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We consider a time-dependent bosonic string in graviton, dilaton and tachyon backgrounds, for which
it was already shown that conformal invariance is respected to all orders in α′ and in any space–
time dimension. Assuming that the tachyon is off-shell, we show in this note that the specific time-
homogeneity of the corresponding space–time effective action leads to a power-law expanding Universe,
that can be interpreted as dark energy. We arrive at this result without requiring the knowledge of the
structure of the string effective action, which is not known to all orders in α′. Moreover, in our approach,
the background configurations are consistent in a four-dimensional space–time, without any need for
extra dimensions.

© 2009 Elsevier B.V. Open access under CC BY license. 
1. Introduction and summary

One of the most important experimental discoveries of the past
decade is the fact that at the current era our Universe is ac-
celerating. The simplest explanation for this phenomenon is that
the energy budget of our Universe is populated by an unknown
form of energy, possibly quantum in origin, termed dark energy.
In its simplest version, Dark Energy is just a positive cosmolog-
ical constant, and the associated Gravitational system is nothing
other than a de Sitter Universe. In the context of a homogeneous
and isotropic Friedmann–Robertson–Walker (FRW) Cosmology, the
de Sitter model, in its simplest version, can match a plethora of as-
trophysical observations, ranging from galactic and super-galactic
cluster dynamics to Cosmic Microwave Background temperature
fluctuations, provided there is a sufficient amount of cold dark
matter. Such a model, termed as the �CDM model (Cold Dark
Matter with a cosmological constant Λ > 0), is as successful for
Modern Cosmology as the Standard Model of Particle Physics, at
present, but is not a consistent background of perturbative string
theory [1].

In a first quantized string framework, in which the dynam-
ics of strings propagating in certain non-trivial space–time back-
grounds is described by appropriate world-sheet σ -models, the
rôle of local conformal invariance on the world-sheet of the string
is essential to leave space–time physics unaffected. In [2] we have
addressed this latter issue by studying the exact α′-dependence
of the quantized world-sheet σ -model, and we found conformal
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invariant backgrounds, which are characterized by a theory in-
dependent of the value of α′ , and therefore of the amplitude of
quantum fluctuations in the world-sheet theory. These properties
have been demonstrated explicitly for bosonic strings propagating
in time-dependent graviton, dilaton, antisymmetric tensor [3] and
tachyon backgrounds [4]. An important point is that such back-
grounds were consistent with conformal invariance in four space–
time dimensions [6], among other critical values.

Local conformal invariance on the world sheet of the string can
be guaranteed for these configurations only by means of appro-
priate field redefinitions. The homogeneity in time of the various
terms in the expressions of the world-sheet Weyl-anomaly coeffi-
cients guarantees the existence of a given renormalization scheme
in which the β-functions vanish. In this sense, the correspond-
ing backgrounds are interpreted as classical on-shell solutions of
equations of motion obtained from an effective action, whose form
cannot be known explicitly, due to the complicated structure of the
various terms (infinite in order of derivatives). Thus, the scheme in
which the various β-functions are expected to vanish is only for-
mally proven to exist.

We should stress at this point that the string configurations
found in [2–4] as solutions leading to α′-independent theories
do not satisfy target-space Einstein’s equations: conformal invari-
ance of these configurations is not obtained by the vanishing of
one-loop Weyl anomaly β-functions. Instead, conformal invariance
arises from the homogeneity of the terms of these β-functions
in the target time X0, to all orders in α′ . For this reason, the
corresponding space–time effective action, although not known ex-
plicitly, nevertheless contains terms homogeneous in the target
time. It should be notice that these exact solutions in α′ could not
have been found in generic string theory backgrounds, but they are
specific to cosmological backgrounds that are isotropic and homo-
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geneous (in the cosmological sense1), and hence depending only
on X0.

In [4] we have included tachyonic backgrounds in this setting,
for which the difference with other ones (dilaton, graviton and an-
tisymmetric tensor) lies on the fact that there are terms in the
tachyon β-functions that are inhomogeneous in the time X0. We
have argued, however, that by performing appropriate field redefi-
nitions, order by order in α′ , we can be lead to a scheme in which
these inhomogeneous terms are absent.

In this Letter we demonstrate that, with a dilaton and gravi-
ton background, conformal invariance obtained from β-functions
which are homogeneous in time leads to a target-space Minkowski
Universe, which we consider as “vacuum state” of our theory. We
then consider the case of an off-shell tachyon background, in which
the inhomogeneous terms of the corresponding tachyon β-function
are present, and as a result the β-function is non-vanishing, de-
spite the fact that the tachyon configuration doesn’t spoil the α′-
independence of the world sheet quantum theory. We will show
that this leads to a configuration which represents an “excited
state” of the Universe, and breaks the homogeneity (in time) of the
target-space effective action. Such configurations imply a power
law expanding Universe, which can be decelerating or accelerating
Universe, depending on the range of parameters in the solution.
We interpret this as signal of dark energy, and the important point
to notice is that we have arrived at such a conclusion without
knowledge of the structure of the effective target-space action.

We note that in our context, dark energy cannot be seen as a
cosmological constant, but rather as a infinite series of corrections
to Einstein’s equations, including all the α′-loop orders, which are
homogeneous (in time) to the Einstein term in the action. The
precise form of these corrections is not known, and is not even
unique, since higher orders in α′ are not fixed but can be modified
by appropriate field redefinitions [5].

The structure of the Letter is the following: in the next section
we review graviton and dilaton backgrounds, which satisfy con-
formal invariance conditions to all orders in α′ , as a result of the
homogeneity in time X0 of the various terms in the correspond-
ing world-sheet renormalization group β-functions. In Section 3
we discuss the generic construction of the target-space effective
action from the world-sheet partition function, and demonstrate
how our dilaton and graviton configurations lead to a Minkowski
space–time, without explicit knowledge of the structure of the ef-
fective action. In Section 4 we include off-shell tachyons, in the
sense of inhomogeneous (in time X0) terms in the tachyon β-
function, not removed by the field redefinitions that have been
used for the removal of the homogeneous terms. We demonstrate
how their inclusion leads to dark energy, again independently of
the form of the target-space effective action. Finally, conclusions
are presented in Section 5.

2. Graviton and dilaton backgrounds: Conformal invariance
to all orders in α′

We consider a bosonic string on a spherical world sheet, in
graviton and dilaton time-dependent background, defined by the
two-dimensional bare action2

1 The reader should not confuse here the different uses of the world “homogene-
ity”: in one case, homogeneity is used to denote the mathematical property of the
dependence of the various terms of the β-functions on a single power of X0, while
in the other (cosmological) sense, the terminology “homogeneous” is used to denote
the fact that there is no preferred point in the target-space Universe.

2 For brevity we shall omit, throughout this work, the antisymmetric tensor back-
grounds. Their inclusion is straightforward, and does not present any conceptual
difference in comparison to the graviton–dilaton system examined here.
S = 1

4πα′

∫
d2ξ

√
γ

{
gμν

(
X0)γ ab∂a Xμ∂b Xν + α′R(2)φ

(
X0)}.

(1)

The quantization of this theory is based on the partition function
Z [g, φ], functional of the background (gμν,φ), and parametrized
by α′ . As was shown in [2], it is possible to find configurations
such that the quantum theory is independent of the value of α′ ,
i.e. Ż = 0, where a dot represents a derivative with respect to α′ .
This is what “fixed point” stands for in our context. It was found
in [2] that this configuration must necessarily satisfy gμν ∝ φ′′ημν ,
where a prime denotes a derivative with respect to X0. A specific
configuration which satisfies this condition is

gμν = α′ A

(X0)2
ημν, φ = φ0 ln

(
X0

√
α′

)
, (2)

where A and φ0 are dimensionless constants, and leads to Weyl-
invariance β-functions which are homogeneous in X0, to all orders
in α′:

β
g
00 = α′E0

(X0)2
η00, β

g
i j = α′E1

(X0)2
ηi j, βφ = E2, (3)

where E0, E1, E2 are dimensionless constants, independent of α′ .
This homogeneity in X0 and therefore in α′ is at the origin of the
equivalence between conformal invariance of the configuration (2)
and Ż = 0. Using field redefinitions, which for the configuration
(2) do not change the X0-dependence, it is then possible to cancel
β-functions to all orders, leading to a non-perturbative conformal
invariance, for any space–time dimension D . The metric appear-
ing in the configuration (2) corresponds, in the string frame, to a
de Sitter Universe, but in the Einstein frame, the dilaton is

φ(t) = 2 − D

2
ln

(
t√
α′

)
, (4)

and leads to a power-law expanding Universe, with scale factor

a(t) ∝ t
1+ D−2

2φ0 . (5)

As a result, a Minkowski Universe is obtained if

D − 2 + 2φ0 = 0, (6)

and it was shown in [6] that D = 4 is a natural choice for the con-
figuration (2) to be consistent with a Wick rotation in a Minkowski
Universe. In fact, upon such analytic continuations, the D = 4 case
is the lowest order in a series of discrete solutions, defining new
critical dimensions of the bosonic string in the non-trivial dilaton
backgrounds. For D = 4 and φ0 = −1 (required in order to have a
Minkowski Universe), we note that the string coupling eφ is pro-
portional to 1/t and allows the perturbative nature of string loops
(higher world-sheet topologies) for late times. In this sense, our
solutions for a late-epoch in the string Universe’s history, do not
suffer from the well-known [7] Borrel-non-re-summability of the
string loop expansion.

Finally, we remind here that the dilaton (4) and scale factor
(5) are not solutions of equations of motion obtained by varying a
space–time effective action, but are given by the homogeneity of
β-functions, to all orders in α′ .

3. Space–time effective action

It is known [8] that the space–time effective action Σ , func-
tional of the backgrounds, is given by

Σ[g, φ] = −
(

dZ

d lnε

)
, (7)
ε=1
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where ε is a dimensionless world sheet regulator, equal to the ra-
tio of a short distance cut-off over the radius of the spherical world
sheet. Since Ż = 0 for the configuration (2), the space–time effec-
tive action is also independent of the value of α′:

Σ̇ = − d

dα′

(
dZ

d lnε

)
ε=1

= −
(

dŻ

d lnε

)
ε=1

= 0, (8)

where we note that ε and α′ are independent parameters. The
definition (7) of the effective action gives

Σ = 1

κ2
0

∫
dD x

√|g|e−2φ

{
D − 26

6α′ − 1

2
R − ∇2φ + �

}
, (9)

where � represents all the higher order terms in α′ . For the spe-
cific configuration (2),

Σ = AD/2

κ2
0

(
α′)φ0+D/2−1

∫
dD xΘ

(x0)D+2φ0
, (10)

where Θ is constant, independent of x0 because of homogene-
ity, and therefore also independent of α′ , since there is no other
dimensionful constant (besides the overall normalization constant
κ0). For Σ̇ = 0 to hold, we must therefore satisfy

φ0 + D

2
− 1 = 0, (11)

which is exactly the condition (6) to obtain a Minkowski Universe.
As a consequence, conformal invariance of the configuration (2),
which is equivalent to Σ̇ = 0, leads to a Minkowski Universe, in
any dimension. This defines our cosmological vacuum state, and
we now describe how to go away from this vacuum by considering
a tachyonic background.

4. Inclusion of (off-shell) tachyons and dark energy

An extension of the work [2] and including tachyons was done
in [4], where conformal invariance can be satisfied in a similar way
(using the X0-homogeneity of the β-functions), with the configu-
ration (2) extended with the tachyon

T = τ0 ln

(
X0

√
α′

)
, (12)

where τ0 is a constant. The generalization of the definition of the
space–time effective action ΣT in the situation of tachyon back-
ground was discussed in [9], but in the present context of homo-
geneous β-functions, it was argued in [4] that the same definition
holds, i.e.

ΣT [g, φ, T ] = −
(

dZT

d lnε

)
ε=1

, (13)

where ZT is the partition function including the tachyon back-
ground.3 It was then shown that, if the cancellation 2φ0 + τ0 = 0

3 We remark at this point that the action (13) was dismissed in [9] for two rea-
sons. One concerns the fact that this action does not reproduce the perturbative
Minkowski vacuum, which, however, for us is not a reason, due to the fact that our
non-perturbative ground state is, by construction, not connected to this trivial vac-
uum configuration. A more serious reason concerns the sign of the kinetic term of
the tachyon field, which even after passage in the Einstein frame, turns out to be
“ghost-like”, i.e. has the wrong sign. However, in our framework, as we shall dis-
cuss below, the kinetic term is homogeneous in the time field X0. Hence, it can be
removed by appropriate field redefinitions [4], which do not affect the string scat-
tering amplitudes. In this sense, the precise form of the tachyon kinetic terms of
this action is not relevant for our discussion on the existence of dark energy in our
configuration.
occurs, the Universe undergoes a de Sitter inflation. If 2φ0 +τ0 �= 0,
the following scale factor was found

a(t) ∝ t
1+ D−2

2φ0+τ0 , (14)

such that the generalization of the condition (6) to get a Minkowski
Universe is

D − 2 + 2φ0 + τ0 = 0. (15)

In [4], because of the specific X0-dependence of the backgrounds,
the usual tree-level term −2T in the tachyon β-function, βT ,
could also be absorbed by a field redefinition, leading to homo-
geneous β-functions β

g
μν,βφ,βT . In this case, the steps leading to

Eq. (10) would give here the same conclusion: because of the def-
inition (13), the condition Σ̇T = 0 still holds and would lead to a
Minkowski Universe.

One can consider, though, an out-of-equilibrium situation,
where the tachyon (12) is off-shell (but the metric and dilaton
are on-shell), and where the tree-level term −2T is not absorbed
in a field redefinition (but the loop corrections to the tachyon β-
function are homogeneous in time, to all orders in α′ , since they
depend on the derivatives of the tachyon only, and all contain the
same power of X0). In this case, the space–time effective action
(13) reads

ΣT = 1

κ2
0

∫
dD x

√|g|e−2φ−T
{

D − 26

6α′ − 2

α′ T − 1

2
R

− ∇2φ − 1

2
∇2T + �T

}

= AD/2

κ2
0

(
α′)D/2−1+φ0+τ0/2

×
∫

dD x

(x0)D+2φ0+τ0

{
−2τ0 ln

(
x0

√
α′

)
+ ΘT

}
, (16)

where �T contains all the higher orders in α′ , and ΘT is a con-
stant independent of α′ . The condition Σ̇T = 0 gives then

D − 2 + 2φ0 + τ0 =
∫

dD x (x0)−(D+2φ0+τ0)

∫
dD x (x0)−(D+2φ0+τ0){ln( x0√

α′ ) − ΘT
2τ0

}
,

(17)

and if we consider the appropriate field redefinitions in order to
cancel the homogeneous contribution ΘT , we have then, after sim-
plifying the space volume factors,

D − 2 + 2φ0 + τ0 =
∫

dx0 (x0)−(D+2φ0+τ0)∫
dx0 (x0)−(D+2φ0+τ0) ln(x0/

√
α′ )

�= 0,

(18)

such that the Minkowski condition (15) is not satisfied. Instead,
the Universe is either expanding or contracting with the power law
(14), depending on the sign of the ratio (18), where the integrals
need to be regularized in order to avoid a possible initial singular-
ity x0 = 0. This singularity is indeed present if D + 2φ0 + τ0 > 1,
what we now assume and will have to check. Note that this regu-
larization can’t depend on α′ , since it was assumed when calculat-
ing Σ̇T that the boundaries of the space–time integral are indepen-
dent of α′ . If we impose then the integration over x0 to start from
a time x0

init >
√

α′ , we can see that the ratio (18) is positive for
D > 2, which is consistent with the assumption D + 2φ0 + τ0 > 1.
The power law (14) depends then on the sign of 2φ0 + τ0:



J. Alexandre, N.E. Mavromatos / Physics Letters B 682 (2010) 450–454 453
• A collapsing power-law Universe is obtained if

2φ0 + τ0 < 0, (19)

and this situation is ruled out by experimental data;
• An accelerating power-law Universe is obtained if

2φ0 + τ0 > 0, (20)

which we interpret as dark energy associated with the off-shell
tachyon field. This is inflicted by cosmic horizons and hence in
such a case perturbative the world-sheet correlation functions
cannot be interpreted as on-shell string scattering amplitudes.
However, in our off-shell case, from a σ -model point of view,
the situation is well defined, and the background field redef-
initions, leading to a scheme guaranteeing the vanishing of
the homogeneous terms ΘT in (17), are mathematically well-
defined operations.

We next note that, in the case of a more general tachyon po-
tential V (T ), the linear term in the tachyon β-function is replaced
by −2T −→ V (T ). In such a case, Eq. (18) becomes

D − 2 + 2φ0 + τ0 = τ0

∫
dx0 (x0)−(D+2φ0+τ0)V ′(T )∫
dx0 (x0)−(D+2φ0+τ0)V (T )

, (21)

where a prime denotes derivative with respect to T , and we then
arrive at a similar conclusion.

A final comment we would like to make concerns inflation, or
more specifically a de Sitter phase, in this approach, that is a phase
characterized by an exponential growth of the scale factor with
cosmic time. As discussed in [4], to arrive at such a phase the
presence of both tachyon and dilaton fields, in the configuration
(2), (12), is required with the additional anti-alignment condition:

2φ0 + τ0 = 0. (22)

In such a case, the Einstein- and σ -model-frame background fields
are the same [4], and in fact the metric assumes the form of the
scale factor of a de Sitter space, a(t) = eH I t , with de Sitter param-
eter: H I = 1/

√
α′ A. The condition (22) spans a very small region

(and hence a small probability) in the theory space of strings. Of
course, this does not mean that inflation cannot be realized in
string theory. It is a matter of initial conditions of our Universe. In
the context of colliding branes worlds, for instance, one can imag-
ine a situation in which the initial tachyonic instabilities have the
form (12), as a result of the existence of a homogeneous cosmo-
logical vacuum energy on the four-dimensional brane world, due
to interacting strings stretched among the colliding branes, which
is almost constant if the collision is adiabatic. In such a case, con-
formal invariance of strings with their ends attached only to our
brane world, which represent matter and radiation, would lead to
vacuum configurations for which the condition (22) is satisfied.
This is because, at low energies, a cosmological constant (de Sit-
ter) space would necessarily lead to equations of motion of Ein-
stein/de Sitter cosmological type with an exponential growth of
the scale factor. Once the Universe enters in such a phase, there is
an exponential growth, but there are also further deformations, in
the σ -model, which eventually would destroy the anti-alignment
condition (22), leading to power law universes (14) during and af-
ter the exit phase from inflation. The off-shell tachyons in such late
era phases would simply describe effectively off equilibrium effects
that still persist at late eras. Notice that this mechanism does not
require the presence of a massive inflaton field, this rôle is pro-
vided by the off-shell tachyon field which leads the inflationary and
subsequent growth phases of the Universe. Eventually the tachyon
field will decay away, and as discussed in this work, in such a case
the Universe will asymptote to a Minkowski space–time, but with a
non-trivial, logarithmically varying in time, (runaway) dilaton. This
will in turn affect the string coupling gs = eφ , which in this scenar-
ios is time dependent. In the context of four-dimensional models,
therefore, this may present a serious problem for phenomenol-
ogy. However, such issues are not going to be discussed in this
work.

5. Conclusions

In this work we have discussed an approach to deriving an ex-
panding and accelerating or decelerating Universe by means of off
shell tachyons, representing instabilities due to cosmically catas-
trophic events in a string Universe. The important feature of our
approach is the fact that one arrives at such a conclusion without
explicit knowledge of the target-space string effective action.

Our approach consists of finding field configurations which are
basically independent of the magnitude of α′ , and hence valid to
all orders in a σ -model-loop expansion for the Weyl anomaly co-
efficients (β-functions). In our framework, world-sheet conformal
invariance is obtained from the homogeneity of these β-functions
in the target time X0, by means of appropriate field redefinitions.
It should be stressed that in the model considered in the present
work, such homogeneous terms are spoiled by the tree-level
tachyon contributions. Consequently, as we have seen: (i) a de Sit-
ter expanding Universe is obtained if the tree level tachyon contri-
bution is removed by field redefinitions; (ii) a power-law expand-
ing Universe is obtained if this tree level term is left, leading to an
off-shell tachyon.

In this sense, the inclusion of such terms leads to non-vanishing
tachyon β-functions, and hence to off-shell tachyon fields. Phys-
ically, such off-shell situation may represent the remnant of a
cosmically catastrophic event in the Universe’s history, whose (re-
laxation) effects still last until late eras.

An off-shell tachyon leads in general to a power-law expanding
Universe, and naturally provides a scenario for dark energy. Un-
der certain conditions among the amplitudes of the dilaton and
tachyon configurations one may also have an inflationary de Sitter
phase.

An additional important ingredient of our approach is the pos-
sibility to implement this tachyon-induced dark energy in four di-
mensions, therefore avoiding the complications arising from com-
pactification. This latter property, however, poses the challenge
to find phenomenologically realistic string theories, with runaway
time-dependent dilatons, φ(t), and hence time-dependent string
couplings gs = eφ , which necessarily characterize the pertinent
non-critical-dimension string configurations. This is left for future
works.
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