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1. Introduction

The purpose of this paper is to study the initial value problem of the incompressible magneto-hydrodynamic (MHD)
system:

U —Au+@Ww-Vyu—(b-V)b+VP =0,
be — Ab+ u-V)b—(b-V)u=0,

divu =0, divb=0,

u(x,0) =up(x), b(x,0)=bo(x),

where x € R", t >0 and n > 2 is the space dimension, u =u(x,t) = (u1(x,t), ..., un(x,t)), b=b(x,t) = (b1 (x,t),...,ba(x, 1))
and P = p(x,t) + M are nondimensional quantities corresponding to the velocity of the fluid, the magnetic field and
total kinetic pressure, respectively, ug and bg are initial velocity and magnetic field satisfying that divug =0 and divbg =0.
Here and throughout this paper, we assume that the Reynolds number, the magnetic Reynolds number and the correspond-
ing coefficients are all equal to 1 for simplicity.

The MHD is a mathematical model describing the motion of an electrically conducting fluid in the presence of a magnetic
field, which consists essentially of the interaction between the fluid velocity and the magnetic field (see [22]). When the
magnetic field b(x, t) =0, the MHD system becomes the incompressible Navier-Stokes equations, for which there have been
a lot of work concerning well-posedness of the initial value problem in various classical function spaces. Fujita and Kato [9]
proved both the global well-posedness for small initial data and the local well-posedness for large initial data in the Sobolev
space HS(R™) for s >n/2 —1 in 1964. In 1984, Kato [15] established similar results in the Lebesgue spaces L"(R"). In 1985,
Giga and Miyakawa [10] considered the Cauchy problem in LP(£2), where £2 is a bounded domain and p > n. Cannone [2]

and Planchon [20] considered global solutions in the case of n =3 for initial ug € 3;1033/" (R3) (3 < q < 6). Koch and Tataru
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[16] studied local solutions for initial data ug € vom~' and global solutions for small initial data uo € BMO~!, Miura [19]

studied the local solutions, which have time continuity in gmo~1, for initial data ug € vmo—! Ngmo~!. Wang, Zhao and Guo
[29] and Iwabuchi [13,14] studied well-posedness in the modulation space MZ’U(}R“).

For the MHD system, the situation becomes more complicated due to the coupling effect between the velocity u(x, t)
and the magnetic field b(x, t). Sermange and Temam [21] studied local well-posedness of the Cauchy problem of the MHD
system in the H*(R3) (s > 3). Kozono [17] proved the existence of a classical solution for the two-dimensional MHD system
in a bounded domain. In [18], Miao, Yuan and Zhang studied the MHD system in BMO~! and vmo~!, and obtained global
well-posedness the BMO~! and local well-posedness in bmo~! when the initial data ug is small. Wu studied the regularity
of the MHD in [30].

In this paper we study well-posedness of the initial value problem of the MHD system in modulation spaces MZ’G(R").
The modulation space MZ,U(RH) is defined by imposing mixed norm estimates on the local Fourier transform on the in-
volved functions or distributions. More precisely, let S(R") and S’(R™) be the Schwartz spaces of rapidly decreasing smooth
functions and tempered distributions respectively, and let g € S(R") \ 0 be fixed. Then the short-time Fourier transform of
f € 8’(R™) with respect to g is the smooth function, given by

Vef(t,6) =F(f - g(— %))

Here F stands for the Fourier transform which takes the form

(FFE) = / f(x)e™™¢ dx
Rn

when f € L1(RM).

Definition 1.1. Let g € S(R™) \ 0. Then the modulation space MZ’G(R") consists of all f € S'(R") such that

q/p\ 1/9
1f s, 2=</</|ng(x,f)($)s|pdx> ) < o0, (12)

R R"

where (£) = (1 + [£]%)?2.

Modulation spaces were introduced by Feichtinger in [5] and the fundamental theory was established by Feichtinger

and Grochenig in [7,8]. For example, here they prove that Mfm increases with the parameters ¢, o and decreases with the

parameter s. Furthermore, they prove that if g € M‘ﬁ'l and f €S/, then f € Mfw, if and only if Vg f satisfies the estimate
in (1.2), and different choices of g give rise to equivalent norms. The latter property is improve in [27], where the condition
on g is relaxed in g € M'rs‘r with 1 <r < min{q,q’,0,0’}. Here ¢’ denotes the conjugate exponent to g, i.e., % + % =1. We
refer to [1,3,4,7,8,11,12,23-26,28,29] and their references for more facts about modulation spaces.

In our investigations it is convenient to follow the approach in [13,14,29] concerning modulation spaces. More precisely
it follows from [7] that the following is true:

Proposition 1.1. Let {@y}kezn C C5°(R™) be a partition of unity satisfying the following. Let ¢ € Cg°(R") satisfying

suppp C { eR" [ & <V}, Y @(x—k =1 forany&eR"

kezn
Let @y be defined by ¢y := @(§ — k).
If1<q,0 <oo,seR, then we have
1
n (KN Ok fllfqmny) e forl <o <oo
Ms (R”) = {f € S/(R”) | ”f”Ms (R™) < OO}, ||f||MS (R™) = (ZkEZ < k LI(RM) NS s
" " v SuPkezn (K)* 110k f Il La wm) for o = oo,

where (k) := (14 [k|*)2 and Ok f := FloFf.
As a standard practice, the MHD system can be reduced into the following equivalent integral form:

{ u(, t) =etbug — f(f Vet=DApwy @ u)(r)dr + fot Vel=DAP(h @ b)(T)dt := &1 (u, b), (13)

b(-,t) =e2bg — [y Ve D2P(u ® b)(z) dt + [; Ve~ DAP(b ® u) (1) dt := Py (u, b)

where P:= 1+ (—A)~!Vdiv is the Helmholtz-Weyl projection operator and ® denotes tensor product. Define the space
PM; , (R") by
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n
PM; , (R") := {u e [M , (R")]" | divu =0in S'(R")}, et g, ey o= Z et g, -
j=1

To state our main results, we also need to introduce the following function spaces lfj” (L™ (0, T; LY9(R™))) which can be
find in [13] and [28].

Definition 1.2. For 1 < o,r,q <00, s€R and 0 < T < oo, we define the function spaces I2° (L"(0, T; LY(R™))) by
57 (L"(0, T; LY(R"))) :=={f € S' (R x R") | I fllse wro,7;19my)) < oo},

1.
Qkezn (WK 10k f 1. 1:19Rm))) 7)o if 0 < 00,
supyezn (k) 1Ok f 1l 1r 0.7: L9 (Rm)) if o = o0,

where (k), O f defined as Definition 1.1.

Il wro.1:L9®ny)) = {

The main results of this paper are the following two theorems. Here it is convenient to set the space X7 for 1< q,0 < o0
and s > —1 as

Xr = {ue[C(0,T: M 5 (R")]" | llullx, < oo, divu=0},
lullx := llully +llullz,  llully :=supeeco,r) lullmg , @),

”uHI%I(LZ(O,‘T‘;L"(R”))) ifs = -1,

i .

lul SUPte(0,T) t2 ”u”MSG(R") if—1<s<0,
iz = n1_1y , i
Supte(O,T)tZ(v U)”u”M(S;,v(Rn) lf0<5< H(UT)’

: n(o—1)
ifs> o

Mullisro 120,7; 10 grmyy)
where v € R satisfying

no—-1)—os
L no—D-os

1
< —< —
o 2no

S
< | =

Theorem 1.1 (Existence of local solution). Let n, q, o, s satisfy

nio-—1)
—

n>=2, 1<g< oo, 1<0 <00, 1<s.

Then, for any (ug, bg) € PMfw (R™) x PM;U (R™), there exists T > 0 such that the MHD system has a unique solution (u, b) such that
u,b e Xr.

Theorem 1.2 (Existence of global solution). Let n, q, o, s satisfy

n
nz2, 1<g<n,

no —1) no —2) no —1)
<o <00, max -1, <S< —
n—1 o o o

Then there exists a positive constant &g such that if the initial data (ug, bg) € PMfw (R™) x PMfm (R™) satisfies || (ug, bo) ”MZ S @& <
&o, then the MHD system has a unique global solution (u, b) such that u, b € X, where X defined by

X = {u e [C(0, +o0: MS , (R"))]" | llullx < 0o, divu = 0}.

nel 1
lullx = llully +llullz,  lully := SUPre(o,+o0) tllms , @y IIUll7 := SUPte(0,400) (1 + 0297 ulls, @

where r € R satisfying

1 1 1 1/1 1
max{q, 2} <r < 2q, ———<-<z|-4+-).
q n 1 2\q n

Remark 1.1. Note that when s < —1, 1 <0 < 0o and b =0, the MHD system is ill-posed in M;U(R”) (see [13]).

This paper is divided into three sections. In Section 2, we recall some properties of modulation spaces and of the
propagator e® in the modulation spaces. In Section 3, we prove our main results.
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2. Preliminaries

In this section, we recall some properties of modulation spaces Mfw(]R") and 13 (L"(0, T; L9(R™))) which refer to [3,5,

7,11,13,14,24-26,28,29], and the estimates for the propagator ‘% in these function spaces. Throughout this paper, we put
FoLLLY = 27 (L7(0, T; L(R™))) and ”””Mé,a = ||U||M5,(, @ for simplicity, and let C denote the positive constant which is
independent of t and can change in each line.

Proposition 2.1. (See [5,7,11,28,29].)If 1 < q,r,0 <o0o,s € Rand T > 0 then Mg’o (R™) and IEUUTL" are complete Banach spaces.

Proposition 2.2. (See [6,13,14,24-26,28].) Let 1 < q,q1,q2, 0,01, 02 < oo and s € R, then we have the following continuous embed-
dings:

el 1
(i) Ifa—i—a_l,then
0

Mq,min{q,q’

(ii) If g1 < q2,01 < 02,51 252, 1<r<ooand T > 0, then

}(Rn) — LI(R") — Mg,max{q,q’}(Rn)'

Mgl 5, (R") = Mg o, (R"), LT s [202 11 192,
(iii) If o1 < 02,51 > 52,51 — S2 > n(al—2 - Uil), 1<r<ooand T > 0, then
Mg's, (R") — Mg, (R"), IO LT s 22 L 1.

Proposition 2.3. (See [3,5,13,14].) Let 1 < q,q1,q2,7, 11,12 < 00,1 <0,01,02 <00,0 <5 < g and T > 0 satisfy

1 1 1 1 1 1 1 S 1 1
—=—+—, -=—4—- ———-=—+4+—-1 020 0201
qg q1 Q2 rrn n o n o 0

Then there exists a constant C > 0 such that for any u € th_m (RMandv e MZN,Z (R™), we have

luviing,, < Cllullug, , 1Vl , -

Forany u € 1L L9 and v € I*-°2 L2 192, we have

luvlisogio < Cltllson 73 oy 1Vl 72 -

Proposition 2.4. et 1 < q,r,0,v < 00,5,5S€R.

(i) (See[13,14,25,26].) If q > r, there exists a constant C > 0 such that

1_1

_n
e ully, <CA+07H
(ii) (See[13,14,25,26].) If o < v, there exists a constant C > 0 such that
_nel_1
el s <CO+E72775) ullyg, -
(iii) (See [13,14].)If s <5, there exists a constant C > 0 such that
_3=s
e ulys, <C+62 ) g,
(iv) There exists a constant C > 0 such that
_1
HVetAuHMaﬂ S Ct™ 2 lullpmg, -

Proof of Proposition 2.4(iv). By Definition 1.1, we only need to prove the inequalities ||DkV€tAu||Lq(]Rn) <C % |0kt |l Lo (n)-
t2

Using the Young’s inequality and changing variables, we can get
1

| ok Ve tul| 4 g, < ”7:71(5‘-’7%'2)”Ll(R")“D"u”Lq(R”) = t_lH}W](’ieilmz)”LWR”)"D"””L"(R”)’
2

and | F~ (e~ ") | 1 @n) < +00. O
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Proposition 2.5. (See [13,14].) Let 1 < g < 00,1 <V <0 < 0, s € R, then the following estimates hold.
(i) limr—0Supee(o, 1 t%(%‘%)l\emullmg , =0foranyu e M; ;(R".
iy s linm1_1
(ii) limr—osupye.ryt2+20 ‘7)HetAu”Mzt)l =0 forany u € M§ , (R").
TR 1on1_1
(iii) limr_0supeo,T) t2+265 o)||Ve‘Au||Mst =0 forany u € Mg , (R").
Proposition 2.6. Let 1 <q<00,1<0 <00,5s€R,0<a <1, then we have
(i) [lePull 2 <CA+ T%)”u”Mg‘“ foranyu e M;;“(R”).
15019 1a o ’
(ii) imr_o |e"2u lso,2 0= 0 for any u € My (R").
Proof. Similar to the proof of the Proposition 2.12 of [13]. O
Proposition 2.7. (See [13].)Let 1 <r,q,0 <0o,s€Rand T > 0.
(i) There exists a constant C > 0 such that for any u € IS"TLlTLq, we have
t
SUP¢c(0.T) /emu(r), dr < Cllullsopa-
0 Ma.o
(ii) There exists a constant C > 0 such that for any u € st LlTLq, we have
t
tA 1
/e u(r),dr <C(1+ Tr)||u||’s_%_ngTLq.
0 [SoLhLa
Proposition 2.8. (See [13,14].) Let 1 < q,1,0 < 00,s € Rand T > 0, then there exists a constant C > 0 such that
: 1 : 1
IVPully; , < Cllullysa ifueMgG (R, IVPullgprpe < Cllullgey o ifu €5 LTLY
3. Proof of main results
We consider the integral form of (1.3), and rewrite it into the following form
u(, ) = @1(u,b) =e®up — B(u,u) + B(b, b), (3.1)
b(-,t) = ®y(u, b) =e'“bg — B(u, b) + B(b, u) ’
where B(u, v) := fot VetDApPy @ v)(t)dr. For u, b € X, we define the norm of vector (u, b) as
. b)| = llullx + lIbllx.
For simplicity, the integral equations (3.1) can be written as
(u,b) = (®1(u, b), ®2(u, b)) := T (u, b).
Proof of Theorem 1.1. We consider the case s = —1 in Step 1; the case —1 <s <0 in Step 2; the case 0 <s "("U—_]) in
Step 3 and the last case in Step 4.
Step 1. When s = —1, by the condition of Theorem 1.1, we have o =1 and |ju|ly = sup;¢(o,r) lltll,-1. Proposition 2.4
, .
implies that
Je**uoll, < Clluolly 1. (3.2)
and Proposition 2.6 implies
1
”em“()“z = ”etAUOHIOJL%Lq <C(1+ TZ)””O”M;}' (3.3)

Applying Propositions 2.8, 2.7, 2.4, 2.3 and 2.2, we have
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t

/ ve=DApy @ b)dr

t

|B(.b)|, =supeeqo ) < Csupeeo,T) /e(t_rm(u ®b)dr

0 M;} 0 ng
S Clu@bllpap1 e < Clltlloa;2 20 bl 2,20 < CliullzIIbl z, (3.4)
and
t
1
|B.b)||,<C /e“—f)A(u ®b)dr <C(1+T2)lu@blloy o
0 1p2ra
1 1
<Cc(1+ TZ)IIHII,o.q;qu Ibllo1 2120 < C(1+T2)ulzlbllz. (3.5)
Making use of the estimates (3.2)-(3.5) above lead to the following two estimates
1 1 1
|®1(u, b) ||XT <C(1+ T2)||u0||M;} +C(1+T2)|ull +C(1+T2)|bl3, (3.6)
1 1
[ @200, 0)][x, < C(1+T2)lbollyy1 +2C(1+T2) Jull ]Iz (37)

Now, let 0 < T < 1, Ko := [[(t0, bo) [l ;-1 = lltoll,,—1 + lIboll,,—1. The Proposition 2.1 allows us to define a complete metric
q.1 q.1 q.1
space

={(u,b) |u,b e Xr,

(u.b)|, <2CKo+e,

@b, <¢}
with the metric d(f, g) = || f — gllx,;. Combining (3.6), (3.7) and the fact that 0 < T < 1, it follows that for (u, b) € E,

| 7w, by, <2C](uo, bo) ||M;} +2C (u, by |2 < 2CKo +2Ce. (3.8)

Let T be small enough such that 16Ce < 1, we obtain ||7 (u, b)||x, < 2CKo + ¢ from above inequality and 7 (u,b) € E.
On the other hand, for any (uq, b1), (uz, by) € E we have

|®1 (1, b1) — d’](uz,bz)HX < C(|| By, up) — B(uz,uz)HXT +||B(b1.b1) — B(bz,bz)”XT)
< C(||B(uy,ug —u2) + Bug — u, uz)HXT + || B(b1 — b2, b2) + B(by, by _bZ)HxT)
<C(1+ T%){(Illh Iz + lluzliz)lur — uzllz + (Ib1llz + Ib2liz) b1 — ballz }
<8Ce(|lur —uzllz + b1 — ballz)

1
5(”“1 —uzllx; + b1 = b2lix; ). (3.9)

similarly,

|®2(u1,b1) — D2 (uz, b2)||XT <2C(IIb1llzllur — uzliz + lluzlizliby — ballz)
<4Ce(|lur —uzllz + b1 — ballz)
< 5 (s szl + 161 ~ballx). (310)
Combining (3.9) and (3.10), it follows that
| 71, b1) = T2, bo) , < H (1, b1) — (2, b2) | . - (3.11)
From the estimates (3.8) and (3.11), we get that 7 is a contraction mapping from E to E when T is small enough. By the

Banach’s fixed point theorem, we conclude that 7 has a unique fixed point (u,b) € E.
Step 2. For —1 <s <0 and ”(UJ—_” —1<s, then 1 <o < 2. Similar to Step 1, we first prove the following estimates

|®1u, b, <C(1+ T%)”uollM‘sm +C(T* +T% + TP + TP)|ju)|Z + C(T* + T*2 + TP + TP)|b)|3, (3.12)

S|

|2, 0], <C(1+T7)lbollms, +2C(T* + T + TP+ TP)lullz|Ibllz, (3.13)

where o1, >0 and B1,62 >0
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By Proposition 2.4, we have
HGIAUOHY < Clluollms,, -
Je"uoll, = supeeo.ry £ 7 e uo g, < Csupco.n) 07 (146 luollg, < C(1+T7)uollus,

Define a real number ¥V with % = ; 1, then 0 <V < oo for o > 1. Applying Propositions 2.8, 2.4, 2.3 and 2.2, we obtain

[Bw, by <C / e D2 W@ b d7
(1+ =0 T30 D) u@blyp dr
(14+E=0" T3 ullyg 11bllyg de

ncl
(1+E =D F3ED) Jullyo [bllyo, dr

N
(@}
o\_’ O ——  °O——_°

< C||u||z||b||z(T”s FTI T2 )t)
2 CllullzlIbliz(T* + TF1),

where o1 > 0 for —1 <s <0 and ”(”;D 1 <s, and by the definition of U, we can get f; > 0, that's ||B(u,b)|y <
C(T + TP)||ullzlIb]z.
Applying Propositions 2.8, 2.4, 2.3 and 2.2 again, we obtain

Isl

t5 IBw,b)| mg, <Ct? /||e“_f)A(u ®b) ||M3.0 dr

1+ -0 23 D) ju@blyg_de

1 1
(1 +(t—r)*7*f(5*”)llullMo Ibllpg, dT

t
0
t
s _l_ﬂ(l_._
<ct? [(14+-0 278 D) lullyg lbllyg  de
0
/t
0

t

Isl .
<Clutalblze? (140G D) g
0
Il n
< Cllullz|Ibllzt = (¢ H‘s—i—t‘_i(%— )+s)
Isl sl
C||U||Z||b||Z(T1+S+2 —|—T2+ —-(l—])+s)
2 Cllullz bz (T2 + T#2),
no-1)
o

where oy > 0 for —1 <s <0 and —1<s, and by the definition of ¥, we can get 8 > 0, that’s ||B(u,b)|z <
C(T*2 + TP2)||u||z||b||z. Using the four estimates above, we obtain (3.12) and (3.13).
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Combining (3.12) and (3.13), it follows that
Isl 2
[Ty, <C(1+T2)[wo.bo) s +C(T + T+ T + T2) . b) | . (3.14)
Now, let 0 < T <1 and Ko := ||(up, bo)llmg_,, = ||uo||M3ﬁ + ||b0||M3_U. Define a complete metric space

E={(u,b)|u,beXr,

(u,b)|, <2CKo+¢, |, b)|, <&}
with the metric d(f, g) =|If — gllx,. Let T be small enough such that 32Ce < 1, the estimate (3.14) implies that for any
(u,b) € E, | T(u,b)||x; <2CKo+€ and 7 (u,b) € E.
On the other hand, similar to (3.9) and (3.10), for any (u1, b1), (u2, by) € E, we have
|®1(u1,b1) — ¢1(U2,b2)||XT
<C(T* +T%2 + TP + T){(lu1llz + lluzliz) llur — uzllz + (Ib1llz + b2l z) b1 — b2z}
<16Ce(llug —uzllx; + b1 — ballx;).
|®2(u1,b1) — ¢2(“2’b2)”x1
<2C(T* + T2 + TP + TP2) (IIbylizllur — u2lix; + lluzlix; b1 — b2lix;)
<16Ce(llug — uzllx; + b1 — ballx;)-
Then
|7 (ur.b1) — T (ua, bZ)HxT < %H (u1,b1) — (Uz,bz)HXT- (3.15)
The estimates (3.14) and (3.15) imply that 7 is a contraction mapping from E to itself if T is small enough. The Banach’s

fixed point theorem is applied, then there exists a unique fixed point (u,b) € E of 7.
Step 3. For 0 <s < @ and ”("0—_1) — 1 <s. Similar to Step 2, we first show the following estimates

[ 1. D)y,
<c(1+ T%(%—%))HuoHMaﬂ +C(T" +T%2 + TP + TP)|ju)d + C(T* + T%2 + TP + TP ||p||2, (3.16)
| @20, <C(1+ T5G=0)) [bollg,, +2C(T + T + TH 4+ T#)lullz]lb] 2, (317)

where o1, >0 and 1, 2 = 0.
By Proposition 2.4, we have

le®uoly < Clluollug,, »
” etAUOHZ = SUP¢e(0,T) t%(%_%) “ emuO”Mtsw

nel 1 _nel_1 nel 1
<Csupyeo,ry 0270 (1467297 ) gl , <C(1+T2572))lluollys,, -

Define a real number ¥V with —]17 -3= % — 1, then 0 <V < co because of the selection of v in Theorem 1.1 satisfying
% < % < % + W Using Propositions 2.8, 2.4, 2.3 and 2.2, it follows that

t
(t—1)A
BBy, < [Ive 2 waby, do
0
<c (1+(r—r)*%%*l))(t—r)*%nu@bnM;jdr
<C

_nel_1 _1
(1+ =072 @ V) e =) 2 ullys,  Iblwg,  dT

,E(l,l) _1
<C [ (4= D)) F ullyg, Bl d7

o"\'_’ O\H O\m
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t
<Clulzblz [(1+ -0 36 D)e-ndrri-dar
0
< Cllullzlbllz(T2 "G~ #) 4 T2 3=
2 Cllullzlbllz (T +T#),

==

_%))

+ "(G}M and by the definition of U, we can get g1 >0,

wherea1>0f0r0<s<”(aa—’1),M—lgsand 1

o
that's [|B(u, b)|ly < C(T*" + TF)|lul z|b|z.
Using Propositions 2.8, 2.4, 2.3 and 2.2 again, we obtain

1_1
T <v =

t
DB by < [Vt w s, 0o
0
(14— 20 D) — 1) F ju@bllys , dr
(14~ 85 9) @ — 1) Flullyg, [bllug, d

t
< Cllullzlblz¢3¢~7) /(1 +(E - ) - TITTG T dr
0
< Cllullzlbllz (T2 3G ~7) + 737369736 7)
2 Cllullz bz (T° + T72),

where o, > 0 and 8, > 0 are satisfied by 0 <s < "(”g—_]) @ —1<s, Loy % and definition of V, that’s
IBu,b)|lz < C(T% + T#)|lul z|bllz.

Making use of the four estimates above, we can establish (3.16) and (3.17). Similar to (3.9) and (3.10), we can get
|®1(u1,b1) — @4 (Uz,bz)HXT
<C(T* + 1% + TP + T2){(lurll 2 + luzliz) llur — uz2llz + (Ib1llz + IIb2liz) I1b1 — b2z},
| ®@2(u1,b1) = Pa(uaz, b2) ||, <2C(T + T + TP - TR)(Ib1llzlur — u2llz + lluzllzllb1 — ballz).

Now, we can define a complete metric space E similar to Step 1 and Step 2, such that 7 is a contract and onto map on E.
Using the Banach’s fixed point theorem, 7 has a unique fixed point in E.
Step 4. For s > "(”U—q) Proposition 2.5 implies [e®ug|ly < C||U0||M3 , and the Proposition 2.7 implies

4ol = 2o ]xsr0 2,0 < C(1+TH) ol

From Propositions 2.8, 2.7, 2.4, 2.3 and 2.2, we obtain

t t

/ Ve~D2pu ® b)dr fe(t‘T)A(u ®b)dr
0 0
<Clu® b||ls+1.oL1T1_q < C”””[HLGL%]_Zq ”b”lsﬂ.oL%LZq < C”u”lsﬂ.o[_%]_q ”b”lS*l-JL%Lq < Cllullizlbl z,

< Csupreo,m)
M; &

” B(u,b) “ y = SUPte(0.T)

s+1
Mg s

and
t

/e(t_T)A(u ®b)dr
0

1 1 1
SC+T2) Ul 2120 1Bls1.012 120 < C(1+ T2 ) ullssro 2 alblissro 200 < C(1+T2) ulizlIbl 2.

1
< C(] + Tf)”ll ®b”15+]v“L%—Lq

2 2
I5+2.0 1214

|Bw.b, <

Thus, it follows from the four estimates above that
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1

| @1(,b) . < C(1+T2)luollg,, +C(1+T)uld +C(1+T3)b]2,

| @2, b) [y, < C(1+T2)lbollus, +2C(1+T2)llullzlbllz.

On the other hand, we can get

|®1 (1, b1) — <P1(u2,b2)||XT <C(1+ T%){(Illh Iz + lluzallz)llur — uzllz + (Ib1llz + Ib21lz) lIb1 — b2l 2},
|®1(u1,b1) — ¢1(”2’b2)||x1 <C(1+ T%){”bl”Z”ul —uzllz + lluzll2)llb1 — ba2liz}.

Therefore, we can use the contraction argument as Step 1 and Step 2 to obtain a fixed point, and the proof of the theorem
is complete. O

In order to prove Theorem 1.2, we need the following lemma.

Lemma3l.Llet1<q<n1<0 <00,0 <V < oo and max{q, 2} < r < 2q satisfy
1 1 1 1 1 1 1(1 1)
—— =<, ———<=-<zl=-+t-).
n q n r 2\q n
Then, we have

n 2

t
n 1 1_1
() SUPc(0.+o0) /(1 -1 EE) x - D) EA+ -1 2P+ 1) dr < o0, (3.18)
0

t

n,1 1 n n _ncl_1
(i) supte(oﬁoo)(l+t)7(ﬁ_7)/(l—i—(t—‘c)*?(%*%))(t—r)*%(l+t—r)*?(l+‘c) "GP dr <00, (319)
0

Proof. We only prove the inequality (3.18), and (3.19) can be proved in a similar way.
n _n2_1 _n(l_1
Let f(t) = [LA+(t—1) G V) t—1)"2(1+t—1) 2772 (14+7)™"@ ") dr, and we show that Sup;c(p 400 f(t) < +00
since there holds %——}7<%, %—%<%<%(%+%) and %—}—%(%—%)—Fn(%—%)}l if1<qg<n.
For t € (0, 3), then

t t t
f(t)<C/(1 +(E—1) T V) —1)"2dr <cf(t—r)*%dr+c/(t—r)*%(%f%>f%df
0 0

0
1

1 n 1 1
<Ctz 40272677 < C < 0.
For t € [3, +00), we divide the interval (0, t) into three parts, i.e. (0,t) :=(0,1]U (1,t —1]U (t — 1,t), then we have

2_1
T

1
n _nec2_1 _nl_1
f(1+(t—r)*i<%*%>)(t—r)*%(1+t—r) G 1+ "G dr
0

1
< C/(l +275@9)27 2 dr < C < o0,
0
and

2

n _nc2_1 _nl_1
/(1+(r—r)—7<%—%>)(t—z)—%(1+t—t) 201+ "GP de

t—1
2

q 1 1_1
<C/(t_r)i%(lH_T)_E(F_a)(lJrr)_"(ﬁ—ﬂclr
1
-1

1_ne,2_1 1_1
gc/(r—r)*f*ﬂ?*a)(l+t)*"<rF>dr
1
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0
<C < o0,
he last inequality holds b f 1_n2 _1 11 d ! —3-5G -G g f
the last inequality holds ecauseot>3,7—7(F—5)—n(E—F)<0an jo(l—‘t) T T < oo for
1_1_1_1,1.,1
7 <r<a2(gtq)
For the last part, we can obtain
t
nel_ 1 1 _ne2_1
/(1+(r—r)—7<rv>)(t—r)—7(1+t—r) 2571+ )@ dr
t—1

t
ng1 1 1
<C / (1+c-v) 2o ) c-1)"2dr
t—1
t t
_1 _nel 1y 1
<c/(t—r) 2dr+C/(t—r) 2e-v)"2dr
t—1 t—1
< C < oo,
by the inequality % — % < %
Combining the estimates above, we complete the proof of (3.18). O

Proof of Theorem 1.2. Similar to the proof of Theorem 1.1, we first show some useful estimates. Proposition 2.4 implies

HemuoHy < Clluolimg, » (3.20)
nel 1
e u0] 7 = SUPLe(0. 00 (1 + 0277 e ug .,
ﬂ(l_l) _E(l_l)
S CSUPe(o, ooy (T+0)200 (A +18) 279 Tuollms ,, < Clluollmg, - (3.21)

Define a real number 7V with —117 -3= % —1, then 0 <7 < oo since there holds max{”(ag_l) -1, "(UG_Z)} <s< ”("U_”.
From Propositions 2.4, 2.3 and 2.2, we have

| B, by = supe(o,+o0) B, b) |

cc _ml_1y -1 13-
SCSUPre04o00) [(T+E—T) 2 V)t —T) 21+t — 1) Clu@bllys, _dr
7,1)

<C _nl_ 1y _1 ,%(%,1)
< CSUPye(p ooy | 1+ E =D 2 D)t =) 21 +£ =) 2T @ lullys, Ibllpge, de

O — . O —

n 2_1

t
_nel_1 _1 _n 11
<C”””Z”b”zSUPte(o,+oo>/(1Jr(f—f) GV t—1) A +t—1) 2D A+ 1) P dr
0

< Cllulizlbllz, (3.22)

the last inequality holds since the conditions of Lemma 3.1 hold. Using Propositions 2.4, 2.3, 2.2 and Lemma 3.1 again, we
obtain

u, 7= supte(o,_mo) + 2 %_% u, MS
|B(u. b)) (1+02 57 [B,b) e
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t
nel 1 nel_1 1 ne2_1
< CSUPye(0.400) (1421 r)/(l+(t—t)_7(3_v))(t—t)_7(1+t—r)_7(7_?)llu®b||Ms£Ndr
0 o
t
<C 14026 P [Arat— 36 t—1)yidat_1)G-D bllys d
< CSUPte(p,400) (T4 1) (1+¢-1) Jt—T) " 2(14+t—1) Nullpg , DN, dT
0
t
ﬂ(l,l) _E(l_l)
< CllulizlIbllz supte(o,+00) (1 + )20 7 [ (14t —7)72'7 V)
0
_1 _n —n(i-1y
x({t—1)2(Q+t—1)"2(1+71) ‘@ 'dr
< Clullzlblz. (3.23)
Combining the estimates (3.20)-(3.23), we obtain the following two estimates
| @1, b)| x < Clluollys,, + Cllul% +ClIbII, (3.24)
| @2, b < Clibollug,, +2ClullzlIbll7- (3.25)
On the other hand, we can get
|®1(u1,b1) — @1(uz.b2) || < C{(lu1llz + luzllz)llur — uzllz + (IIb1llz + lIb2llz)lIb1 — ballz }. (3.26)
|@2(u1,b1) — D2(uz. b2)| , <2C(IIb1llzlur — uzll7 + uzllzllby — ballz). (3.27)

Let Ko := ||(uo,bo)||M3ﬂ = ||”0||M3,a + ||b0||M3“. The estimates (3.24) and (3.25) imply that || 7 (u, b)||x < CKg + CKS. Define
a complete metric space

E:={(u.b)|u.be[C(0,+00: M, (R")]". | (u.b)|, <2CKo}

with the metric d(f, g) = ||f — gllx. Making use of the estimates (3.24)-(3.27), we conclude that there exists a positive
constant g9 < %, when Ko < &g, 7 (u, b) becomes a contract map from E into itself, and the Banach’s fixed point theorem
can be applied. O
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