that is, from {; € Z, = (; € Zl, where the symbol “x” denotes the value of the second root which
is equal to (14 s;)* +4u; 31, u;/(zi — 2 )(Z; — z5).
Let Z(O) ={z (0), (O)} be disjoint disks such that C, € Z(O) then Eq. (14) (or (13)) leads to the
followmg 1nterval method for the simultaneous inclusion of the distinct roots (;, i =1,...,n:
2u™
™ 172 (15)
( ))>

J
(m) (m)
-z N2 —z

ng+l) — Zl(m) _
1+ + ((1 + 5P+ 4" Y

n (m)

(m)
P(Zim ) S(m) u;
(m)N° i _Z (m) (m) :
z;') - (zi i)

)

where

(m _



298 F. Sun, P. Kosmol|Journal of Computational and Applied Mathematics 130 (2001) 293-307

4. Convergence

In this section, we carry out a convergence analysis of the interval iterative method (15). We

assume that the distinct roots (i,...,{, of the polynomial P are isolated in separated disks

70 = {20, i=1,....n

> l

and let Z\™ = {z™; "™}, i=1,...,n, be the disks obtained in the mth iteration.

> I

We introduce the following notation:

"™ = max r( ),

1<i<n
o™ = 1rmn {lz]: z € z(m) (”’)} = 1rnm {|z( m _
<ij<n <ij<n
i#j i

The value of ¢ is a measure of the separation of the disks Z,(.m), i=1,...,
For simplicity, we will omit sometimes the iteration index m and write,

Z[’Zi,ZisZi’u[auinshsi;rhri,r’rngaQ

instead of
(m) _(m+1) —(m) —(m+1)  (m)  (m+1)  (m) (m+1)
Zi 5Zj ’Zi 3Zi sUp U S

71"1 s

r(m) (m+1) () (m+1) (m) (m+1)
1

b l 3 r b Q b Q
First we give the following assertion.

, respectively.

Lemma 1. The definition u;,r;,r,0 are as above, then
n—1
\ui]<r(l+r> foranyi=1,...,n
Q

Proof.
oG -0 frlz—&

TG =2y Tz—3z
JFi /s/l

n—1
r<1+r> , i=1,...,n. [
@

Lemma 2. Let

;| =

u.
T : : 1
(Zz Zj)(Zi - Zj),
/s/'

then
1

z, |lzi — z;|> —

Ti= Z

/;A

z{Z_i — 21}

(MV<—

Z,
o — m<r,H'l

n, from each other.

(16)

(17)
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Proof.

SO
1 1 -
Zl z; |Zi —ZJ‘Z rlz {Zz Zja”z}
Thus,
1 = -
T ZZ e . _Z“Z_r.z{zi—zj,ri}. U]
]# J J 1
From Lemma 2, we have
n u
(14 5;)° + 4u; / =(1+s) + 4uT;
; (zi — Zj)(Zi - Zj)
J#i
- U; Zi — Z;
= 1 i *+4 i l l ! >
(L+5) +d ;Zi_zj |z — 2,2 — 7}
i
u 414,'1/[]‘
Z ‘ 2 2 Ti
= (zi — Zj)(|Zi - Zj‘ —r7)
J7i
:{chni}, (18)
where
" U; Z_,' —Z_
Ci:(1+si)2+4uiz ! PR (19)

—~zi—zj |z —ziP — 7
J#

4lu;||u;
Z |4 |u | r. (20)
|zi —

zj|(Jzi — z;|*> — 1})

Suppose that the angle of intersection between exp(if/2) and 1 + s; is acute angle (where 0 is
determined by c¢; = |c¢;|exp(if), ) otherwise, the angle of intersection between — exp(i6/2), and 1+s;
is an acute angle.

By definition of quadratic root of a disk (2), we can choose

10
(14 57 4T = el Pexp (5 )sle? = (al = )2} @1
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Thus,

i0
145+ [(1+s) + 4uiTi]}k/2 = {1 + 5+ |Ci’l/2 exp(12>; |Ci’l/2 — (lei| = ’71‘)1/2}

=<1 i i 2 <1>, l }
{ Tt lelTep (3 ) e el =y

- {éia ﬁi}: (22)
where
R 12 i0
¢Gi=1+s+ |Ci| exp 5 s (23)
i, L (24)

el el =0

Lemma 3. 5, is defined by (20), then
4 _ 1 2n—2
< % (1 + r) . (25)
0 @

14
Proof. From Lemma 1, and the definition of ¢, we have

Al o zn: 4ri(1 4 (/o))" 'ri(1 + (/@) "1

N = <
l i ‘Zi_Zj|(‘Zi_Zj|2_ri2) o = |Zi_Zj‘(|Zi_Zj‘+ri)Q

J#i JFi
B btk L)
0*(|zi *Zj| +r)

n

J=1
J#

n 4]"3( r 2n—2
()

Z &’ Q

J#i

4 -1 2n—2
0D (T
@ Q

Lemma 4. Suppose that the angle of intersection between exp(i0/2) and 1+ s; is an acute angle,
then,

_1 n—1
6l=1-" . <1+;) r. (26)

Proof. By the definition of s;, and Lemma 1, we have
n ) n n—1 - n—1
5] = ZL <Zr(1+(r/g)) _n—1 <1+r) .

o Zi T Zf = @ @ @
J#i J#i
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Then we have

i0
1+s; +\c|1/2exp<2>’ =1 +s5=1—|s

1 n—
21—n (l—i— ) r.
¢ Y

From the definition of ¢; (19), and Lemma 1, we have

n - -

Uu; Zi — Z;
‘Ci| = (1 +Sj)2 +4u’z / J 2(1 — ’Si|)2 —4|ul|

zi—zjlzi — zj|> — r}

J=1

J#i
. uj(Z_i _Z_j)
X
; (zi *Zj)(|Zi *Zj|2 —77)
I
2
_1 n—1 n—1 n 1 n—1
= 1_}’1 <1+l") 7 _4r<1+l") Z%
Q @ @ = 0

i

n—1 AN 4 1) P\
- 1— 1+* r - 1"‘* re,
0 0 0 0

r(1+ (r/))"! n—1< ry*
5| = —— | < I+ - r.
‘ ‘ ;Zl_zj Z Q Q 4

J# /#

Lemma 5. Suppose that (v/0)(1 + (r/0))" < % Then
4(n —1°(1 4 (r/o))** 6
0°(1 — (3(n — 1)/o)(1 + (r/0))~'r)
Proof. From (24), and Lemma 3 and (27), we have
i ; 4 _ 1 2]’!—2
n= T ! 7S ! 7S (n3 )<1+’”> r
lcil 2+ (Jei] —n)V* = 2(|ei] —n)Y 0 0
1
n;1(1 + %)n—lr)z _ 4(71(;1)(1 + %)2)1—2]/3]
2(n—1)(1 + %)2”*2r3
Q3[(1 _ ngl(l + g)"*lr)z _ 4(”@;1)(1 + g)znfzrz 4(" 1)(1 4z )2n 2,,3]1/2
2(n—1)(1 4 2)™ 2
B o[(1 — %(1 + 3)11—1,.)2 _ 4(';;1)(1 + 2)2n—1r2]1/2’

)
n; <

301

(27)

(28)

(29)
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Because (r/0)(1 + (/o))" < %

so (r/) <3, 1+ (rfo) <%,
When n>=3, n— IZ% > 14 (r/0),

thus

1) 2n—2 . 2n—1

et (FEA
Q 0

l’l—l 7'2”1 —1 r"71
1+ - P (14 5) -
0? 0 30 0

Therefore, by (29)

and

4(n — 1P(1+ L)=4"
Q1L = (L 2yt o CE(L o £ — D1 )
- 4(n — 1)*(1 + 2)4”_4;’6
Q°(1 = TR (1 4 fy=lr — A1 4 1)
4(n — 1P(1 + £yt
Q1 =R 4 Ly

)
UTIES

0

From (26) and (28), we obtain

2
1 n—1 4n_121+r4n4
&) — i > o )(1+r> ) - X 3)1( ) 76
0 Q 0f(1 — 3= ’(1+ A lr)

2(n—1) r\! 4(’1—1)2(1+ Lyt 6
2 (1 ) PTTE ETEE

>1-—

(30)
0

4
Therefore we have the following results:
Theorem. Let Z\”,...,7") be the initial disks containing the distinct roots {y,...,(,; let the interval

sequences {Z"Y,,, with i=1,...,n and m=0,1,2,..., be defined by (15), and r'™, " be defined
as above. Note ¢'™ = (n — 1)(1 + ('™ /g"™)y'=1. Then, under the assumption

#(0 AN

E (1 +g(°>> < 3 nz=3,
we get

LGeZ™, i=1,...,n and m=0,1,..., (31)
the sequence {r'™}, monotonically goes to zero and
4q (1 — 2

(I’l - 1)2[Q(m)3(1 37m (m))2 4(n 1) $1m)7"(m)3]

o qn

A1)

rme, (32)
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Proof. The proof of (31) follows from the assumption {; € Z”, i=1,...,n and the inclusion
isotonicification (14).
Now, we prove assertion (32). From (15), (16), (22), (28), (30), we have

1
rl(m+l) — rad(ZEm+l)) — 2’145»’")’1'3(1( >

L s™ 4 [+ 57 + 4T
1
{emsi™y

(m) ﬁ(m)
m
= 2|M~ | ’A(m)lzl ,\(m)z

—1
m)
<2r™ (14—
Q(m)
m)
2(n—l)(l+m)
)

(D T )

4n 4()6
WL .

Q(”’)(‘(l— (n(m>1)( +@(m) )n 1’("’))

2m—2
Hm3

1 _ 2(}1 1)(1 +

o(m

n—1
)
<2rm 14+ —
Q(m)
(m)

2(71 _ 1)(1 4L o )2n—2(1 _ 3("*1)(1 + Qi:)) )n—lr(m))l/Zr(mB

o

X
omM3(1 — 3(n”1)(1 + 0‘(”1)) y=lrmy(1 — 2(nm)1)(1 + )n pm)y — i(n— 1)2(1 4 ow) )n 45(m)3

n—1
ym)
<2 <1 n )
Q(m)
7m)

m n— A (m m
mﬂu+w)%vﬁ g2

o

otm

X
3™ (m) 2™ (m) 4n—1)q;"
o3 (1 — r(m) qn (1 - r(m) M) — == ,(?n) Srm?
27(1+W)
(m)3 34 (m)y\1/2
(1- "o 4n ) i .

= (n ~ 1)2[@("1)3(] 35m) (m))2 4(n 1) ;m)r(mﬁ]

“omy

Remark. In practice, if we can assure or assume that
wt? — sat” + O(r*) Cu Ty, (33)

where £ = Z’}_;! wi/(zi — ;)i — z5),
then we can introduce the following interval method by the interval method (15):
N u;

A E— 34
: L+ s +uT; (34)
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In fact, by (13), that is

2u;
i SN ({ R T (33)
Form the definition of u;,s; and ¢, we have u; = O(r), s; = O(r), t = O(r).
Thus by the Taylor expansion formula, we can obtain
(145 4 dut? ) = (1 + 25, + 57 + du;t)'?
=1+ 12si +57 4+ 4uit]) — £(2s; + 57 + 4u;t) )
+ (25 + 5] 4+ dut] ) +
=145+ 2ut" — 2s;u;t" + O(r*).
So, we have
=z — . : (36)

1+ s +wtf — sty + O(r*)
By the assumption of (33), we have, if
A u
I'GZ,', th iGZ,-:,-—il
: en ¢ T
and the convergence of interval method (34) is shown to be fourth order, we have the following
estimates:
Let Z,,...,Z, be disjoint disks such that {; € Z,, j=1,...,n. Suppose that u;t* —su;t; +O(r*) Cu; T},
and (7/0)(1 + (r/0))" < % Then

Lel, i=1,...,n (37)
and
};;< 54(” - 1)(1 + (r/Q))3n73 }"4. (38)

@’[9¢ — (n = 1)(24(1 + (rf@)y'~" +r)r]

Proof. The proof of (37) follows from the assumption {; € Z;, j=1,...,n and assumption of (33),
and relation (36).
Similar to the proof of (32) in the theorem, we have

5 1
f, =rad (2,) = |lrad | ————
Fi=rad (Z;) = |u;|ra <1+Si+“iTi)

1
|ul|rad Zi Zj uju;
{1+s,+u12/;z T Z|z,,z,Zr1 Wri}

1
= |u; rad( )
ulrad| ey

|c_7" nt }
— |y |rad i . i
juifra thn?WﬁPnF
n;
= |uy

g =
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where

n

=y

Jj=1
J#i

Uuiu;

(zi — Z/)(‘Zi - Zj’2 - ”;2)

o 1 2n—2
V,-é(n ) 1+ - 2,
o 0

n - -

ST I A o S Ak

| 21— luIZ
j=1 “i T

J#i

71 n—1 71 2n—2
>1-" (1+r) r— <1+r) .
0 0 0 0

Thus by the assumption (#/0)(1 + (r/0))* < &

n—1 2n—2
-1
fi<r<1+r) (- )(1+r> =
e Q 4
1
X n—1 r\n— n—1 r — (n—1) r _

(1= 2204 2yt = (4 222 — (S (1 4 L2232

54(n — 1)(1 + )3” 3
P19 — (n— D241 + e EnuN

(zi —zj)|zi — z;|* — 7)

—z|z -z

4

That is

_ 3n—3
b max < S D(E () .

IS 20— - A0+ Gy +

5. Numerical results

In this section, numerical experience is carried out by the interval method (15) and (34). We con-
sider three polynomials denoted by P, P, and Ps. For each polynomial, the initial disks Z\”,..., VASY
are given.

The numerical results show that method (15) and (34) converge very fast, and have fourth-order
convergence as shown in theorem. Unusually, condition (33) can be satisfied, and iteration (34) is
simpler than (15).

Tables 1-3 give the radius 7™ of Z\"™ derived by method (15), where Z" = {z™; "™}, The
numerical results of method (34) is the same as that of method (15), that is, has the same order of
convergence. So, we omit the tables of method (34) here.

Example 1. Let Pi(z) =z° + 32 — 327 — 92° + 325 + 92* + 992° + 29722 — 100z — 300 with zeros
gl :_35 {2:_2—’_17 C3:_2_i, §4:_1: C5:2i: C():_zi’ {7:1, C8:2+1, €9:2_1 (See
Ref. [8, p. 68]).
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Table 1
n" of Z{™ by (15)

m=1 m=2 m=3
rm 372-107* 277-107" 6.90-107%
g”” 1.75-1073 245.1078 8.87 107
rm 9.54-107* 642107 1.38-107%
rm 2.82-107° 2.61-107" 1.11-107%
rm 1.79-107* 3.17-1071'° 439107
g”” 327-107* 1431071 598-107%
wm 7.99-107* 8.63-107"° 1.79 - 107%
o 4.55-107* 265-1071 474-107%
i 4.64-107* 4.66-107" 8.66- 107
Table 2
r" of 7™ by (15)
m=1 m=2 m=3

P 476 1073 1231071 3.89-107%
rm 2.61-107° 2.06- 107" L11-107%
rm 247107 9.38- 107" 744-107%
Hm 553.107 9.55-10712 1.04-107%
Table 3

m of 7™ by (15)

rm 3.17-1073 4.50- 107" 2.19-107%
rm 1.09- 1072 3.77-1071° 2.32-107%
H 758107 7.07-107" 3.65-107%
Hm 247-1073 3.67-107" 1.65- 10
i 9.46 - 107 3.52-1071° 2.82- 1074
rm 7.68-107* 9.48- 1071 1731074
Hm 556-107* 1.78 - 107" 7.94-107%

The initial disks, containing these zeros, were chosen to be Z\” = {z;0.3}, where AV =_32,

2V =-2.14009i, z“” —1.9—1.1i, z<°>_—09+021 Z0=0.142.1i, 2V =—0.1—-1.9i, V=
“’> =2.1+ 0.9i, z(°>—1.9—1.11.
The numerical results are shown in Table 1.

Example 2. Let Py(z) =z* — 1 with zeros {, =1, {, =1, (=1, {4 =

The initial disks, containing these zeros, were chosen to be Z\* = {z{"); 0.3}, where 2"’ =

2" =0.8+0.1i, z“” 0.1 + 1.1i, 2 = —0.2 — 0.9i.

0.9-0.2i,

)= 0,8,
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The numerical results are shown in Table 2.

Example 3. Let Py(z)=z"+2z° —10z* —z*> —z+ 10 with zeros {; =2, {,=1, =—1, {4=1, {s=—1i,
{e=—14+2i, {;=—1—2i (see Ref. [8, p. 66]).

The initial disks, containing these zeros, were chosen to be ZEO) = {zl@);OS}, where zﬁ‘” =22,
Z2P=1240.1i, 2V =—08—-0.1i, 2V =0.1+1.2i, 2V =—0.1-0.8i, 2 =—1.142.2i, 2 =—1.1 — 1.8i.
The numerical results are shown in Table 3.
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