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ABSTRACT

The Dirichlet integral provides a formula for the volume over the k-dimensional
simplex w= {x},...,%5: %> 0,i=1,...,k, s< Skx, < T). This integral was extended by
Liouville. The present paper provides a matrix analog where now the region becomes
Q={Vy,....Vis V;>0, i=1,....,k, 0<ZV,<t}, where now each V, is a pXp
symmetric matrix and A > B means that A — B is positive semidefinite.

1. INTRODUCTION

The well-known Dirichlet integral provides a formula for the volume
over the k-dimensional simplex

w={x,....,5:%620(i=1,....k), s<Zx, <t}.

This integral was extended by Liouville:

k
Hr(ai) ¢
(A3 ) lawminm gy o

q

where f(x) is continuous and @,>0, j=1,...,k. The case f{x)=1 is the
Dirichlet integral. For a general discussion of such integrals see [1].

The integral (1.1) has been generalized in several directions. Sivazlian [4]
provides the following extension: Let f{x) be continuous, g
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bi>0 (j=1,...,1), and

wl--{xl,...,xk,yl,...,y,:0<xi (i=1,...,k), 0<y, (j=1,...,l),2x,.+2y,-<t}.
Then

j;f(é xi)ﬁxiq_lfl yib"‘lllj[ dinllI dy,

1 1 1

ﬁr(ai) fIr(bi) :
. 1 f flz)224~(t—2)*"flz)dz.  (1.2)

Bk

Klamkin [2] and Sivazlian [5) offer several extensions of (1.2). The following
is the simplest of these: if f(x) and g(x) are continuous, a;>0 (i=1,...,k),
b’.>0 (j=1,...,1), then

S M)t oo

1 1

k
Hr(a,.)
- [f flo)g(w)o2s(t—w)™ dodw. (13)

r(é ai)r(El bi) 0<d<w<t

1

A different type of generalization of (1.1) was obtained by Olkin [3],
where now the integrand is extended to scalar functions of matrices. Such
integrals arise quite naturally in statistical multivariate analysis.

In the matrix version the matrices are symmetric of dimension p. We
write A>B and A>B to mean that A— B is positive semidefinite and
positive definite, respectively, and denote the determinant of A by |Al.

If f(X) is a continuous scalar function of the p X p symmetric matrix X,
a,>(p—1)/2 (i=1,...,k), and

Q={V,,...,V;:V;>0 (i=1,...,k), A<ZV,<B},
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then

k k k

k
= H Bp(al+ ce +af~1’ai)f f(Z)|lea‘_(p+l)/2dZ, (1_4)
j=2 A<Z<B
where
I, (m)I,(b) F i—1
=_P 7 P\ =pp—1)/4 -
Bmn)=E Lt Tm= r(m-57)

The result (1.4) is proved in [3]. In the present note we obtain matrix
analogs, in the spirit of (1.4), of the integrals (1.2) and (1.3).

2. MATRIX ANALOGS OF LIOUVILLE-DIRICHLET TYPE
INTEGRALS

The extension of (1.2) is given in the following

Tueorem 1. If V,,...,V, are pXp symmetric matrices, f(V) is a
continuous scalar function of the symmetric matrix V, a,>(p—1)/2 (i=
1,...,n), b,.>(p—1)/2 (j=1,...,1), and

Ql={Vl,...,Vk,Wl,...,Wl:V,.>O(i=1,...,k), W,>0(j=1,...,10),

k I
0<2V,.+2W,.<T},
1 1

then

k k 1 k )
JA v oo w0 flav Lo,
o2 1 1 1 1 1

k !
= 'H2Bp(al+ et ag,a) 1—[23,,(171+ . +b,-_1,b~)
i= i=

I
B,,(z bl,”—'z*i) [ fz)zEe-e+0oT-7zPhdz,  (21)
1
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Proof. The proof is based on using (1.4) twice. First integrating
Vi,..., Vi over the region V, >0 (i=1,...,k), 0< EI{Vi <T- 2’1VV,~, we obtain

k k k
ff( > V.-)HIWI"*“"*””H dV,~=c1f f(Z)|Z B e+n/24z,
1 1 1 0

KZ<T-Z4W,
(2.2)

where ¢, =II¥_;B,(a,+ - +a;_,,a). Thus, the left-hand side of (2.1) be-
comes

l l
clf f(z)lz|2§as—(p+1)/2H |W'i|b.--(p+1)/2H dw,dZ. (2.3)
0<Z+3IW,KT 1 1

Again invoking (1.4), (2.3) becomes

Clczf f(Z)IZIEfm—(p+1)/2|slz’lbi—(p+1)/2d3dz, (2.4)
0<Z+S<T

where ¢, =11, _,B,(b,+ - - - +b;_,b).
We now make a sequence of transformations in order to evaluate the
integral

[ |S|Zhp+1/24g, (2.5)
0<Z+S<T
First, let Z+ S=H be a transformation from S to H, yielding

f |H—Z |~ p*+D/2dH
Z<HKT

= |Z|®h— P+ 1/2|7 ~ /27, ~1/2 — Ilzb"(”“)/de. (2.6)
Z<H<T

Now let Z ~Y/2HZ ~1/2=G. Then dH=|Z|'’?*V/2dG, and we obtain

S g o AP 1B 020G (e)
<G<LKZ"™ -
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Let U= G-I, and write B=Z ~'/2TZ ~'/2— [, Then (2.7) becomes
za [ |uEheeequ, 2.8)
0<U<B

Finally, let B ~'/2UB ~1/2=Y, so that dU=|B|P*V/2dY, and (2.8) becomes
(Z|2b.-lBl2b4f lylzb.-—(PH)/zdy_ (2.9)
0<Y<I

The integral in (2.9) is a matrix analog of the Beta function and was
evaluated by Olkin [3]:

f |Y|c—(p+1)/2|1_Yld—(P*'l)/de:Bp(c’d)’ (210)
o<Y<I

so that (2.9) is equal to IZIbe|B|2”*Bp(Eb,-,(p+1) /2). Combining (2.4) with
(2.9) then yields the result. [ ]

A matrix extension of (1.3) can be obtained in a similar manner, namely,
by a repeated application of (2.1). We state this result without proof.

TueoreM 2. If f and g are continuous scalar functions of a symmetric
matrix, then

k 1 k 1 k 1
J /(2 w)g(z W.-)H|v,-|**<”“>/211|W.-|”*-<P+”/2H av, ]l aw
o<y, 1 1 1 1 1 1
o<W,
0<ZV;+ W, KT

k
= I;[Bp(a1+ et y,a)

] 1
X[ f(X)g(E “Ii)lxlzq—(P+I)/2H|u’ilb‘—(P+l)/2dXH dei
o<W, 1 1

0KX+3SW,<T

k !
= IIIBp(a1+ e +ai_1,a’.)1;[Bp(bl+ c+ +b_y,b)

X[ fX)g(Y)|X[EaTG+ /e Y [EA - 0/2aK Y, (2.11)
0<X+YLT
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Note that (2.11) is equivalent to (1.3) when p=1.
Matrix extensions of other integrals in [2] can be obtained in a similar
manner.
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