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Abstract In this article, the simultaneous effects of slip and Magnetohydrodynamics (MHD) on

peristaltic blood flow of Jeffrey fluid model have been investigated in a non-uniform porous

channel. The governing equation of blood flow for Jeffrey fluid model is solved with the help of long

wavelength and creeping flow regime. The solution of the resulting differential equation is solved

analytically and a closed form solution is presented. The impact of all the physical parameters is

plotted for velocity profile and pressure rise. Nowadays, Magnetohydrodynamics is applicable in

various magnetic drug targeting for cancer diseases and also very helpful to control the flow.

The present analysis is also described for Newtonian fluid ðk1 ! 0Þ as a special case of our study.

It is observed that magnitude of the velocity is opposite near the walls due to slip effects whereas

similar behavior has been observed for magnetic field.
� 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an

open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Blood flow (or Hemodynamics) problems have received a con-

siderable attention due to its major importance in physio-
pathology. For a long time, blood is treated as a vital fluid.
Blood circulation performs various types of function in a

human body such as transport of nutrients, transport of oxy-
gen, removal of metabolic products and removal of carbon
dioxide. Blood circulation is divided into three types such as
capillary circulation, systemic circulation and microcircula-
tion. Blood consists of various types of formed elements and

plasma which includes red blood cells (RBC), white blood cells
(WBC) and platelets. In normal circumstances, blood depicts
laminar characteristics, that is why, the velocity of the blood

is higher in the middle of the vessel/channel as compared to
the walls. Velocity of the blood can be measured in different
ways like laser Doppler anemometry or video-capillary
micro-scoping with frame to frame analysis. Several authors

investigated blood flow problems in various geometrical
aspects with different biological fluids [1–6].

On the other hand, Magnetohydrodynamics is also very

helpful and applicable in different magnetic drug targeting like
cancer diseases etc. Magnetohydrodynamics is also applicable
in various engineering problems such as electromagnetic
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Nomenclature

~u; ~v axial and transverse velocity
~x; ~y coordinate axis
~p pressure
M Hartmann number
B0 magnetic field

bð~xÞ half width of the channel
K � 1ð Þ constant
C wave velocity
~t time
~a wave amplitude
A1 Rivilin-Erickson tensor

k porosity parameter
S stress tensor

Greek symbols

d wave number
/ amplitude ratio
k wavelength

l dynamic viscosity
q fluid density
b slip parameter
k1 ratio b/w relaxation to retardation time

k2 delay time
c shear rate
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casting, liquid–metal cooling of nuclear reactors, continuous
casting process of metals and plasma confinement. The decre-

ments in blood pressure may cause to reduce the flow rate of
blood and also it is noticed that the blood flow is affected by
the presence of magnetic field because the red blood cell is a

major bio-magnetic substance. In view of the above discussion
many researchers studied MHD by developing different mod-
eling. Investigation on blood flow under the external applied

magnetic field has been reported by Sinha and Misra [7]. Sud
et al. [8] analyzed the effect of a moving magnetic field on
blood. Very recently researchers investigated nanoparticles
separation technology which shows that magnetic field can

be used to isolate a wide range of nano particles out of plasma
with a minimum amount of manipulation [9]. Moreover, it
should be noted that flow of blood in a porous artery is signif-

icantly influenced by the external magnetic field. In fact, the
ratio between the total volume of the medium and volume of
the void space is referred as porosity. Porous medium is con-

sidered as a material volume that contains a solid matrix with
an interconnected void.

Peristaltic flow is also an important mechanism that can be
found in a human body. It is generally a contraction and sus-

pension of smooth muscles in a living body such as digestive
system, urine transport from kidney to bladder, chyme in the
gastrointestinal tract and vasomotion of tiny blood vessels.

Different Mechanical devices work on the principle of peristal-
sis such as finger pumps, heart lung machine and roller pumps.
Mekheimer and Al-Arabi [10] investigated the nonlinear peri-

staltic motion of MHD flow through a porous medium. Later,
Mekheimer [11] again considered the effects of magnetic field
on peristaltic blood flow of couple stress fluid in a non-

uniform channel. He analyzed that the pressure behaves as
an increasing function due to magnetic field while its behavior
seems opposite for couple stress fluid parameter. Akbar [12]
analyzed the blood flow of Prandtl fluid model in tapered ste-

nosed arteries. Sreenadh et al. [13] discussed the pumping char-
acteristics of peristaltic flow of Jeffrey fluid in an inclined
channel having permeable walls. Ramesh and Devakar [14]

studied the slip effects for the flows of Casson fluid model
and obtained the analytic solutions. Extensive literature on
the present topic can be found from the references [15–24].

A review on the literature bears witness that in various
blood flow problems, less attention has been given to
investigate the flows in the presence of slip. However, the effects
of slip can be found in various applications such as internal cav-

ities and polishing of artificial heart valves. The slip effects are
divided into two types namely, rare field gases and fluid having
elastic characteristics. Akbar et al. [25] studied the heat transfer

on peristaltic flow of Williamson fluid model in an inclined
asymmetric channel under the influence of slip condition.
Recently, Akbar et al. [26] examined the thermal and velocity

slip effects on peristaltic flow with carbon nanotubes in an
asymmetric channel under the effects of magnetic field. Ade-
sanya [27] investigated the velocity slip and temperature jump
on free convective flow of heat generating fluid through a por-

ous vertical channel. Some pertinent studies on the present
topic can be found from the list of Refs. [28–48] and therein.

With the above analysis in mind, the aim of this present

study was to analyze the slip effects on MHD peristaltic blood
flow of Jeffrey fluid through a non-uniform porous channel.
This analysis may provide a good understanding about blood

flow in a diseased blood vessel and also beneficial under various
pathological situation. The governing equation of blood flow
for Jeffrey fluid model is obtained with the help of continuity
equation and momentum equation. The resulting differential

equation is solved analytically by taking the approximation
of long wavelength and creeping flow regime. The impact of
all the physical parameters is plotted and discussed. Mathemat-

ical and graphical comparison has also been made between
Newtonian and non-Newtonian fluid. This paper is summa-
rized as follows: after the introduction in Sections 1 and 2 char-

acterizes the mathematical formulation of the problem, while
Section 3 describes the solution methodology and finally, Sec-
tion 4 is devoted to numerical results and discussion.

2. Mathematical formulation

Let us consider the peristaltic motion of Jeffrey fluid (treated

as Blood) through a two dimensional non-uniform channel
with sinusoidal wave propagating toward down of its walls.
The fluid is electrically conducting in such a way that, an exter-
nal magnetic field ”B0” is applied to it. Cartesian coordinate

system is selected in such a way that ~x�axis is considered along
the center line in the direction of wave propagation and ~y�axis
is transverse to it (see Fig. 1). The geometry of the wall surface

is defined as



Figure 1 Geometry of the flow problem.

Figure 2 Velocity profile for different values of slip parameter

ðbetaÞ, when M ¼ 1; k ¼ 0:5;/ ¼ 0:6.

Figure 3 Velocity profile for different values of porosity

parameter ðkÞ, when M ¼ 1;b ¼ 0:4;/ ¼ 0:6.
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�hð~x; ~tÞ ¼ bð~xÞ þ ~a sin
2p
k
ð~x� C~tÞ; ð1Þ

where

bð~xÞ ¼ b0 þK~x: ð2Þ
The governing equation of continuity and momentum

equation for incompressible, irrotational laminar Blood flow
of Jeffrey fluid model in the presence of applied magnetic field

can be written as

@~u

@~x
þ @~v

@~y
¼ 0; ð3Þ
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ð5Þ
The stress tensor for the Jeffrey fluid is defined as

S ¼ l
1þ k1

_cþ k2€cð Þ: ð6Þ

Now, it is convenient to define the non-dimensional quantities

x ¼ ~x

k
; y ¼ ~y

b0
; t ¼ C~t

k
; u ¼ ~u

C ; v ¼ ~v

Cd ; p ¼ ~pb20
lkC ;

h ¼ �h

b0
; / ¼ ~a

b0
; m ¼ l

q
;

Re ¼ qCb0
l

; S ¼ b0
lC S; d ¼ b0

k
; k ¼

�k

b0
; _c ¼ _cb0

C ;

M ¼
ffiffiffi
r
l

r
B0b0:

ð7Þ

Let us consider the assumption of long wavelength
ð0 � k ! 1Þ and low Reynolds number Re ! 0ð Þ approxi-
mations. Using Eq. (7) in Eqs. (3)–(6) we get the resulting

equations in simplified form

@p

@x
¼ 1

1þ k1

@2u

@y2
�M2u� 1

k
u; ð8Þ

subject to their respective slip boundary conditions

@u

@y
¼ 0; y ¼ 0;

uðyÞ þ b
@u

@y
¼ 0; y ¼ h;

ð9Þ
where h ¼ 1þ Kxk
b0

þ / sin 2pðx� tÞ.

3. Solution of the problem

The exact solution of Eq. (8) can be written as

uðyÞ¼ dp=dx cosh Ny
ffiffiffiffiffiffiffiffiffiffiffiffi
1þk1

p � cosh Nh
ffiffiffiffiffiffiffiffiffiffiffiffi
1þk1

p � ffiffiffiffiffiffiffiffiffiffiffiffi
1þk1

p
Nbsinh Nh

ffiffiffiffiffiffiffiffiffiffiffiffi
1þk1

p� �
N2 cosh Nh

ffiffiffiffiffiffiffiffiffiffiffiffi
1þk1

p þ ffiffiffiffiffiffiffiffiffiffiffiffi
1þk1

p
Nbsinh Nh

ffiffiffiffiffiffiffiffiffiffiffiffi
1þk1

p� � :

ð10Þ

The instantaneous volume rate is defined as

Qðx; tÞ ¼
Z h

0

uðyÞdy: ð11Þ

The pressure gradient can be calculated with the help of above
equation, and we get

dp

dx
¼�dp=dx h

ffiffiffiffiffiffiffiffiffiffiffiffi
1þk1

p
N cosh N h

ffiffiffiffiffiffiffiffiffiffiffiffi
1þk1

p þð�1þhð1þk1ÞN2bÞsinh N h
ffiffiffiffiffiffiffiffiffiffiffiffi
1þk1

p� �
ffiffiffiffiffiffiffiffiffiffiffiffi
1þk1

p
N3 cosh N h

ffiffiffiffiffiffiffiffiffiffiffiffi
1þk1

p þ ffiffiffiffiffiffiffiffiffiffiffiffi
1þk1

p
N bsinh N h

ffiffiffiffiffiffiffiffiffiffiffiffi
1þk1

p� � ;

ð12Þ

where

N ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ 1

k

r
: ð13Þ

The non dimensional form of Pressure rise ðDPLÞ at the wall

along the whole length of the non-uniform channel ðLÞ is given
by



Figure 4 Velocity profile for different values of Hartmann

number ðMÞ, when b ¼ 0:4; k ¼ 0:5;/ ¼ 0:6.

Figure 5 Pressure rise for different values of slip parameter ðbÞ,
when M ¼ 1; k ¼ 0:5;/ ¼ 0:6.

Figure 6 Pressure rise for different values of porosity parameter

ðkÞ, when M ¼ 1;b ¼ 0:4;/ ¼ 0:6.

Figure 7 Pressure rise for different values of Hartmann number

ðMÞ, when b ¼ 0:4; k ¼ 0:5;/ ¼ 0:6.

Figure 8 Pressure rise vs average volume flow rate for different

values of slip parameter ðbÞ, when M ¼ 1; k ¼ 0:5;/ ¼ 0:6.

Figure 9 Pressure rise vs average volume flow rate for different

values of porosity parameter ðkÞ, when M ¼ 1; b ¼ 0:4;/ ¼ 0:6.
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DPL ¼
Z L=k

0

dp

dx

� �
dx: ð14Þ
3.1. Special case: Newtonian fluid

The above results can be reduced to Newtonian fluid by taking
k1 ! 0 in Eq. (10) as a special case of our study. The solution
of velocity profile for Newtonian fluid can be written as
uðyÞ ¼ dp=dx cosh Ny� cosh Nh�Nb sinh Nhð Þ
N2 cosh NhþNb sinh Nhð Þ ; ð15Þ

and with no-slip effects ðb ¼ 0Þ, it can be written as

uðyÞ ¼ dp=dx cosh Ny� cosh Nhð Þ
N2 cosh Nhð Þ : ð16Þ
4. Numerical results and discussion

In this section, the graphical and numerical results of all the

pertinent parameters are discussed and plotted for velocity
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profile and pressure rise against slip parameter ðbÞ, Hartmann
number ðMÞ and porosity parameter ðkÞ. Numerical computa-
tion has been used to evaluate the expression of pressure rise

for the following parametric values: K ¼ 5� 10�5;

L=k ¼ 1 cm; b0 ¼ 1� 10�2 cm. The volume flow rate Qðx; tÞ
is periodic in ðx� tÞ and it can be written as
Figure 10 Pressure rise vs average volume flow rate for different

values of Hartmann number ðMÞ, when b ¼ 0:4; k ¼ 0:5;/ ¼ 0:6.

Figure 12 Stream lines for various values of slip

Figure 11 Stream lines for various values of Hartm
Q ¼ Qþ / sin 2p x� tð Þ: ð17Þ
Figs. 2–4 is sketched for velocity profile against Newtonian

and non-Newtonian fluid. It is depicted from Fig. 2 that when

the slip parameter ðbÞ increases, then the velocity profile shows
opposite behavior near the walls of the channel while the
velocity for Newtonian fluid case is lower. From Fig. 3, we
can analyze that due to porosity parameter ðkÞ, the velocity

of the fluid behaves as an decreasing function near the wall
of the channel. It can be observed from Fig. 4 that when the
Hartmann number ðMÞ increases the velocity of the fluid

decreases. Figs. 5–7 has been plotted for pressure rise. The

maximum pressure rise can be achieved by taking Q ¼ 0, in
Eq. (17). It is depicted from Fig. 5 that due to slip effects the
pressure decreases, while the pressure rise for Newtonian case

is higher in magnitude as compared to non-Newtonian fluid.
Fig. 6 shows the variation of Weissenberg number ðWeÞ on
pressure rise. It can be noticed from this figure that the pres-

sure rise decreases due to increment in the porosity parameter
ðkÞ. It can be visualized from Fig. 7 that when the Hartmann
number ðMÞ increases, the pressure rise increases. To under-

stand the pumping characteristics on blood flow, Figs. 8–10
is sketched. It can be noticed from Fig. 8 that due to slip effects
parameter ðbÞ, when / ¼ 0:6; k ¼ 0:5;M ¼ 1.

ann number ðMÞ, when / ¼ 0:6;b ¼ 0:4; k ¼ 0:5.



(a) k = 0.2 (b)k = 0.35 (c) k = 0.5

Figure 13 Stream lines for various values of porosity parameter ðkÞ, when / ¼ 0:6; b ¼ 0:4;M ¼ 1.
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the pumping rate decreases in retrograde pumping region

ðDPL > 0;Q < 0Þ, while its behavior has been observed oppo-

site in co-pumping region ðDPL < 0;Q > 0Þ. It can also be
observed from Fig. 9 that the pumping rate increases when

the porosity parameter ðkÞ increases in co-pumping region

ðDPL < 0;Q > 0Þ, whereas pumping rate decreases in retro-

grade pumping region ðDPL > 0;Q < 0Þ. It can be scrutinized

from Fig. 10 due to effects of Hartmann number ðMÞ, the
pumping rate increases in retrograde pumping region

ðDPL > 0;Q < 0Þ, but its behavior starts changing in co-
pumping region and opposite behavior has been observed.

The next most engrossing mechanism of peristaltic blood
flow is trapping which is taken under consideration by drawing
stream lines against various physical parameters. For this pur-

pose Figs. 11–13 has been plotted. It is generally a formulation
of internally circulating bolus that is enclosed by various
stream lines. stream lines are very helpful to understand the

relation between velocity and pressure in an inviscid fluid. It
is depicted from Fig. 11 that when the Hartmann number
ðMÞ increases the magnitude of the bolus decreases slowly
whereas the bolus also reduces in numbers. It can be noticed

from Fig. 12 that when the slip parameter ðbÞ increases the
number of trapping bolus increases. From Fig. 13, we can
observe that due to porosity parameter ðkÞ, the size of the trap-
ping bolus increases, while the number of bolus also increases.

5. Conclusion

In this article, the simultaneous effects of slip and MHD on
blood flow of Jeffrey fluid model through a porous medium
have been investigated. The governing equation flow problem

is modeled by taking the approximation of long wavelength
and creeping flow regime. The solution of the resulting differ-
ential equation has been solved analytically and a closed form

solution is presented. The major outcomes of the present anal-
ysis are as follows:

� Velocity of fluid depicts same behavior for slip parameter

and Hartmann number.
� Pressure rise decreases due to slip effects and porosity
parameter.

� Pressure rise increases due to Hartmann number.
� The present analysis can also be reduced to Newtonian fluid
by taking k1 ! 0 as a special case of our study.

� The present analysis reveals many engrossing behavior that
warrants further study on various biological fluids for
blood flow problems.
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