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Abstract

The paper is devoted to the study of asymptotic relations for the function
/L(,ﬂoz(z) = # / (;ﬁ — 1)?*1/13,0 e~ dt
: r'ey+1-1/p) Ji

generalising Tricomi confluent hypergeometric function and modified Bessel function of the third kind. The
full asymptotic representations for l(,ﬁ g(z) at zero and infinity are established. Applications are given to obtain
full asymptotic expansions near zero and infinity for the Liouville fractional integral

’ L[ _f@)de
1% f)x) = F(oc)/x T (x> 0; a€C, Re(x) > 0)

—

and for the Erdelyi—Kober-type fractional integral

PP oo fPA—o=m=1 £(1) d¢
I@) ), — @ —xF)—=

(2.5, )x) = (x> 0; € C, (Re(a) > 0)

with f > 0 and 5 € C of power-exponential function f(¢), and for three other fractional integrals.
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1. Introduction

The paper deals with a function /lfﬁ )(z) defined by

Pz)= 1)~Yh7 e~ dt (1.1)

B 5
FWHAWXU
for

B>0; y€C, Re(y) > % —1; c€R; zeC (Re(z) > 0), (1.2)

C and R being the sets of complex and real numbers, respectively. This function is analytic with
respect to z for Re(z) > 0. When f=1 and 2, ¢ =0, then

i) =e7W(p.y+ 0+ 1;2) (1.3)
and
M) =2 PR (2), (1.4)

where Y(),y + o + 1;z) is the Tricomi confluent hypergeometric function [5, 6.5(2)] and K_,(z) is
the modified Bessel function of the third kind known also as McDonald function [6, Section 7.2.2].
Therefore, we call (1.1) as a function of hypergeometric—Bessel type.

The function /15/3 g(z) was introduced by Glaeske, Kilbas and Saigo [9]. It is a generalisation of
the function

zn)(n 1)/2\/’ V” B

Am ( / " — 1)y~ e dy 1.5

"= o T=m (&~ 1y (L5)
<neN= {1,2,--}; 7€C, Re(y) > L — 1; z€ C (Re(z) > 0)),

introduced by Kratzel in [13] for natural parameter #, who in [13—16] investigated integral transforms

with such function kernels and gave application to solution of some ordinary differential equations.

It should be noted that function (1.5) is invariant with the accuracy of indices with respect to the
usual differentiation [15,16], while (1.1) has the invariant property to within indices
(I N) = 2l () (1.6)

y,0—0

with respect to the Liouville fractional integration [26, (5.2)].

1 o d
U2 )(x)= @ /X (tf_(tx))ltu (xeR; =(0,00); € C, Re(a) > 0) (1.7)

and the same property with respect to the corresponding Liouville fractional derivative D* ¢
[26, 5.8]. The latter results being proved in [9], were applied in [4] to find the explicit solutions of
certain types of integral and differential equations of fractional order in terms of function (1.1).
The first terms of the asymptotic behaviour of A(ﬂ )(z) at zero and infinity and its Mellin transform
were also investigated in [9]. These results were apphed in [9] and [3] to study the mapping prop-
erties of the integral transforms involving /L,Eﬂ G)(z) in the kernels, in spaces of tested and generalised
functions % ,, and Z’ , (see [19]) and in the weighted space of summable functions %, , (see,

pou
for example [25]), respectively.
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The Liouville fractional integral (1.7) of power-exponential function can be also evaluated via the
function ifﬁ g(z). Such a result was proved in [12] together with the similar representation for the
Erdelyi-Kober-type fractional integral I, f defined for « € C (Re(a) > 0), f >0 and n€ C by
[26, (18.7)].

PP oo ¢PO—a=m=1 £(1) d¢

(Ii;ﬂ,rlf)(x) = (o) /. (1B — xP)l—=

(x€R,). (1.8)

The present paper is devoted to investigate asymptotic properties of the function A(/ﬂ g(z) and

fractional integrals (1.7) and (1.8) of power-exponential functions. We establish full asymptotic
expansions of these functions at zero and infinity. We also deduce the full asymptotic expansions
for the so-called fractional integral of a function by a power function [26, (18.41)]

B o Bl £ty de
r) /), (@ —xk)l—=

(If;x,ff)(x) = (xeR; aeC, Re(x) >0; f>0) (1.9)

for the Kober and Erdelyi—Kober fractional integrals defined for « € C (Re(a) > 0) and # € C via
(1.7) by [26, (18.6), (18.8)]

x" T () de
I(a) Jy  (t—x)'

(Ko )x) = (xeRy) (1.10)

and

2x2N 0 t1—2(oc+;7)f(t) dr
) ). (2=x)=

(Ko f )x) = (xeR,), (1.11)
respectively. Note that the fractional integrals (1.9)—(1.11) are deduced from the Erdelyi—Kober-type
fractional integral (1.8). We present here the asymptotic results for these integrals because they as
well as the Erdelyi—Kober-type fractional integrals are arisen in applications, in particular while
solving dual integral equations and partial differential equations arisen in the potential theory—see,
for example [26, Sections 38, 39, 41, 43].

It should be noted that one may find asymptotic representations at zero and infinity for some
special functions in the handbooks of Erdelyi et al. [5-7] and monographs in [17,18,21-24,8].
Asymptotic estimates for the fractional integrals are studied less. In this connection we indicate that
the asymptotic representations at infinity for the left-sided fractional integrals, corresponding to (1.7)
and (1.8) in which the integration over (x,00) is replaced by the one taken over (0,x), were proved
in [20] and the first author [10,11] in the cases when f(¢) has simplest power and general power
asymptotic expansions, respectively. Asymptotic estimates for such a fractional integral of the form
(1.9), being taking over (0,x), were proved in [2] in the case when f(z) has power-exponential
expansion. See the results and bibliography in [26, Sections 16 and 17].

The paper is organised as follows. Section 2 contains some preliminary assertions. Section 3 deals
with full asymptotic representations of )fﬂ 3(2) at zero and infinity. Special cases of such asymptotic
relations for § =1, 2 and 1/y are considered in Section 4. Section 5 and 6 are devoted to full
asymptotic expansions at zero and infinity for the Liouville and Erdelyi—Kober-type fractional inte-
grals of power-exponential functions, respectively. Asymptotic estimates for the fractional integrals
(1.9), (1.10) and (1.11) are presented in Sections 7, 8 and 9, respectively.
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2. Preliminaries

We consider a function

F@) =lgp)) P +1y, (2.1)
where
t+ 1) —
w0y =" 0= 1. (2.2)
Note that near = 0 the function gp(¢) can be represented in the series form
(n(mu = I'(p) v
gp(t) = - Z: =3 —— (2.3)

S TE=-NU+DY
where (a); is the Pochhammer symbol:
(a=1, (a)j=ala+1)---(a+i—-1) (i=12,...). (2.4)
Then for ie N

o

~ r(p) ! -
(7) ] i
t
WO= 2 TG GG
and hence
: r'(p)
()
S i A— 2.
g5 (0) GrDOI=1) (2.5)
Further we need to know the value of the following limit
. o d
gk = gk, B) = lim D*([gp() "), D= . (2.6)

Lemma 2.1. Ifﬁ > 0, y€ C and gg(t) is given by (2.2), then for any k € N there hold the relations

" - r(p) g
mz(hm[D (Lo ”ﬁ)])ZH A= &7

where Y is taken over all combinations of nonnegative integer values of Py, Py, ..., Py such that
k k
i=1 i=1

Proof. There is known the following Faa di Bruno formula (see [1, p. 823])

k k 1 i P;
DAtg() = kY 0"ig) ST 5 [(D ﬁ(”} , (2.9)
m=0 =1 )

where a summation ) is taken over all combinations of nonnegative integer values of Py, Py,..., Py
satisfying (2.8). Using this formula with h(g)=¢’~"# and g(¢) = gs=[(¢+ 1) — 1]/(Bt) and taking
into account (2.5), from (2.9) we obtain (2.7). O
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Corollary 2.2. The constants ¢, g» and g5 are given by

(P
)
)

(2.10)

D)@

and
3
o=(p) i) 052 ()
0-5) () QR ) R e
respectively.

3. Asymptotic representations for /lgf‘;(z)

First we investigate asymptotic representation for function (1.1) at zero. There holds the following
assertion.

Lemma 3.1. Let f>0,7€C, 0 €R and Ne N=1{1,2,...} be such that

1 g+ N

——1<Re(y)<—7 (3.1)
B B

Then for z € C, Re(z) > 0, the function (1.1) can be represented by

*) (=1)' IT—y—(a+m)/p] _,
APz )_Z T G n T )BT + Ry(2), (3.2)
where
Ry(z)=0(E") (z—0). (3.3)
Proof. Let n € N. Using the Taylor formula
N-1 "
= z;(_nl!) (zt)" + ry(zt), ry(u)=0@") (u— 0), (3.4)
we have
0 (z) = p (—2)" B _ {y—1/B o
)(z) = ACE 1//3)2 / (t# — 1)~V dt + Ry(2), (3.5)
where
_ p B 1\1—1/B0
Ry(z) = CEa 1//3)/1 " — 1) Ptry(zt)dt. (3.6)
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Making the change t=s~"# and applying the known formulas for the Beta-function (see, for example
[5, 1.5(1) and 1.5(5)]) we obtain for n=0,1,...,N — 1

o] 1
8 / (fF — 1y gy — / 1=y _ =B g
1 0

og+n 1 I'l—y—(a+n)/p]

p p) Tl —(o+k+1)/p]
Substitution of this relation into (3.5) yields (3.2). Estimate (3.3) for the remainder Ry(z) follows
from (3.6) and (3.4) if we take into account the condition (3.1). [

Using the definition of asymptotic expansion (see, for example [7,21]) from (3.2) we obtain the
asymptotic expansion of A(ﬁ )(z) at zero in the form

(/i’)Z (=" I'l =y — (6 +n)/B] M (r s
#3ia(2) ~ Z n! F[l—(0+n+1)/ﬂ] ( 0. (3.7

We note that relation (3.7) is true provided ff > 0, y € C and o € R satisfy the condition
o+n

Y+ 5 #0,1,2,... (n=0,1,2,...). (3.8)
To investigate the asymptotic behaviour of i(ﬁ )(z) at infinity we rewrite it in the form
*) pr=tv 1B o=zt
lo(Z) = = e_z/ S Pe#dt, (3.9)
rey+1-1/p) 0

where f(¢) is given by (2.1)—(2.2).

Theorem 3.2. Let § > 0 and y € C be such that Re(y) > — 1+ 1/ and let o € R. Then there holds
the asymptotic expansion for z — oo (Re(z) > 0)

W0y ~ L_I/B —(+1- 1//3)ZF - 1 o lgn) G (3.10)
rG+1-1p° — B n”
where
= n! n—k -
C"—k;k!(n_k)!(—l) (=0)uigs (n=0,1,...), (3.11)

go =1 and g, being given by (2.7) for k=1,2,... .
Proof. First of all we note that
(tﬁ _ 1)“,ffl/[fta ~ t[fRe(y)—}—o*fl ([ N OO)
and hence there exist the numbers 4 > 0 and K > 0 such that

|(tF — 1)~ VPro| < KePReODTo=1 (4 > 1), (3.12)
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Using the representation of /1(/3 )

(0,4) and (4, 00):

(z) in the form (3.9) we divide this integral in two taking over

pri1-1/p
I'(y+1-1/p)
y+1-1/p
LB
I(y+1-1/p)
Using (3.12) we estimate /5(z) for Re(z) = 1:

A
P2y = e’ / F() Ve 4y
0

e’ /Oo F(Or~ Ve dt = I)(2) + L(2). (3.13)
A

ﬂRe(y)-&—lfl/ﬁ 00
IF(+1=1B)| Jan

Re(y)+1—1
< K,B e+ /B o tﬂ Re(y)+o—1 e—Re(z)t ds
TG +1=1/B) Jan

Re(y)+1-1/p (BRe(y)+a)
IT(y+1=1/B)] \Re(2) I

\L(2)] < (F — 1y~ g ReX g

Hence
L(z)=0@z"P) (z = 0) (3.14)

and this estimate is asymptotically small in compare with any term of the series in (3.10).
To find the asymptotic expansion of the first integral in (3.13)

/ ’ F(OF~ Ve dy, (3.15)
0

f(¢) being given by (2.1)—(2.2), we apply the Watson lemma (for example, see [26, Lemma 16.3]).
According to this lemma if « > 0, § > 0, f(¢) is continuous for 0 < ¢ < 4 and infinitely differentiable
in the neighbourhood of ¢ = 0, then the asymptotic equality

4 IR 1 n+ B\ f0)
B=1 o= df ~ — SO —epye
/0 SO te  di~ - ;zojr( @ > . + (3.16)

is true as z — oo (Re(z) > 0). Applying this Watson lemma with o =1 and =9+ 1— 1/f to the
integral in (3.15) we have

A oo
1 ") _,
/ S~ Wedt~>"T <y —— 41+ n> SO —geren-vip)
0 —0 ﬂ n'

as z — oo (Re(z) > 0). Using the Leibnitz rule, the formula

D"(1+1)" =(=1)"(=a)u(1 + )" (meN)
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and relations (2.1), (2.2), (2.6), (2.7) we evaluate f(0):
" !
M) = n: —1y k= —
£0) ;k!(n — o O g =
Thus

A 0
1 C
7—1/B o=zt n,_—(+1+n—1/p)
1t e “dt ~ I'iy——-+1+4n|—z
| o > (v : )n!

as z — oo (Re(z) > 0). Substituting this estimate into (3.13) and taking (3.14) into account we
arrive at estimate (3.10) which completes the proof of theorem. [

. . b . .
4. Asymptotic representations for lg,?r(z) in special cases

Setting S =1, 1/y and 2 in (3.7) we deduce the asymptotic expansions of 15}3(2), z;}é’”(z) and

}vg,,zc),(z) at zero in the forms

1) NOO(—I)"F(—“/—U—”)n .

#a(2) Z_; A U—o—my - 79 (4.1)

(y+o+n#£0,1,2,...; n=0,1,2,...), (4.2)

Wy NS D TI=dotny] ,

4. (2) ZO W T (e rntip” &Y (4.3)

(1+6+ny#0,1,2,...; n=0,1,2,...) (4.4)
and

Oy N Ty —(a+m)2] ,

F0(2) Z; o T —(otntna © 70 (4.3)

<y+0;“"7é0,1,2,...; n:0,1,2,...), (4.6)
respectively

In the cases =1, 1/y and 2 asymptotic expansions of /15{2(2) at infinity can be obtained without
using relation (2.9).

Theorem 4.1. There hold the following asymptotic expansions, as z — oo (Re(z) > 0).
(a) If ye C(Re(y) > 0) and o €R, then

1) ~ ezt (D 47

n=0



A.A. Kilbas et al. | Journal of Computational and Applied Mathematics 149 (2002) 469—487 477
(b) If ye C and o €R, then
1 o0
A ~ §e—2z—12(—1)"(—a)nz—". (4.8)
n=0
(c) If yeC(Re(y) > — 1/2) and o €R, then
2 7+1/2 oo 1
A2Nz) ~ <) e—ZZ()(—l)" (v+ 2)n ez, (4.9)
where
- 2k 1
n = —_— | = = —0 k- 4.10
¢ Z k'(l’l _ k)' <2 y>k( O-)n k ( )
k=0
In particular,

2V (1) 1\ /1
i&?&(z)fv(z) e—zz;(n!) (”2),, (2—y)n<2z)—". (@.11)

Proof. There hold the following representations in the form (3.9) for the functions in the left-hand
sides of (4.7), (4. 8) and (4.9):

(1)( )= (y) Z/ [}'fl/ﬁ(l_,_t)ae*ﬂdt’ (4.12)

0

: 1 o
zg}[;’)(z):?e*z / (t+1) e dt (4.13)

0
and
2 oo
Nz) = NCESTA) 1/2)e—2/ £+ 2y 2 ) e de (4.14)
0

respectively. We use arguments similar to those in the proof of Theorem 3.2. Namely we divide the
integrals in (4.12),(4.13) and (4.14) into two integrals, being taken over (0,4) (4 > 0) and (4, ),
and show that the second integrals are asymptotically small in compare with any terms of series in
the right-hand sides of (4.7), (4.8) and (4.9). Then we apply relation (3.16) to the first integrals
with a=1, =1, f(1)=(1+1)° for 27)(z), with o= =1, f(t)=(141)° for 2{[’(z) and a=1,
B=y—+1/2, f(1)=(t+2)T2(1+1)° for 2{2)(z). The direct calculations yield the asymptotic results
in (4.7), (4.8) and (4.9). (4.9) with ¢ =0 yields (4.11). O

Remark 4.2. Using (1.3) and (4.7) with y=a and 6 =c —a— 1, we obtain the asymptotic expansion
for the Tricomi confluent hypergeometric function ¥(a,c;z) at infinity

(@nat1—ch__,
n! z

Y(a,c;z) ~ z—aZ( 1) (z — oo,Re(z) > 0). (4.15)

n=0

Such an expansion is well known—see, for example [5, 6.13(1)].
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Remark 4.3. Using (1.4) and (4.11) we arrive at the asymptotic expansion for the McDonald func-
tion K,(z), as z — oo (Re(z) > 0),

K(z) ~ (%)1/2 > (-1 (; - y) G + y> (2z)7". (4.16)
n=0 n n

Since

1 1 272
= (2 N V) (2 +V) = =7 - 17 - 3 47 - (2 - 1))

relation (4.16) coincides with the known asymptotic estimate for K,(z) at infinity—for example, see
[6, 7.13(7)].

5. Asymptotic expansions for Liouville fractional integrals

To obtain asymptotic representations for the Liouville fractional integral (1.7) and for the Erdelyi—
Kober-type fractional integral (1.8) of power-exponential function f(¢) we use the following result
proved in [12, Theorem 5.1].

Lemma 5.1. Let o€ C, Re(a) > 0 and let n€C, v>0 and 6 > 0. Then the relation
(L[ exp(—ot")])(x) = x* =10 (6x") (5.1)

o+v—1,—1+pu/v
holds for x > 0.

Applying the asymptotic estimate (3.7) to (5.1), we obtain the following asymptotic expansion
near zero for the Liouville fractional integral:

_ , = 1 (1 —a— p—vn) ,
o pp—1 SV ~ yrtu—1 - SV N .
(L2[t" exp(—ot")](x) ~ x ,?0 Y s p— (—=ox")" (x — +0) (5.2)
(ueC,v>0; 0>0;, a—1+pu+wm#0,1,2,...; n=0,1,2,...). (5.3)

From Theorem 3.2 and relation (5.1) we deduce the full asymptotic expansion at infinity for the
Liouville fractional integral of power-exponential function.

Theorem 5.2. Let € C(Re(o) > 0), u€C, v>0 and 6 > 0. Then the following relation holds,
as x — +oo,

(v0)

F(a) u—1l+o(l1—v) exp(—éx")z (OC)nCn(éxv)_n, (54)

n=0

(12 [ exp(—ot")])(x) ~
in particular,

(0 exp(= ) ~ o™ 0 exp(—) Y (e (5.5)
n=0
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Here
_ - n! uk (M B
¢y = ; oD (V 1)n_k g (n=0,1,...), (5.6)
) i ol r(1/v) i
=1, g = k! lim[D"([g.()]""" — 5.7
g0 = 1.4 % (lim{D"([g,()] )])ZH&! [(i+1)!F([1/v]—i) (5.7)
for k=1,2,...,m
= I(1)y) v
g(t) = < (5.8)
; rapy -G+
and a summation Y, is taken over all combinations of nonnegative integer values of Py, P,,..., Py

satisfying (2.8).

Corollary 5.3. Let o€ C(Re() > 0), u€C and 6 > 0. Then, as x — +o0,

(Ii[tufl efét])(x) ~ 5fo<xufl eféxz (
n=0

(O‘)n(l - :u)n(éx) " (59)

Corollary 5.4. Let o€ C(Re(x) > 0), ucC and 6 > 0. Then, as x — +o0,

(L2  exp(—ot')])(x) ~ (z)ax“/“ﬂ-l exp(—ax'%)} _ (—1)"(o)nea(ox")7", (5.10)
n=0
where
n 2k
Cn:;k!(n—k)!(l — (1 =2k (n=0,1,2...). (.11)

In particular,

(I [t~ exp(—=d1"*)])(x)
~ (2 axw*l)/z ex (—5x1/2)§: ﬂ(cx) (1 —a),(3x"*)™"  (x = 400) (5.12)
5 P £l " " ' ‘

Corollaries 5.3 and 5.4 follow from (5.1) with v=1 and v = 1/2, respectively, if we take into
account the asymptotic estimate (4.7) for the former while the asymptotic relations (4.9)—(4.11) for
the latter.

Remark 5.5. In particular, if u=m + 1(m € N), the asymptotic expansion in (5.9) yields the exact
expression. Namely, it was proved in [12, Corollary 5.2] that if o € C (Re(a) > 0), m€ N and ¢ > 0,
then there holds the relation for x > 0

(Ii [tm e—ét])(x) — §T%M e—&xz (O()n( m)n ( 1)
n=0

n!o" x"

(5.13)
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6. Asymptotic expansions for Erdelyi—-Kober-type fractional integrals

To obtain asymptotic representations for the Erdelyi—Kober-type fractional integral (1.8) of power-
exponential function f(¢) we use the following result proved in [12, Theorem 5.2].

Lemma 6.1. Let o€ C, Re(a) >0 and let >0, n€C, ucC, v>0 and § > 0. Then the relation

(I [ exp(—0 D) = x" A1) i1 (06 (6.1)

is valid for x > 0.

Applying the asymptotic estimate (3.7) to (6.1), we obtain the following asymptotic expansion
near zero for the Erdelyi—Kober—type fractional integral:

I'ln— (u+vn)/p)]
n! Ilo+n — (u+vn)/B)]

with neC, >0, ueC, v>0and5>0 such that

<—n+“+ﬁ”"7éo,1,2,...; n=0,1,2,...). (63)

From Theorem 3.2 and relation (6.1) we deduce the full asymptotic expansion at infinity for the
Erdelyi—Kober-type fractional integral of power-exponential function.

(I* . [" exp(— 5t")])(x)~x"z (—ox")" (x — +0) (6.2)

Theorem 6.2. Let o€ C (Re(x) >0). >0, neC, pneC, v>0 and 6 > 0. Then the following
relation is valid, as x — +oo:

(12 [ exp(—5 ) (x) ~ L2 (a)) X exp(—3x) S (@06, (64)
in particular,
o u n (ﬁ/ )a U—va Y - —vn
(12 [ xp(— () ~ S St exp(—)Y (™ (6.5)
n=0
Here
n—k ﬁ(l — o= ’7) +u
Z Kl k),( ) ( - )nk Gis (6.6)
o " it r(1/v) "
90 =1.9: —k!mzo (tim (" (g~ 1) ZHP, [(1 T (6.7)
for k=1,2,..;
— T/ v
0= 2 =G+ (©5)
and a summation Y, is taken over all combinations of nonnegative integer values of Py, P,,..., Py

satisfying (2.8).
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Corollary 6.3. Let o€ C(Re(a) >0). f>0,neC, ncC and 6 > 0. Then, as x — +o0,
(12 5, [1" exp(—1")])(x)

(=

~ 07 %xH % exp(— 5x/3)z (oc)n (oc—i—n— ﬁ> (oxPy=". (6.9)

Corollary 6.4. Let 0 €C (Re(x) >0), >0, n€C, ueC and 6 > 0. Then
(li;[j’,n[tﬂ CXp(—étﬁ/z )] )(x)

N <§)awﬁ/2 exp(—5xﬂ/2)nzo(—1)"(0‘)n011(5xﬂ/2)" (x — +00), (6.10)
where
n 2k M
¢ :gkx(n—k)!(l — o) <2 [oc—}—r] — /3] - 1)n_k (n=0,1,2...). (6.11)

In particular, as x — +o0,

(12,5 171 exp(—3e72)]) ()
h @ P exp(—ox M)Z( (@0, (1 = @), (oxP) (6.12)

Corollaries 6.3 and 6.4 follow from (6.1) with v=f and v = /2, respectively, if we take into
account the asymptotic estimate (4.7) for the former while the asymptotic relations (4.9)—(4.11) for
the latter.

Remark 6.5. In particular, when p= (o +n+m) (m € N), the asymptotic expansion in (6.9) yields
the exact expression. Namely, it was proved in [12, Corollary 6.3] that if « € C(Re(a) > 0), f > 0,
neC, meN, 6 > 0, then there holds the relation for x > 0

(@n(=m)a (=1)"
nl'on xbBn

(I%.5 [P exp(— 1P )])(x) = 5Pt exp(—&xﬁ)z (6.13)

7. Asymptotic expansions for fractional integrals of a function by a power function

It is known [26, (18.39)] the following connection between the fractional integral /* , f and the
Erdelyi—Kober-type fractional integral If;ﬁ,_uf : ’

(% o)) =xP(1% 5 f)(x) (x€Ry;a€CRe(w) > 0; B> 0). (7.1)

Therefore, the asymptotic expansions for the fractional integral (1.9) follow from (7.1) and the
results in Section 6 with n = —o.
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From (7.1) and (6.2) we deduce the asymptotic expansion of ([i;x,; f)x), as x — 40,

. o e~ LTI o= (et )BT
(I, " exp(=0))(x) ~ & ;n! BTy T (7.2)
<ﬂ>0;u6C;v>0;5>0;o¢+'u—;vn#0,1,2,...;n:0,1,2,...>. (7.3)

Relation (7.1) and Theorem 6.2 yield the asymptotic expansion for the fractional integral (1.9) at
infinity.

Theorem 7.1. Let o€ C(Re(a) > 0), u€ C, f > 0 and 6 > 0. Then there holds the following relation,
as x — +oo,

(1 1 exp(-0 ) ~ LT 50 exp(-0) Y () (7.4)
n=0
in particular
o n 4V (ﬁ/\))“ u+o(f—v) WY > —vn
(U2, 1" exp(—1)DE) ~ o exp(—x") 3 (e ™" (75)
n=0
Here
_ - n! _1\n—k o :B+:u
c”_kz;k!(n—k)!( D (1 S >n_kgk, (7:6)

where g, (k=0,1,2,...) are given by (6.7)—(6.8).

Corollary 7.2. Let o€ C(Re(2) >0), f >0, ueC and 6 > 0. Then, as x — +o0,
(I, yl"exp(—51")])(x)

="
|

n:

~ 5t exp(—ox") (o), <—Z> (oxPy™, (7.7)
n=0 n

Corollary 7.3. Let a € C(Re() >0), p >0, ueC and 6 > 0. Then
(I, " exp(—01")])(x)
2\ B2 — (=) K B/2y—n
~ <5> X2 exp(—dx )nz_; (@), =3 n(éx )", (7.8)

as x — +oo, where

2 2p _
cn_kz;k!(n—k)!(la)k <ﬁ1> (n=0,1,2...). (7.9)

n—k
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In particular, as x — +o0,

(17, TP exp(—0tP)])(x)
2
~ <5> Bln+GA1/2] exp(— 5xﬁ/2)2( 2) (o)n(1 — o), (SxP2) 7" (7.10)
Corollaries 7.2 and 7.3 follow from (7.1) and Corollaries 6.3 and 6.4 with n = —o.

Remark 7.4. In particular, if g = ffm(m € N), the asymptotic expansion in (7.7) yields the exact
expression for (/% , [##"])(x). It is directly proved that if «€ C (Re(x) >0), f >0, meN, § > 0,
then there holds the relation for x > 0

(I, [ exp(—61*)])(x)

C oy, (7.11)

=57 %xP" exp(— 5xﬁ)z

Such a formula also can be deduced from (5.14) if we take into account the connection between
the fractional derivative /* , f and the Liouville fractional derivative /% f* given by

(I o f(O)X) = (7 £ ). (7.12)

8. Asymptotic expansions for Kober fractional integrals

The Kober fractional integral (1.10) is connected with the Erdelyi—Kober-type fractional integral
(1.8) by the following formula:

(Ko S)x) =L, f)(x) (xERy; a€C, Re(a) > 0; neC). (8.1)

So (8.1) and the results in Section 6 with f =1 yield the asymptotic expansions for this integral.
(8.1) and (6.2) yield the asymptotic relation for the Kober fractional integral near zero

r
(Kol exp(—o1" )])<x>~x“2n, o oY (5 +0) (32)
(neC;, ueC, v>0;,0>0, -y+pu+wm#0,1,2,---; n=0,1,2,---). (8.3)

From (8.1) and Theorem 6.2 we deduce the asymptotic expansion for the fractional integral (1.10)
at infinity.

Theorem 8.1. Let € C(Re(x) >0), ne€C, ucC, v>0 and 6 > 0. Then the following relation
holds, as x — +o0:

00,

Ty~ o= (a5 (84)

(K, ,[1" exp(—=01")])(x) ~
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in particular,

(Kl exp(— )~ s exp(—x N3 @ne. (8.5)
n=0
Here
< n! I O e e B!
C"kz:;k!(n—k)!( 1) <1 -y >nk9k> (8.6)

where g, (k=0,1,2,---) are given by (6.7)—(6.8) with = 1.

Corollary 8.2. Let o€ C (Re(x) > 0), neC, peC and 6 > 0. Then, as x — +o0,
(K, [t e )(x)

~ 5 *f’xz( (@1 — 10,(5%) " (8.7)

Corollary 8.3. Let o€ C (Re(a) > 0), neC, ucC and 6 > 0. Then

(K, o[t exp(=ot")])(x)

~ @) T exp(—0x2) Y (1) (o0nen(3x"?) T (@ — +o0), (8.8)
n=0
where
n 2k
¢, = ; o @+ — gl = Doy (1=0,1.2--2) (8.9)
In particular, as x — +oo,
(K, [ 712 exp(—o1')])(x)
- @ D2 exp(— 5xﬂ/2>2( 2V (1 = )06y (8.10)

Corollaries 8.2 and 8.3 follow from (8.1) and Corollaries 6.3 and 6.4 with f=1.

Remark 8.4. In particular, when u = o+ + m (m€N), the asymptotic expansion in (8.7) yields
the exact expression. Namely, it was proved in [12, Corollary 7.5] that if « € C (Re(a) > 0), n € C,
meN and 6 > 0, then there holds the relation for x > 0

nlon x"

(K 70 &) = 551t gy > G (1) (8.11)
n=0
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9. Asymptotic expansions for Erdelyi—-Kober fractional integrals

The Erdelyi—Kober fractional integral (1.11) is connected with the Erdelyi—Kober-type fractional
integral (1.8) by the following relation:

(Ko f)x)=(U2,, )x) (xeRy; a€CRe(a) >0; neC). 9.1)

Thus the asymptotic expansions for this integral follow from (9.1) and the results in Section 6 with
p=2.

From (9.1) and (6.2) we obtain the asymptotic relation for the Erdelyi—-Kober integral near zero

I'ln —(u+vn)/2]
n! I'lo+n— (u+vn)/2]

(K, o[t" exp(—0t")])(x) ~ x"z (=ox")" (x — 40) (9.2)

w—+vn

(nEC; ueC, v>0; 6>0;, —n+ #£0,1,2,...; n:O,l,2,...>. 9.3)

Relation (9.1) and Theorem 6.2 yield the asymptotic expansion for the fractional integral (1.11) at
infinity.

Theorem 9.1. Let € C (Re(x) > 0), € C, ucC, v>0 and 6 > 0. Then there holds the asymp-
totic relation, as x — 400,

(Kl exp-0 1)00) ~ L0 exp(-03) 3 (3, (08) ©4)

in particular,
2/v)* > ,
(Kl exp(— ) ~ P exp(-x) D (e (9.5)
n=0
Here
— - n! _1\yi—k _2(1_0‘—’7)+M
@ ]; k\(n — k)!( b (1 v )n_k Gke» (9.6)

where g (k=0,1,2,...) are given by (6.7)—(6.8) with =2.

Corollary 9.2. Let o€ C (Re(x) > 0), e C, peC and 6 > 0. Then, as x — +o0,

(K[t exp(—0r)])(x)
(=

~ 0T exp(—ox? )Z (oc)n (oc +n— f)n (6x*)™". (9.7)
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Corollary 9.3. Let € C (Re(a) > 0), n€C, ueC and 6 > 0. Then
(Kyolt* e™2])(x)

2\ e
~ <5> T 6‘“;(—1)"<a>ncn(5x>-" (x — +00), (9.8)
where
n 2k M
=3 e (2 [a Y- ﬂ _ 1)n_k (n=0,1,2---). (9.9)

In particular, as x — 400,

(Kl ~ (3 ) et S E2 o, 1 - oy (9.10)
n=0

n!

Corollaries 9.2 and 9.3 follow from (9.1) and Corollaries 6.3 and 6.4 with = 2.

Remark 9.4. In particular, if u=2(a + 5+ m) (m&N), the asymptotic expansion in (9.7) yields
the exact expression. Namely, it was proved in [12, Corollary 7.2] that if « € C (Re(a) > 0), n € C,
meN and > 0, then there holds the relation for x > 0

(Ko o[£ exp(—02%)])(x)

(0)n(—m), (—1 )n.

n!on x2n

=520 exp(—ox7) Y (9.11)
n=0
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