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1. Introduction

There seems a remarkable “resonance” between oscillation behavior' of a sequence {Vnlnezo, Of
complex numbers satisfying a tame condition (see Eq. (2.1.2)) and the singularities of its generating
function P(t) = Z;io ¥»t™ on the boundary of the disc of convergence in C. The idea was inspired by
and strongly used in the study of growth functions (Poincaré series) for finitely generated groups and
monoids [10, Section 11].

Let us explain the “resonance” by a typical example due to Machi [5] (for details, see Examples
in Sections 3.3 and 5.4 of the present paper. Other simple examples are given in Section 3.4 (see
[1,9,7]) and Section 3.5). By choosing generators of order 2 and 3 in PSL(2, Z), Machi has shown that
the number y;, of elements of PSL(2, Z) which are expressed in words of length less than or equal to
n € Zso w.r.t. the generators is given by y,, = 7 - 28 — 6 and yy 1 = 10 - 2¥ — 6 for k € Z=0. On
one hand, this means that the sequence of ratios y,_1/y, (n = 1, 2, ...) accumulates to two distinct

“oscillation” values {g, 17—0} according as n is even or odd. On the other hand, the generating function

E-mail address: kyoji.saito@ipmu.jp.
1 By an oscillation behavior, we mean that, for each fixed k € Z 0 called a period, the sequence of the rate y,_/yn (n € Zs0)
has several different accumulation values.
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A+t)(1+2t)
(1=2t2)(1-t)"
. We see that there is

(or, so called, the growth function) can be expressed as a rational function P(t) = and
1
7
a “resonance” between the set {;, %} of “oscillations” of the sequence {yy}nez.., and the set {ﬂ:%} of

“poles” of the function P(t), in the way we shall explain in the present paper.

In order to analyze these phenomena, in [10, Section 11], we introduced a space £2(P) of opposite
power series in the opposite variable s = 1/t, as a compact subset of C[[s]], where each opposite series
is defined by using “oscillations” of the sequence {yn}nez., SO that £2(P) carries a comprehensive
information of oscillations (see Section 2.2 Definition (2.2.2)). On the other hand, the space §2(P)
has duality with the singularities of the function P(t) (Section 5 Theorem). Thus, £2(P) becomes a
bridge between the two subjects: oscillations of {y;},ez., and singularities of P(t). Since the method
is independent of the group theoretic background and is extendable to a wider class of series (see
Section 2.1 Example 2), which we call tame, we separate the results and proofs in a self-contained
way in the present paper. We study in details the case when §2(P) is finite, where we have good
understanding of the above mentioned resonance by a use of rational subset explained in the following
paragraph, and Machi’s example is understood in that frame.

One key concept in the present paper is a rational subset U (Section 3), which is a subset of the
positive integers Zo such that the sum ), t" is a rational function in t (i.e. U, up to finite, is a finite
union of arithmetic progressions). The concept is used twice in the present paper. The first time it is
used is in Section 3, where we show that, if the space of opposite series £2(P) is finite, then there is a
finite partition Z>o = LI; U; of Z> into rational subsets so that there is no longer oscillation inside in
each {y, : n € U;}. We call such phenomena “finite rational accumulation” (Section 3.2 Theorem)
(such phenomena already appeared when we were studying the F-limit functions for monoids
[10, Section 11.5 Lemma]). The second time it is used is in Section 5, where we introduce a rational
operator Ty acting on a power series P(t) € C[[t]] by letting TyP(t) := ), ., ¥at". The rational
operators form a machine that “manipulates” singularities of the power series P(t). In this way,
rational subsets combine the oscillation of a sequence {y, }nez., and the singularities of the generating

function P(t) := Z;’io yat™ for the case when 2 (P) is finite.

The contents of the present paper are as follows.

In Section 2, we introduce the space §2(P) of opposite series as the accumulating subset in C[[s]]
of the sequence X,(P) := ZZ:O %s" (n = 0,1,2,...) with respect to the coefficient-wise
convergence topology, where the kth coefficient describes an oscillation of period k. Dividing by
period-one oscillation, we construct a shift action t; on the set §2(P) to itself, which shifts k-period
oscillations to k — 1-period oscillations.

In Section 3.1, we introduce the key concept: finite rational accumulation. We show that if £2(P) is
a finite set, then £2(P) is automatically a finite rational accumulation set and the t-action becomes
invertible and transitive. That is, 7, is acting cyclically on £2 (P).

Starting with Section 4, we assume always finite rational accumulation for £2(P). In Section 4, we
analyze in details of the opposite series in £2(P) and the module C£2(P) spanned by £2(P), showing
that the opposite series become rational functions with the common denominator A°P(s) in 4.1, and
that the rank of C£2 (P) is equal to deg(A°P(s)) in Section 4.4.

In Section 5, we assume that the series P(t) defines a meromorphic function in a neighborhood
of the closed convergent disc. Then we show that A°(s) is opposite to the polynomial A®P(t) of the
highest order part of poles of P(t) (Duality Theorem in Section 5.3), and, in particular, the rank of
the space C£2(P) is equal to the number of poles of the highest order of P(t) on the boundary of the
convergent disc. We get an identification of some transition matrices obtained in s-side and in t-side,
which plays a crucial role in the trace formula for limit F-function [10, 11.5.6].

Problems. The space £2(P) is new with respect to the study of the singularities of a power series
function P(t), and the author thinks the following directions of further study may be rewarding.

it has two poles at {:I:%z} on the boundary of its convergent disc of radius

1. Generalize the space £2(P) in order to capture lower order poles of P(t) on the boundary of its
convergent disc (c.f. [10, Section 12, 2.]).

2. Generalize the duality for the case when §2(P) is infinite. Some probabilistic approach may be
desirable (c.f. [10, Section 12, 1.]).
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2. The space of opposite series.

In this section, we introduce the space £2(P) of opposite series for a tame power series P € C[[t]],
and equip it with a t-action.

2.1. Tame power series

Let us call a complex coefficient power series in t

P(t) =) yut" (2.1.1)
n=0

to be tame, if there are positive real numbers u, v € R. ¢ such that

U < |[Yo-1/val < v (21.2)
for sufficiently large integers n (i.e. forn > Np for some Np € Zs). This implies that there are positive
constants ¢y, ¢, with ¢; <, so that

v " <yl < cu" (2.1.3)
for sufficiently large integer n € Zx (actually, put ¢; = |yNP|vNP and c; = |yNP|uNP forn > Np). Let
us consider two limit values:

u < rpi=1/1m|y|"" < Re =1/ lim |yl < v. (2.1.4)

n—00 n—00

Cauchy-Hadamard Theorem says that P is convergent of radius rp.

Example 1. Let I” be a group or a monoid with a finite generator system G. Then the length I(g) of an
element g € I' is the shortest length of words expressing g in the letter G.Set I, :={g € I" | I(g) <
n} and y, := #(I}). Then the growth function (Poincaré series) for I" with respect to G is defined by
Prc(t) = Z;’io yat". The sequence {yn}nez., is increasing and semi-multiplicative ymin < YmVa.
Therefore, by choosing u = 1/y; and v = 1, the growth series is tame.

Example 2. Ramsey’s theorem says that, for any n € Z., there exists a positive integer N such that
if the edges of the complete graph on N vertices are colored either red or blue, then there exists n
vertices such that all edges joining them have the same color. The least such integer N is denoted by
R(n), and is called the nth diagonal Ramsey number, e.g. R(1) = 1,R(2) = 2,R(3) = 6,R(4) = 18
(c.f. [6]). Then, the following estimates are known due to Erdos [3] and Szekeres:

2M2 < R(n) < 2°™.

So, R(t) := Zﬁio R(n)t" (where put R(0) = 1) form a tame series.

2.2. The space $2 (P) of opposite series

Let P be a tame power series. Then, there is a positive integer Np such that y, is invertible for all
n > Np. Therefore, for n € Zy,, we define the opposite polynomial of degree n by

n
Xa(P) = 3 Ik gk, 2.2.1)
k=0 n

Regarding {X,(P)}n=n, as a sequence in the space C[[s]] of formal power series, where C[[s]] is
equipped with the classical topology, i.e. the product topology of coefficient-wise convergence in
classical topology, we define the space of opposite series by

£2(P) = the set of accumulation points of the sequence
(2.2.1) with respect to the classical topology. (2.2.2)



1656 K. Saito / European Journal of Combinatorics 33 (2012) 1653-1671

That is, an element of £2 (P) can be viewed as an equivalence class of infinite convergent subsequences
{Xn,, (P)}m of opposite polynomials.
The first statement on 2 (P) is the following.

Assertion 1. Let P be a tame series. Then £2(P) is a non-empty compact closed subset of C[[s]].

Proof. For each k € Zs, the kth coefficient % of the polynomial X, (P) for sufficiently large
n € Zso with respect to P and k (i.e. forn > Np 4 k — 1) has the approximation uk < |%| =

|%||%| e |VV“—;L| < v¥, i.e. it lies in the compact annulus
n— n—

D, u*, v*) :={a e C | u* < |a] < v¥}.
Thus, for each fixed m € Zso, the image of the sequence (2.2.1) under the truncation map w<p :

C[[s]] — Cm™1, Zﬁio as® +— (ag, ..., an) accumulates to an non-empty compact subset of
[Tiwo D(O, uk, v*), say 2. Then, we have:

o0
2P) =n%, ((n<m)—‘9<m n[]bco. v, v")) ,
k=0
where the RHS, as an intersection of decreasing sequence of compact sets, is non-empty and
compact. O

An element a(s) = E,ZOaks" of £2(P) is called an opposite series. Its kth coefficients ay, i.e. an
oscillation value of period k, belongs to D(0, u¥, v¥). Given an opposite series a(s), the constant term
ap is equal to 1. The coefficient ay, i.e. oscillation value of period 1, is called the initial of the opposite
series a, and denoted by ¢(a).

For later use, let us introduce an auxiliary space of the initials:

£21(P) := the accumulation set of the sequence { Yn-1 } , (2.2.3)
Yn >0

which is a compact subset in D(0, u, v). The projection map £2(P) — £21(P), a > ((a) is surjective
but may not be injective (see Section 3.5 Ex.).

2.3. The t-action on $2(P)

We introduce a continuous map t; form £2(P) to itself.

Assertion 2. a. Let {1y }mez., be a subsequence of Z tending to oo. If the sequence {Xp,, (P)}mez..,
converges to an opposite series g, then the sequence {X;,,—1(P)}mez., also converges to an opposite
series, whose limit depends only on a and is denoted by 7, (a). Then, we have

To(a) = (a— 1)/u(a)s. (2.3.1)

b. Let C$2(P) be the C-linear subspace of C[[s]] spanned by £2(P). Then the map t : 2(P) —
C2(P), a — (a)te (a) naturally extends to an endomorphism of C$2 (P).

T € Endc(C2(P)). (2.3.2)

Proof. a. By definition, for any k € Z-, the sequence % converges to a constant a; € D(u¥, v¥).
= nm

Then, Xm-D=0-D  _ m—k /"im-1 conyerges to ay/a;. That is, the sequence {X,,—1(P)}mez.,

Ynm—1 Ynm Ynm -

converges to an opposite series, whose (k — 1)th coefficient is equal to ay/a;.
b. This is trivial, since a +— (a)t(a) is a restriction on £2(P) of an affine linear endomorphism
(a—1)/sonC[[s]]. O
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2.4. Examples of t,-actions

At present, except for the trivial cases when #£2(P) = 1 so that t, = id, there are only few
examples where the action (£2(Pr ), te) is explicitly known: namely, the groups of the form I" =
(Z/p1Z) * - - - * Z/pnZ for some py, ..., pp € Z~1 (n > 2) with the generator system G = {ay, ..., a,}
where g; is the standard generator of Z/p;Z for 1 < i < n, which include Machi’s example (see
Sections 3.3 and 3.4).

For the tame series R(t) in Section 2.1 Example 2, we know nothing about (§2(R), ty). It is already
a question whether #£2 (R) is equal to 1, finite many (> 1), or infinite? The author would like to expect
#2([R) = 1.

2.5. Stability of 2(P)

In the present subsection, we are (mainly) concerned with following type of questions, which we
will call stability questions concerning $2(P): for a given tame series P, under which assumptions on
another power series Q, is P 4+ Q again tame and £2(P) = 2(P 4 Q)? Or, if 2(P + Q) changes from
£2(P), how does it change?

We discuss some miscellaneous results related to stability questions, but we do not pursue full
generalities. Except that Assertion 3 is used in the proof of Assertion 13, results in the present
paragraph are not used in the present article. Therefore, the reader may choose to skip the part of
this subsection after Assertion 3 without substantial loss.

Assertion 3. Let Q = Z;’io qnt" converge in the disc of radius rg such thatrq > Rp. Then P 4 Q is
tame and 2(P) = (P + Q).

Proof. Let ¢ be areal number satisfyingry > ¢ > Rp. Then, one has lim,_, o, g,¢" = 0and c" > 1/|y,|
for sufficiently large n. This implies lim,_, » V”;;q” 1+ limp_ oo yﬁ 1. The required properties
follow. O

Assertion 4. Let r be a positive real number withr < Rp. If 2;(P) N{z € C : |z]| = r} = 0.
Then there exists a power series Q (t) of radius of convergence ry, = r such that P + Q is tame and
QP +Q) & 2(P).

Proof. We define the coefficients of Q (t) = Z;";o qnt™ by the following conditions: |q,| = r~" and
arg(qn,) = arg(yn). Then, for tameness of P + Q, we have to show some positive bounds 0 < U <

Ap <V for A, |y“y‘7jr'g"’|. Since |yn + qul = |yal + 17" we have A, = % Then,
evaluating term-by-term in the numerator, one gets A, < v + r =: V. On the other hand, according
as 1> 1/(|ya|r") or not, we have A, > u/2 or A, > r/2. Therefore, we may set U := min{u/2, r/2}.
Let us find a particular element d € £2(P+ Q) such thatd ¢ £2(P). For a small positive real number
¢ satisfying the inequality (1—¢)/r > 1/Rp, there exists an increasing infinite sequence of integers n,
(m € Zsg) such that ((1—¢)/r)"™ > |yy, | form € Z=¢. By choosing a suitable subsequence (denoted
by the same n,,), we may assume that X, , (P + Q) converges to an element, say d, in £2(P 4- Q). Its kth
coefficient dy is equal to the limit of the sequence (yy,,—k + qnyu—k)/ (Vam + Gn,,) fOr ny, — oco. For each
fixed np,, dividing the numerator and the denominator by gp,,, we get an expression (X + *Y)/(Z+1)
where [X| = [Va,—k/Vap |- [Van "™ | < 0*-(1—g)"" (forn >> k) Y € S',and Z| = [y, "] < (1—&)™.
Thus, taking the limit n,, — oo, we have X — 0,Y — e'% for some 6, € Rand Z — 0 so that
d = rke%. On the other hand, we see that d & £2(P), since ((d) = re'”t & £,(P) by assumption. 0O

We do not use following Assertion in the present paper, since we know more precise information
for the cases #£2(P) < oco. However, it may have a significance when we study the general case with
#Q(P) =

Assertion 5. An opposite series converges with radius 1/ sup{|a| : a € £2:(P)} < 1/Rp.
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Proof. Let a(s) = limy_. Xy, (P) for an increasing sequence {n,;}mez., be an opposite series. By the
Cauchy-Hadamard theorem, the radius of convergence of a is given by

ro=1/1im |a|Y* = 1/Tim | im yu, &/ Va, |7
k— o0 k—o00 m—o0

’

where the RHS is lower bounded by 1/ sup{|a| : a € §2;(P)} from below. O

It seems natural to ask when we can replace sup{|a| : a € £2;(P)} by Rp? Finally, we state a result,
which is not related to the stability.

Assertion 6. For any positive integer m, we have the equality

22(P) =2 a"p 2.5.1
(P) = (dtm> (2.5.1)

which is equivariant with the action of ;.
Proof. It is sufficient to show the case m = 1. We show a slightly stronger statement: the subsequence
{Xny (P)}Ymez., converges to a series a(s) if and only if {Xy,, (fli—P)}meZ>0 also converges to a(s).

For an increasing sequence {nm}mez., and for any fixed k € Zsy, the convergence of the sequence

_ . . nm—k _ _
Ym=k t5 ¢ is equivalent to the convergence of the sequence (m =RV ke _ (1 — k/ny) m=k to the
Ynm MmYnm Ynm
samec. O

3. Finite rational accumulation

We show that, if £2(P) is a finite set, then it has a strong structure, which we call the finite rational
accumulation (Section 3.2 Theorem and its Corollary). The whole sequel of the present paper focuses
onits study. O

3.1. Finite rational accumulation

We introduce the concept of finite rational accumulation. To this end, we start with a preliminary
concept: a rational subset of Zs. The following fact is easy and well known, so we omit its proof.

Fact. The following conditions for a subset U C Zx are equivalent.
(i) PutU(t) :== ), .y t". Then, U(t) is a rational function in t.

(ii) There exists h € Z-¢ and a polynomial V(t) such that U(t) =
i

)
(iii) There exists h € Z.o suchthatn+ h € U iffn € U forn > 0.
(iv) There exists h € Z.,asubsetu C Z/hZ and a finite set D C Zxq such that U\ D = Upge, U\ D,
where, for a class [e] € Z/hZ of e, put

v(©)
1—th

U := {n € Z-¢ | n = e mod h}. (3.1.1)

Further more, (ii)-(iv) are equivalent for a pair (U, h). The least such h for a fixed U will be called
the period of U.

Definition. 1. A subset U of Z- is called a rational subset if it satisfies one of the above four equivalent
conditions.

2. A finite rational partition of Z is a finite collection {U,},e; of rational subsets U, C Zs indexed
by a finite set £2 such that there is a finite subset D of Z-¢ so that one has the disjoint decomposition

Zzo \D = HaeQ(Ua \ D)~
In particular, for h € Z., the partition Up = {U!®}(ejcz/nz 0f Z= is called the standard partition of

period h.

3. For a finite rational partition {Ug}seg; Of Z>o, the period of a standard partition, which subdivide
{Uq}aeq, is called a period of {Uy}sce. The smallest period (=Ilcm{period of U,| a € £2}) of a finite
rational partition {U,}qcq is called the period of {Uy}qcq.



K. Saito / European Journal of Combinatorics 33 (2012) 1653-1671 1659
We, now, arrived at the key concept of the present paper.

Definition. A sequence {X;};ez., of points in a Hausdorff space is finite rationally accumulating if
the sequence accumulates to a finite set, say 2, such that for a system of pairwise-disjoint open
neighborhoods V, for a € £2, the system {Ug}qeqz for U, :== {n € Zs¢ | Xy € Vq} is a finite rational
partition of Z>. The (resp. a) period of the partition is called the (resp. a) period of the finite rational
accumulation set §2.

3.2, tg-periodic point in £2(P)

Generally speaking, finiteness of the accumulation set §2 of a sequence does not imply that it is
finite rationally accumulating (see Section 3.5 Example a). Therefore, the following theorem describes
a distinguished property of the accumulation set §2 (P). This justifies the introduction of the concept
of “finite rational accumulation”.

Theorem. Let P(t) be a tame power series in t. Suppose there exists an isolated point of $2(P), say a,
which is periodic with respect to the t-action on $2(P). Then §2 (P) is a finite rational accumulation set,
whose period hp is equal to #52 (P). Furthermore, we have a natural bijection that identifies 2 (P) with the
to-orbit of a:

7/hpZ ~ 2(P)

emod hp > a! := lim Xethpn(P), (3.2.1)
n—oo

where the standard subdivision Uy, of the partition of Z is the exact partition for the space 2 (P) of the

opposite series of P. The shift action [e] — [e — 1] in the LHS is equivariant to the tg, action in the RHS.

Proof. The assumption on a means:

(i) There exists a positive integer h € Z. such that
(to)'a=a+# (tg)"a for0 < <h.

(ii) There exists an open neighborhood V, of a in C[[s]] such that

22(P) NV, = {a}.

In particular, £2(P) \ {a} is a closed set.

Since £2(P) is a compact Hausdorff space, it is a regular space, so we may assume further that
R(P) NV, = {a}. Then, by setting U, := {n € Z=q | X,(P) € V,}, the sequence {X,(P)},cy, converges
to the unique limit element a. By the definition of t, in Section 2, the relation (t;)"a = a implies that
the sequence {X,_n(P) }neu, converges to a. That is, there exists a positive number N such that for any
n € U, withn > N, X,_,(P) € V,, and hence n — h belongs to U,.

Consider the set A := {[e] € Z/hZ | there are infinitely many elements of U, which are congruent
to [e] modulo h}. By the defining property of N, if [e] € A, then U, contains Ul N Zoy. O

Proof. For any m € Z-y with m mod h = [e], there exists an integer m" € U, such that m’ > m and
m’ mod h = [e] by the definition of the set A. Then, by the definition of N, m" — h € U,. Obviously,
eitherm" — h = morm’ — h > moccurs. If m" — h > m then we repeat the same argument to
m” :=m’ — hsothatm” — h = m’ — 2h € U,. Repeating, similar steps, after finite k-steps, we show
thatm' —kh=me U,. O

Thus, U, is, up to a finite number of elements, equal to the rational subset Ujejca U, This implies
A # (). Consider the rational subset Uigyia = {fn—i|neU}fori =0,1,...,h — 1. Due to

Section 2.3 Assertion 2, {Xn(P)}neu( i, converges to (to)'a, so U(zg)ia 1S, Up to a finite number of
1194

elements, equal to the rational subset Ujejea U'e=1l, By the assumption a # r}za for0 <i < h, any pair
of rational subsets U, i, (0 < i < h) have at most finite intersection, so A is a singleton of the form
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A = {[eo]} for some eg € Z and U,,,, i, = U~ up to a finite number of elements. On the other hand,
since the union U?:_Ol U(rg,)iq already covers Zxg up to finite elements and since each {X; (P)}neu(m)ia
converges only to (z)'a, the opposite sequence Eq. (2.2.1) can have no other accumulating point than
the set {a, toaq, . .., (to)"'a}. That is, £2(P) is a finite rational accumulation set with the transitive
hp-periodic action of 7.

Corollary. If the set of isolated points of §2(P) is finite, then $2(P) is a finite rational accumulation set
with the presentation (3.2.1).

Proof. Since the 7 action preserves the set of isolated points of £2(P), there should exists a periodic
point. O

3.3. Example by Machi [5]

Let I' := Z/27 % Z/3Z ~ PSL(2, Z) with the generator system G := {a, b*'} where a, b are the
generators of Z/27 and Z/3Z, respectively. Then, the number #I, of elements of I" expressed by the
words in the letters G of length less or equal than n for n € Z is given by

#Iy =7-2—6 and #Iy,, =10-2K—6 fork € Zo.
Therefore, we get the following expression of the growth function:

R ¢ 1+ D1+20)
Pr(t) = k;#rkt = aaa—o

Then, we see that §2;(Pr ) and, hence, 2(Pr ) are finite rationally accumulating of period 2.
Explicitly, they are given as follows.

n—oo #%, 5 n—soco #JI 7
Ql(PFG): 0[10] = lim ﬂ:—, a[11] = lim 7%:7
Y #1on 7 #lm1 10
2(Prc) ={d%s), d"(s)}
where

o0 5 o0
(01 . —k2k 4 2 —k 2k
a-'(s) = ZZ S —|—7522 S
1
2

k=0 k=0
(1+ 35) 1+2V2 1-342
= 52 = 1— =5 +5- 1+ < ’
(1—7) V2 V2
atll(s) = i kg L i PR
- 107 &
k=0 k=0
71 71
(14 49) 1 1+§7+ 1-55
= —_ > = =
( _%) 2 1-5 1+ 5

In Section 5.4, these coefficients of fractional expansions are recovered by a use of, so called,

rational operators (see Section 5.3 Theorem (ii)).

57 1
We calculate also 12 = R = a[lo]a[ll] =5 =7

3.4. Simply accumulating examples

A tame power series P(t) is called simply accumulating if #52(P) = 1. Growth functions P ¢(t) for
surface groups and Artin monoids are simply accumulating, respectively (Cannon [1], [9,7]). This fact
for Artin monoids enables one to determine their F-functions [8].
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3.5. Miscellaneous examples

Before going further, we use a simple model of oscillating sequence {yy}nez., to give some
examples of the power series P(t) such that -
(a) £21(P) is finite but is not finite rationally accumulating,
(b) £21(P) is finite rationally accumulating but #£2,(P) < #£2(P),
(c) £2(P) # $2(P + Q) for a power series Q (t) forany Rp > rq > 1p.
We do not use these results in the sequel so that the readers may skip present subsection without
substantial loss.

Given a triple 4{ := (U, a, b), where U C Zx; is any infinite subset with infinite complement
and a, b € C\ {0}, we associate a sequence {ys}ncz., defined by an inductiononn : yp := 1and

Yo = Vo1 -aifn € Uand yy_1 - bifn & U.Set Py(t) := > o yat". Then:
Fact (i) The series Py(t) is tame and 21 (Py) = {a~ !, b™'}.
(ii) The series Py(t) is finite rationally accumulating if and only if U is a rational subset of Zx.

Proof. (i) The inequalities: min{|al, |b|} < |yu/¥a—1] < max{|al|, |b|} imply the tameness of Py. The
latter half is trivial since the proportion y,/y,-1 takes only the values a or b.

(ii) This follows from: Py is rational < The sets {n € Zsy | ¥n/¥n—1 = a} = Uand {n € Zs; |
Yn/VYn—1 = b} = U° arerational < U isrational. O

(a) By choosing a non-rational subset U, we obtain an example (a).

(b) Even if U (and, hence, U° also) is a rational subset, if {U, U} is not the standard partition of Z-( of
period 2, then the period of the partition {U, U} = #£2(Py) > 2 = #£21(Py). This gives an example
(b).

(c) To get an example satisfying (c), we need a bit more consideration. Define py =
im0 2P0 and gy := lim,_, . *YOD If U s a rational subset, then py = qy is a rational

number. In general, the pair (py, qu) can be any of {(p, q) € [0, 1]?> | p > q}. Suppose |a] > |b|.

#UN[1,n])

_ _ #UN[Ln) _
1/rp .= lim |a|~ = - |b|! m = |aPv|b|"PY,
n—oo
. #UN[1,n]) _ #UN[1.n]) —
1/Rp := lim |a|” = -|b|'""" @ = |a|%|b|'"%.

n—oo

Thus, rp and Rp can take any values, satisfying: |a|~! < rp < Rp < |b|™!. If thereis a gap rp < Rp,
then forany r € R_g suchthatrp <1 < Rp, Q(t) := Y o€ (t/r)" for 0, = #(U N Z1<.<,) arg(a) +
(n — #(U N Z1<.<p)) arg(b) gives example (c) (since £21(Py) N {z € C : |z| = r} = ¥ and Section 2.4
Assertion 4).

4. Rational expression of opposite series

From this section, we restrict our attention to a tame power series having the finite rational
accumulation set £2(P).

4.1. Rational expression

We show that opposite series become rational functions of special form. We start with a
characterization of a finite rational accumulation.

Assertion 7. Let P(t) be a tame power series in t. The set £2(P) is a finite rational accumulation set of
period hp € Z>1 if and only if £2;(P) is so. We say P is finite rationally accumulating of period hp.
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Proof. If 2(P) is finite rationally accumulating, then, in particular, the sequence =L is finite

n
rationally accumulating. To show the converse and to show the coincidence of the periods, assume
that {yn-1/¥n}nez., accumulate finite rationally of period h;. Then, for the standard subdivision

Up, = {U[e]}[e]ez/hlz, the subsequence {yn_1/Vn},eytel for each [e] € Z/h,Z converges to some
number, which we denote by a[le] eC.
For any k € Zx¢ and sufficiently large (depending on k) n, one has

Yn—k _ Yn—1 Vn-2 . Yn—k

Va Yo Ya-1  Vaokst
Forn € U with [e] € Z/hiZ, we see that the RHS converges to a\al* " ... al¥ ™ !, Then, for
[e] € Z/h1Z and k € Zs>, by putting
af = dlldle . ale (41.1)

the sequence {X,(P)}neuy, converges to a'*! := " 7° a'st with a'! = ¢(a'®)) so that £2(P) is finite
rationally accumulating. Its period hp is a divisor of hy, but it cannot be strictly smaller than h;, since
otherwise the sequence {yn—1/¥n}nez., gets a period shorter than h;. O

Remark. That the period of the finite rational accumulation of §2;(P) is equal to hp does not imply
#§21(P) = hp.Thatis, the mapa € 2(P) > ((a) € £21(P) is not necessarily injective (see Section 3.5
Example b).

Assertion 8. Let P be finite rationally accumulating of period hp € Zs;. Then the opposite series
a? =% a,[f]s" in 2(P) associated with the rational subset U'®! converges to a rational function

Alel (s)

[e] —
a’s) = ————,
( ) 1 —ApShP

(4.12)

where the numerator A!(s) is a polynomial in s of degree hp — 1:

ot
A(s) =) ( a[f'“]) s (4.1.3)
1

j=0 i=
and
hp—1

i 0 hp—1
=[] =d) = =qr " (4.1.4)
i=0

P

We have a relation
)™ = Rp)™ = |Ap], (4.1.5)
where 1p is the radius of convergence of P(t) and Rp is given by (2.1.4).

Proof. Due to the hp-periodicity of the sequence a[f] (e € Z), formula (4.1.1) implies the “semi-

periodicity” with respect to the factor (4.1.4):
amﬁ,{ = (Ap)’"a,[f] form € Zso,k=0,...,hp — 1.

This implies a factorization al® = Al?! . Y™™ (Aps"*)™ and hence (4.1.2).
To show (4.1.5), it is sufficient to show the existence of positive real constants c; and ¢, such that
forany k € Z there existsn(k) € Z>o and for any integer n > n(k), one has ¢ rk < |%| <crk O
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Proof. We may choose ¢y, c; € R.g satisfying c; < mm{l | | [e] € Z/hZ,i € ZN[0,h — 1]} and

c2>max{| ||[e €eZ/hz,iezN[0,h—1]}. O
This completes a proof of Assertion 8. O

Corollary. Let §2(P) be finite. For any power series Q (t) of radius ry of convergence larger than rp, P +Q
is tame and 22(P) = 2(P + Q).

4.2. Coefficient matrix My, of numerator polynomials
In this and the next section, we study the linearly dependent relations among the opposite series

al’l(s) for [e] € Z/hpZ.
For the purpose, let us consider the matrix

f .
My = (1—[ age—lm) (42.1)
i=1

efef0,1,...h—1}
of the coefficients of the numerator polynomials (4.1.3). Regarding a[o] .. [1h 1 as variables, let us
introduce the “discriminant” by
D@, ..., d"" "y == detMy) € z[d”, ..., d""M). (42.2)
Actually, Dy is an irreducible homogeneous polynomial of degree h(h — 1)/2. Under the cyclic
permutation o = (0, 1, ..., h — 1) of the variables,
Dhoo = (—=1)" D). (4.2.3)

Our next task in Section 4.3 is to stratify the zero-loci of D, according to the rank of M. This is achieved
by introducing the opposite denominator polynomial A°°’, whose degree describes the rank of the matrix
M, (see (4.3.3)). Here the coefficient is an arbitrary field K. In particular, for the case of K = R, we give
a precise stratification of the positive real parameter space (R )" of the parameter (a[O] e, a[h_”),

whose strata are labeled by cyclotomic polynomials i.e. an integral factor of 1 — s" which contains also
the factor 1 — s (see Assertion 9(iv)).

4.3. Linear dependence relations among opposite series

Assertion 9. Fix h € Z. For each [e] € Z/hZ and each A € K*, let Al¥! (s) be the polynomial defined
in equations Eqs. (4.1.3) and (4.1.4) associated with any h-tuple a = (a[O] .. [h ”) e (KN

(i) In K[s], we have the equality of the greatest common divisors:
gcd(A%(s), 1 — As™ - = ged(A"1(s), 1 — As™)
= ged(A(s), A(s)) = - - - = ged (A" (s), A (s))

(whose constant term is normalized to 1), which we denote by §;(s).
Let us introduce the opposite denominator polynomial by

AP(s) = (1 — As") /8;(5). (43.1)
(ii) For [e] € Z/hZ, put
blel(s) == Al¥l(s) /85 (s). (4.3.2)

The polynomials b'®!(s) for [e] € Z/hZ span the space K [s]<deg( A%y of polynomials of degree less
than deg(A7"). Hence, one has the equality:

rank(My) = deg(AZ). (4.3.3)
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(iii) For ¢(s) € K[s], (s) | A ifand only if ¢(s) | 1 — As" and ged(¢(s), A¥I(s)) = 1.In particular, if
a € (Ro)", then AY is always divisible by 1 —" v/As.
(iv) Let h € Z.. There exists a stratification R" 2 o = Ao Cpop, where the index set is equal to

(A% € R[s]: 1 —5s|AP(s)|1 — s"&AP(0) = 1}, (4.3.4)
and Cxop is a smooth semi-algebraic set of R-dimension deg(A°?) — 1, such that Agp(s) =
A% ("/As) for Va € Cam and Cyov O Cuo0 & AT|A7.

Proof. (i) By Definitions (4.1.3), (4.1.4) and (4.1.1), we have the following relations:

a[1€+1]SA[e](S) +Q —ASh) — A[€+1](s) (4.3.5)

for [e] € Z/hZ. This implies gcd(A°l(s), 1 — As") | ged(Alet1)(s), 1 — As") for [e] € Z/hZ. Thus,
one may conclude that all of the polynomials gcd(Al°l(s), 1 — As") = gcd(Al¢)(s), Alet1(s)) for
[e] € Z/hZ are the same up to a constant factor. It is obvious that a factor of 1 — As" contains a
nontrivial constant term, which we shall normalize to 1.
Let V be the subspace of K[s]/(Az") spanned by the images of bl¢!(s) := Al°l(s)/8a(s) for [e] €
Z/hZ.Relation (4.3.5) implies that V is closed under multiplication by s. On the other hand, bl (s)
and Agp are relatively prime, so they generate 1 as a K[s]-module. That is, V contains the class [1]
of 1.Hence, V = K[s]-[1] = K[s]/(A7"). Since deg(b'®!(s)) = h—1—deg(8a(s)) = deg(Ay) —1,
V N K[s]A¥ = 0. This means that the polynomials bl (s) for [e] € Z/hZ span the space of
polynomlals of degree less than deg(AoP) In particular, one has rank(My) = rankgV = deg(AOp)
(iii) The first half is a reformulation of the definition of 6z and (4.3.1). We see thatif 1 —rs ,{’Azp then
1—rs | A€l(s) (4.3.2) so A1(1/r) = 0. This is impossible, since all coefficients of Al and 1/r are
positive reals.
(iv) Let A% be a polynomial as given in (4.3.4) and put d = deg(A°). Consider the set C o =
{c(s) =1+cas+---+c1s? € Rls] | Ir € R s.t. all coefficients of Al” = c(s)(1 —
r's")/ A% (rs) are positive}. Then C o is an open semi-algebraic set in R, which is non-empty
since A% (rs) /(1—rs) belongs to C 4op. In particular, it is pure dimensional of real dimension d — 1.
To any ¢ € C 4o», ONE can associate a unique a € (R=0)" such that the associated polynomlal Al
(4.1.3) is equal to A%, We identify C o with the semi-algebraic subset {a € (R.o)" | a <
¢ € Cuop) of pure dimension d — 1 embedded in (R.)". Similarly, for any factor A’ of A°P
(over R) divisible by 1 — s, we consider the semi-algebraic subsets C , in R" ¢ ; of pure dimension
deg(A’). Then, the multiplication of A/ A’ induces the inclusion C,» C C00. Then we define
the semi-algebraic set C4op inductively by C sop \ U’ C4r, Where the index A’ runs over all factors
of A°? which are not equal to A°? and are divisible by 1 — rs. By the induction hypothesis,
d — 1 > dimg(Cy) so that the difference Chop is a non-empty open semi-algebraic set with
pure real dimension d — 1.

(ii

a2

This completes the proof of Assertion 9. O

Suppose char(K) [ h, and let K be the splitting field of A% with the decomposition A =
]_[Ll(l — X;S) in K ford := deg(Agp). Then, one has the partial fraction decomposition:

Al &l

= 4.3.6
1—Ash &~ 1—xs ( )
i=1
for [e] € Z/hZ, where [,L[e] is a constant in K given by the residue:
Al(s)(1 — x;s 1
lel — ATO0 —xs) = Al (4.3.7)
! 1-— ASh s:(x,-)_l h
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Corollary. The matrix ((,ux Dp)) is of maximal rank d.

)[e]eZ/hZ X lev(a
Proof. The rational function on the LHS of (4.3.6) for [e] € Z/hZ span a vector space of rank
d:= deg(Agp ). Therefore, the coefficient matrix on the RHS hasrank equaltod. O

[e]

o (xi)

Remark. 1. One has the equivariance a(u[e]) =Uu with respect to the action o € Gal(K, K) of
the Galois group of the splitting field.

2. The index x; in (4.3.7) may run over all roots x of the equation x" — A = 0. However, ifx~! ¢ V(A7)
(le. A (x7 ") # 0), then pl¥ = 0.

3. For the given h € Z.., to consider the space of finite parameters (a; [h 1]) is equivalent to
consider the space of infinite parameters (a;)icz with “quasi’ —per10d1c1ty al+h = Aa;. Then it was
suggested by the referee to regard the latter space over C as a h-"quasi”-periodic representation
of Z and to decompose it to the direct sum the sequence (a; = AV ®) for x € Z/hzZ — C*.

[0]

4.4. The module C$2(P)

We return to a tame power series P(t) (2.1.1). Suppose P(t) is finite rationally accumulating of a
period hp. Let aﬁ” be the initial of the opposite series a'®! € £2(P) for [e] € Z/hpZ. Since A7 (s) (4.3.1)
fora := (a[ol ”’ l]) depends only on P but not on the choice of a period hp, we shall denote it by

A%® p (s) and call it the opposite denominator polynomial of P. Then, Section 4.3 Assertion 9.(ii) says that
we have the C-isomorphism:

CR(P) =~ C[s1/(AY(s)),
a® - b= A¥ . d!® mod A.
Let us rewrite equality (4.3.2) and introduce the key number:
dp = rankc(C£2(P)) = deg(AY). (4.4.2)
Define an endomorphism o on C£2(P) by letting

(4.4.1)

1
o (@) = 15" (@) = gat®t. (4.4.3)
@

Assertion 10. The actions of o on the LHS and the multiplication of s on the RHS of (4.4.1) are naturally
identified. Hence, the linear dependence relations among the generators a'®! ([e] € Z/hZ)are obtained
by the linear dependence relations A}’ (o )al for [e] € Z/hZ.

Proof. The first part of Assertion 10 is a matter of calculation. )", 1, Ce1b'® = 0 mod A (o)b!*! =
Ofor[e] € Z/hZ. O

Note that the o-action on C$2(P) is not s|cgp) in the ring C[[s]].

5. Duality theorem

In this section, we restrict the class of functions P(t) to those that are analytically continuable to a
meromorphic function in a neighborhood of the closed disc of convergence.? Under this assumption,
we show a duality between £2(P) and poles of P(t) on the boundary of the disc.

2 This assumption is necessary, since the finite rational accumulation of P(t) does not imply that P(t) is meromorphic on the
boundary of its convergent disc.

Example. Consider the function P(t) : Ht = Yo er which is tame. We see that the sequence of the

proportion y,_1/yy of its coefficients accurnulates to the unique values 1, i.e. £2(P) = {1} and 2(P) = {1/(1 — s)}. On the
other hand, we observe that the function P(t) has two singular points on the boundary of the unit disc D(0, 1) which are not
meromorphic but algebraic. Such algebraic branching cases shall be treated in a forthcoming paper.
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5.1. Functions of class C{t},

Forr € R., we introduce a class

(i) P(t) converges on the open disc D(0, r).
C{t}, = { P(t) € C[[t]]] (ii) P(¢t) is analytically continuable to a meromorphic ¢ . (5.1.1)
function on an open neighborhood of D(0, r).

For an element P(t) of C{t},, let us introduce a monic polynomial Ap(t), called the polar part
polynomial of P(t), characterized by

(i) Ap(t)P(t) is holomorphic in a neighborhood of the circle |t| =1,
(ii) Ap(t) has lowest degree among all polynomials satisfying (i).

Next, we decompose

N
Ap(t) = [ [t = x)® (5.1.2)
i=1

wherex; (i=1,...,N,N € Zs() are mutually distinct complex numbers with |x;| =rand d; € Z-¢
(i=1,...,N)

Definition. The top denominator polynomial Ay*(t) of P(t) is

AP = [] (t—x) wheredy = max{d;}}.,. (5.1.3)
i,di=dm

Note that Ap(t) may be equal to 1, and then ApP(t) = 1. The converse: if Ap(t) # 1, then
AFP(t) # 1,is also true.

5.2. The rational operator Ty

Associated with a rational subset U of Z,, we introduce a linear operator Ty acting on C{t}, to
itself, which we call a rational operator or a rational action of U.

Definition. The action Ty on C[[t]] of a rational subset U of Z is

Ty : P = Z Yut" > TyP = Zynt”. (5.2.1)

neZso neU

One may regard TyP as a product of P with the rational function U(t) (Section 3.1 Definition) in the
sense of Hadamard [4].

The action Ty is continuous w.r.t. the adic topology on C[[t]] since Ty (t*C[[t]]) C t*C[[t]] for any
k € Zsy. 1t is also clear that the radius of convergence of Ty P is not less than that of P.

Assertion 11. For h € Z>¢ and [e] € Z/hZ, let us define the rational operator Tlel = Tyter. Then, we
have

h—

dor=1, (5.2.2)

e=0

—_

Tl ¢ =¢.Tle-1 & Tl % = % - rlert (5.2.3)
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Proof. The Eq. (5.2.2) is a consequence of Z>g = u’g;g U, The (5.2.3): for any t™ (m € Z>p),
both sides return the same t™ 18 mi1y = " 8 11, and ME" S ey = ME™ T Spen 11,
respectively. O

Corollary. The action Ty for a rational subset U C Zsq preserves C{t}, for any r € R.. The highest
order of poles on |t| = r of TyP does not exceed that of P € C{t},.

Proof. By decomposing the subset U as in Section 3.1 Fact (iv), we need to prove this only for the case
U = U' for some [e € Z/hZ] with0 < e < h. Since (5.2.3) implies Tl¢! = t¢~"T0th—¢ we have
only to prove the case when U = U™ = hZ. But, then, Tyio1, which maps P(t) to % Zg P(¢t), has the
required property. O

5.3. Duality theorem

The following is the goal of the present paper.

Theorem (Duality). Let P(t) be a tame power series belonging to C{t}, for r = rp (= the radius of
convergence of P). Suppose that P(t) is finite rationally accumulating of period hp. Then

(i) The opposite denominator polynomial A (s) (4.3.1) and the top denominator polynomial A,”(t)
(5.1.3) of P(t) are opposite to each other. That is,

deg(Ap" (1)) = dp = deg(A}’(5)), (5.3.1)
t s
and
tP AP (7Y = ARP(t),  equivalently s AYP(s71) = AP (s). (5.3.2)

(ii) We have an equality of transition matrices:

P(t)
TIEIP(t)

; P(t)
In particular, (Tlelp(r) |t=xi)[e]eZ/hpz, xeV(A (1))

— (Ald
=@ |s:x;1)[e]ez/hpz,x;1GV(A‘;p(s>)' (5.3.3)

f=xi) [el€Z/hpZ, x;€V (AP (1))
is of maximal rank dp.

Proof. We start with the following obvious remark. O

Assertion 12. Let ¢ € C* be any non-zero complex constant. Change the variable t to t := t/c and
the opposite variable s to § := cs, and, for any tame series P, define a new tame series P := P|,_.
Then we have,

R2(P) = 2(P)s=s/c = {aG/c) | a(t) € 2(P)},
21(P) = 21(P)/c = {a1/c | a1 € 21(P)}.

Proof. The equalities follows immediately from direct calculations. O

According to Assertion 12, we prove the theorem by changing the variable t to f = t/c for
c = . /Ap (recall (4.1.4)) so that the new tame series has the constant A equal to 1. Therefore,
from now on, in the present proof, we shall assume that P is a finite rationally accumulating tame
series with Ap = 1. In particular, this implies that the radius rp of convergence of P is equal to 1 (recall
(4.1.5)).

We first prove the theorem for a special but the key case when #£2(P) = 1.

Assertion 13. If P(t) is simply accumulating then A} =t — 1.
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Proof. Consider the partial fractional expansion of P:

P(t) = Z Z ;+ e, (5.3.4)

i=1 j=1

where x; (i = 1,-,N) is the location of a pole of P of order d; on the unit circle |x;|] = 1, ¢
(j=1,...,d;)is aconstant in C, and Q (t) is a holomorphic function on a disc of radius > 1.

We apply stability (Assertion 3 in Section 2.5) to the partial fractional expansion (5.3.4), to obtain
2(P) = (P — Q). That is, the principal part Py :_ P — Q gives rise to a simply accumulating
pyl 12 1<j<dm 51]" " n—kij)/G—1)!

SN S ijedi G (3 /G
= Z,fio sk Then, under this assumption, we will show that ifciq,, # Othenx; = 1.

For each fixed k € Zs¢, the numerator and denominator of the coefficient of sk in X, (Py) are
polynomials in n of degree < d,,. Let v, = Z:V: 1 CidmX; "1 be the coefficients of the top-degree
term n" /(d,, — 1)! in the denominator. Since the range of v, is bounded (i.e. |v,| < > i ICi.dp| due to
the assumption |x;] = 1), the sequence forn = 0, 1, 2, ... accumulates to a non-empty compact set
inC.

First, consider the case when the sequence {vn}nez,,, has a unique accumulating value vo. Let us
show that vy is non-zero and the result of Assertion 13 is true.

power series. That is, X; (Pg) = ZZ:o s*(n=0,1,2,...)converges to

Proof. The mean sequence: { (Z —0 vn) /M}ymez., also converges to vg = limy_, o v,. This means

Ml—nl Mlx—nl 1 —M

that Z, 1 Ci.dm ""7’ converges to vg. If x; # 1, the mean sum =2= °M’ =& X])M tends to
OasM — oo. That is, vo = ¢1.4,,, Wwhere we assume x; = 1 (even if, possibly ¢y 4, = 0). That is,
the sequence v;, := vy — 14, = va 5 Gi, dmxl_"_l converges to 0. For a fixed ng € Z-¢, consider the
relations: v}, = Yy (CanX; )% fork = 1,...,N — 1. Regarding ¢ig,%; " (i = 2,...,N)
as the unknown we can solve the linear equation for them, since the Vandermonde determinant for
the matrix (x ., .N.k=1,...N—1 does not vanish. So, we obtain a linear approximation: |¢; 4, | =
|ci,dmxi_”°| < c- max{|vno+k|}’,:’;1l (i = 2,...,N) for a constant ¢ > 0 which depends only on
x;s and N but not on ng. The RHS tend to zero as ny — oo, whereas the LHS are unchanged. This
implies |ci g, | = 0,1e.d; < dp fori = 2,..., N. As we have already remarked Ap(t) # 1 implies
ARP(t) = ]_[ (t —x;) # 1,and hence c; 4, cannot be 0.S0 AP (t) =t — 1.

Next, con51der the case when the sequence v, has more than two accumulating values. Then, one of

them is non-zero. Suppose the subsequence {vy,, }mez. , cOnverges to a non-zero value, say c. Recall the

Tl Unpy—1-+lower terms
assumption that the sequence y,_1/y;, converges to 1. So, the subsequence = e e terms

should also converge to 1as m — oo. In the denominator, the first term tends to ¢ # 0and the second
term ( = (a polynomial in n of degree d,,—1)/n%") tends to zero. Similarly, in the numerator, the second
term tends to zero. This implies that the first term in the numerator also converges to ¢ ## 0. Repeating
the same argument, we see that for any k € Zo, the subsequence {vy, —k}mez,, converges to the

same c. Then, for each fixed M € Z.,, the average sequence {(Z’,:/’z_ol Vnp—k)/M}mez.,, cONVerges toc,

. . N — 17x17
whereas the values is given by Y ., Ci g, X, ™ G
large M and ny,, > M. This implies ¢ = ¢4 g,,. Thus the sequences {v/ Utk = va:z ci,d,nx?"’_k},ﬂez>>0
for any k > 0 converge to 0. Then, an argument similar to that of the previous case implies |¢; 4,,| = O,
ie.d; <dy(i=2,...,N). Hence, we have Ay (t) =t — 1.

The proof of Assertion 13 is complete. O

+ C1,4,, Which is close to ¢4 4, for sufficiently

We return to the proof of the general case, where P is finite rationally accumulating of period h,
but may no longer be simply accumulating.

Assertion 14. Let P € C{t}; be finite rational accumulating and the top denominator polynomial of
P is defined as in (5.1.3). Then,
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(i) The top denominator polynomial of P is a factor of t" — 1.
(ii) Forany 0 < f < h, TYIP as a power series in 7 := t" is simply accumulating, where top order of
its denominator is equal to d;,.

Proof. Since P is rationally finite accumulating of period h with radius of convergence rp, = 1, we
have limy— 00 Vf-+(m-1)h/Vf+mn = 1(=r}) forany 0 < f < h.Regarding TV''P = ¢/ Y  y mnt™ as
a power series in 7 = t" and ¢/ as a constant factor of the series, this implies that £2;(TUP) = {1}
and, hence, that TUIP is simply accumulating. Then, Assertion 13 implies that the highest order poles
of TVIP (in the variable 7)is only at t — 1 = O for all [f] € Z/hZ, and Corollary to Assertion 11 implies
that the order of the pole at r = 1 is less or equal than d,, :=the highest order of poles of P(t). Thus,

. n L
we get an expression TV1p = ¢/ (g 1()2" ,where gl € C{r}; such that orders of poles of gl is strictly

less than d,,. In view of (5.3.4), we obtain

h—
Z t/gl(z)

(t — 1dn

:-
—_

M

(%)

f=0

This means, in particular, the location of poles of P of top order d; is contained in the solutions of
th —1=0,i.e A”P(t)|(t" — 1) and (i) is proven. To show the latter half of (ii), we need to show that
g1(1) + 0 for all f. However, (x) says that gfo!(1) £ 0 for some f;.

Assuming gU1(1) = 0 for some f, we show a contradiction. Consider the sequence
{Vr+mn/Vfp+mn}mez-,- ON one side, this converges to a non-zero number since P is finite rational
accumulating of order h. On the other hand, since glol(t)/(r — 1)% has pole of order dy, only at
T = 1, we have yj mn = g01(1)m?m + 0(mm—1) and order of poles of g'1(z) /(r — 1)%m are strictly
less than d,, by assumption, we have yyymn = O(m‘m—1). Thus the sequence converges to 0, which
contradicts to the non-zero limit! O

Ir
Tlelp
th — 1 (defined by canceling the poles at the point as a meromorphic function).

For 0 < e,f < h, let us calculate the value of the proportion I e (t) at a root x of the equation

TU1p
Tlelp

If]
(t)‘ _xf_eg |'L' 1 (**)
t=x

[e]|r 1

In order to calculate this value, we prepare an elementary Fact.

Fact. LetA(t) = > ;o amt™, B(t) = > ;o bmt™ € C{t}; such that their highest order poles of the
same order d exist only at t = 1. Then,

AD)
B(t) |,=

(m
- Jim 2 (e

Proof. Replacing t and ¢; in (5.3.4) with T and a;; or bj;, respectively, the RHS of ( * ) is written as

Tl g™ i)/ G-
N Sjea b ™ ams /-1

a1.4 = (t — 1)%A(t)|;=1 and by 4 = (r — 1)B(t)|,—; are non-zero but a; 4 = b; 4 = 0 fori # 1, this

aa(md)/@=DH0m™  ag A@)| 0

by g(mid)/(@—1)+0(mTT) — big — B 'T=1"

limy_ o0 where x; is a complex number with |x;] = 1 and x; = 1. Since

is equal to limy;_, oo

Applying this Fact, the RHS of () is equal to ' ~¢ lim,_, oo Z’:Z:

a similar argument for (4.1.1), we obtain:

.Then, applying to this expression

Tirp - e/alfl r-1 a[]e+1] ife < f
— | = ife=f (5.3.5)
Tlelp [e] gle=1l. g+

t=x e .- a ife > f.
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Since the RHS are non-zero in all cases, the order of the poles of TIIP(t) at a solution x of the
equation t" — 1 is independent of [e] € Z/hZ. Summing up both sides of (5.3.5) for 0 < f < h, we
obtain

" o] = aau (5.36)

Tlelp - e
(recall the Al?!(s) (4.1.3)). Let x be a solution of t" — r" = 0 but A’ (x™1) # 0.Then §,(x 1) = 0
(see (4.3.1)) and Al (x~1) = 0 for all [e] € Z/hZ (see Assertion 9(i)). That is, @(t) has a pole at
t = x. This implies that P(t) cannot have a pole of order d,;, at t = x (otherwise, due to Corollary to

Assertion 11, the pole at t = x of TI¥P is at most of order d,,,, which is canceled in T[;# (t) by dividing
by P, yielding a contradiction!). That is, we get one division relation.

Assertion 15. AP (t) | t% A% (t~") and deg(A,”) < dp.

Finally, let us show the opposite division relation.

Assertion 16. Let P(t) be a tame power series belonging to C{t},, which is finite rationally
accumulating of period h. Then
(i) There exists a constant ¢ € R. ¢ such that |y,| > cr™"n" forn > 0.

(i) t2AFP () | AFP(L).

Proof. (i) Consider the Taylor expansion of the partial fractional expansion Eq. (5.3.4). Using notation
v, in Assertion 13, we have y,, = —vn%+ (terms coming from poles of order < d;) +
(terms coming from Q (t)), where v, = ", ¢ g, (x;/r)~""! depends only on n mod h since x; is
the root of the equation t" — " = 0. They cannot all be zero (otherwise, by solving the equations
v, = 0(0 < n < h), we get ¢;q4,, = O for all i, which contradicts to the vanishing of d). Let
us show that none of the v, is zero. Suppose the contrary and ve = 0 # vy for some integers
0 < e,f < h. Then, one observes easily that limy_, ., 2™ = 0. This contradicts to formula

Yf+mh
(5.3.5) and the non-vanishing of age] ([e] € Z/hZ).
(ii) Since Affp cancels all poles of maximal order, the fractional expansion of Affp (t)P(t) has poles of
order at most d,, — 1. Set Ap¥(t) = t' + o;t'~" + - + ;. Then, this means that the sequence

{yn} (Taylor coefficients of P) satisfies
W+ Yot oot o e 1~ o(Nr) CEE D))

asN — oco.Let) ", a;s* € £2(P) be an opposite series given by a sequence {Xit (P)}mez=0 (2.2.1).
For each fixed k € Z,, substitute N by n,, — k4 lin (x * *x) and divide it by ;. Then, taking the
limit m — oo using the part (i), the RHS converges to 0, so that we get

g1 + Ag—p100-1 + -+ a = 0.
Thus s'ApP(s~")a(s) is a polynomial of degree < I and the denominator A’ (s) of a(s) divides
s'AP(s™1). So,dp < land (ii) is proved.
This completes a proof of Assertion 16. O

The proof of the theorem: (5.3.1) and (5.3.2) are already shown by Assertions 15 and 16, and (5.3.3)
is shown by (4.3.7) and (5.3.6). O

5.4. Example by Machi (continued)

Recall Section 3.3 Machi’s example, where we learned that the growth function P g(t) =
Z,f,“;o #I,t" for the modular group I" = PSL(2, Z) with respect to certain generator system G is equal

to % and that it is finite rationally accumulating of period h = 2.
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Using this data, we calculate further the rational actions on it.

= 14 5¢2
TOPrG(t) = ) #lot™ = —— o
— (1—-2t)(1—-1¢2)
2t(2 + t2)

o0
TP () = Z#szHkaH =

— (1—2t)(1—¢t2)°

The opposite denominator polynomial of the series a'! ([e] € Z/27Z) and the top denominator
polynomial of Py (t) are given as follows.

1 1
op 2 top 2
AP[‘.G(S) =1- 55 & AP[‘.G(t) =t — 5.
Then the transformation matrix is given by

Pro(t)  (14+6)*(1+2t) Pre(t)  (146)*(1+2t)

Tlolp(ty — 1+ 5¢t2 - TUIP(E) — 2t(2 4+ t?) -t
Prc®)  (1+0)*(1+2t) Pro(t)  (1+0*(1+20)
TOIP(E) — 14562 =y TUR() B END) -1
5 7 1
- 1422 4355
1227 1-1L
7 52

In fact, this matrix coincides with the matrix 2 - (M,lfj) (4.3.7), which was already

leleZ/2Z.x;e{£v2 1)
calculated in Section 3.3 Example as the coefficient of fractional expansion of the opposite series a*!

and a'". In particular, its determinant, equal to g is non-zero. The matrix is an essential ingredient

of the trace formula for limit F-functions [10, (11.5.6)].
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