-

View metadata, citation and similar papers at core.ac.uk brought to you by .{ CORE

provided by Elsevier - Publisher Connector

Available online at www.sciencedirect.com

- 4 d M
AP . MATHEMATICAL
»~ ScienceDirect ANALYSIS AND
APPLICATIONS

J. Math. Anal. Appl. 337 (2008) 1190-1197

www.elsevier.com/locate/jmaa

Convolution properties for certain classes of multivalent functions

Janusz Sokot*, Lucyna Trojnar-Spelina

Department of Mathematics, Rzeszow University of Technology, Rzeszow, Poland
Received 7 March 2007
Available online 3 May 2007
Submitted by Steven G. Krantz

Abstract

Recently N.E. Cho, O.S. Kwon and H.M. Srivastava [Nak Eun Cho, Oh Sang Kwon, H.M. Srivastava, Inclusion relationships
and argument properties for certain subclasses of multivalent functions associated with a family of linear operators, J. Math. Anal.
Appl. 292 (2004) 470—483] have introduced the class SZ;, <(n; p; h) of multivalent analytic functions and have given a number of
results. This class has been defined by means of a special linear operator associated with the Gaussian hypergeometric function.
In this paper we have extended some of the previous results and have given other properties of this class. We have made use of
differential subordinations and properties of convolution in geometric function theory.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Let A, denote the class of functions of the form

o
f@=2"+Y a7 (peN:={1,2,3,..}) (1)

k=1
which are analytic and p-valent in the open unit disc U = {z: |z| < 1} on the complex plane C. Let S*, K denote
the subclasses of A; consisting of starlike and convex functions, respectively. If f and g are analytic in U, we say
that f is subordinate to g in U, written f < g, if there exists the Schwarz function w, analytic in U with w(0) =0
and |w(z)| < 1in U such that f(z) = g(w(2)) (z € U). If g is univalent and g(0) = f(0), then f(U) C g(U) follows

/=g
For f(z) = Z,fio argz* and g(z) = Z/fio byz* the Hadamard product (or convolution) is defined by (f * g)(z) =
Z/fio agbpz*. Forae R,c € R \ Z, , where Z; :={..., =2, —1, 0} H. Saitoh introduced in [6] a linear operator

Ly(a,c): A, — A,
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defined by
Ly(a,o)f@)=¢pla,c;2)* f(z) (zeU; feA,) )
where
o @k gy
ppla.ciz)i=) —=7 (zeU), 3)
! (O

and (x) is the Pochhammer symbol defined by

Ok = 1 fork =0,
=T xx+1)--(x+k—1) forkeN={1,2,3,...}.

The operator £,(a, c) is an extension of the Carlson—Shaffer operator (see [1]). In [2] Cho, Kwon and Srivastava
introduced the following family of linear operators I; (a, c) analogous to L, (a, ¢):

I},(a, ) Ay — Ay,

Tha. O f@) = ¢ha.c;)* f2) (a.c€R\Zy, A>—p. zeU; fed,), @)

where ¢; (a, c; z) is the function defined in terms of the Hadamard product (or convolution) by the following condition
7P

$pla,c;2) xPla, c;2) = (1 —z)r+p’

®)

where ¢, is given by (3). Now we find the explicit form of the function ¢Z, (a, c; z). It is well known that for .+ p > 0

o]

Z _ ()‘+p)k k+1
(1_z)x+p_2 o e
k=0
Thus
Pk sy
(l—z)”l’_; Koo ©

Putting (3) and (6) in (5) we get

oo oo

Z @Zkﬂ’ *¢;(a,c; 7) = Z Mzkﬂ’_

im0 () parSELL

Therefore the function ¢>;f, (a, c; z) has the following form

]

o SO DU
¢p(a,c,z)—]; @ C (z€U). 7)

The authors of [2] have obtained the following properties of the operator Z IA, (a,c):

zf'(2)

Ip+1,D)f(@)=f@) and Ty(p,1)f()= - )

ATha+ 1,0 @) =aTia, o) f () — (@ —pIpa+1,0f(2), ©
and

2(Thia, o) () =+ p)TyH (@, ) f(2) = ATj(a, o) f(2). (10)

Let AV be the class of functions & with the normalization 4(0) = 1, which are convex and univalent in U and satisfy the
condition Re[/(z)] > 0 for z € U. In [2], by using the operator I[);(a, c¢)for0<n<p, peN,heNN,the following
subclasses of A, have been defined:
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2(Zp(a, o) f(2))
Ix(a,c) f(2)
1+ Az
"1+ Bz
and by applying the properties (8)—(10) many of interesting results have been proved. In particular the several inclusion
properties of the classes Sg’c(n; p; h) were investigated. In [2] the authors presented a long list of papers connected
with the operators (2) and (4) and classes of functions defined by means of those operators. Thus we refer the reader

to [2]. In this paper we continue and extend the consideration of the paper [2]. We recall here the fact that, Dziok and
Srivastava [3] have introduced and considered more general the Dziok—Srivastava operator

S,’}’C(n;p;h)z{feA,,:pin( —n><h(z),z€U},

S .(n; p: A, B) :=S$,C(n;p > (—1<B<A<L1)

Hplar,az,...,aq5¢1,¢2,...,¢532) L Ap > Ap
such that
Ty, o) f(2) =Hp(h+ p,c,a;2) f(2).

In [3] Dziok and Srivastava, by using the operator #,, have introduced and deeply examined a class of p-valent
functions with negative coefficients. This class and the class Sj’c(n; p; A, B) are equal for suitable chosen parameters.

2. Inclusion properties
The following lemmas will be used in our investigation.

Lemmal.Leta,al,azeR\ZO_, c,cl,czeR\ZO_.ThenforzeU

¢h(a,ci:2) =dl(a, c2:2) x pplcr, c2:2) (11)

and
¢h(ar,c:2) = (a1, c;:2) % $plar, az; 2). (12)

Proof. From (7) we have

oo oo

Sh@ e =Y A+ pi(ci Y A+ pile)k (e =

T . .
k(@) Nae e’ | T cndndplen i)

k=0 k=0

and the condition (11) is proved. The proof of (12) is similar to that of (11) and the details involved may be omitted.
The proof of Lemma 1 is thus completed. O

Lemma 2. (See [5, p. 54].) If f € K, g € §*, then for each analytic function h
(f *hg)(U)
(fx8)(U)

where coh(U) denotes the closed convex hull of h(U).

Ccoh(U),

Lemma 3. (See [5].) Let O <a < B. If B =2 or a + B > 3, then the function
(0.¢]

ACHEIEDY

k=0

@k k41

(B

belongs to the class K of convex functions.

(zelU)

Remark 1. Lemma 3 is a special case of Theorems 2.12 or 2.13 contained in [5].

From (4) and (7) we directly obtain the following useful conclusion.
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Corollary 1. If f(z) =z +a p+1zp+1 + .-+, then the Cho—Kwon—Srivastava operator has the form

o0

Tha.o)f@) =)

k=0

A+ plk(©k

+k - -
@ apskz?’™ (z€eU)(aeR\Z;, ceR\Z;, 1> —p).

Leta, B € C,y € C\ Z, . Then the function

(@) k(B *

2Fi(e, B,y 2) ZZ 13162)%

k=0
satisfies the hypergeometric differential equation
21 —2w" @+ [y — @+ B+ Dz]w'(z) —afw(z) =0

and is called hypergeometric function. Thus we can rewrite Corollary 1 in the following form.

(zel),

Corollary 2. If f(z) =z" +ap12°T' + -+, then
Tha. o) f(@)=[z" 2P+ p.c,a; )| x f(z) (zeU)(aeR\Zy, ceR\Z;, k> —p).

Theorem 1. Let 0 <ay <ap, c€ R\ Z;, he N and

1
Re[h(2)] >1——— (z€U). (13)
p—n

Ifar 22 oray +ax > 3, then
S} o0 pi ) CShy (0 pi h).

Proof. Let f € S}, .(n: p; h). Then from the definition of the class S} .(n; p: h) we have

1,¢

1 Z(I;(al,c)f(z))/ )
- =h
p_"( Tha,of@ (@)

where £ is convex univalent in U with Re /4(z) > 0 and |w(z)| < 1 in U with w(0) =0 = h(0) — 1. Therefore

2(Tplar 0 f (@)

=(p—nh , 14
Thar, 0 f ) (p —mh(w(2) +n (14)
and
l=p 72 , /
zlz (f(al o) f(2)] (= (@) +1— p 1 < 1+z. (15)
!PT (a1, 0) f(2) I=z

Applying the definition of Iﬁ (a, c¢) and (12) and the properties of convolution we obtain

d@p@ ) f @) zpplarci)* f2)  zpplar,ci2) * pplar, azi 2) * £(2)

i@, 0f@ gl f@)  ¢panci)xdplaran) * f2)
_¢plaran) xz@ha ) fR) dplarax2) x2(Tyar,0) f(2))
B ¢p(a1,a2;z)*¢;(a1,c;z)*f(z) B ¢plar, az;2) x Ij(ar, ) f(z)

Therefore by using (14) we obtain
1 (z(Iﬁ(az,c)f(z))/ B ) R <¢p(a1,az; 2) % 2T (a1, 0) f(2)) B )
p—n\ Tia o) f () Cp—n\ plar,ax2) «Tiar,c) f(2)
1 (¢p(a1,az; 2) *[(p — Mh(@(2)) + N, (a1, ¢) f(2) B )
$p(ar.az:2) * Ih(ar,0) [ ) )

(16)
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It follows from Lemma 3 that zl_qup (a1, az; 2) € K and it follows from (15) that zl_I’II); (a1, c) f(z) € S*. Letus put
s(w(z)) :=(p —n)h(w(z)) + n. Then applying Lemma 2 we get
{[z'P¢, (a1, a2; 2)] % s(@)2' P T} (ar, ) fIU)
{lz!=P¢p(ar, az; 2)1 x 21 =P Th (a1, o) f1(U)
because s is convex univalent function. Therefore we conclude that
1 ({dplar, a2 2) * s(@)Ty(ar, o) fYU)
p—n ( {pp(ar, az; 2) % I(ar, o) FYU)

and hence that (16) is subordinate to the convex univalent function 4, and finally that f € 52”2,6(77; p; h). The proof of
Theorem 1 is completed. O

- c_os(a)(U))

- n) S h),

Theorem 1 is a generalization of the result [2] of the form: If @« > p and A > 0, then Sé’c(r/; p;h) C SZ;H_C(n; p; h)
(heN). '

Theorem 2. Leta € R, 0 < ¢y < ¢2, h € N and let h satisfies (13). If c; > 2 or c1 + ¢ = 3, then
S} ey (03 P 1) C Sy, (03 pi ).

Proof. Let f € S,ﬁ‘ (n; p; h). In the same way as we have obtained (15) we get

1-p IA , 1
2lz (fm ) f ()] (- (@) 47— pt 1< an
PT(a, ) f(2) I—z

Using (11) and the same arguments as in the proof of Theorem 1 we obtain

dTpa.c) @) @@, ci; )% fR) 2@, 23 2) * $pler, 2;2) x f(2))
Tpacnf@  giacxf@)  ¢hlacnxdpleren)  f(2)
_ppleren) wz(ppla, e ) x f(2)) | dpler, a3 ) x 2Ty, ) f(2)
B dplci,ca;2) % qb;f,(a, 2;2) % f(2)  p(er,c2;2) *Ih(a,c2) f(2)

Therefore we get

1 (2@, e f@) 1 (dpler,caz)*2(Tp(a, c2) f(2))
p— 77( Tha,enf() ) - n( $p(cr.ci0) xThla. ) f(R) )
1 dplcr,c2;2) % [(p —Mh(w(2) + n]I,*,(a, c2) f(2)
P-U( ¢plcr,c;2) *Ih(a, c2) f(2) —?7)-
By Lemma 3 we have zl_l’¢p(c1, ¢2;z) € K and by (17) we have zl_plg(a,cz)f(z) € §*. Hence, by virtue of

Lemma 2, we conclude that (18) is subordinate to /& and consequently f € SaA
of Theorem 2. O

(18)

(n; p; h). We thus complete the proof

sC1

Remark 2. In [2] there are no results concerning inclusion relationships between the classes S 2‘ <(n; p; h) with respect
to the parameter c. The above theorem is thus the essential supplement of the results of [2].

Corollary 3. Let 0 < a; < ap and ap > min{2,3 — a1} and let 0 < ¢ < ¢ and ¢ > min{2, 3 — ¢1}. Then for % >

1 — - we have
p—n

Sy (1 pi A,B)C S, . (n: p: A, B) C S}, ., (n: pi A, B).

Proof. Take (z) = {245, —1 < B < A < 1. Then we have h € A and Re[(2)] > 1 — ,,1,7, z € U. Thus applying

Theorems 1 and 2 we obtain the desired result. O
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3. Coefficients estimates

Theorem 3. Let f(z) =z + ap_Hzp"'1 + ap+2zp+2 +--- If fe S;\,C(n; p; h) and the function h satisfy (13), then

(k + Da)k

—— k=0,1,2,....
A+ P

|ap+k| <

Proof. If we put a; = a in the formula (15), then we have
2 TPTha. o) f(z) € SF

because f € 52,0(772 p; h) and Re[h(z)] > 1 — ﬁ. Therefore by Corollary 1

o]

A+ i)k 1 o
Z Wﬂp+kz €S ,
k=0
and by using the estimation of (k 4 1)th coefficient of starlike function we obtain
A+ POk
_ <k+1, k=0,1,...,
Ry SET

which ends the proof. 0O

Remark 3. If () = ﬁ [ETZZ + p — n], then the above estimates of coefficients become sharp. The extremal function
is
o
(k + D@
fo) =)  ————=7.
— (O.+ P

Then we have

1 I:Z(I;(G,C)fO(Z))/_ ]_ 1 [Z[Zlfo_o(k+l)zp+k]/_ }_ | [ZZ . _}
p—nL I}, o) fol2) o=l X,k + Dzt =— p—nl.

4. Structural formula

Theorem 4. A function f belongs to the class S;‘y (m; p; h) if and only if there exists a Schwarz function w(z) such

that
(& k@ 10, / (p = Dh@®) ~ 1]
J@= [Z PO ] ! |:Z eXpO t )

k=0

Proof. Let f € S;c(n; p; h). Then from the definition of the class Sg’c(n; p; h) we have
1 (2Zha,0) f @)
( f —n) =h(w(2)),
p—n\ Zj(a,0)f)
where h € N and |w(z)| < 1 in U with w(0) = 0 = h(0) — 1. Therefore

(Z,@af@) p_(p=mh@@) = (p—m

i@ of@@  z z
Thus

Z t

log I?a(a’i)f(z) Z/' (p—mlh@) -1
0
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Therefore from (4) and (7) we obtain

Z
A+ pi(k (p—mh(w(®) — 1]
f(2)* Z @ P =zPexp p d
0

and our assertion follows immediately. O

Corollary 4. A function f belongs to the class 82" (m; p; A, B) if and only if there exists a Schwarz function w(z)
such that

R )T I j(p—n)(A—B)w(r)
f(Z)_[kz::O(Hp)k(c)kz ]*[Z I TIES

Remark 4. If we apply the previous theorem to the functions

A S
h(z)=1+[2(p1 _ni U oes

then from the structural formula we obtain the function fj (compare this with Remark 3).

Lemma 4. Let H be starlike in U, with H(0) =0 and a #0. If P(z) =a + a,7" + - - - is analytic in U and satisfies
zP'(2)
P(2)

<H(z) (zel),

then
P(Z)<q(z)=aexp|:n1/H(t)t1dti| (zel),

and q is the best dominant in the sense that if P(z) < q1(z), then q(z) < q1(2).
Miller and Mocanu proved Lemma 4 in [4, p. 76] taking advantage of a more general result due to Suffridge [7].

Theorem 5. If f € S (n p; h), then

Th(a, - —
BN g [ =000 ey

zP

Proof. Let P(z) = z"’Z},(a, ¢)f(z) =1+ajz+---. Then from the definition of the class 82,0(17; p; h) we obtain
ZP'(2)
P(2)

The function H(z) = (p — n)(h(z) — 1) is starlike because /(z) is convex univalent function. Applying Lemma 4 we
conclude that

<H@)=p-n(hk) —1) el).

P(2) <exp/ @d

0
Corollary 5. If f € Sk .(n; p; h) and f(2) = 2P + app1zP T + -+, then

i G+ Pl /(p—n)(h(t) -,

(@ Ptk w2k < exp (zeU).

k=0
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Proof. It follows immediately from Corollary 1 and Theorem 5. O

Corollary 6.If f € S} .(n; p; A, B) and f(z) = 2P + apy127 T + -+, then

T*(a, —B)(p—1
p(d;)f(Z) <+ BYEER o,

5. Convolutions with convex functions

Theorem 6. Let L. >0, a > p, ¢ € K, h € N and let h satisfies (13). Then
fest.mpihy = [P7'¢]* feSk (npih).

Proof. Let f € Sj’c(n; p; h) and let ¢ € K. By applying the properties of the convolution and (14) we have

2(@a, (@' ) * @) z(hla.c;) * @ p@) * f(2)
Ih(a,c)((zP7'¢) * ) (2) B ¢;(a,c; 2)* (PP (2) * f(2)
_ @@ *2@pla.cia) x £
@ 1p() xp)(a ;) % £ (2)
@71 p(2)) % 2(Th(a. o) f(2))
(2P~ 19(2) x 2T (a, o) f (2)
@@ *2l(p — Mh(@ () + 11T, 0) f (2)
B (zP~19(2) * 2T} (a, ) f(2)

19)

Let us put

Py e (z(I,ﬁ(a,C)((z”‘%)*f)(z))’ - >
T p—n\ Tha, o (@1e) x ) '
Then, by using (19), we obtain
1 <¢(Z) *[(p = Mh(@(2) +nle' T, 0) f(2) 3 )
$(2) %2 PTh(a, ) f () )

From (15) it follows that zl_l’Iﬁ (a, c) f(z) € §*, hence, by applying the arguments similar to those used in the proof
of Theorem 1, we conclude that F < h and ¢ x f € 82’ +(m; p; h). This completes the proof. O

F(z) =
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