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This work is a continuation and extension of our earlier articles on irreducible
polynomials. We investigate the irreducibility of polynomials of the form g(/(x))
over an arbitrary but fixed totally real algebraic number field L, where g(x) and
f(x) are monic polynomials with integer coefficients in L, g is irreducible over L
and its splitting field is a totally imaginary quadratic extension of a totally real
number field. A consequence of our main result is as follows. If g is fixed then,
apart from certain exceptions f of bounded degree, g(f(x)) is irreducible over L for
all f having distinct roots in a given totally real number field.

1. INTRODUCTION

Let f(x) denote an arbitrary monic polynomial having distinct integer
roots. I. Schur conjectured (see [22,5]) that for g(x)=x"+1, n> 1,
g(f(x)) is irreducible over the rational field Q. Later Brauer et al. [6] posed
the question of the irreducibility over Q of g(f(x)) for arbitrary irreducible
polynomials g(x) € 7|x] and showed that if g(x) is of degree <4 and
different from cx, then, up to the obvious translations x - x + a with a € Z,
there are only finitely many f(x) with distinct integer roots for which g(f(x))
is reducible and these f can be effectively determined. When g(x) is linear,
this statement can be deduced from an earlier theorem of Polya [18].

Numerous authors obtained results in this direction (for references see,
e.g., [6,19,25,7,8,15]). For polynomials g(x) of higher degree the first
results were established by Seres [23-25]. In [25,26] he proved Schur’s
conjecture in a more general form. Further, he solved [27] the Brauer-Hopf
problem in the above sense for every g(x) whose roots are complex units of a
cyclotomic field.

In [7] the Brauer—Hopf problem has been settled for a much wider class
of g(x), namely for every monic polynomial g(x) whose splitting field is a
totally imaginary quadratic extension of a totally real number field.
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Furthermore, the results of [25-27] have been generalized to these
polynomials g(x).

In [7, 8] we extended our investigations to the case when the /' € Z[x] are
monic polynomials having distinct real roots. We showed {8] that in this
more general situation one can get general irreducibility theorems only if
m =deg(f) is large relative to the degree of the splitting field of for if m is a
prime, and we obtained [8] in both cases general results. In order to
formulate and prove our irreducibility theorems we associated to every pair
of polynomials f, g a certain graph with vertex set consisting of the roots of
f(x) and showed [7] that if this graph has a connected component with s
vertices, then the number of irreducible factors of g(f(x)) is not greater than
[deg(f)/s]. Applying a theorem of Baker (]1]; see also [2]) concerning the
Thue equation, we proved [8] that if m = deg(f') is sufficiently large relative
to g(0) and certain parameters of the splitting field of f(x) then the graph in
question has a connected component with at least |(m + 1)/2] vertices and
so, in view of our estimate cited above, g(f(x)) is irreducible or the product
of two irreducible factors of the same degree. We conjectured [8] that here
the lower bound [(m + 1)/2] can be further improved (i.e., that for fixed
g(x), g(f(x)) is always irreducible if m is sufficiently large).

The resolution of a diophantine problem |[12] enabled us to confirm |13]
the above conjecture. In this paper, using our recent theorems [13] on the
graphs mentioned above and a theorem of [11]|, we considerably improve
and generalize the results of [25-27, 7,8] concerning the Brauer—Hopf
problem. We obtain general results on the irreducibility of polynomials of
the form g(f(x)) over an arbitrary but fixed totally real algebraic number
field L, where f(x) and g(x) are monic polynomials with integer coefficients
in L, the roots of f are totally real and distinct, g is irreducible over | and its
splitting field is a totally imaginary quadratic extension of a totally real
number field. Our main result (Theorem 1) implies that if g is fixed then,
apart from certain exceptions f of bounded degree, g(f(x)) is irreducible over
L for all f having distinct roots in a fixed totally real number field. For
polynomials g of the above type Theorem 1 may be regarded as a solution of
a generalized version of the Brauer—Hopf problem.

We show that our theorems cannot be extended to arbitrary number fields
L and to arbitrary irreducible polynomials g(x) with integer coefficients in .

2. NOTATION

Before stating our theorems, we establish our notation and make some
preliminary remarks.

Throughout Section 3 L and K denote totally real algebraic number fields
with ring of integers Z, and 7, respectively. We suppose that L < IK. Let /,
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D, and R, (resp. k, Dy and Ry) be the degree, the discriminant and the
regulator of I (resp. of K). Let r denote the number of fundamental units in
K and let R¥ = max(Ry,e). We signify by y,(x) the number of pairwise
non-associate algebraic integers f in K with [Ny (B)] < x. We have (see

[29])
w(x) < e | D |V *+ D (log | 2D ) x. (1)

Let f. g € Z,[x]. In order that g(f(x)) be irreducible over L, it is necessary
that g(x) be irreducible over L. However, this condition is not sufficient in
general. Under the condition below concerning the splitting field of g we
obtain general irreducibility theorems for the polynomials g(f(x)). In order
to briefly state our theorems we introduce the following notation:

Let G > 1 denote an arbitrary constant and let P,(G) denote the set of
monic polynomials g€ Z,[x] having the following properties: g is
irreducible over I, the splitting field of g over L is a totally imaginary
quadratic extension of a totally real number field and

[NLo(gO))'"" < G, (2)

where n = deg(g).

It is obvious that, e.g., Py(G) contains all cyclotomic polynomials and
P, (G) contains infinitely many cyclotomic polynomials for every G > 1.

The polynomials f, f* € Z,[x] will be called Z,-equivalent if f(x)=
S*(x +a) with some a€ Z,. Clearly g(f(x)) and g(/*(x)) are simul-
taneously reducible or irreducible over I for any g € Z, {x].

As usual, Ffl will denote the maximum of the absolute values of the
conjugates of the coefficients of a polynomial f(x) with algebraic coef-
ficients.

3. THEOREMS

First we show that if g € P,(G) for some G > 1, then, apart from certain
exceptions, g(f(x)) is irreducible over L for all f € Z,[x] having distinct
roots in K. To simplify the description of the exceptions we remark that
among the polynomials f, g under consideration there exist monic
polynomials f, g € Z, [x] with the following properties:

Sx)=L1x)fox),  where fi(x) = fo(x) =€ Ly,
[ix) = O € Z,[x), f0)E 2,y i= 1,2, 3)
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and ¢ is a non-zero totally real algebraic integer with |L(f):L]< 2. Each
root f € C of g satisfies

B=0(p—1), (4)

where ¢ + f,(0) € Z,;, with some non-zero p € Z, 4 -

It is easy to see that, e.g., f(x)=(x+#)x (0#t€ Z,) and the minimal
polynomial g(x) of i(i —f) over L satisfy (3) and (4). Further, if \/d € K for
some non-zero d€ Z, and a’—db* =t with non-zero a,b€ Z,, then
f(x) = (x* — 2ax + t)(x* — 2ax) and the above g(x) also have the required
properties. Further (more complicated) examples can be found in [8].

In the case of polynomials f, g having the properties (3) and (4)

fx) = B=(/i(x) —o)(fa(x) + 9)

over [ (#) and so, by Lemma 1, g(f(x)) is reducible over L. Further, if
g € P,(G), then by Lemma 2 | N ,,,o(5)] < (2'G)1H0:H,
Our main resuit is then as follows:

THEOREM 1. Let L, K and P,(G) be as above, and let f € Z,|x] be a
monic polynomial of degree m with distinct roots in K. If g(f(x))} is reducible
over L for some g € P,(G) then

(i) mis even and <2(r + 1) wi(C), f is of the form (3), each root of g
satisfies (4) and g(f(x)) is the product of two irreducible factors of equal
degree, or

(i) 2<m<2C% f is 7,-equivalent to a polynomial of the form
N %) € Z, | x|, where m is a unit in L, f* € Z, x| satisfies

|/ *] < exp{m(k + 2) C'*(log C)*} &)
with
C= max{(2G2/t)k, |DK|kZ(log I 2DK|)2r/5
X exp[(25(r + 3)k)?°"* PR log R} ])

and g*(f*(x)) is reducible over L where

gr(x)=n"""g(n"x) € P,(G),  n=deg(g).

For L =Q and [K:Q]<«<2 this result was proved in [7,8] as a
generalization of some theorems of Seres [25, 27], The special case L = Q of
Theorem 1 is a considerable improvement of the main result (Theorem la)
of |8]. As remarked in the Introduction, in case of polynomials g € P,(G)
our above theorem may be regarded as a solution of a generalization of the
Brauer—-Hopf problem.
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As we mentioned, there exist polynomials f, g with property (i) and these
exceptions are connected with the Tarry-Escott problem (cf. [21, 8]).
Further, for suitably chosen L and K there are infinitely many g and, for
each of these g, there are infinitely many pairwise inequivalent f such that f,
g have the property (i), but do not have the property (ii). This is the case,
e.g., if | =Q and K contains a quadratic subfield (see [8] and the second
example given before Theorem 1). In these examples ¢t € Z, , but it is easy to
construct polynomials f, g satisfying (i) with ¢ & L. Finally we remark that
for suitable f there are infinitely many g for which (i) holds.

There exists f € 7, |x] such that £, g have property (ii) for infinitely many
g € P,(G) (see, e.g., the exceptions in Theorem 6 of [7]). Apart from the
exceptions f, g described in (i), Theorem | reduces the question of the
irreducibility of polynomials g{f(x)) in question to that of the irreducibility
of g(f*(x)), where the polynomials /* € 7, |x| satisfy (5) and deg(/™*)=
m < 2C°. Clearly there are only finitely many f* with these properties and
these f* can be effectively determined.

It is evident that in case (ii) the reducibility of g*(f*(x)) implies the
reducibility of g(f(x)). By using a well-known algorithm of Zassenhaus [31]
we can check whether g*(f*(x)) is reducible over L.

Since R, >0, 373 (see [17]), from (1) we get 2(r + 1) wx(C)< C’ and
Theorem 1 yields the following:

CoROLLARY. Let f(x), C and P,(G) be as in Theorem 1. If deg(f) > 2C°
then g(f(x)) is irreducible over I for every g € P,(G).

This corollary also improves and generalizes the main result of |8].

It is easy to verify that if p € Z, [x] is a monic irreducible polynomial over
L, its splitting field is totally real, a,...,a, € Z, are distinct and m is
sufficiently large then f(x) = p(x + a,) --- p(x + a,,) satisfies the conditions
of the above corollary.

THEOREM 2. Let L, K, C and P,(G) be defined as in Theorem 1, and let
[ € Z,|x) be a monic polynomial with more than max(deg(/)/2 + 1, 2C*)
distinct roots in K. Then g(f(x)) is irreducible over I for every g € P,(G).

In the case L =K =Q a slightly more precise result was established in
[7].

Theorem 2 also constains the above corollary of Theorem 1.

Our Theorems 1 and 2 do not remain valid for any number field L and for
any monic irreducible polynomial g € 7, [x]. Indeed, let L <K be any (not
necessarily totally real) algebraic number fields having infinitely many units,
S € 7Z,]|x] a monic polynomial of degree m whose roots are distinct units of
K and g(x)=x— f(0). Then |N, ,(g(0)) =1, m can be arbitrarily large
relative to C and x| g(/(x)) in Z, [x].
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We consider next the case when the polynomials f € Z,|x| are of prime
degree. As usual, D(f) will denote the discriminant of a polynomial f(x).

THEOREM 3. Let | and P,(G) be as in Theorem 1, and let f € Z|x| be
a monic irreducible polynomial over | with totally real splitting field. If
deg(f) = p is a prime and

INLoDUN > (2'Gy PP (6)

then g(f(x)) is irreducible over L for every g € P,(G).

The case of Theorem 3 when L = Q was proved in [8].
Theorem 3 together with Theorem 1 of [11] gives the following:

THEOREM 4. Let L and P,(G) be as in Theorem 1, and let f € Z, |x] be
a monic irreducible polynomial over | with totally real splitting field. If
deg(f) = p is a prime and g(f(x)) is reducible over |_ for some g € P,(G),
then f is 7,-equivalent to a polynomial of the form nf*(n~'x), where n is a
unit, f* € 7, |x| satisfies

[/*] <expie,[(ID,| G*~')*(log |2D, G|+ |} (7

with an effectively computable positive constant ¢, = c,(l, p) and g*(f*(x))
is reducible over I, where g*(x)=n"""g(n’x) € P,(G), n = deg(g).

Our Theorem 4 generalizes Theorem 2a of [8] and Theorem 4 of |10].

There are only finitely many f'* € Z, [x| of degree p with the property (7)
and all these f* can be effectively determined. Similarly to Theorem 1,
Theorem 4 reduces the problem of the irreducibility of polynomials g(f(x))
of the type considered to the case of the polynomials g(f*(x)).

Proposition 6 of [8] shows that our Theorems 3 and 4 cannot be extended
to polynomials f of composite degree. Further, Theorems 3 and 4 do not
rermain true if the splitting field of f or of g does not possess the required
property (see, e.g., Proposition 7 in [8]).

4. LEMMAS

To prove our theorems we need some lemmas. We keep the notations of
Section 3, but without assuming that the fields L, IK are totally real.

Lemma 1. (Capelli). Let L be any algebraic number field, f, g € 7, |x|
monic polynomials, g irreducible over | and f one of the roots of g in C. If

Sy =1 )
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is the irreducible factorization of f(x)— f over L(B) then

g(f(x))= U (N(ni(x)))ki (N denotes Ny g)c)/1x))

is the irreducible factorization of g(f(x)) over L.

Proof.  See |30] or [20]. We remark that Capelli proved this theorem in
a less general form (cf. [30]).

LEMMA 2. Let M be a totally imaginary quadratic extension of a totally
real algebraic number field, and let o and 8 be non-zero algebraic integers in
M. If a/f is not real and a + B is real then

Nao (55 ) < Voot

Proof. This is Corollary 3.2 in [9].

Let M be an arbitrary algebraic number field, and let . ={«,,....,a,} be a
finite subset of Z,,. Using the terminology of |4], for given N > | we denote
by %,,(+, N) the graph whose vertex set is .« and whose edges are the unor-
dered pairs [a;, ;] having the property

|Nygjola; —a;)) > N.

It is clear that the graph %,,(.%/, N) defined above is uniquely determined by
M, =/ and N.

LEMMA 3. Let M be as in Lemma?2, f, € Z,,|x] a monic polynomial
with real coefficients, a,,...,0, s > 2 distinct real algebraic integers in M,
and f§ a non-real algebraic integer in M. Let &/ = {a,,.... a,}, and let M’ > M
be any totally imaginary quadratic extension of a totally real algebraic
number field. If the graph %,(s/, N, ,(2B)) is connected then
F(x)=filx)(x—a,)--- (x —a,) — B has no irreducible factor of degree less
than s over M'. If in particular s > deg(F)/2, then F(x) is irreducible over
M.

Proof. This is Lemma 7 in [8]. It is not valid for arbitrary number fields
M, M’ (see |7, 8]). Further, the estimate given for the degree of irreducible
factors of F is in general best possible (cf. [8]).

Now let K be an arbitrary algebraic number field with the parameters
specified in Section 2. Suppose

N >|Dy|*(log |2Dk )™ exp{(25(r + 3)k)**" " PR} log R (8)
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and consider the graph (s, N), where & = {a,,..., a,,} is a finite subset of
Z, with m > 2 elements. Let [a] denote the maximum of the absolute values
of the conjugates of an algebraic number a.

LEMMA 4. Let N and %y(s/,N) be as above. Then at least one of the
following cases holds:

(i) Zi(s/,N) has a connected component with more than m/2
vertices,
(ii) m is even and <2(r+ 1) yi(N), % (=, N) has two connected
components with m/2 vertices and both components are complete,
(iii) m<2N° and there exist a unit € in K and a; € Z, such that
a;—a;=c¢ay for all a;,a; € & and

max [a;] < exp{N'"(log N)*}. 9)
o

Proof. This lemma is a simple consequence of Theorems 1 and 2 of [13]
(see also the remark after Theorem 1 in [13]).

LEMMA 5. Let %,(%/, N) be defined as above with N satisfying (8) and
suppose that the number m of vertices of %,(=/, N) is greater than 2N°. Then
Z(&, N) has a connected component with at least m — 1 vertices.

Proof. Lemma 5 is an immediate consequence of Theorem 2 of [13].

LEMMA 6. Let M and M' be as in Lemma 3, K a real subfield of M,
Uypsees Ay M2 2 distinet algebraic integers in K and f a non-real aigebraic
integer in M. Suppose that N satisfies (8) and N> N, ,(2p*)"/"™*\. If
Fx)=(x—a,) - (x —a,,)— B is reducible over M’ then

(i) mis even and <2(r+ 1) wx(N), (x —a,) - (x — a,) = /1(x) /5(x)
with fi(x) = filx)=tE€ Ly and Ny () KNy o(28). B=olo—1) with
p€Z, and

F(x) = (fi(x) — 0)(/2(x) + ¢)

is the factorization of F into irreducible polynomials in M'(x], or

(i) m<2N°, there exist a unit ¢€K and ;€ 7, such that
a;— a; = ga;; for all a;, a; and (9) holds.

By the help of the example mentioned after Theorem 1 it is easy to show
that in Lemma 6 both cases (i) and (ii) can occur.

Incase ()p+ (t—9)E Z,, and —f=9(t —¢) € Z,,, hence either p € Z,,
or ¢ is a quadratic algebraic integer over M.
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In case (ii) F(x) is Z-equivalent to x(x — ea,,) -+ (x — ea,,,) — B and this
polynomial is reducible over M’ if and only if x(x—a,,) - (x—a,,,)—&~"f
is also reducible.

Proof of Lemma 6. We shall use some ideas of the proof of Theorem la
of [8].

Suppose that F(x)=(x —a,) --- (x —a,,) — [ is reducible over M’. Write
& ={a,,..., a,} and consider the graphs % (', N) and 7, (", N,,,,(26)). It
foliows from

|Ngola; —a;) > N
that

NM/Q(a:' - aj} > NIMK] P N_.wo(zﬂ)-

Hence any edge |a;. a;| of (o7, N) is an edge of %,(+, N,,,,(28)). Since
F(x) is reducible, by Lemma3 %,(%,N,,,(28)) has no connected
component with more than m/2 vertices and so £ (%, N) has the same
property. Consequently, by Lemma 4 Z, (2, N) has the properties (ii) or
(ii1) specified in Lemma 4.

First suppose that £, (%, N) has the property (ii) occurring in Lemma 4,
i.e., that m is even, say m=2m’, m < 2(r + 1) yx(N), Z(+/, N) has two
connected components with m’ vertices and both components are complete.
Since %,(«', Ny;,0(26)) has no connected component with more than m’
vertices, it has the same structure as %, («, N). Thus by Lemma 3 F(x) is
the product of two irreducible polynomials of degree m’over M’. Suppose,
for convenience, that a,...., a,. and a,., .., @, are the vertex sets of the
connected components of Z (&, N). Write fi(x)=(x—a,) - (x —a,),
LH(x)=(x—ay. ) (x—a,)and

F(x) = fi(x) /1(x) — B = m,(x) 7,{(x), (10)
where 7,, 7, € Z,,.[x] are monic irreducible poiynomials of degree m’ over
M’. Then

7,(x) = f1(x) + @, (x) = fo(x) + @,5(x),

(11)
To(x) = f1(X) + 0,,(x) = f5(x) + 05(x),

with polynomials @,,(x), #,,(X), 92,(x), 92,(x) € Z,,.[x] of degree <m' — 1.
By the definition of f;(x)

¢y (a)=m(a)#0, i=1,.,m'.
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Since [a;, ;] is an edge of Z (7, N) for all i, j with 1 i, j<m’, so
Nyjola; —a) > NN > Ny 0 (267)
= Z[M':Q]Nw/g(”n(ai) my(a;) my(ay) ”2(0‘1'))
> 2[M,:Q]NM’/Q(nl(ai) nl(aj))
= 2[M’:Q]Nn1'/q((ﬂ11(ai) ¢11(aj)) > 0.

Consequently, by Lemma 5 of [8] we get

@1(x) =p11911(x)

with some p,, € M’ (where ¢,,(x) denotes the complex conjugate of ¢,,(x)).
We can prove in the same way as above that ¢,,(x) = p,,0,,(x), 93,(x) =
P21921(x) and @55(x) = P33 9(x) With pyy, Py, Py € M.

We follow now the argument of the proof of Theorem la of [8].
Equation (11) implies

my(a;) _ ¢1,(a;) _
m(a)  oa(ay)

my(a;) — 91,(a;) _
T (a;) ou(a;)

p,, and s1s I= L, m'.

This together with (10) gives

_ Ig_ m(a;) my(a;) _
_B- my(a;) my(e;) ~ by

and similarly p,,p,, =p. In view of (11), (10) may be written in the form

Six) f,(x) — B
=7,(x) m(x) = {/1(x) + 0, () HS2x) + 95,()},

whence
—B=L1(x) 922(X) + [2(x) @1,(xX) + 9,,(x) 925(x). (12)
By taking the complex conjugate of both sides we get

—pB = P32 [1(X) 922(X) + p11./2(X) 911(X) + P11P22911(X) @22(%). (13)

It follows from (12) and (13) that
0 u(x) o8 —p2aB=p1Bp12— 1)

641/15/2-3
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If p;,— 1=0 then ¢,(x)=¢,,(x) and so, by (11), 7,(x) is a polynomial
with real coefficients. Thus (10) gives

ﬂ;(x)|ﬂ—/?#0,

which is a contradiction. Consequently p,,8(p,,—1)#0 and so

911(X) =9,, € Z,,.. Similarly, ¢,,(x) = ¢,;, 9,,(x) = ¢,, and 9,,(x) = @,, are
also non-zero algebraic integers in M’,
From (11) we get

SiX)=fi(X)=0, -0, =0, — 0, =1, (14)
where 0 # ¢t € Z,. Now (12) and (14) imply
B0+ 0,)= (0, + 05,) [o(x).

But the polynomial f,(x) is not constant, hence

—B—0y,(t+9,)=0, @+ 9,=0

and with the notation —¢,, = ¢,, = ¢ we get §=¢(¢ — ¢). Then
Fx) = (/i(x) —o)(f2a(x) + 9)

is the irreducible factorization of F over M’, ¢ and t— ¢ are non-zero
algebraic integers in M’ and (+ — ¢)/¢ is not real. Thus, by Lemma 2

NM'/Q(t/z) < NM'/Q((D(t —9))= NM’/Q(ﬂ)*
whence

Nyjo(t) < Nyyo(28).

Finally, if % (7, N) has property (iii) specified in Lemma 4, then F(x)
satisfies the conditions listed in (ii) of Lemma 6 and this completes the proof
of our lemma.

LEMMA 7. Let M, M’, K and B be as in Lemma 6. Suppose that N
satisfies (8) and N> N, ,(28)"™¥. Let a,,..,a, be distinct algebraic
integers in K, and f, € Z,,[x] a monic polynomial with real coefficients. If

Flx)=fix)x —ay) - (x—a)—B
and
s > max(deg(F)/2 + 1, 2N*)

then F(x) is irreducible over M'.
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Proof. Write & = {a,,...,a;,} and consider the graphs %,(~,N) and
Su(, Ny 0(26)). By the assumption we have s > 2N° and so, by Lemma 5,
%(7, N) has a connected component with at least s — 1 vertices. But we
can see in the same way as in the proof of Lema 6 that every edge of
Zx(+/,N) is an edge of %,(+, N, ,,(28)). Consequently, this latter graph
also has a connected component with at least s — 1 vertices. Since
s — 1> deg(F)/2, by Lemma 3 F(x) is irreducible over M’

LEMMA 8. Let L be any algebraic number field with the paramerters
specified in Section 2, a a non-zero element in | with |N, ,(a)=m. and v a
positive integer. There exists a unit n in L such that

lan®| < m'" exp{v(61®)'~'R, .

Proof. This lemma is a consequence of Lemma 3 of |14].

LEMMA 9. Let L be as in Lemma8, and let f € Z,|x] be a monic
polynomial of degree m > 2 such that 0 < |N, ,(D(f))|<d. Then fis 7,-
equivalent to a polynomial of the form n™f*(n~'x), where n is a unit in |,
f*EZ,|x] and

W < eXp{CzquL' dl/rn)S/Z(log ‘DLdDIJr : ]4'"]}

with an effectively computable positive constant ¢, = ¢,(l, m).

Progf. Our Lemma 9 is a special case of Theorem 1 of [11] (see also

(2’) in [11]).
5. PROOFS OF THE THEOREMS

The proof of Theorem 1 will be based on Lemmas 6 and 1.

Proof of Theorem 1. Suppose that f € 7,[x| and g € P,(G) satisfy the
conditions of Theorem 1 and g(f(x)) is reducible over L. Then m > 2. Let
ay,..., &, denote the roots of f and let B be one of the roots of g. By Lemma 1
Fx)=(x—a,) - (x—a,)—p is reducible over L(ff) and hence reducible
also over K(f). Since KK is totally real and the splitting field of g is a totally
imaginary quadratic extension of a totally real field, K(f)=M is also a
totally imaginary quadratic extension of a totally real number field.

By virtue of (2) we have

| Ny QBHYMEY = 2K | N, o o (B) MM EBVIM:K)
= 25| N, o (g(0))PIM: L BVIM:K]
<Q2GYHY e
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with the C defined in Theorem 1. Consequently we may apply Lemma 6
with M’ =M and N = C, and we obtain that for F(x) at least one of cases
(i), (i1) of Lemma 6 holds.

First suppose that F(x) possesses the properties specified by (i) of
Lemma 6, ie, m=2m', m<2(r+ 1D)yi(C)., (x—a) - (x—a,) =
Silx) fo(x) with fi(x) = fo(x) =t € Ly, f=p(9 — 1) with 09 € 7, and

F(x) = (fi(x) — o) /2(x) + 9)

is the decomposition of F into irreducible polynomials in M[x]. Since
L(f) =M and F(x) is reducible over L(f), this is at the same time the decom-
positions of F into irreducible polynomials over L(§). So, by Lemma 1,
g( f(x)) is the product of two irreducible polynomials of degree m’ deg(g)
over L.

Since f(x) — fi(x) =1t f, and f, may be written in the form

fi)=x"+ax™ "+ 4a, ,x+f,(0).
fz(x):xm' +alx'"'71 + ot a, o x + £(0)

Here fi, f, € Z4|x]. Further, in view of f,(x)f,(x)€Z,|x|] we have
2a,€7,. Thus a, € Z,. We can prove by induction on j that a;€ Z, for

J=1s.m’ — 1 and £,(0) + £5(0), /,(0) /3(0) € Z, . Since £,(0) — /3,(0) = ¢, it
follows that ¢ is a totally real algebraic integer with |[L(f):1]|<2 and
f{0)yez,,.i=1,2. This proves that f is of the form (3).

As we showed above, f,(x) + ¢ € 7, 4,(x|. Hence f,(0)+o € Z, 4, and
SO 9 E 7, ;. i-e.. (4) also holds.

Suppose now that for F(x) case (ii) of Lemma 6 holds. Then m < 2C* and
there exist a unit ¢ € K and a; € 7, such that for all distinct «;, a;

a; —a;=eay; (15)

and

max |a;| < exp{C'*(log C)*}. (16)
1.7
Evidently

0£D(f)= [|] (x—a)'€z,.

ICi<j<m

Further, by (15) and (16) we get

|NL/Q(D(f))‘ Lexp{im(m —1) Cw(lOg C)4} =C,. (17)
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We could now apply Theorem 1 of [11] (or our Lemma 9 which is a
particular case of that theorem) to f. However, following the argument of the
proof of Theorem 1 of {11] we shall get much better and explicit bound in

(5)-
By virtue of Lemma 8 (17) implies that there exist a unit €L and a
8 € 7, such that D(f)=n™"""6 and

[61< CY expim(m — 1)(6°)' 'R, } = C,.
It follows from (15) that

et =s [ agt

1<i<j<m
whence

[e/nl< CYmm=1 exp{(k — 1) C'*(log C)*}
=exp{kC'(log C)* + (6I°))"'R,} = C,.

So from (15) we get

a;—a; =1y, I<i<j<m, (18)

with an algebraic integer x;; € Z satisfying

max ;| < C,CY/™" "V = C,.
i
Writing x;=0, a,+ - +a,=a, and x;, 4+ -+ + x;,, = 0, from (18) we
obtain
ma; =a, +nd,;, i=lu,m, (19)
where a, € 7, and
Bl<mc,, i=1l..,m (20)
Equation (19) gives
nd, = —a,(mod m).
Since 1, a, € Z,, there is an a, € Z; such that

#;=a, (mod m)
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for each i, i=1,..,m. Further, by a result of Mahler [16] and Bartz [3]
there exists an integral basis w,,..., w, in I with the property

max (w1 <1I'|D, [,
<

I<hg

Let us represent a, in such a basis. We can easily see that there is ana, € 7,
congruent to a, (mod m) for which

la ] <mi"* "D, V2. (21)

Write &, = a, + my,, i = l,..., m. Then y, is an algebraic integer for each i and
by (20), (21), I< k and |D, | < |Dg| we have

max [y, | < Cy+ 1D, |* < 2C,. (22)
Finally, from (19) we get

a;=a+ny;. i=1,..m,

with a suitable algebraic integer a of L.
Take now the polynomial

=116

Then y™"f*(n~'x) € Z,|x| is Z,-equivalent to f, f* € 7, |x| and by (22)

[/*] < expim[(k + 1) C'°(log C)* + (6I°) " 'R, | (23)

Using an explicit estimate of Siegel |28] we get

(61")' 'R, < (6el')'|D, |"*(log|2D, )" < C

and (23) implies (5).
It is easily seen that g*(x)=n"""g(n™x) € P,(G) and that g*(f*(x)) is
reducible over L.

Proof of Theorem 2. Let g be an arbitrary polynomial in P, (G), and let f
be one of the roots of g in C. Let M = IK(f). Then M is a totally imaginary
quadratic extension of a totally real number field. In view of (2) we have

Nyt 2B) V1K1 = ok [N,y g (B)| 1P BIIMER]
=2 |NI,/Q(g(O))|lM‘L(BJ]/IM:K]
<G <c



IRREDUCIBILITY OF POLYNOMIALS 179

Let a;,.,a, denote the roots of f in K, and write f(x)=
Silx)x —a,) -+ (x —a,). Since fi(x) € Z,|x] is a monic polynomial and
s > max(deg(f)/2 + 1, 2C?), by applying Lemma 7 to f(x)—f8 with the
choice N=C we obtain that f(x)—f is irreducible over M. So it is
irreducible over L(f), and by Lemma 1 g(f(x)) is irreducible over L.

Proof of Theorem 3. Let g be an arbitrary polynomial in P,(G), § one of
the roots of g and q,...., &, the roots of fin C. Let M =l (a,,..., @,, 8). Then
M is a totally imaginary quadratic extension of a totally real number field.
Write & = {a,,...,a,} and consider the graph ¥ =%, (+, N, ,,(26)).

Suppose, for convenience, that a;,..,a, are the vertices of a maximal
connected component of . In view of (6) and (2) we have

H NIZW/Q(ai‘_‘aj): |NL/Q(D(f))|(M:L]

1<i<j<p

> (2IG)Ptr— DL
> | Ny (28771
This implies
Nyola; —a;) > Ny, o(26)

for some i and j, and so s > 2.

Denoting by I" the Galois group of f(x) over L, I may be regarded as a
subgroup of the automorphism group of ¥. So {x(a,)....x(¢,)} and
{w(a,),.... w(a,)} are identical or disjoint for each x, w € I' (where y(a;) and
w(a;) denote the images of «; under the automorphisms y and y). Conse-
quently there are x,...x;€71 such that {x,(a;)... 2, (0,)}sees
{x4(a)),s x4(a,)} are pairwise disjoint and p =ds. Since s > 2 hence s=p
and so ¥ is connected. Thus by Lemma 3 f(x) — § is irreducible over L(§).
Finally, Lemma 1 implies that g(f(x)) is irreducible over L.

Proof of Theorem 4. Suppose that f(x) satisfies the conditions of
Theorem 4 and g{f(x)) is reducible over L for some g € P,(G). Then by
Theorem 3 we have

[N, oD L RGP,

So, by virtue of Lemma 9 f is Z,-equivalent to a polynomial of the form
n°f*(n~'x), where n €L is a unit, f*€ Z,[x] and (7) holds. Further
g¥(xy=n"""g(n’x) € P,(G) and g*(f *(x)) is reducible over L.
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