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A square matrix over the complex field with non-negative integral trace is called
a quasi-permutation matrix. For a finite group G the minimal degree of a faithful

Ž .permutation representation of G is denoted by p G . The minimal degree of a
faithful representation of G by quasi-permutation matrices over the rationals and

Ž . Ž . Ž .the complex numbers are denoted by q G and c G respectively. Finally r G
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denotes the minimal degree of a faithful rational valued complex character of G.
Ž . Ž . Ž . Ž . Ž .In this paper p G , q G , c G , and r G are calculated for the group G � GL q .2

� 2001 Academic Press

Key Words: general linear group; quasi-permutation.

1. INTRODUCTION

� �In 11 Wong defined a quasi-permutation group of degree n to be a
finite group G of automorphisms of an n-dimensional complex vector
space such that every element of G has non-negative integral trace. Also
Wong studied the extent to which some facts about permutation groups

� �generalize to the quasi-permutation group situation. In 4 the authors
investigated further the analogy between permutation groups and quasi-
permutation groups. They also worked over the rational field and found
some interesting results.

By a quasi-permutation matrix we mean a square matrix over the
complex field � with non-negative integral trace. For a given finite group

Ž .G, let p G denote the minimal degree of a faithful permutation represen-
Ž .tation of G, let q G denote the minimal degree of a faithful representa-

tion of G by quasi-permutation matrices over the rational field �, and let
Ž .c G be the minimal degree of a faithful representation of G by complex

quasi-permutation matrices. By a rational valued character we mean a
character � corresponding to a complex representation of G such that
Ž . Ž .� g � � for all g � G. Let r G denote the minimal degree of a faithful

rational valued character of G. It is easy to see that for a finite group G
the following inequalities hold:

r G � c G � q G � p G .Ž . Ž . Ž . Ž .
� � � �In 4 the case of equality has been investigated for abelian groups. In 2

Ž . Ž .above quantities have been found for the groups SL q and PSL q . In2 2
Ž . Ž . Ž . Ž .this paper we will calculate r G , c G , q G , and p G where G is

Ž .GL q . All characters concerned are over the complex field � unless2
otherwise stated.

Ž . � �Using the definition of p G it is proved in 1 that

n

� �p G � min G : H : H � G ,Ž . Ý i i½
i�1

n
xfor i � 1, 2, . . . , n and H � 1 .� � i 5

i�1 x�G

Let G be finite group and let � be an irreducible complex character of G.
Ž . Ž .Let m � denote the Schur index of � over � and let � � be the�



DARAFSHEH ET AL.144

Ž .Galois group of � � over �. It is known that

m � � �Ž .Ý �

Ž .��� �

Ž . � Ž .�is a character of an irreducible � G -module 9, Corollary 10.2 b . So by
knowing the character table of a group and the Schur indices of each of
the irreducible characters of G, we can find the irreducible rational
characters of G. If � � � is an algebraic number over �, then by
Ž Ž . . Ž .� � : � we mean the Galois group of � � over � and always it is
denoted by �.

2. BACKGROUND

Assume that E is a splitting field for G and that F is a subfield of E. If
Ž .� , � � Irr G we say that � and � are Galois conjugate over F ifE

Ž . Ž . Ž Ž . . �F � � F � and there exists � � Gal F � �F such that � � � ,
Ž . Ž .where F � denotes the field obtained by adding the values � g , for all

g � G, to F. It is clear that this defines an equivalence relation on
Ž .Irr G .E

Let � for 0 � i � r be Galois conjugacy classes of irreducible complexi
characters of the G. For 0 � i � r let � be a representative of the classi

Ž .� , with � � 1 . Write 	 � Ý � , m � m � , and K � ker � .i o G i � � � i i � i i ii i
� 4We know that K � ker 	 . For I � 0, 1, 2, . . . , r put K � � K .i i I i� I i

Ž . Ž . Ž .By definition of r G , c G , and q G and using above notations we have
r

r G � min 
 1 : 
 � n 	 , n 	 0,Ž . Ž . Ý i i i½
i�1

� 4K � 1 for I � i , i � 0, n � 0I i 5
r

c G � min 
 1 : 
 � n 	 , n 	 0,Ž . Ž . Ý i i i½
i�0

� 4K � 1 for I � i , i � 0, n � 0I i 5
r

q G � min 
 1 : 
 � n m 	 , n 	 0, K � 1Ž . Ž . Ý i i i i I½
i�0

� 4for I � i , i � 0, n � 0 ,i 5
� Ž . � 4 Ž . Ž .where n � 
min 
 g g � G in the case of c G and q G .0
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We know that if G is a finite group and if the Schur index of each
Ž . Ž .non-principal irreducible character of G is equal to m, then q G � mc G

� �1, Corollary 3.15 .
� � Ž . Ž . Ž . Ž .In 1 we defined d � , m � , and c � see Definition 3.4 . Here we

can redefine it as follows:
Let � be a complex character of G, such that ker � � 1. Then � � �1

Ž .� ��� �� for some � � Irr G .n i

DEFINITION 2.1. Let � be a complex character of G, such that ker � �
1. Then define

n

� �d � � � � � 1 , 1Ž . Ž . Ž . Ž .Ý i i i
i�1

0 if � � 1 ,� G

nm � � 2Ž . Ž .�min � g : g � G otherwise,Ž .Ý Ý i½ 5� i�1 Ž .��� �i i

n
�c � � � � m � 1 . 3Ž . Ž . Ž .Ý Ý i G

i�1 Ž .��� �i i

So

r G � min d � : ker � � 1� 4Ž . Ž .
and

c G � q G � min c � 1 : ker � � 1 .� 4Ž . Ž . Ž . Ž .

Now we begin with a summary of facts relevant to the irreducible
Ž . � �complex characters of GL q . It is proved in 6 that the Schur index over2

Ž .� of each of irreducible characters of the group G � GL q , n � 4, isn
� � Ž . Ž .one. Therefore for these groups, by 1 we obtain c G � q G . It is

Ž . Ž . �obvious that if G � GL q , n � 4, and � � Irr G , then Ý � is an � � �Ž � .
Ž . Ž . � �character of an irreducible � G -module for every � � Irr G . Also by 1 ,

Ž . �if � � Irr G , then ker � � ker Ý � . Moreover � is faithful if and� � �Ž � .
only if Ý � � is faithful.� � �Ž � .

Ž . Ž .2Ž .The group GL q is of order q q 
 1 q � 1 and representatives of2
� �its conjugacy classes are of the four types 10

a a � a 0� 0 � 0A � , A � , A � ,a a1 2 3 bž / ž / ž /0 � 1 � 0 � a�b

 c 0
B � ,cq1 ž /0 
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TABLE I
Ž .Irreducible Characters of GL q2

Žn. Žn. Žm , n. Ž l .� � � �1 q q�1 q
1

2 n a 2 n a Žm�n.a l aŽq�1.Ž . Ž .A � q � q � 1 � q 
 1 �1
2 n a Žm�n.a l aŽq�1.A � 0 � �2

nŽa�b. nŽa�b. m a�n b n a�m bA � � � � � 03
nc nc lc lcqŽ .B � 
� 0 
 � � �1

Ž . Ž 2 .where � and  are primitive elements of GF q and GF q respectively
Ž . � �and q � 1 � c. The complex character table of GL q is given in 10 as2

Ž . Ž . q
1Table I, in which m, n � 1, 2, . . . , q 
 1, m � n, m, n � n, m , � � 1,
� q 2
1 � 1, l � 1, 2, . . . , q2 
 2, q � 1 � l, c � 1, 2, . . . , q2 
 2, q � 1 � c,
and a, b � 0, 1, . . . , q 
 2, a � b.

� �The proof of the following facts may be found in 3 . Let � be a
primitive nth root of unity in �. Then � � �
1 is rational if and only if
n � 1, 2, 3, 4, 6. The values of � � �
1 in these cases are 2, 
2, 
1, 0, 1
respectively.

Also � j � �
j, 1 � j � n, is rational if and only if n � j, 2 j, 3 j,
3 4 64 j, 6 j, j, j, j.2 3 5

Ž . � Ž i 
i. �In this case if i � � and d � i, n , and n � 2 d , then � � � � : �i i
1 Ž .� � n�d , and if n � d , 2 d , theni i i2

n�i 
i� � � � � ,Ž .Ý ž /di���i

Ž Ž i 
i .where � � � � � � : � and � is the Mobius function.¨i
Ž Ž 
1 . .With the above assumption if we set � � � � � � : � , then

� n nŽ .�i 
i� � � � � .Ž .Ý ž /n di��� � ž /di

Ž . n Ž .Let G � GL q , where q � p for some prime p, d � n, q 
 1 , and2
q 
 1 q 
 1d Ž .� � � . Let d � , i , where 1 � i � 
 1. Then we haved i d d

q 
 1
� ž /� diA i � � � � d .Ž . Ž .Ž .Ý d iq 
 1

��� � ž /ddi
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Ž .3. ALGORITHM FOR p G

We mentioned that
n n

x� �p G � min G : H : H � G , H � 1Ž . Ý � �i i i½ 5
i�1 i�1 x�G

Ž .and therefore in order to obtain p G we should study those subgroups of
G such that the intersection of their cores is the identity. In this section

Ž .generally G denotes the group GL q , but there are some results which2
Ž .are true for the group GL q and therefore they are stated in generaln

form. First we state the following trivial fact whose proof may be found in
� �5, 8 .

� Ž .Let t be a non-negative integer with t q 
 1 and let � : GL q �t n
Ž . Ž . Ž . t Ž .GF q * be given by � A � det A for all A � GL q . Then � is at n t

q 
 1homomorphism and its image is isomorphic to a cyclic group of order .t
Ž .Also let G t � ker � and let t , t be non-negative divisors of q 
 1 andt 1 2

Ž . Ž . Ž . Ž .t � t . Then G t �G t , and G t �G t is isomorphic to a cyclic group1 2 1 2 2 1
of order t �t .2 1

Ž . Ž . Ž . Ž . Ž .And if t , t � 1, then G t � G t � SL q � G 1 .1 2 1 2 n

Ž . � Ž .�LEMMA 3.1. For any subgroup H of GL q we ha�e H : H � SL qn n
� q 
 1.

Ž . Ž . � � Ž . � � Ž . �Proof. As HSL q � GL q , we have H SL q � H � SL q �n n n n
� Ž . �GL q . Thereforen

� � � �H GL qŽ .n� � q 
 1.
� � � �H � SL q SL qŽ . Ž .n n

Ž . Ž .LEMMA 3.2. Let H be a subgroup of GL q such that core H �2 S L Žq.2
Ž .SL q � 1. Then2

� �G : H 	 q 
 1 q � 1 ,Ž . Ž .2

Ž .where q 
 1 denotes the 2-part of q 
 1.2

Ž Ž .. Ž . Ž .Proof. Since core H � SL q � core H � SL q � 1,S L Žq. 2 S L Žq. 22 2
Ž . Ž . �hence H � SL q is a core-free subgroup of SL q . By 2, Theorems 3.62 2

�and 3.8

p SL q � q 
 1 q � 1 .Ž . Ž . Ž .Ž . 22

Ž .Thus for any core-free subgroup K of SL q we have2

SL q : K 	 q 
 1 q � 1 .Ž . Ž . Ž .22
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Therefore

SL q : H � SL q 	 q 
 1 q � 1 .Ž . Ž . Ž . Ž .22 2

Ž . Ž .Then as H � SL q � H � GL q we get2 2

� �GL q : H � SL q GL qŽ . Ž . Ž .2 2 2� �G : H � 	
� �H : H � SL q q 
 1 H � SL qŽ . Ž . Ž .2 2

� SL q : H � SL q 	 q 
 1 q � 1 .Ž . Ž . Ž . Ž .22 2

Ž . Ž . Ž . �LEMMA 3.3. If SL q � H � GL q , then H � G t for some t q 
 1.n n

� Ž . Ž .� � Ž . �� Ž .�Proof. We have Gl q : SL q � GL q : H H : SL q . Letn n n n
� Ž .� � Ž Ž .. t t Ž . Ž .H : SL q � t. Then t q 
 1. Hence ASL q � A SL q � SL qn n n n

t Ž . Ž . tfor all A � H, and this implies A � SL q . Thus det A � 1 andn
q 
 1Ž . � Ž . Ž .� � � � Ž . �therefore H � G t . Also since GL q : G t � and H � t SL qn nt

� Ž . � � Ž . � Ž .and G t � t SL q we have H � G t .n

Ž . Ž .Let G � GL q , q � 2, 3, and H � G. Since core H �G, son G
Ž . Ž . Ž . Ž .core H � SL q or core H � Z G . We consider two casesG n G

Ž . Ž . Ž . Ž . Ž .a core H � SL q if and only if H � SL q or H � G t forG n n
q 
 1� Ž . Ž . � Ž .�some t q 
 1. In this case core G t � G t and G : G t � .G t

Ž . Ž . Ž . Ž . ² i: q
1b If core H � Z G , then core H � � , � � 1. AlsoG G

n
x� �p G � min G : H : H � G , H � 1Ž . Ý � �i i i½ 5

i i�1 x�G

� Ž . Ž . Ž . Ž .and if t , t q 
 1 and t , t � 1 we have G t � G t � SL q ; hence1 2 1 2 1 2 2
Ž . Ž .we must study subgroups of GL q , say H, such that core H �2 G L Žq.2

Ž . �SL q � 1. In this case we choose t , t , . . . , t such t , t , . . . , t q 
 12 1 2 k 1 2 k
Ž . k Ž .and t , . . . , t � 1 and Ý q 
 1 �t minimal.1 k i�1 i

THEOREM 3.4. If q � 2, 3, then

k q 
 1
p GL q 	 min � p SL q .Ž . Ž .Ž . Ž .Ý2 2½ 5tk ii�1

Ž . Ž .Proof. By the above remark, if H � GL q and core H �2 S L Žq.2
Ž . Ž . Ž .SL q � 1, then core H � SL q � 1 and by Lemma 3.22 G L Žq. 22

� �G : H 	 q 
 1 q � 1 .Ž . Ž .2
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Therefore

k q 
 1
p GL q 	 min � p SL q .Ž . Ž .Ž . Ž .Ý2 2½ 5tk ii�1

Ž . tLEMMA 3.5. Let G � GL q , q odd, q � 3 and q 
 1 � 2 m and m2
odd. We define

L � � � GF q *: � � � 2 t
for some � � GF q *Ž . Ž .� 4

and

� �
Q � : � � L, � � GF q *, � � GF q .Ž . Ž .½ 50 �

Ž . Ž .Then Q � GL q and core Q � SL q � 1.2 G 2

Ž .Proof. It is clear that L � GF q *. By consideration of the epimor-
t q 
 12Ž . Ž . � � Ž .phism � : GF q * � L with � x � x we have L � q 
 1 � � mm

Ž . t � � ŽŽ� q 
 1 �2 . Now it is clear that Q is a subgroup of G and Q � q 

. t.Ž . � � tŽ . Ž . Ž .1 �2 q 
 1 q and therefore G : Q � 2 q � 1 � q 
 1 q � 1 . We2

Ž . Ž . Ž . Ž .know core Q �G and Q � core Q and therefore core Q � Z G orG G G
Ž . Ž . Ž . Ž . Ž . � �core Q � SL Q . If core Q � SL q then Q � SL q . But Q �G 2 G 2 2

Ž Ž .2 . t � Ž . � Ž .Ž . ŽŽ . t.Žq q 
 1 �2 and SL q � q q 
 1 q � 1 , implying q 
 1 �2 q2
. Ž 2 . Ž . t
 1 q � q q 
 1 . Therefore q 
 1 �2 � q � 1 or m � q � 1 and this

Ž . Ž .implies that m is even, and this is a contradiction. So core Q � SL qG 2
Ž . Ž . Ž . Ž .and hence core Q � Z G . This implies core Q is cyclic and core QG G G

� 0 � 0 � 0�� � 4 �� � 4 �� �� :� � L . Since : � � L � Q, we have for all x � G, : �0 � 0 � 0 �

x x � 0 x4 �� � 4 Ž .� L � Q ; therefore : � � L � � Q � core Q .x � G G0 �

� 0Ž . �� � 4 � Ž . �Hence core Q � : � � L and core Q � m. Now if A �G G0 �

� 0 2 m� � Ž . Ž .� core Q � SL q , then � � L and � � 1; i.e., � � 1 andG 20 �
2 Ž . Ž . Ž .� � 1. But as 2, m � 1, � must be 1. Therefore core Q � SL q � 1.G 2

Ž .THEOREM 3.6. Let G � GL q and q odd, q � 3, q 
 1 � t t , . . . , t ,2 1 2 k
Ž .t , . . . , t � 1; then1 k

k q 
 1
p G � min � q 
 1 q � 1 .Ž . Ž . Ž .Ý 2½ 5tk ii�1
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Ž . Ž .Proof. By Lemma 3.5 we have SL q � core Q � 1 and by the2 G
Ž .above remark and definition of p G we have

k q 
 1
� �p G � min � G : QŽ . Ý tk ii�1

k q 
 1
� min � q 
 1 q � 1 .Ž . Ž .Ý 2½ 5tk ii�1

� �The following concept is defined in 7 .
Let G be a finite abelian group; then G is isomorphic to the direct

product of its Sylow p-subgroups. Suppose G � �k
� � ; then we letipi�1 i

Ž . k � i Ž .T G � Ý p . If G � 1, the trivial group, then we let T G � 0.i�1 i

Ž .THEOREM 3.7. Let G � GL q and q odd, q � 3, q 
 1 � t t , . . . , t ,2 1 2 k
Ž . Ž . Ž . Ž . Ž .t , . . . , t � 1; then p G � T � � q 
 1 q � 1 .1 k q
1 2

Proof. See Theorems 3.4 and 3.6.

Ž Ž .. Ž Ž ..Note 1. We will determine p GL 3 after finding q GL 3 .2 2

Ž .THEOREM 3.8. Let G � GL q where q is e�en, q � 2; then2

p G � T � � q � 1 � T � � p SL q .Ž . Ž .Ž .Ž . Ž .q
1 q
1 2

Proof. If q 
 1 � p�1 ��� p�k , let t � Ł k p� j, i � 1, 2, . . . , k;1 k i j�1, j� i j
Ž . � i Ž .therefore q 
 1 �t � p . In Theorem 3.4 we showed that p G 	i i

k � i Ž . Ž . k � i Ž .Ý p � q � 1 . Now we should show that p G � Ý p � q � 1 .i�1 i i�1 i
Ž . Ž .When q is even, then GL q � � � SL q , so we choose subgroups2 q
1 2

H of G such that H � K � N , l � 1, . . . , k, k � 1 and K � � , N �l l l l l t ll
Ž .SL q for l � 1, . . . , k and2

� �
K � � , N � : � � GF q *, � � GF q .Ž . Ž .k�1 q
1 k�1 
1½ 50 �

Ž . nAs SL q , q � 2 , n � 1 is simple group; then N is a core-free2 k�1
Ž . � Ž . �subgroup of SL q with SL q : N � q � 1. Consequently2 2 k�1

Ž . Ž . � 4core H � H , l � 1, . . . , k and core H � � � 1 andG l l G l�1 q
1
k�1 Ž . Ž . k � i� core H � 1. Thus p G � Ý p � q � 1. By the last notationl�1 G l i�1 i

Ž . Ž .p G � T � � q � 1.q
1

Ž .COROLLARY 3.9. Let q 
 1 be a prime and let q � 3. Then p G � 2 q.

Proof. When q 
 1 is a prime, then q must be even and therefore
Ž Ž .. Ž .p SL q � q � 1 and T � � q 
 1, and the corollary is proved.2 q
1
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Ž . Ž .COROLLARY 3.10. Let G � GL 2 ; then p G � 3.2

Ž .Proof. It follows from the fact that GL 2 � S .2 3

Let G � 1 and G � K � H. Then

�p K if H � 1Ž .p H if K � 1Ž .p G �Ž . �p H � p K otherwise.Ž . Ž .

Ž . Ž . Ž .Since in the case q is even we have GL q � GF q * � SL q , so2 2
Ž Ž .. Ž Ž . . Ž Ž ..p GL q � T GF q * � p SL q .2 2

Ž . Ž . Ž .4. ALGORITHMS FOR r G , c G , AND q G

Ž .Let G � GL q ; then G has four type of conjugacy classes, A , A ,2 1 2
A , and B , and four type of irreducible characters, � Žn., � Žn., � Žm , n., and3 1 1 q q�1

Ž l . Ž .� Table I .q
1

Ž . Ž . Žn.LEMMA 4.1. a Let d � n, q 
 1 ; then the kernel of � consists of1
precisely the elements

a�a a � 0� 0 � 0A � , A � , A � ,a a1 2 3 b0 � 1 � 0 �

c 0
B � ,cq1 0 

where

q 
 1 q 
 1 q 
 1
a � k , a� � b � k� , c � k� ,ž / ž / ž /2 d d d

d 2 q 
 5Ž .
1 � k � 2 d , 1 � k� � ,

q 
 1

1 � k� � d q � 1 and q � 1 � c.Ž .

Ž . Ž .b Let d � n, q 
 1 ; then

a q 
 1� 0Žn.ker � � A � : a � k , 1 � k � 2 d .aq 1¦ ;ž /0 � 2 d
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Ž . Ž .c Let d� � m � n, q 
 1 ; then

a q 
 1� 0Žm , n.ker � � A � : a � k , 1 � k � d� .aq�1 1¦ ;ž /0 � d�

Ž . Ž .d Let d� � l, q 
 1 ; then

a q 
 1� 0Ž l .ker � � A � : a � k , 1 � k � d� .aq
1 1¦ ;ž /0 � d�

Ž . Žn. 2 naProof. a A � ker � if and only if � � 1 if and only if q 
1 1
q 
 1 2 na q 
 1 n q 
 1 q 
 1� � Ž . � Ž .1 2na; hence . Since , � 1, 2 a. Thus a � k , ford d d d d 2 d

q 
 1Žn. Ž .some k, 1 � k � 2 d. Similarly A � ker � if and only if a � k .2 1 2 d
Žn. nŽa�b. � Ž .Also A � ker � if and only if � � 1 if and only if q 
 1 n a � b .3 1

q 
 1 n q 
 1 q 
 1Ž . � Ž .Since , � 1, therefore a � b and a � b � k� for somed d d d
d 2 q 
 5Ž . Žn. nck�, 1 � k� � , and B � ker � if and only if � � 1 if and only1 1q 
 1

q 
 1� Ž . Ž .if q 
 1 nc and hence c � k� , 1 � k� � d q � 1 , and q � 1 � c. b ,d
Ž . Ž .c , and d are proved similarly.

q 
 1Žn. Žn.Ž . � Ž . � Ž . � Ž . �LEMMA 4.2. Let d � n, q 
 1 . Then � � � � and � �1 qd
q 
 1Ž .� � .d

Proof.

Žn. Žn. 2 n nŽa�b. n� �� � � � � : � � � � , � , � : �Ž .Ž . Ž .1 1

q 
 1
n� � � : � � � ,Ž . ž /d

q 
 1nwhere � is a primitive th root of unity in �. The proof of the nextd

statement is similar.

Ž . Ž . � Ž Žm�n.a. �LEMMA 4.3. a Let d � m � n, q 
 1 ; then � � : � �
q 
 1 q
1Ž .� , � � 1.d

Ž . Ž . � Ž lŽq�1.. � ŽŽ . . q 2
1b Let d� � l, q 
 1 ; then � � : � � � q 
 1 �d� , �
� 1.

Ž . q
1 Ž m� n.Žq
1.� d Ž q
1.Žm�n.� dProof. a Since � � 1, therefore � � �
Ž m� n. s �Ž .� 1. If s is an integer such that � � 1, then q 
 1 m � n s and

q 
 1 m � n q 
 1 q 
 1m� n� �therefore s; thus s. It follows that � is a primitive thd d d d
Ž .root of unity. b is proved similarly.

q 
 1Žm , n.Ž . Ž . � Ž . � Ž .LEMMA 4.4. a Let d � m � n, q 
 1 ; then � � � K� ,q�1 d
� Ž Žm�n.a na�m b m a�nb. Ž Žm�n.a.�where K � � � , � � � : � � .

Ž . Ž . � Ž Ž l . . � ŽŽ . .b Let d� � l, q 
 1 ; then � � � K �� q 
 1 �d� where K �q
1
� Ž lŽq�1. l l q. Ž lŽq�1..�� � � , � � � : � � .
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Proof.

� Žm , n. �a � �Ž . Ž .q�1

Žm�n.a m a�nb na�m b� � � , � � � : �Ž .
Žm�n.a m a�nb na�m b Žm�n.a Žm�n.a� � � , � � � : � � � � : �Ž . Ž . Ž .
q 
 1

� K � � ž /d

� Ž .�by Lemma 4.3 a .
Ž . 2b Since 0 � a � q 
 2, 1 � c � q 
 1, an easy computation

� Ž l aŽq�1. l c lcq. � � Ž lŽq�1. l l q. �shows that � � , � � � : � � � � , � � � : � and
� Ž Ž l . � � Ž l aŽq�1. l c lcq. � � Ž lŽq�1. l l q. �hence � � � � � , � � � : � � � � , � � � : �q
1

� Ž lŽq�1. l l q. Ž lŽq�1..�� Ž lŽq�1.. � ŽŽ . . �� � � , � � � : � � � � : � � K �� q 
 1 �d� by
Ž .�Lemma 4.3 b .

Ž . 2LEMMA 4.5. Let q � 1 mod 4 ; then there is some l � �, 0 � l � q 
 1,
q � 1 � l such that � l � � l q is rational and consequently K �, mentioned in

Ž . � Ž l . � ŽŽ . . Ž .Lemma 4.4 b , is one and � � � � q 
 1 �d� where d� � l, q 
 1 .q
1

Proof. Since � q 2
1 � 1,

2� 2�
� � cos � i sin2 2q 
 1 q 
 1

and

� l � � l q

2� l 2� l 2� lq 2� lq
� cos � i sin � cos � i sin2 2 2 2q 
 1 q 
 1 q 
 1 q 
 1

2� l 2� lq 2� l 2� lq
� cos � cos � i sin sin .2 2 2 2ž / ž /q 
 1 q 
 1 q 
 1 q 
 1

If

2� l 2� lq
sin � sin � 0,2 2q 
 1 q 
 1

Ž .2 t � 1 q � 1Ž .l l q Ž .then � � � � �, and in this case we obtain l � or t� q 
 1 ,2

t� � q � 1.
� Ž Ž l . . � ŽŽ . .Now for these l’s we have � � � � q 
 1 �d� .q
1

q 
 1LEMMA 4.6. Let q be odd, and let m � q 
 1, n � , then the2
Žm , n. Žm , n.Ž . Ž .aŽ .character � is rational. In this case � g � 
1 q � 1 for allq�1 q�1
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Žm , n.Ž . Ž .a Žm , n.Ž . Ž .a Ž .bg � A , � g � 
1 for all g � A , � g � 
1 � 
1 for1 q�1 2 q�1
Žm , n.Ž .all g � A , and � g � 0 for all g � B where b, a � 0, 1, . . . , q 
 2,3 q�1 1

and a � b.
q 
 1 Žm�n.a Žq
1.�2 3a 3aŽ . Ž .Proof. If m � q 
 1, n � then � � � � 
12

Ž .a m a�nb na�m b ŽŽ q
1.�2.Ž a�2 b. ŽŽ q�1.�2.Ž2 a�b.� 
1 and � � � � � � � �
Ž .a�2 b Ž .2 a�b Ž .a Ž .b
1 � 
1 � 
1 � 
1 . Therefore the proof is complete.

Ž l . �LEMMA 4.7. The character � is real if and only if q 
 1 l. In this caseq
1
Ž l . Ž . Ž l . Ž . Ž l . Ž .� g � q 
 1 for all g � A , � g � 1 for all g � A , � g � 0q
1 1 q
1 2 q
1

Ž l . Ž . Ž l jŽq
1. 
l jŽq
1..for all g � A , and � g � 
 � � � for all g � B , where3 q
1 1
q 
 1j � 1, 2, . . . , .2

� l aŽq�1. kŽq
1.aŽq�1. Žq 2
1 .k aProof. If q 
 1 l, then � � � � � � 1; there-
Ž l . Ž . Ž l . Ž . Ž kŽq
1.cfore � g � � for all g � A , A , A and � g � 
 � �q
1 1 2 3 q
1

kŽq
1.cq. Ž k cŽq
1. 
k cŽq
1.. Ž .Ž k cŽq
1..� � 
 � � � � 2 Re z � � � for all g �
B . Conversely if � Ž l . is real then � l aŽq�1. � �, � l c � � l cq � �, c �1 q
1

2� la 2 al21, 2, . . . , q 
 2, q � 1 � c; therefore sin � 0. Hence � �, in par-q 
 1 q 
 1
2 l � �ticular for a � 1, � �. Thus q 
 1 2 l. If q is even, then q 
 1 l. But ifq 
 1
q 
 1 l c lcqŽ .q is odd, then l � k, k � �. Also, since � � � should be real, we2

q 
 1Ž . �conclude that k is even; therefore l � 2 t, which implies q 
 1 l, and2

the proof is complete.

Ž . Ž . Ž . Ž .As r G , c G , and q G for G � GL q depend on q, we must2
t Ž Ž . Ž ..consider different cases for q, say q � 2 q � 1 mod 3 or q � 2 mod 3

Ž Ž . Ž ..and q odd q � 3 mod 4 or q � 1 mod 4 , which in the last case we
Ž . Ž .have to consider the two cases q � 1 mod 8 and q � 5 mod 8 .

LEMMA 4.8. Let q � 2 t.

Ž . Ž . Žn.a If q 
 1, n � 1, then 1 � A � ker � .1 1
k q 
 1Ž . Ž . Ž .b If d � q 
 1, n � 1, then for a � , where 0 � k � 2 d,2 d

A � ker � Žn..1 1

Proof. This follows from Lemma 4.1.
t Ž . Ž .LEMMA 4.9. Let q � 2 , d � n , q 
 1 � 1, and d , d , . . . , d � 1,i i 1 2 s

Ž s Žni..for some s, 1 � s � q 
 1; then A � � ker � � 1.1 i�1 1

Proof. We prove the lemma for s � 2 and then by induction for any s
� Ž . Žn.the result follows. If d , d q 
 1 and d , d � 1 and A � ker � then1 2 1 2 1 1

Ž .ŽŽ . . Žn2 .a � k �2 q 
 1 �d for some k � �. Also A � ker � implies1 1 1 1 1
Ž .ŽŽ . .a � k �2 q 
 1 �d for some k ; therefore k �d � k �d and k d2 2 2 1 1 2 2 1 2

� �� d k . Thus d k and d k imply k � t d , k � t d ; hence t d d �1 2 1 1 2 2 1 1 1 2 2 2 1 1 2
Ž .t d d , so t � t . By Lemma 4.8 b we must have t � t � 1. Then a2 2 1 1 2 1 2

q 
 1 Žn . Žn .1 2� , and this is a contradiction. Thus A � ker � � ker � � 1.1 1 12
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t Ž . Ž .COROLLARY 4.10. Let q � 2 and let d � n , q 
 1 � 1, d , . . . , di i 1 s
� 1 for some s, 1 � s � q 
 1; then

Ž . Ž Žni.. Ž Žn�..a � ker � � ker � � 1.i 1 q

Ž . Ž Žni.. Ž Žm , n..b � ker � � ker � � 1.i 1 q�1

Ž . Ž Žni.. Ž Ž l . .c � ker � � ker � � 1.i 1 q
1

In particular, when � Žn�., � Žm , n., � Ž l . are rational, the abo�e results hold.q q�1 q
1

Ž .Proof. It is obvious by Lemmas 4.1 and 4.9 .

Among the characters of type � Žn., there is the rational character � Žq
1.
q q

which is called the Steinberg character. Now want to choose those irre-
ducible characters such that they are faithful and rational and are of
minimal degree. So we must consider the characters of type � Žn. or � Ž l . .q q
1

LEMMA 4.11. Let q � 2 t.

Ž . Ž .a If q � 2 mod 3 , then there is at least a rational character of type
� Ž l . .q
1

Ž . Ž . Ž l .b If q � 1 mod 3 , then � is not rational.q
1

Ž . Ž l . jŽq
1.Proof. a By Lemma 4.7, � is rational if and only if � �q
1

jŽq
1. q
1 � � j 
j� is rational. Let � � � ; by 3, Corollary 3.2 � � � � � if

3 4 6 Ž .and only if q � 1 � 3 j, j, j, j, and 1 � j � q�2. Since q � 2 mod 3 ,2 3 5
q � 1 Ž jŽq
1..�3 q � 1 and there is j � ; thus � is rational.q
13

Ž . Ž . Ž .b If q � 1 mod 3 , then q � 1 � 2 mod 3 and hence q � 1 �
3 4 63 j, j, j, j, and this completes the proof.2 3 5

LEMMA 4.12. Let q � 2 t and q 
 1 � p�1 p�2 ��� p�k. Let t �1 2 k i
Ł k p� j; thenj�1, j� i j

k q 
 1
� � � q 
 1 .Ž .Ý ž /tii�1

Žni. ŽProof. By choosing t ’s, there are � ’s such that t � n , q 
i 1 i i
. Ž . Ž . � i1 , t , . . . , t � 1. Also q 
 1 �t � p ; therefore1 k i i

k k kq 
 1
� � � 
1i i i� � � p � p 
 pŽ . Ž .Ý Ý Ýi i iž /tii�1 i�1 i�1

k
� � 
1 � �i i 1 k� p 
 p � � p ��� p � � q 
 1 .Ž .Ž .Ž .Ł i i 1 k

i�1

Ž . Ž . Žnr .LEMMA 4.13. Let d � n , q 
 1 . If d , d � 1, then ker � �i i r s 1
ker � Žn s. � 1.1
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q 
 1 Žn . Žn .r iŽ .If d , d � h � 1, then for a � , A � ker � � ker � be-r s 1 1 1h
2 n1 a 2 n1ŽŽq
1.� h. Ž q
1.2 n1 � h 2 n 2 acause � � � � � � 1 and also � �

2 n2ŽŽq
1.� h. Ž q
1.2 n2 � h� � � � 1.
t �1 �k Ž .COROLLARY 4.14. Let q � 2 and q 
 1 � p ��� p , d � q 
 1, n ;1 k i i

then

kq 
 1
Žn . �i imin � : � ker � � 1 � � p .Ž .Ý Ý1 i½ 5ž /did i�1i

Proof. The result follows by Lemma 4.13.

THEOREM 4.15. Let q � 2 t, q 
 1 � p�1 ��� p�k ; p ’s are prime and1 k i
Ž .p , p � 1 for all i, j, i � j. Theni j

k�
� i� p � q if q � 1 mod 3 ,Ž .Ž .Ý i

i�1r GL q �Ž .Ž .2 k
� i� p � q 
 1 if q � 2 mod 3 .Ž . Ž .Ž .Ý i�

i�1

Proof. This follows from Corollary 4.10, Lemmas 4.11 and 4.12, Corol-
Ž .lary 4.14, and the definition of r G .

LEMMA 4.16. Let q � 2 t, q 
 1 � p�1 ��� p�k , t � Ł k p� j, � �1 k i j�1, j� i j i
Ž Ž . . t i Ž .� � : � , where � � � is a primiti�e q 
 1 �t th root of unity. Thent t ii i


1 if � � 1,� i� �Ž .Ý t ½i 0 otherwise.���i

� �Proof. By 3, Lemma 3.8 we have

q 
 1 q 
 1
� ž /t ti i�

� � � .Ž .Ý t i q 
 1q 
 1���i , t� 0iž /tt ii
�

q 
 1
, t� 0iž /ti
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ŽŽ . .But since q 
 1 �t , t � 1, thereforei i

q 
 1
� ž /t q 
 1 q 
 1 
1 if � � 1,i i� i� � � � � p �Ž .i ½ž / ž /q 
 1 t t 0 otherwise.i i
� ž /ti

THEOREM 4.17. Let q � 2 t, q 
 1 � Ł k p� i; theni�1 i

q GL q � c GL qŽ . Ž .Ž . Ž .2 2

k�
� i� p � q � 1 � 
 
1Ž .Ž .Ý Ýi ž /

i�1 j�J

if q � 1 mod 3 ,Ž .� k
� i� p � q 
 1 � 2 � 
 
1Ž . Ž .Ž .Ý Ýi ž /

i�1 j�J� if q � 2 mod 3 ,Ž .

� 4where J � 1, 2, . . . , k , � � 1.j

Ž . Ž . Ž .Proof. Suppose q � 1 mod 3 . Then by Lemmas 4.10 a and 4.11 b we
may choose the Steinberg character � Žq
1. and � Žni.’s. The minimumq 1
values of these characters appear on classes of type B , and are 
1 and1
Ž Ž .. � 4 ŽÝ 
1 , respectively, where J � 1, 2, . . . , k , for which � � 1 Lemmaj� J j

.4.16 .
Therefore

m � � 1 � 
 
1Ž . Ž .Ýž /
j�J

and this � is the desired character. So the minimal degree of quasi-permu-
tation characters is

k
� i� p � q � 1 � 
 
1 ,Ž .Ž .Ý Ýi ž /

i�1 j�J

� 4where J � 1, 2, . . . , k , � � 1.j
Ž . Ž .Now assume q � 2 mod 3 . In this case by Corollary 4.10 c and Lemma

Ž . Žni. ŽŽ q�1.�3.4.11 a we choose the characters � ’s and � . Also the minimum1 q
1
values of these characters appear on the classes of type B and are1
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Ž . � 4Ý 
1 , J � 1, 2, . . . , k , � � 1, and 
2 respectively andj� J j

m � � 2 � 
 
1 ,Ž . Ž .Ýž /
j�J

� 4where J � 1, 2, . . . , k , � � 1, and � is the desired character.j
So the minimal degree of a quasi-permutation character is obtained

from these characters and the proof is complete.

Ž . Ž .LEMMA 4.18. Let q � 3 mod 4 , q � 3, and d � n, q 
 1 . Then
q
1 .Žn. Žq
1, 2ker � � ker � � 1 if d � 1 or 21 q�1

q
1 .Žn. Žq
1, 2ker � � ker � � 1 if d � 1, 2.1 q�1

Žn. Žq
1, Žq
1.�2. Ž .Proof. Let 1 � A � ker � � ker � . By Lemma 4.1 c ,1 1 q�1
q 
 1ŽŽ . Ž .. Ž .a � k q 
 1 � q 
 1 � , q 
 1 � 2k, and also by Lemma 4.1 a ,2

q 
 1 q 
 1 Žn.Ž . Ž .a � k . Hence whenever a � k is even, then ker � �12 d 2 d

ker � Žq
1, Žq
1.�2. � 1.q�1
Ž .Let d � 1. Then by Lemma 4.1 a , 1 � k � 2. Therefore k � 1 or 2;

q 
 1 q 
 1that is, q � or a � q 
 1. But a � is odd and when a � q 
 1,2 2

then A � 1. So the result follows when d � 1.1
Ž .Let d � 2. Then by Lemma 4.1 a , 1 � k � 4. Therefore k � 1, 2, 3, or

q 
 1 q 
 1 3 q 
 1 q 
 1Ž .4; that is, a � , , , or q 
 1. The case a � cannot4 2 2 4
q 
 1 3 q 
 1Ž .Ž .happen, as q � 3 mod 4 , and when a � or , then a is odd. So2 2

again in this case the result follows.
Now let d � 1, 2. Then 1 � k � 2 d, so let k � 4. Hence in this case

q 
 1Ž .a � 2 and a is even. Therefore the result follows.d

Ž . Ž . � Ž Žn.. �LEMMA 4.19. Let q � 3 mod 4 and n, q 
 1 � 2; then � � �1
Ž .� q 
 1 .

Ž . Ž .Proof. Since q � 3 mod 4 , q 
 1 � 2 2 s � 1 for some s � �; thus
q 
 1 Žn.Ž . Ž . � Ž . � Ž .� � � q 
 1 . Therefore, by Lemma 4.2, � � � � q 
 1 .12

LEMMA 4.20. Let � Ž l . be rational. Then ker � Žn. � ker � Ž l . � 1.q
1 1 q
1

Proof. By Lemma 4.7, A � ker � Ž l . , for all A . Also some classes of1 q
1 1
Žn. Žn. Ž l .type A belong to ker � ; therefore ker � � ker � � 1.1 1 1 q
1

Ž . Ž . Žn. Žn. Žn.By Lemma 4.1 a , b ker � � ker � and therefore ker � �q 1 1
ker � Žn. � 1. Also by Lemmas 4.6 and 4.7 if � Ž l . and � Žm , n. are rationalq q
1 q�1
then ker � Žm , n. � ker � Ž l . � 1.q�1 q
1

q 
 1Ž . Ž . Ž .THEOREM 4.21. Let q � 3 mod 4 , q � 3; then r G � q � 1 � � .2

Ž .Proof. This result follows from the definition of r G and Lemmas
4.18, 4.19, and 4.20.
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Ž . Žq
1, Žq
1.�2.Ž . ŽLEMMA 4.22. Let q � 3 mod 4 , q � 3. Then � g � 
 qq�1
. Žq
1, Žq
1.�2.Ž . Ž .� 1 for g � A if a odd. Con�ersely if � g � 
 q � 1 for1 q�1

g � A then a is odd.1

Žq
1, Žq
1.�2.Ž . Ž . Ž3�2.Ž q
1.a Ž .Ž Žq
1.�2 .3aProof. � g � q � 1 � � q � 1 � �q�1
Ž .Ž .3a Ž .q � 1 
1 � 
 q � 1 for g � A because 3a is odd. Conversely if1

Žq
1, Žq
1.�2.Ž . Ž . Ž� g � 
 q � 1 for g � A then we should have q �q�1 1
. Ž3�2.Ž q
1.a Ž . Ž3�2.Ž q
1.a Ž Žq
1.�2 .3a1 � � 
 q � 1 . Thus � � 
1 and then �

3aŽ .� 
1 � 
1, so a must be odd.

Ž .LEMMA 4.23. Let q � 3 mod 4 , q � 3. Then for a � 2k � 1, a �
Ž .0, 1, . . . , q 
 2 and n, q 
 1 � 1 or 2 we ha�e

� q 
 1 q 
 1Ž .�2 na� � � .Ž .Ý q 
 1� 0��� q 
 1 2 , 2 až /2� q 
 1� 02 , 2 až /2

� �Proof. By 3 and Lemma 4.19 we have

�� 2 a2 na n� � �Ž .Ž . Ž .Ý Ý
��� ���

q 
 1 q 
 1Ž .
�

2 2� � q 
 1q 
 1 � 0, 2 až /22
� q 
 1� 0, 2 až /2

� q 
 1 q 
 1Ž .
� � .q 
 1� 0q 
 1 2 , 2 až /2� q 
 1� 02 , 2 až /2

Ž .LEMMA 4.24. Let q � 3 mod 4 , q � 3, a � 2k � 1, a � 0, 1, . . . , q 

q 
 1 q 
 1Ž . Ž .2, and d � , 2 a . Then there is d such that � � 
1.2 2 d
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Ž . Ž .Proof. q � 3 mod 4 implies q 
 1 � 2 2k� � 1 for some k� � �, so
q 
 1 � 2. p�2 p�3 ��� p�k , where all p ’s are odd primes. Let a � p�2
1 p�3

2 3 k i 2 3
��� p�k ; it is clear that a satisfies the condition of our lemma. Thusk

q 
 1 q 
 1Ž . Ž . Ž ., 2 a � a; therefore � � � p � 
1.22 2 d

Ž .THEOREM 4.25. Let q � 3 mod 4 , q � 3; then

q 
 1 � q 
 1 q 
 1Ž .
q G � c G � 2 q � 1 � � � min � ,Ž . Ž . Ž . ž / ž /q 
 12 2 dd

� ž /2 d

q 
 1Ž .where d � , 2 a , a � 2k � 1, 0 � a � q 
 2.2

Proof. It follows from Definition 2.1 and Lemmas 4.22, 4.23, and 4.24.

Ž . Ž . Ž . Ž .THEOREM 4.26. Let G � GL 3 ; then r G � 4 and c G � q G � 8.2

Proof. By the irreducible character table of G, we have that � Ž1, 2. and4
Ž Ž l ..�Ý � are irreducible faithful rational characters of degree 4 and� � � 2

this degree is minimal among the degrees of faithful rational characters, so
Ž . � Ž1, 2.Ž .4 � Ž Ž l ..�4r G � 4. Also min � g � 
4 and min Ý � �g � G 4 g � G � � � 2

Ž . Ž Ž .. Ž .
4; therefore q G � 4 � 
 
4 � 8 and c G � 8.

Ž . Ž .THEOREM 4.27. Let G � GL 3 ; then p G � 8.2

1 ��� � Ž . Ž . 4Proof. It is clear that Q � : � � GF q , � � GF q * is a sub-0 �

Ž . � �group of GL 3 of order 6 and G : Q � 8. Also Q is a core-free2
Ž . Ž . � �subgroup of GL 3 , so p G � G : Q � 8. But by Theorem 4.26 and2

Ž . Ž . Ž . Ž . Ž . Ž .inequality c G � q G � p G , we have 8 � c G � q G � p G � 8;
Ž .hence p G � 8.

LEMMA 4.28. Let q � pn.

Ž . Ž . Žm , n.a m � n, q 
 1 � 1 if and only if � is faithful.q�1

Ž . Ž . Ž l .b l, q 
 1 � 1 if and only if � is faithful.q
1

Ž . Ž . Žm , n.Proof. a By Lemma 4.1 c , A � ker � if and only if a �1 q�1
q 
 1k for some k. Since as 1 � a � q 
 1, A � 1 if and only if1m � n , q 
 1Ž .

Ž .m � n, q 
 1 � 1.
q 
 1Ž l .Ž . Ž .b By Lemma 4.1 d , A � ker � if and only if a � k for1 q
1 l , q 
 1Ž .

Ž l . Ž .some k. Since 1 � a � q 
 1, ker � � 1 if and only if l, q 
 1 � 1.q
1

Ž . tLEMMA 4.29. Let q � 1 mod 4 and q 
 1 � 2 , t � 1. Then �ker � �
Ž .1 where � � Irr G and � is not faithful.
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q 
 1Proof. By Lemma 4.1, in this case the element A � 
I, for a � ,1 2

and it is in the kernel of � , for every irreducible non-faithful character �
Ž .of G � GL q .2

The minimal degree of rational and rational-valued faithful characters
can be found among the irreducible faithful characters.

Ž . tTHEOREM 4.30. Let q � 1 mod 4 and q 
 1 � 2 , t � 1. Then

Ž . Ž . Ž . Ž .a r G � q 
 1 � q 
 1
Ž . Ž . Ž . Ž . Ž . Ž .b q G � c G � 2 r G � 2 q 
 1 � q 
 1

Ž . Žn. Žn.Proof. a Since in this case � and � are not faithful for all1 q
Ž l . Žm , n. Ž Ž l . .n we consider � or � . Also as q 
 1 � degree � �q
1 q�1 q
1

Ž Žm , n.. Ž .degree � � q � 1 by Lemmas 4.5 and 4.22 b , we consider theq�1
Ž l . � Ž Ž l . . � Ž . Ž .irreducible character � such that � � � � q 
 1 . Thus r G �q
1 q
1

Ž . l Ž . Ž . Ž .� q 
 1 � 1 � q 
 1 � q 
 1 .q
1

Ž .b As the minimal value of the rational faithful character
Ž Ž l . .� Ž .Ž Ž .. Ž . Ž . Ž .Ž .Ý � is � q 
 1 
 q 
 1 , so c G � q G � � q 
 1 q 
 1� � � q
1

� Ž .Ž Ž .. � Ž . Ž . Ž .� � q 
 1 
 q 
 1 � 2 q 
 1 � q 
 1 � 2 r G .

Ž . Ž . Ž . Ž .THEOREM 4.31. Let G � GL 2 ; then r G � 2 and c G � q G � 3.2

Ž .Proof. As GL 2 � S , all of its characters are rational and the2 3
Ž .minimal degree of its faithful character is 2, so r G � 2. Also the minimal

value of the above character over the classes of S is 
1; therefore3
Ž . Ž . �Ž . �c G � q G � 2 � 
1 � 3.

Ž . Ž 2 .LEMMA 4.32. Let q � 5 mod 8 and l � q 
 1 �8. Then for the
Ž l . � Ž Ž l . . �character � we ha�e � � � 2.q
1 q
1

q 2
1 Ž 2 .Proof. We recall that � � 1, so for l � q 
 1 �8 we have

� Ž l . g � q 
 1 � l aŽq�1. � q 
 1 � ŽŽq 2
1 .�8.aŽq�1.Ž . Ž . Ž .q
1

2 ŽŽ . .q�1 �2 aŽŽ q 
1.�4.ŽŽ q�1.�2.a� q 
 1 � � q 
 1 iŽ . Ž . Ž .
� 	 q 
 1 , 	 i q 
 1� 4Ž . Ž .

q � 1Ž .for all g � A , because q � 5 mod 8 , therefore � 2k � 1 for1 2
Ž l . Ž . � 4some k; also 0 � a � q 
 2. And for this reason � g � 	1, 	 i forq
1

Ž l . Ž .a l l g � A , � g � 0 f o r a l l g � A , a n d2 q 
 1 3
Ž l . Ž . Ž l c lcq. ŽŽq 2
1 .�8.c ŽŽ q 2
1 .�8.qc Ž Žq 2
1 .�4.c�2� g � 
 � � � � � � � � � �q
1

Ž Žq 2
1.�4 .qc �2 c �2 qc �2 c �2 Ž cŽq
1.�2 .� � i � i � i 1 � i for all g � B .1
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q 
 1 Ž .But � 2 2k� � 1 for some k� and hence we have2

Ž .c 2 k ��1 Ž .c 2 k ��1cŽq
1.�2 2 cŽ2 k ��1. 2i � i � i � 
1Ž . Ž .

1 if c is odd,� ½ 1 if c is even.

Finally, for all g � B , we have1

0 if c is oddŽ l .� g � for all g � B.Ž . c�2q
1 ½ � 42 i � 	2, 	2 i if c is even
Ž l .� Ž . � � Ž . �Now it follows that � � � � i : � � 2.q
1

LEMMA 4.33. Let q � pn be odd. Then
q 
 1 Žn.Ž .a For a � , A � ker � , for all n, n � 1, 2, . . . , q 
 1.1 12

q 
 1Ž . Ž . Ž .b Let q � 1 mod 4 and q � 5 mod 8 ; then for a � and2
Ž 2 . Ž l .l � q 
 1 �8, A � ker � .1 q
1

Ž . Žn.Ž . 2 na 2 nŽq
1.�2 Ž q
1.n Žn.Ž .Proof. a � g � � � � � � � 1 � � 1 for1 1
g � A ; therefore A � � q
1 ker � Žn..1 1 n�1 1

Ž . Ž l . Ž . Ž . l aŽq�1. Ž . ŽŽq 2
1 .�8.ŽŽ q
1.�2.Ž q�1. Žb � g � q 
 1 � � q 
 1 � � qq
1
.Ž Žq 2
1 .�2 .Žq 2
1 .�8 Ž .Ž .Žq 2
1 .�8 Ž .
 1 � � q 
 1 
1 � 
 q 
 1 for g � A be-1

2 Ž l .Ž .cause q 
 1 �8 is odd. Therefore A � ker � .1 q
1

Ž . Ž 2 .LEMMA 4.34. Let q � 5 mod 8 and l � q 
 1 �8.
q 
 1 Žn.Ž . Ž .a If d � n, q 
 1 is odd, then for a � , A � ker � �1 1d

ker � Ž l . ; consequently ker � Žn. � ker � ŽŽq 2
1 .�8. � 1q
1 1 q
1

Ž . Ž . Ž .b If d � n, q 
 1 � 2 2k � 1 for some k � �, then for a �
2 q 
 1Ž . Žn. Ž l . Žn. Ž l ., A � ker � � ker � ; consequently ker � � ker � � 1.1 1 q
1 1 q
1d

Ž . Ž . Ž .c If d � n, q 
 1 � 4 2k � 1 for some k � �, then for a �
4 q 
 1Ž . Žn. Ž l . Žn. Ž l ., A � ker � � ker � ; hence ker � � ker � � 1.1 1 q
1 1 q
1d

q 
 1 Žn. 2 na 2 nŽŽ q
1.� d . q
1 2 n � dŽ . Ž . Ž .Proof. a Let a � , � g � � � � � �1d
Žn. Ž l . Ž . Ž . l aŽq�1.� 1 for g � A . Therefore A � ker � and � g � q 
 1 �1 1 1 q
1

Ž . ŽŽq 2
1 .�8.ŽŽ q
1.� d .Ž q�1. Ž .Ž q 2
1 .ŽŽq
1.�4d.Ž q�1.�2. Ž .� q 
 1 � � q 
 1 � � q 
 1
for g � A ; thus A � ker � Ž l . and ker � Žn. � ker � Ž l . � 1.1 1 q
1 1 q
1

2 q 
 1Ž . Žn. 2 n a 2 nŽ2Ž q
 1.�2.Ž . Ž .b Let a � ; then � g � � � � �1d
Ž q 
 1 . 4 Ž q 
 1 .� d Ž n .� � 1 for g � A , so A � ker � . A nd1 1 1

Ž l . Ž . Ž . l aŽq�1. Ž . ŽŽq 2
1.�8.Ž2Žq
1.� d .Žq�1. Ž .� g � q 
 1 � � q 
 1 � � q 
 1q
1
Ž q 2
1 .ŽŽq
1.�2 d .ŽŽ q�1.�2. Ž . Ž l .� � q 
 1 for g � A . Thus A � ker � and1 1 q
1
ker � Žn. � ker � Ž l . � 1.1 q
1

4 q 
 1Ž . Žn. 2 n a 2 nŽ4Ž q
 1.� d .Ž . Ž .c Let a � ; then � g � � � � �1d
Ž q
1.8 n � d Žn. Ž l . Ž . l aŽq�1.� � 1 for g � A , so A � ker � and � � q 
 1 �1 1 1 q
1

Ž . ŽŽq 2
1 .�8.Ž4Žq
1.� d .Ž q�1. Ž l .� q 
 1 � � q 
 1, so A � ker � and there-1 q
1
Žn. Ž l .fore ker � � ker � � 1.1 q
1
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Ž . Ž 2 .LEMMA 4.35. Let q � 1 mod 8 and l � q 
 1 �8. Then
q 
 1Žn.Ž . Ž . �a If d � n, q 
 1 � 2, then ker � � A : a � k� , k� �1 1 4

4 Žn. Ž l .0, 1, 2, 3 and ker � � � � 1.1 q
1
q 
 1Žn.Ž . Ž . �b If d � n, q 
 1 � 4, then ker � � A : a � k� , k� �1 1 8

4 Žn. Ž l .0, 2, 4, 6 and ker � � � � 1.1 q
1

Ž . Ž . Žn.Ž . 2 naProof. a By Lemma 4.1 a , � g � � for g � A ; we have1 1
q 
 1 q 
 1 q � 1Žn. � 4 Ž .Ž .ker � � A : a � k� , k� � 0, 1, 2, 3 . Let k� � k� . Then1 1 4 4 2

q 
 1 q � 1 Ž . Ž .is odd, because q � 1 mod 4 and q � 5 mod 8 . Let k� � 0.4 2
Ž l . Ž . Ž . ŽŽ q 2 
 1 .� 8 . k �Ž Ž q 
 1 .� 4 . Ž q � 1 . ŽT h e n � g � q 
 1 � � q 
q 
 1

.Ž Žq 2
1 .�4.k �ŽŽ q
1.�4.ŽŽ q�1.�2. Ž .Ž .k � � Ž . Ž .41 � � q 
 1 i � 
 q 
 1 , 	i q 
 1 for
g � A . Hence A � ker � Ž l . and therefore ker � Žn. � ker � Ž l . � 1.1 1 q
1 1 q
1

q 
 1Žn.Ž . � 4b It is clear that ker � � A : a � k� , k� � 0, 2, 4 . But1 1 8

� Ž l . g � q 
 1 � ŽŽq 2
1 .�8.Ž k �Žq
1.�8.Ž q�1.Ž . Ž .q
1

Ž . Ž .k � q
1 �8
 q�1 �22Žq 
1.�4� q 
 1 �Ž . Ž .
� 
 q 
 1 , 	i q 
 1� 4Ž . Ž .

q 
 1 q � 1Ž .for g � A , because k� is odd or k��2 � 2 if k� � 4. Therefore1 8 2
Ž l . Žn. Ž l .A � ker � and ker � � ker � � 1 will be the identity.1 q
1 1 q
1

Ž . Ž .We see that if q � 5 mod 8 and if d � n, q 
 1 is 2k � 1 or
Ž . Ž . Žn. Ž l .2 2k � 1 or 4 2k � 1 , for some k � �, then ker � � ker � � 1 for1 q
1

Ž 2 . Ž . Žn.l � q 
 1 �8 so for finding r G , we do not consider those � .1
q 
 1 q 
 1Ž . Ž . Ž .Also, if d � n, q 
 1 � 2 or 4, then � � � because q � 52 4

q 
 1Ž . Ž . Ž .mod 8 implies q 
 1 � 4 2k � 1 for some k � � and then � �4
q 
 1 q 
 1 q 
 1 q 
 1Ž . Ž . Ž . Ž . Ž . Ž .� 2 � � � 2 � � and it is clear that � � � q 
 1 .4 4 2 2

Ž .THEOREM 4.36. Let q � 5 mod 8 . Then
q 
 1

r G � 2 q 
 1 � � .Ž . Ž . ž /4

Proof. By Lemmas 4.32, 4.33, 4.34, and 4.35 and the fact that if l or
m � n is even or � Ž l . and � Žm , n. are rational, ker � Žn. � ker � Ž l . � 1q
1 q�1 1 q
1
and ker � Žn. � ker � Žm , n. � 1; we must consider the irrational characters1 q�1

Ž l . Žm , n. � Ž Ž l . . �of types � or � . But by Lemma 4.32 there is l such that � �q
1 q�1 q
1
� 2 and by Lemma 4.35 there are n, such that ker � Žn. � ker � Ž l . � 11 q
1
Ž . Ž . Žn. Ž l .for the above l . So by definition of r G we consider such � , � and1 q
1
therefore

q 
 1��Žn. Ž l .r G � � 1 � � � � � 2 q 
 1 ,Ž . Ž . Ž .Ž . Ž .Ý Ý1 q
1 ž /4���� ���

Žn.where �� is the Galois group of � over �.1
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Ž . Ž 2 . Ž l . Ž .LEMMA 4.37. Let q � 5 mod 8 and l � q 
 1 �8. Then � g �q
1
q 
 5Ž . Ž .
 q 
 1 for g � A , if and only if a � 2 2k � 1 and k � 0, 1, 2, . . . ,1 4

and con�ersely.
ŽŽ q 2
 1 .� 8 .Ž . Ž . ŽŽ q 2
 1 .� 8 .2 Ž2 k� 1 .Ž q� 1 . ŽProof. � g � q 
 1 � � q 
q
 1

.Ž Žq 2
1 .�4.2Ž2 k�1.ŽŽ q�1.�2. Ž .Ž 2 .Ž2 k�1.ŽŽ q�1.�2. Ž .1 � � q 
 1 i � 
 q 
 1 for g �
q � 1 2Žq 
1.�8Ž . Ž . Ž .A , because 2k � 1 is odd. Conversely if � g � 
 q 
 1 ,1 q
12

for g � A , then � ŽŽq 2
1 .�8.Ž aŽq�1.. � 
1; therefore � ŽŽq 2
1 .�2.Ž a�2.ŽŽ q�1.�2.
1

aŽq�1.�2 a�2 a�2ŽŽ . . Ž . Ž� 
1 � 
1 � 
1. Hence must be odd, so a � 2 2k2
.� 1 .

Ž . Ž .LEMMA 4.38. Let q � 5 mod 8 . Then for a � 2 2k � 1 , k �
q 
 5 Ž .0, 1, 2, . . . , and d � n, q 
 1 � 2 or 4 we ha�e4

�� a2 na 2 n� � �Ž . Ž .Ý Ý Ž .
��� ���

q 
 1 q 
 1
� ž /4 4� � .q 
 1q 
 1 � 0, 2 2k � 1Ž .ž /44

� q 
 1� 0, 2 2k � 1Ž .ž /4

Proof. This follows from Lemma 4.37.
q 
 1Ž . ŽŽLEMMA 4.39. With the abo�e assumptions let d� � , a . Then � q4

. .
 1 �4q� � 
1 for some d�.

Proof. By assumption q 
 1 � 22. p�2 ��� p�k �. We let a � 2 p�2
1 ���2 k � 2
q 
 1� � 
1 � �k � 2 3 k �Ž . Ž . ŽŽp so d� � , a � 2k � 1 � p p ��� p ; therefore � q 
k � 2 3 k �4

. . Ž .1 �4d� � � p � 
1.2

Ž .THEOREM 4.40. Let q � 5 mod 8 . Then

q 
 1
� ž /q 
 1 q 
 14

c G � q G � 4 q 
 1 � � � min � ,Ž . Ž . Ž . ž / ž /q 
 14 4dd
� ž /4d

q 
 1 q 
 5Ž . Ž .where d � , a , a � 2 2k � 1 , k � 0, 1, . . . , .4 4

Proof. This follow from Definition 2.1 and Lemmas 4.37, 4.38, and 4.39.
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Ž . Ž .LEMMA 4.41. Let q � 1 mod 8 . If d � m � n, q 
 1 � 2k for some
Ž . Ž l .k � � and d� � l, q 
 1 � 2k� � � for some k�, then ker � �q
1

ker � Žn. � 1 and ker � Žm , n. � ker � Žn. � 1.1 q�1 1

q 
 1Proof. By assumption l and m � n must be even, so for a � ,2
Ž l . Ž . Ž . lŽŽ q
1.�2.Ž q�1. Ž .Ž Žq 2
1 .�2 . l Ž .Ž . l� g � q 
 1 � � q 
 1 � � q 
 1 
1 �q
1

Ž l . Ž . Žm , n.Ž . Ž . Žm�n.a Žq 
 1 � � 1 , for g � A and � g � q � 1 � � q �q
1 1 q�1
.Ž Žq
1.�2 .m� n Ž .Ž .m� n Žm , n.Ž .1 � � q � 1 
1 � q � 1 � � 1 , for g � A . Soq�1 1

the result follows.

Ž . Ž . Ž .LEMMA 4.42. Let q � 1 mod 8 . Let d � l, q 
 1 and d� � n, q 
 1 ,
Ž . Ž l . Žn.d, d� � 1; then ker � � ker � � 1.q
1 1

Proof. Suppose ker � Ž l . � ker � Žn. � 1; therefore by Lemma 4.1 thereq
1 1
Žn. Žn. ŽŽ . . ŽŽis A � ker � � ker � . Hence a � k� q 
 1 �2 d� , a � k q 
1 1 q
1

. . ŽŽ . . Ž .1 �d , k� q 
 1 �2 d� � k q 
 1 �d, so k�d � 2 d�k. Since d is odd and
Ž .d, d� � 1 it should follow that k � dt, k�d � 2 d�dt and therefore k� �

� Ž .�2 d�t, but this is a contradiction, because 0 � k� � 2 d� Lemma 4.1 a .

Ž . Ž .THEOREM 4.43. Let q � 1 mod 8 and d � l, q 
 1 � 2k � 1, d� �
Ž . Ž .n, q 
 1 , d, d� � 1; then

q 
 1 q 
 1
r G � min � q 
 1 � � .Ž . Ž .½ 5ž / ž /d d�d , d�

Ž . Ž .Proof. This result follows from definition of r G , Lemmas 4.2 a ,
q � 1 2 l l qŽ . Ž .4.3 a , 4.5, and 4.41, the fact that if l � then � � � � � and2

therefore

�� q 
 1 if l , q 
 1 � 1,Ž . Ž .
2Ž l . ŽŽ q�1.�2.  q 
 1� � � � � �Ž . ž /q
1 q
1 � if l , q 
 1 � d.Ž .� ž /d

Ž . Ž .LEMMA 4.44. Let q � 1 mod 8 , d � l, q 
 1 � 2k � 1 for some
Ž .2 s � 1 q 
 1Ž .Ž l . Ž . Ž .k � �; then � g � 
 q 
 1 for g � A if and only if a �q
1 1 2 d

d 
 1where s � .2

Ž .2 s � 1 q 
 1Ž . Ž l . Ž .Proof. Let a � ; therefore � g �q
 12 d
Ž . lŽŽ2 s�1.Ž q
1.�2 d .Ž q�1. Ž .Ž Žq 2
1 .�2 . lŽŽ2 s�1.� d . Ž .q 
 1 � � q 
 1 � � q 
 1 �
Ž . lŽŽ2 s�1.� d . Ž .
1 � 
 q 
 1 for g � A , because both l and d are odd.1

Ž l . Ž . Ž . l aŽq�1.Conversely if � g � 
 q 
 1 , for g � A , then � � 
1; there-q
1 1
q 
 12Ž . � Ž . Ž . �fore q 
 1 �2 la q � 1 and la q � 1 is odd. Therefore la and2

q 
 1 l q 
 1 l q 
 1� Ž .then a. Since , � 1, should divide a and thus a �2 d d 2 d d 2 d
q 
 1Ž .Ž .2 s � 1 .2 d
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Ž . Ž . Ž .LEMMA 4.45. Let q � 1 mod 8 , d � l, q 
 1 , d� � n, q 
 1 , and
Ž .d, d� � 1; then

q 
 1
� ž /�� d�2 a2 na n� � � �Ž .Ž . Ž .Ý Ý

q 
 1a�� ���

d�
�

q 
 1 2 s � 1 q 
 1Ž . Ž .� 0,ž /d� d

q 
 1

d�
� � ,

q 
 1 2 s � 1 q 
 1Ž . Ž .� 0,ž /d� d

Ž .2 s � 1 q 
 1 d 
 1Ž .where a � , s � .2 d 2

� �Proof. This follows from 3, Lemma 3.4 , and properties of a, d, d�.

With the above assumptions, let

q 
 1 q 
 1
� ž /d� d�A s � � .Ž . q 
 1 2 s � 1 q 
 1Ž . Ž .q 
 1 � 0,ž /d� dd�

� q 
 1
Ž .2 s � 1 q 
 1Ž .� 0, dž /d�

Ž .THEOREM 4.46. Let q � 1 mod 8 . Then

q 
 1 q 
 1
c G � q G � min � q 
 1 � � � m xŽ . Ž . Ž . Ž .½ 5ž / ž /d d�d , d�

where

q 
 1 q 
 1�
min � q 
 1 � � � min A sŽ . Ž .½ 5ž / ž /d d� sd , d�

if A s � 0, for some s,Ž .m x �Ž .
q 
 1 q 
 1

min � q 
 1 � � 
 min A sŽ . Ž .½ 5ž / ž /d d� sd , d��
otherwise.
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Proof. This result follows from Definition 2.1 and Lemmas 4.44 and
4.45.
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