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The main result of this paper is the following extension of an embedding theorem by Nagata:
given a sequence of zero-dimensional sets X,, X;, ... in a metrizable space X of weight 7= X,,
the set of homeomorphic embeddings h of X into S(r)™, satisfying h(X,)< K,_,(7) for n=
1,2,...,is dense in the function space of all continuous mappings of X into S(7)™, where K, (7)
is the n-dimensional universal Nagata's space in the countable product of the star-space S(7) of
weight 7. This seems to be a new result even in the separable case 7= x, and provides in particular
an answer to a question asked by Kuratowski (see Remark 2.6 for the details).

AMS (MOS) Subj. Class.: 54F45, 54C25, S4E35

Nagata’s n-dimensional universal space zero-dimensional
countable dimensional generalized Baire space

1. Notation and basic definitions

Our terminology follows [9]. All spaces considered in this paper are assumed to
be metrizable. By dimension we understand the covering dimension dim. A space
X is countable-dimensional if it is the union of countably many 0-dimensional
subsets. We denote by I the unit interval with the usual metric and by I the Hilbert
cube with the standard metric p({x}, {y:}) =[X}=, 27'|x; — :|*]"/2% By |A| we denote
the cardinality of the set A.

1.1. The function space C(X, Y). Given spaces X and Y, with a fixed bounded
metric g in Y, we denote by C(X, Y) the space of all continuous mappings of X
to Y, endowed with the supremum metric d(f, g) =sup{s(f(x), g(x)): xe X}.

1.2. The universal metrizable space S(7)™. Let {I.: a € A} be a system of intervals
I, = I. The star-space with the index set A is the set S(A) obtained by identifying
all zeros in | J {I,: « € A}, endowed with the metric

|x—y| ifx, y belong to the same interval I,

p(x, y)={

x+y if x, y belong to distinct intervals.
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The 7-star space S(7) is the space S(A), where |A| = 7 (this space is also called a
hedgehog of spininess 7). By a rational point in S(7) we mean a point which is at
a rational distance from ‘origin’ O. By a theorem of Kowalsky [2] every metrizable
space of weight =N, is homeomorphic with a subspace of the countable power
S(7)% of the r-star-space. We fix a metrix in the space S(7)™ by putting

© 172
EINTHE [z 27p(x, y)Z] :

1.3. The Nagata’s n-dimensional and countable-dimensional universal spaces K,(r)
and K. (7). Let K,(7) (respectively K.(7)) be the subspace of the space S(r)™
consisting of all points in S(r)™ which have at most n (respectively, only finitely
many) rational coordinates distinct from 0. Nagata proved (see [6; 7; 9, Theorems
VI. 10 and VI.11) that a metrizable space X of weight <r has dim X < n (respectively,
X is countable-dimensional) if and only if X is homeomorphic to a subset of K, (7)
(respectively, K.(7)).

1.4. The generalized Baire space B(7). Let  be a cardinal number =X,_. By B(r)
we denote the generalized Baire space of weight 7, i.e. the Cartesian power D(7)™,
where D(7) is the discrete space of cardinality r. We fix a metrix o in B() by putting

o({a:}, {B:}) =m’

where o, Bie D(7) fori=1,2,..., {a;}#{B:}.

L.5. Strongly metrizable spaces. A space is strongly metrizable if it has a o-star-finite

open basis (see [1, Ch. 6, § 3]). As was proved by Morita [3], every strongly metrizable

space of weight 7=N, can be embedded into the product B(7)xI“. Below we

consider the space B(7)x I with the fixed metric
ﬁ((xl ’ yl)’ (x2’ yZ)) = [U(Xl > x2)2+ P(.Y1 s y2)2])/2

for x,, x,€ B(7), y;, y2€ I, where o is a metric defined in 1.4 and p is the standard

metric in I,

1.6. The Nagata’s universal spaces for n-dimensional and countable-dimensional
strongly metrizable spaces of given weight. Let N, (respectively, N%) be the
subspace of the Hilbert cube I“ consisting of all points which have at most n
(respectively, only finitely many) rational coordinates. J. Nagata proved (see [4; 5; 9,
Theorem VI1.5]) that a strongly metrizable space X of weight 7= N, has dim X <n
(respectively, X is countable-dimensional) if and only if X is homeomorphic to a
subset of the product B(7)x N (respectively, B(7) x Ng). In particular, a metriz-
able separable space is countable-dimensional if and only if it is homeomorphic to
a subset of Ny I“,
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2. The main results
The following theorem is the main result of this paper.

2.1. Theorem. Let X be a metrizable space of weight =R, and X, X, ... a sequence
of subspaces such that dim X, <0 forn=1,2,.... Then the set

#H={he C(X,S(r)™): h is an embedding and h(X,) = K,_,(7)
foreveryn=1,2,...}
is dense in the space C(X, S(7)%).

2.2. Corollary. If X is a metrizable space of weight = R, and dim X < n (respectively,
X is countable-dimensional), then the set of all homeomorphic embeddings of X into
K. (7) (respectively, K.(7)) is dense in the space C(X, S(7)™).

We prove also a similar result about strongly metrizable spaces.

2.3. Theorem. Let X be a strongly metrizable space of weight T= R, and X, X5, ... a
sequence of subspaces such that dim X, <0 forn=1,2,.... Then the set

FH={he C(X, B(r)xI*): h is an embedding and h(X,)< B(t)x N;_,
foreveryn=1,2,...}
is dense in the space C(X, B(t)x I*).

2.4. Corollary. If X is a strongly metrizable space of weight 1=¥, and dim X <n
(respectively, X is countable-dimensional), then the set of all homeomorphic embeddings
of X into B(7)x N, (respectively, B(1)x N%) is dense in the space C(X, B(7)x I").

2.5. Remark. It seems that Theorems 2.1. and 2.3 are new even for separable spaces,
i.e. for 7=N,. In the special case of separable spaces Corollary 2.4 is a classical
theorem for n-dimensional spaces (see [9, IV.4.C] or [1, Ch. 4, Theorem 12]), but
gives a new result for countable-dimensional spaces:

For a countable-dimensional metrizable separable space X the set of all homeo-
morphic embeddings of X into N is dense in the space C(X, I*).

2.6. Remark. Corollary 2.2 provides in particular a positive answer to the following
question stated by Nagata [8] (attributed to K. Kuratowski):

Is the set of all homeomorphic embeddings of an n-dimensional metrizable space
X of weight r> X, into K,(7) dense in the space C(X, S(7)™) of all continuous
mappings of X into S(7)™ (as in the separable case)?

However, in this case the result can be considerably strengthened (see [11,
Theorem 3.1]):
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For an n-dimensional metrizable space X of weight 7= X, the set ¥ of all
homeomorphic embeddings h of X into S(7)™ such that #(X) < K, () is a residual
set in C(X, S(7)™) (i.e. ¥ contains a dense G;-subset of C(X, S(7)™)).

Such a strengthening is not possible in a more general situation considered in
Theorem 2.1. As we show in Remark 5.2, the set % of all homeomorphic embeddings
of I into I such that h(P)< P¥ = N§, where P is the set of irrationals, is of the
first category (both in C(X, I”) and as a space). Moreover, the set % of all
homeomorphic embeddings of a countable-dimensional metrizable space X of
weight 7 into the Nagata’s countable-dimensional universal space K..(7) need not
be residual in C(X, S(7)™). This follows from the following result, obtained recently
by the author:

Let X be a complete metric separable space. Then the set of all homeomorphic
embeddings of X into the Nagata’s universal space N is residual in C(X, I1*)if
and only if X is strongly countable-dimensional, i.e. X is the union of countably
many closed finite-dimensional subsets.

The proof will be published elsewhere.

2.7. Remark. The main idea of the proofs of Theorems 2.1 and 2.3 is to modify the
proofs of Nagata (which exploit the idea of the standard proof of Urysohn’s Lemma)
by applying a method of constructing embeddings as limits of Cauchy sequences
of inductively defined functions. This method leads also to a simplification of the
original proofs of Nagata (see Section 5; for the simplest case of 0-dimensional
spaces, cf. also [10, 6.4]).

3. Auxiliary lemma

Recall that if & is a family of subsets of X, then the order of & at a point x,
abbreviated ord,, is the number of elements of & which contain x. For any subset
V of a space X let B(V) denote the boundary of V in X,

The following lemma can be extracted from the proof of 111.4.A) of [9] or Lemma
1, Ch.10, § 2 of [1].

3.1. Lemma. Let X be a metrizable space and X,, X,, ... a sequence of subspaces
such that dim X, <0 forn=1,2,...and let {K,, K, ..., K} be a family of closed
subsets of X such that

ord {K;, K,,...,K,}sn-1

Jor each x € X,,. Then for every two disjoint closed subsets C and D of X there exists
an open subset V of X such that C< V, VA D=0 and

ord, {K,,K,,..., K, B(V)}=sn-1

for every xe X,.
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4. Proofs

Let g = {g.} belong to C(X, S(7)™). Then every open ball with center g with respect
to the metric d described in 1.1, where § is a metric in S(7)™ introduced in 1.2,
contains an open neighbourhood of the form

U(g, & mo) ={f ={fu}e C(X, S(7)™): p(fin(x), gm(x)) <& for
everyxe X and m=1,2,..., mg},

where mg is a natural number and £ > 0. Thus Theorem 2.1 can be deduced directly
from the following proposition.

4.1. Proposition. Suppose that X is a metrizable space of weight =R, and
X,, X, ...asequence of subspaces such that dim X, <0forn=1,2,.... Let S(r)%o=
Pe_, S.(A,), where S,.(A,,) is the star-space with the index set A,,= A for every
m=1,2,..., and |A|=7. Let g={g,.}: X > S()™ be any continuous mapping, m,
any natural number and € any real number such that 0<¢e <1. Then there exists an
embedding h ={h,,}: X > S(7)™ such that

h(X,)= K,_i(7), foreveryn=1,2,...,
and

p(hn(x), gm(x)) <€ for every xe X and m=1,2,..., m.
Proof. Let us take a o-discrete open basis of X, which is the union of discrete
families W, ={W,,: @€ A,,} for m=my+1, my+2,.... We can assume without

loss of generality that there exist open sets V,,,, a € A,,, m=my+1, my+2,...such
that F,, = V.. © W, and

for every neighbourhood U(x) of every point x € X there exist m and
a € A, for which xe F,, < W, < U(x). (1)

We can assume that A,, is the same as in the formulation of the Proposition. Putting
W,=U{W,.:acA,} and F,=\J{F,.: € A,} we obtain open sets W,, and
closed sets F,, satisfying F,, = W,,, where m=my+1, my+2,....

We will construct a sequence {f,,} of mappings f,.: X > S,(A,) such that

p(fin(x), gm(x))<e form=1,2,..., mp and every xe X, (2)
Sn(X\W,)=0, f(Fns)=1€1, and f(W,.)< L,
form=my+1, my+2,..., 3)

and
|{m: f,.(x) is a rational point distinct from 0 and 1}{<n-1

for every xe X,. 4
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Arrange all rational numbers in (0, 1) into a sequence r,, 5, ... (without repeti-
tions) and put
S =min{|r,—r, [l |, —1]: k,j<i},
g=2"1" 5,0, a;=r,—¢&, bi=r+e,
Ki={xeS(A): p(x,0)=<a;}, L;={xe S(A): p(x,0)= b}
and
Ji={xe S(A): a,<p(x,0)<b}.

For each m we will define a uniformly convergent sequence {f,;}:=, of mappings
Jmi: X > S,,(A,) such that the limit f,, = lim, . f,; will be the required mapping.

We will define f,; by induction in the following order: f,,, fi2, fa1, fis, fo2, fir,
Sras .. .. Suppose that f,,; = f}, or that we have already defined all f,, before f,,; and
that for each such f,, we have defined an open set V,, < X such that

Sip(r)=B(Vy,) forp=2 and V=0 forp=1, (5
ord {B(Vy,), B(Vy3),..., B(V,)}<n-1 for each xe X,. (6)

To define f,,; we consider three cases:

(a) Suppose that me{1,2,..., m} and j=1. Then we put f,,; =g, and V,,; =0.
(b) Suppose that m>m, and j=1. As f,, we take any function such that
Jmi( XA W) =0, frj(Wyo) < I, and f,,j(F,.)=1€ 1, and we put V,,;=@.

(c) Suppose that me{1,2,...} and j> 1. Let

C=fri-(K), Co=faji(KnL), D=foi(L),
D, =fi (L L).
By Lemma 3.1, there exists an open set V,,; of X such that
CcV,, VoyaD=9 and ord, {B(Vy)), B(Vy,),...,B(V,)}<n—1

for every x € X,,. We use Tietze’s Extension Theorem to define, for every ac A, a
function f, : fy—,(I,) > I, such that f, coincides with f,;_, on C,u D,, f2'((K;u
L)YnI)=C,u D, and f;'(r;) = B(V,;) N fri-1(1). As f.,; we take the combination
of all f,, where a € A,,..

It is easy to verify that for every xe X

P fomicr(X), fi(X)) =2 =273 Siv1" &

Thus, for every x€ X, {f.(x)}i=, is a Cauchy sequence, so the sequence {f..}i=,
of functions converges to a function f,,: X - S, (A,,).
For every x € X and all natural numbers m and k

PUm(X), frne(x)) =272 £+ [27"+ 8y +277 - B -+ 1< € 8, (7)

hence the sequence {f,..}%-, is uniformly convergent and f,, is continuous.
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In particular, for m=1,2,..., m; and every x€ X

p(fm(x)9 gm(x)) = p(fm(x)’fml(x))s% - €<E,

hence condition (2) is satisfied.
For every m >mg we have f,,((X\W,,) =0, fr(W,,) = I, and f,\(Fna)=1€I,.
........ fmj coincide with £, on X\ W,, and F,, and friL) = f4(1,), condition
(3) is satisfied.

Now, let x € X,. Since, by (6), ord, {B(V},), B(V}3), B(V3),...}<n—1, the set
Ny ={k: x € B(V,,) for some p} consists of at most n — 1 natural numbers. Let m € N,
and let r; be any rational number, where i =2. Since x & B(V,,), then f,(x) is a
point of some I, different from r,e I,. For every j>i we have f,(x)e L. If
Smj(x) = fri(x) for all j> i, then f,(x)=fnu(x)# r.€ I,. In the other case, let k be
the smallest integer greater than i, with f,,.(x) # f,.:(x). Then fu_(x) = frni(x) € Ji
and therefore p(fu(x), ;) = 8, — £, =17 * 8. On the other hand, p(f.(x), fr(x))=<
1. g. 8, <} 8,by(7), hence p(f;,(x), r) =3 - 8. > 0. Therefore f,.(x) # r. for m £ Ny,
so condition (4) is satisfied.

Let us take a positive rational number a <1 such that the functions h,:X -
S.(A,,) defined by h,(x)=a-f,(x)el, if xel, also satisfy the condition
p(h(x), gm(x)) <& foreveryxe X and m=1,2,..., mo. Put h={h,}: X > S(7)™.
Since h,,(x) <1 for every x€ X and every m, then by (4) we have h(X,)< K,_,(7)
for every n=1,2,.... The mapping h is an embedding, because by (1) and (3) the
family {h,,} separates points from closed sets. Thus h has all required properties. [

Corollary 2.2 follows immediately for the finite-dimensional case from an applica-
tion of the decomposition theorem (see [9, Theorem I1.4]). If X is countable-
dimensional, we note that the monotonicity of dimension implies that X can be
decomposed into a union of countably many disjoint sets of dimension <0.

The proof of Theorem 2.3 follows easily from the following proposition.

4.2. Proposition. Suppose that X is a strongly metrizable space of weight =X, and
X1, X,,...a sequence of subspaces such that dim X, <0 forn=1,2,... . Let ¢ =
(¢, g): X » B(7) x I* be any continuous mapping, where ¢ ={c,}: X > B(7) and g=
{gm}: X>1°=P5_1,, wherel,=1form=1,2,... . Let my be any natural number
and e any positive real number < 1. Then there exists an embedding ¢ =(d, h): X >
B(r)x I, where d ={d,,}: X - B(r) and h={h,}: X - I such that

Y(X,)= B(r)xN;_, foreveryn=12,...,
and

Cm(x) =dp(x), p(hy(x), gm(x))<e

foreverym=1,2, ..., m, and every x€ X.

Proof. We modify the proof of Theorem VL5 of [9] in the following way. Recall
that if Aesf, then S(A, H)=S"(A )= J{BeA:BnA#0}, S"(A A)=S
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(S"Y (A, A), o) for n>1 and S™(A, ) =7, S"(A, A). Let N> N,>---be a
sequence of star-finite open coverings of X such that {S(x, #;):i=1,2,...}isa
neighbourhood basis at each point xe X. Fori=1,2,...let

Fi={S(N, V)): Ne N;}.

Since W is star-finite, we have %, ={S,: @€ A;}, where S, Sg=0 for a # B8 and
S.=U{N,:j=1,2,...}, where N,;€N,. Moreover, if A is the discrete space of
cardinality 7, we can assume that A, =Afori=1,2,... .

For each i=1, 2, ... construct an open covering ?; of X such that

P, ={P,j;acA,j=1,2,...}, where P,,< N,

and define U; =|J{N,;: «€ A;} and F;; =\ {P,;: @ € A;}. We now arrange all sets
U; and F; into sequences

{Un:m=mo+1,my+2,...} and {F,.m=my+1,my+2,..1},

so that F,, < U,,. Next we define a sequence {f,,: m=1,2,...} of functions from X
into I satisfying

[{m: f.(x) is a rational number distinct from 0 and 1}|=n-1
forevery xe X, and n=1,2,...,

J(X\NU,) < {0}, frn(Fn)= {1} for m=my+1, mg+2,..., and p(f.(x), gn{x))<e
for m=1,2,..., m, and every xe X. To do this, we modify the construction of
functions f,, in the proof of Proposition 4.1 by replacing S(A) by I and making all
necessary changes following from this replacement.

Having functions f,, defined, we take a homeomorphism j,,: I, > I, satisfying
Jm(In)y< LA{ON\{1}, j..(P) = P, and such that the functions h,, =j, ° f,.: X > I, also
satisfy the condition p(h,,(x), gn(x))<e foreveryxe X and m=1,2,..., m,. Let
h={h,}: X->P5_,I,; then h(X,)= N2_, forevery n=1,2,... .

Finally, we define d: X » B(7) by putting d(x)=(c,(x), ..., tm(X), a1, az,...)
ifxeS,, ;€A i=1,2,... . Then the function ¢ =(d, h): X > B(7) x I* satisfies
Y(X,) <= B(r)x N2_,, for n=1,2,... . The same reasoning as in the proof of
Theorem VI.5 of [9] shows that ¢ is a homeomorphic embedding.

Corollary 2.4 follows immediately from the decomposition theorem and the
monotonicity of dimension.

5. Remarks

5.1. Remark. It seems that the approach given in this paper simplifies the original
proofs of Nagata’s embedding theorems. In fact, the part of Nagata’s proofs
corresponding to Proposition VI.2.A of [9] can be replaced by the following propo-
sition:

Proposition. Let X be a metric space and X,, X, . .. a sequence of subspaces such
that dim X, <0 forn=1,2,... . Let {U,,: m=1,2,...} be a family of open subsets
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of X and {F,: m=1,2,...} a family of closed subsets of X with F,,< U, for m=
1,2,... . Then there exists a function f={f,}:X->I[*=P . _,1,, where I,=1I for
everym=1,2,.., such that f(X,)<= N¢_, foreveryn=1,2,... and f,(X\U,) = {0},
Sm(F)<={1} form=1,2,... .

The construction of the sequence {f,,} is analogous to the construction of {f,}
given in the proof of Proposition 4.1 (where we consider the simpler case for which
my=0 and S(A) is replaced by I) and seems to be simpler than the construction
of a special open collection ¥ given in VI.2.A) of [9].

5.2. Remark. We will show that the set #={fe C(I, I*): f is an embedding and
f(P)< P™} is of the first category in C(I, I) and as a space. First observe that the
set & of all continuous mappings of I into I such that f(P) < P¥ and f(I) contains
more than one point is of the first category in C(I, I”). Indeed, for every r from
the set of rationals Q, every je N and every g€ I let

Ly={x={x.}el“:x;=r} and Z,;={feC(LI*):f(q)eL,}.

It is easy to see that each &,,; is closed and nowhere dense in C(L, I*). If fe &,
then f(P)< P™, but f(I)# P™ as a non-one-point continuum, so there exists g€ Q
such that f(q) 2 P™. This means that f(q) € L, forsomere Qandje N,ie. fe %,
Thus <\ J{%F,,:q€Q,re Q,je N}.

It follows that % and # < & are of the first category in C(I, I). Since # is dense
in C(I, I*) by Theorem 2.2, then it is also of the first category as a space.

References

[1} P.S. Aleksandroff and B.A. Pasynkov, Introduction to Dimension Theory (in Russian) (Moscow,
1978).
[2] H.J. Kowalsky, Einbettung metrischer Raume, Arch. Math. 8 (1957) 336-339.
[3] K. Morita, Normal families and dimension theory in metric spaces, Math. Ann. 128 (1954) 350-362.
[4] J. Nagata, Note on dimension theory for metric spaces, Fund. Math. 45 (1958) 143-181.
[5] J. Nagata, On the countable sum of zero-dimensional metric spaces, Fund. Math. 48 (1959) 1-14,
[6] J. Nagata, On universal n-dimensional set for metric spaces, J. Reine Angew. Math. 204 (1960)
132-138.
{7] J. Nagata, A remark on general imbedding theorem in dimension theory, Proc. Japan Acad. 39
(1963) 197-199.
[8] J. Nagata, A survey of dimension theory, Proc. 2nd Prague Topol. Symp. (1966) 259-270.
[9] J. Nagata, Modern Dimension Theory (revised and extended edition, Berlin, 1983).
[10] R. Pol, Countable-dimensional universal sets, Trans. Amer. Math. Soc. 297 (1986) 255-268.
{11] E. Pol, Residuality of the set of embeddings into Nagata’s n-dimensional universal spaces, Fund.
Math., to appear.



