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Abstract

In this paper we are mainly concerned with the Cauchy transform of certain strong distributions satisfying a type of
symmetric property introduced by A.S. Ranga. Algebraic properties of the corresponding two-point Padé-type approximants
are given along with results about convergence for sequences of such approximants (©) 1999 Elsevier Science B.V.
All rights reserved.
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1. Introduction

In 1980, Jones et al. [9] introduced and solved the so-called strong Stieltjes moment problem.
Namely, for a given sequence {¢;}icz, find a distribution function, i.e. a real valued, bounded,
nondecreasing function ¢(¢) with infinitely many points of increase on [0,00) such that

ck:/ooot"dcﬁ(t), keZ. (1.1)

Such functions are usually described as strong distributions and since then, many contributions
have been given in connection with continued fractions, orthogonal Laurent polynomials, quadrature
formulas, two-point Padé approximants and so on. (For a survey about these topics, see [8] and
references therein.)
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Associated with a distribution ¢, we have its Cauchy transform (Stieltjes function) given by

Foe) =[S0 (12)

z—t

which admits the asymptotic expansions (see [9])

Loz)=—> c gz’ and Lo(z)=) ¢z’ (1.3)
j=0 J=1
around z =0 and z = oo, respectively.

When considering rational approximation to F4(z), starting from the asymptotic expansions L, and
L, then, two-point Padé approximants immediately arise. Thus, given two nonnegative integers k
and m with 0 < k < 2m, there exist two polynomials P,_i(z) and QO,(z) of degrees m — 1 and m
respectively such that,

L)~ 5 —0() - 0)
" o 1.4)
B Pm_l(Z) _ l 2 k+1 (
L ="0.@ O(() ) (z = c0)

Furthermore, it is known (see [4,10]) that Q,,(z) coincides, up to a multiplicative factor, with the mth
orthogonal polynomial with respect to the distribution d¢(z)/t*, so that O,(z) has exact degree m
and all its zeros lie on (0,00). We will refer to the rational function P,,_(z)/Q,(z) as the two-point
Padé approximant (2PA) to Fy,(z) and we will write

P mfl(z )
On(2)
(For an alternative approach based upon orthogonal Laurent polynomials see the papers [6,7].)

On the other hand, according to the ideas given by Brezinski [1], one could also consider ratio-
nal approximants with prescribed poles, i.e. the denominator is given in advance. Thus, we have
the so-called Padé-type approximation. More precisely, let m and p be nonnegative integers with
0 < p <m and B,(z) a given polynomial of exact degree m such that B,,(0) # 0, then there exists
a unique polynomial 4,,_1(z) of degree at most m — 1, such that,

Ap_1(z)
B.(2)

Lo(z)— A;;(IS) _ o((i)nw) (z — o0).

It will be said that 4,,_(z)/B,.(z) represents a ( p/m) two-point Padé-type approximant (2PTA) to
Fy(z), denoted by

(p/m)g,(z), 0< p<m.

In this paper we will be mainly concerned with the study and characterization of these rational
approximants to the function F,(z) when the distribution ¢ satisfies a certain symmetric property
introduced by Ranga in [12].

= [k/ml, (), 0<k<2m.

Lo(z) —

=0(z")(z — 0),
(1.5)
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2. Strong c-inversive Stieltjes distributions

In a series of papers (see e.g. [11-13]), Sri Ranga et al. have dealt with some strong distributions
on (a,b) (0 < a < b < +0o0) along with properties of sequences of polynomials associated with such
distributions satisfying certain orthogonality properties. More exactly, for a given strong distribution
d¢(t) on (a,b), this author considers the monic polynomials B, (z) of degree m defined by

b
/ "B ()dd(t)=0, s=0,1,....m—1 (2.1)
and shows that they satisfy a three-term recurrence relation of the type,

Byi1(2) = (2 = Pus1)Bu(2) — 0w 2Bu—1(2), m=0 (2.2)

with B_; =0 and By = 1.

These polynomials are related to certain continued fractions (J-fraction) and their zeros provide
quadrature formulas exactly integrating certain subspaces of Laurent polynomials (see [7]). Note
that these continued fractions must be called J-fractions. (J-fractions are associated with ordinary
orthogonal polynomials, and are not equivalent to J-fractions.)

On the other hand, when considering strong distributions with a somewhat symmetric behavior
with respect to the origin and infinity, the concept of a c-inversive distribution arises. Indeed, a
strong distribution d¢)(z) on (a,b) is said to be c-inversive [12] if there exists a positive number
¢ > 0 such that for all 7 € (a,b) it holds that

dp(r)  de(c/r)
and i = i .

If 0 <a <b <+ o0, then ¢ =ab. Furthermore, if a=0 then b= +o00. In the sequel and for the sake
of simplicity we will assume that ¢ is absolutely continuous on (a,b), i.e. a nonnegative function
w(t) exists such that

do(t) =w(t)d:, te(a,b). (2.4)

? € (a,b) 2.3)

At the same time, the term ‘strong’ could be omitted when confusion does not take place.
Now, Eq. (2.3) can be written as

Viw(t) = \Ew (?) or $w (;) — w(1). (2.5)

Let us now consider the Cauchy transform

Fo(z) = / " W) dr, (2.6)

z—1

of the c-inversive distribution d¢(¢) = w(¢)d¢. One has F,(z) = fab(\/E/t)(w(ﬁ)/z — t)dr. Setting
¢/t = x, it follows:

F, (g) - —%Fw(z), Vz € C\[a, b]. (2.7)

In this case, we will also say that F,(z) is c-inversive.
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Example 2.1.

w(t) = te(a,b), 0<a<b<+ o

1
Vb —t\/t —a
It can be easily verified that d¢p(¢) = w(¢)dz is c-inversive with ¢ = ab.
Furthermore, F,(z) is now given by (see [12])
Y
so that Eq. (2.7) holds.

F.(z)=

Example 2.2.

w(t) = te(a,b), 0<a<bdb<+ .

1
\/Z)
Again this distribution is c-inversive with ¢ = ab. Now, we have

1 (VB+VAVa—VE)

F,.(z)= n .
VZ (Vb =) (Va+ z)
Example 2.3.
, A 1
w(t) = t*exp [ﬂ (t’ + ;)}, te(0,0), xR, <0, y> o A > 0.
The corresponding distributions d¢p(¢) = w(t)d¢ are included in the class studied recently in [10]. Tt
can be checked that w(t) is c-inversive with ¢ = 4" if and only if a = —%. The case ff = —% and

y =1 was considered by Ranga in [12,13].

3. Two-point Padé-type approximation

From its definition, one can see that the Cauchy transform of a distribution ¢ supported on [a,b]
represents an analytic function on the extended complex plane C except possibly on [a,b]. If we
assume that ¢ is c-inversive, then by Eq. (2.7) it is enough to compute F,,(z) for z such that |z| < r
with » > \/c(z € [a,b]).

Thus, when considering 2PTA to F,(z), w being c-inversive, it seems natural to study the existence
of appropriate denominators such that Eq. (2.7) is preserved. So, let (p/m)r (z)(0 < p < m) be a
2PTA to F,(z) and set

Amfl(z)
B,(z)

Is it possible to choose the denominator B, (z) € I1,, so that

(p/m)r,(z) =

(pimyr, (£) === (pimy, @72
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Assume that B, (z) is a polynomial of degree m with all its zeros in (a, b), satisfying

By (2) = /2" By, <§> . I #0. (3.1)

Setting E,(z) = F\,(z) — (p/m)r,(z), then one knows [4]

z?P b B,(1)
E, = t)dz.
@50 w5
Therefore, for the numerator 4,,_1(z), it follows that

[P t"Bu(z) — 2PB(t)
Am—l(z)_/a tp(Z—t)
Since, w(t) = (y/c/t)w(c/t), one has

1 ["t’B,(z) —z"B,(t)c ([c
Aml(Z)—\/E/a l‘p(z—t) ;W <> de.

t
Set, ¢/t = x, then it can be deduced

w(t)dt.

_ m b x”’_PBm(c/z) B (Zp_mc_p//lrzn)Bm(x)
Ap_1(2) = \/Clpz /a 20— (c2)) w(x)dx.
Asumme now that A,, = /1/c”. Then,
_ mor [P X" PBu(c/z) = (/)" PBu(x)
Ap_1(2) = —/Chpz /a (D) — ) w(x)dx. (3.2)

If we write 4¥_,(z) for the numerator of the (k/m)r, (z) (0 < k < m)-2PTA with denominator B,,(z),
from Eq. (3.2) one has

AD_(2) = —Ehn" AT () ,

when taking in both approximants the same denominator B,,(z). By choosing p such that m — p=p
or equivalently m =2 p, it follows,

) _ RS _ e (e

(p/m)r,(z) =

Thus, we have proved the following,

Theorem 3.1. Let d¢(t)=w(t)dt be a c-inversive distribution on (a,b) and B,(z) a polynomial of
degree n such that

c 1
B,.(z)=42Z"B, (=), l= . 3.3
@ =08, (5). = (33)
Let us consider the (m/2m)-2PTA with denominator B,,(z) satisfying Eq. (3.3), then,
C z
(m/2m)p, (;) = —% (m/2m); (). (3.4)
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In this case, we will say that the (m/2m)-2PTA is also c-invesive.
Let us next see how to find polynomials B,,(z) satisfying Eq. (3.3).

Proposition 3.2. Let ¢ be a real positive number and {x;}7_, m points on (a,b). Define,
- c
Byu(z) :VH(Z —X;) ( - ;) , 7#0.
Jj=1 J
Then, B,,(z) satisfies Eq. (3.3) with ¢ =ab when 0 < a < b < + oc.

Proof. Since a < x; < b, then ¢/x; =ab/x; < ab/a=Db, and c/x; = ab/x; > ab/b=a. Thus, B,,(z) is
a polynomial of degree 2m with all its zeros in (a,b) at the points {x;, £ };?;1. Furthermore,

Xj

c S (c 11 F—“ (x; —z)
SOEE) ( - ) = lle-=) =2

j=1 J

Pei—— c "
= —x) (2= S ) =S Bz). ©
sz l)]l_[ (Z x/) (Z x/) sz 2m(Z)

Proposition 3.3. Let P,(z) be a polynomial of degree m with all its zeros on (a,b) and P,,(0) #
0. Take ¢ >0, (as before, if 0 <a<b< oo, ¢ =ab). Then B,,(z) = #?O)Pm(z)Pm(f), satisfies
Eq. (3.3).

Proof. Write P,(z) = y[[/-,(z — x;)(7 # 0). Thus

m

P, (g) - yz_’”(—l)’"ﬂxjH <z - 5) . (3.5)

=1 =1 Y
Then, B,,(z) = 7? H’le(z —x;)(z — (¢/x;)) and the proof follows by Proposition 3.2. ]

In order to get c-inversive 2PTA with arbitary p (0 < p < m) extra requirements are now needed.
Indeed, one has

Theorem 3.4. Let m and p be nonnegative integers (m > 1) such that 0 < p <m and 2p > m.
Let B, (z) be a polynomial of degree m such that

(1) Bu(2) = Jn2"Bo(E), Ty = 1//c", ¢ > 0;
(ii) ) OB ()[w(t)/t?]dt =0, j=0,1,...,E[22H1] 1.

Then, the (p/m) 2PTA with denominator B, (z) is c-inversive.

Proof. First, we must assure that a polynomial of degree at most m, B,(z), satisfying (i) and (ii)
exists. Set

B,.(z)= ib,zj.

j=0
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Then, by (i) we deduce for the coefficients {b;} the following linear system:
, 1
bj:)umcm_jbm,j, jZO,l,...,E {%} - 1

As usual E[x], x € R, denotes the integer part of x.

Next, we will first consider the case p < m. From (i) and (ii) we have an homogeneous linear
system of E["1]+E [%] equations with m + 1 unknowns.

Since

1 2p — 1 if m is even,
2 2 p+1 if mis odd,

one sees that such system admits a nontrivial solution.

On the other hand, when p = m, by virtue of c-inversivity, (ii) implies that

/ﬂBm(t)L)dt— , j=0,1,....m—1.

That is, B,,(z) is uniquely determined up to a multiplicative factor and represents the mth orthogonal
polynomial with respect to the varying weight function w(#)/f”. In [12] it can be seen that this
polynomial satisfies property (i). Furthermore, it should be noted that, in this case, we are actually
dealing with the [m/m]-2PA to F,(z). Let us next check that the approximant with denominator
B,(z) as given before is c-inversive.

Indeed, because of c-inversivity (ii) implies that

/ B (Z)th— 0, j=0,1,2,....2p—m— 1. (3.6)
Write
z? b B,(1)
E =F,(z)— =E,(z)= . .
WD) = FLE) ~ (pimi () = Ee) = - [ D ar (3.7)
Now, for any nonnegative integer £ one has,
fk gl W(l)
E B,(t) |1 —_— .
() = Bm()/ W) [T+ 24 S| (3.8)
Take k=2p —m — 1. By Eq. (3.6) it follows that
zP= P BL() 2P w(t) zZ"P [P B,.(t) w(t)
Em(Z) = 2p—m—1 = m— (39)
B.(z) J. tr z%P z—t B.(z)J, t"Pz—t

Thus, from Eq. (3.7) see that (3.9) represents the error for the (m — p/m) 2PTA with denominator
B,.(z). If we put

A1(2) A,-1(2)

(p/m)z) ==~

? By(2) B.G)

then from Eq. (3.9) it follows that both approximants coincide and since they have the same de-
nominator we conclude that

Azfl(z) =4 m— l(Z)

so that proceeding as in Theorem 3.1, the proof follows. [J

and  (m— pjm)(z) =2
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Remark 3.5. From Egs. (3.7)—(3.9) one has actually a higher order 2PTA (see [5]), since,
1
E(z)=0(z?)(z—0) and E,(z)= O(ﬁ) (z — 00).
z
So, the total order of correspondence both at z =0 and z = oo is equal to 2p > m.

Paralleling the proof of Theorem 3.4, a similar result can be deduced for m > 2p. Thus, we have

Theorem 3.6. Let m and p be nonnegative integers (m > 1) such that 0 < p < m and m > 2p. Let
B,.(z) be a polynomial of degree m, such that

(i) Bu(z) = ZnZ"Bu(£), ¢ >0, I = ﬁ
(il) [PUB ()2 dr=0, j=0,1,...,E["2] — 1.
Then, the (p/m)-2PTA with denominator B, (z) is c-inversive.

Remark 3.7. As before, actually one has again a higher order 2PTA, since now

) (z — o0).

Thus, the total order of correspondence both at the origin and infinity is equal to 2(m — p) > m.

E.(z2)=0z""?)(z—0) and E,(z)= O<

meerl

Let us next consider a ( p/m)-2PTA whose total order of correspondence is exactly equal to m, i.e.

Eu() =3 dZ =0GP), d,£0 (= 0),
o (3.10)
o) » 1 §
E,.(z)= Z diz”/ = O(z’”i’“) sy p 70 (2 — 00).

Jj=m—p+1

Theorem 3.8. Let (p/m)r,(z) (0 < p < m) be a 2PTA to F,(z) satisfying Eq. (3.10). Set (p/m)r,
(z)=A,_1(2)/Bu(z) with A,,_, €11,,_, and B,(z) a monic polynomial of degree m with B,,(0) # 0.
Assume that (p/m)g,(z) is c-inversive (¢ > 0). Then

(1) m=2p and (ii) B,(z) = 2,2"Bn(c/z), An=1/c?.

Proof. (i) F,,(z)— (p/m)r,(z2)=0(z?)(z — 0) and F,,(z) — (p/m)r,(z)=0(1/z"" ") (z — oo) which
gives

£ (9) Linmn (1) () o)

and by c-inversivity, this implies

Zp+1

1
Fu(@) — (pfm)r.(z) = 0<> (z—00) Ful@)— (p/m)(2)=0 @ )z — 0). (3.11)

Thus from Egs. (3.10) and (3.11) it follows: m — p= p, i.e. m=2p.
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(i1) Let us assume that the approximant is not an irreducible rational fraction, otherwise the proof
follows easily. So, we can write

Arp1(2) = P(2)A(z),  deg(P)=1>1
B,,(z) = P(2)B(z).
Thus (p/2p)r,(2) = A2p-1(2)/B2,(2) = A(2)/B(2).
On the other hand, from the error expression for the (p/2 p)-2PTA it follows:
A(z) 2z b P(t)B(1)
B(z) P(2)B(z) s (z—1t)tr

Since the approximant is c-inversive, one has

Aiz) Ve A(efz)

F.(z)—

w(t)dt. (3.12)

= 3.13
B(z) z2r=!B(c/z) (3.13)
and because of A(z)/B(z) is irreducible, this implies that
B(z) = yz*’7'B(c/z), y #£ 0. (3.14)

2p—1
Putting z=+/c we deduce that y=1 /cpT. For it, take into account that from Eq. (3.13) 4(,/c)=0,

which gives B(y/c) # 0. Furthermore, A(z) should also satisfy
A(z) = —/cyZ?P 7 A(c/2). (3.15)
Now, from Eq. (3.12) we have
zP " P(t) B(t)
P(iz)J, z—1t tr
By Egs. (3.14) and (3.15) and that F,,(z) = —(c/z)F,,(c/z) we see that
ey P! T E(e)z) = —E(2). (3.16)

Now, replacing E(z) by M(z) in Eq. (3.16) and after some elementary calculations (including the
usual change of variable ¢/t =x) the following holds:

Pl i), P g5
fP(c/z) I YT pe) / dx.

or equivalently,

Pz)  J TB()" dx (3.17)
2P(c/z) [P AP pryet) gy '

B(z)E(z) =B(z)F,(z) —A(z) = w(t)dt = M(z).

Now, the functions appearing in the right-hand member of Eq. (3.17) are holomorphic functions
outside [a,b]. Furthermore, since w(x) > 0 a.e. on [a,b], they cannot be rational functions. Thus,
there must exist a constant f§ such that

P(z) = Bz'P(c/z).

Setting, z = +/c, we have f=1/V/cl.
Therefore, B, ,(z)=P(z)B(z)=( 1/VeP(c/z)(1/v/ 2P=1)B(c/z)=(1/c?)P(c/z)B(c/z)=(1/c” )B:,(c/z).
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This has been done under the assumption that P(1/c) # 0. Suppose that P(1/c)=0. Since deg(P )=/
is even, then z = /c must be a root with multiplicity even. More precisely,

P(z)=(z = Ve)’R(z), j=1.
Thus,
, c ey
PE) = (e~ VeV RE) = ' (£ = VE) R(ek)
=Pz VR(z)(z — V), R(Ve)#0.
Hence, fic/(y/c)'"¥ =1, which gives f=1/vc!. [

Theorems 3.1 and 3.9 provide us with the following
Corollary 3.9. Let (p/m)r,(z) = Au_1/Bu(z) be a 2PTA with B,(z) a polynomial of the degree m

where B,(0) # 0 and assume that Eq. (3.10) holds. Then (p/m)r, (z) is c-inversive, if and only if,
(1) m=2p and (ii) B,(z) = Anz"Bu(5), Am = 1/c?.

To end this section, let us see the reciprocals of Theorems 3.4 and 3.6. Indeed, one first has,

Proposition 3.10. Let (p/m)r (z) = Ay_1(z)/Bu(z) be a 2PTA to F,(z) where p and m are non-
negative integers such that 0 < p <m and 2p > m. Assume that (p/m)r (z) is c-inversive. Then,

() [P VB (HwW(D)/tP)dt =0, j=0,1,2,....2p —m — | and (i) B(2) = AnZ"Bo(c/2), i = 1/\/c™.

Proof. (a) We have
Fy(z) = (p/m)r,(z) = O(z") (z — 0),

3.18
Fu) = (ol @) = O S ) (6 = o). (3.18)
zm=pr
As the approximant is c-inversive we can also write
Fy(z) = (p/m)r,(z) = OE""")(z — 0),
1 (3.19)
F(z) = (p/m)r,(z) = O Y (z — 00).
z
Since 2p > m then p > m — p. Thus, by Egs. (3.18) and (3.19), it follows that
1
E.(z2)=0(z")(z—0) and E,(z)= O(ﬁ) (z — o0). (3.20)
z

Since deg(B,,) = m, then one has

1 > .
= me b‘Zﬁj, b # 0.
B,(2) ; ! ’

Thus, by Eq. (3.8) one can write:

E,(z) =z m=PtD (i bjz_j) (i dkz_k> )
k=0

Jj=0
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where
w(t)
dk:/ m(t)—dt k=0,1,2,....

Hence, this results in

1 m—p+1 oo ‘ J
Em(z):<;) SNozd with o= bid, .y j=0,1,..., by #0.
Jj=0

i=0

From Eq. (3.20) it follows o; =0; j=0,1,..., 2p—m —1, and since by # 0 this implies d; =0, j=
0,1,...,2p —m — 1, which yields (i). Now proceeding as in proof of (ii) for Theorem 3.8, (ii) can
be achieved. O

In a similar way one can also prove the following.

Proposition 3.11. Let (p/m)r (z) = An_1(z)/Bu(z) be a 2PTA to F,(z) where p and m are non-
negative integers such that 0 < p < m and 2p < m. Assume that (p/m)r (z) is c-inversive. Then,

(i) Bu(2) = An2"Bu(c/2), dm=1//c" and (i) [ ¢B,(O)[w(t)/f"?]dt=0, j=0,1,2,....m—2p— 1.

4. Convergence

Let us first consider the case 0 <a <b < + oo and w(¢) c-inversive (¢ = ab). For a given
sequence {(n/2n)} of 2PTA, to F,(z), we will study when it converges to F,(z). As usual in
Padé-type approximation [1], the key is to find an appropriate choice of denominators. Indeed, one
has

Theorem 4.1. Let o be a positive measure on [a,b] such that o'(x) > 0 a.e. on [a,b]. Let Q,(z)
denote the nth monic orthogonal polynomial with respect to do. Set

By.(z) = .(2)0, <) . 4.1
)= 5 520 (4.1)
Under these conditions the following holds:

(1) (n/2n)g,(z) = Ayy_1/Ban(z) is c-inversive;
(ii) Let K be a compact in C\ [a,b]. Then, there exits a positive constant .= AK) < 1 so that

lim sup ||[F(z) — (n/2n)r, (2)|| V" < A(K),

n—o0

where || — || represents the suprem norm.

Proof. (i) It immediately follows from Proposition 3.3.
(ii) Set

Ez(z) =Fu(z) — (n/2n)r,(2)

_ z" b BZn(t)
ol w0
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_200) [P P00
ZnQn(Z)Qn(E) Qn(O)l”( - )

/ O,(t )Qn( )

w(t)dt

w(t)dt, VzeC\[a,b]. (4.2)

Qn(Z)Qn( )
Define: || O, ||, =max, c (,4;|O(x)|. Since ¢/t € [a,b] Vt € [a,b] then |Q,(?)| < ||O.||, and |O.(c/t)] <
|0l .Vt €[a,b]. Take z€ K C C\[a,b], K compact. For z ¢ [a,b], we have

10 " W@y, o MEOIOIE

|Qn(Z)HQn(§)| a |Z_t‘ |Qn(z)||Qn( )‘
M being a positive constant dependent on K. Furthermore, if z € [a, b], then c¢/z & [a, b], so
(MK 0u]|4
0210 (£)] 2

|E2n(z)| <

|Ex(z)|*" <

and consequently

. lim sup, .| Q|22

1 E ., 1/2n n— o0 .

lnnlsol.}m 20(2) = liminf, oo {|04(2) [V Qu(c/2)| 27}
On the other hand, one knows (see [14])

lim sup [|0, ||} = Cap([a, b]),

lim sup |0, (2)]"" = Cap([a, B]) B n(z), V= ¢ [a,b],

where Cap([a,b]) = %(b —a) (see e.g. [14]) and @, ; is the conformal transformation mapping
@\[a, b] onto the exterior of the unit circle, preserving the point at infinity. Therefore

@ n(2)] > 1, VzeC\la,b].
Thus, we finally obtain,

1
lim sup |Ean(2)]"?" < <AMK)<1
n—o00 \/|(p[a b](z)‘|¢[a h](C/Z)’
with
K — 1 g (4.3)

inf. ¢ /B (2)| Ppa (/7))

Remark 4.2. Certainly, it should be observed that part (ii) in Theorem 4.1 is valid for a general
distribution d¢(z) = w(¢)dr not necessarily c-inversive. Even more, w(¢) can be an L-integrable
function on (a,b)(0 < a < b < +00) and an arbitrary sequence of 2PTA (k/n)g, (z2)=A4,-1(z)/B.(2)
can be considered where B,(z) = zQi(c/z)0,—i(z), with k = k(n) a sequence of nonnegative in-
tegers such that 0 < k(n) <n and lim,_, k(n)/n =10 (0 <0 < 1). In this respect see [4]. On the
other hand, assume that the ‘auxiliary’ measure o(t) is c-inversive too. Here it is assumed that
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dou(t)/t?" = [o/(t)/t*"] dt, i.e., that « is absolutely continuous, with o/(¢) > 0 a.e. on [a,b]. Let B,,(z)
be orthogonal with respect to da(z)/f*" i.e.

b /
. t
/ 0By D 4 =0, j=0.1.2.... .20 1.

t2n
By [12] we have that the 2PTA with denominator B,,(z) is c-inversive. Set

A2nf 1 (Z)
BZn(Z)

then, making use of [2, Theorem 5.4], we have (0 = %)

(n/2n)r,(z) =

lim sup |E2m(z)|1/2" < exp {—Gp,p(v,2)}.

Here, Gy, »(v,z) denotes the Green potencial of the measure v= %[50+5m] and ¢, the Dirac measure
corresponding to the point x. Thus, Gia»(,2) =3[9 5(2,0) + gia,»1(z,00)].

As usual, g, p(z,t) is the Green function whith singularity in ¢ € ([A:\[a, b].
Therefore, one obtains

lim sup ’EZn(Z)|1/2n < exp {_%[g[a, 5(2,0) + g, 5 (2, OO)]}

n—oQo
1

\/expgia 5(2, 0)eXpgpa (2, 0)

(4.4)

Compare the estimate deduced from Eq. (4.4) with the one obtained in Eq. (4.3). It can be
checked that both estimates coincide.
Let us see next what happens when [a, b] is an infinite interval i.e. [a,b] =[0,00). We first have,

Theorem 4.3. Let w(t) be c-inversive on [0,00) (w(t) not necessarily positive) and let a(t) be a
positive measure which is also c-inversive on [0,00) and the unique solution of a strong Stieltjes
moment problem. Assume that [} (|w(t)]*/o/(¢))dt =k} < + oc.

Let B,,(z) be an orthogonal polynomial of degree 2n with respect to da(t)/t*". Then,

(1) (n/2n)g,(z) = Ayy—1(2)/Bo(z) is c-inversive,
(i1) {(n/2n)r,(2)} converges uniformly to F,(z) on any compact set of C\[0,0).

Proof. (i) By Theorem 3.2 of [12] we see that B,,(z) satifies B, (z)= A2,z*"B>,(c/z) with A,,=1/c".
Thus, from Theorem 3.1(i) is proved.
(i1) It readily follows from Theorem 5.1 of [3]. O

As we have already seen in Example 1.3, given ¢ > 0, the measure
Y

do(t) =t~ exp {ﬁ (f" + %)} dt, y> %, p<0 4.5)

is c-inversive. Thus proceeding as in Theorem 5.7 of [3], we can also give, in this case, an estimate
of the rate of convergence. Indeed,
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Theorem 4.4. Let w(t) be c-inversive on [0,00). Assume that two constants y > % and B < 0 exist
such that

/°° WPV
o exp[B(t’ + £)]

Let B,,(z) be the orthogonal polynomial of degree 2n with respect to da(t)/t*" with do(t) given by
Eq. (4.5). Then, for any compact subset K of C\[0,00) there exists a positive constant n=n(K) < 1
so that

limsup [|F,,(z) — (#/2n)r, (2)[|/*"" < n(K)

n—oo

dt —K2<+oo

with0<r:1—2iy<1.

Remark 4.5. Take into account that Eq. (4.5) can be written as

4 1
da(t) =t "exp(—1(t)) where 1(¢) = || (t"’ + ;) IS

According to [10], 7(¢) should satisfy for some s > 0

tlir(r)l(st)""r(l) =B tlgnoc(st)”/r(t) =A4>0. (4.6)
Thus,

hm 1 (st)'t(t) = || hm 1 (st) [ty } |B|s7c.
On the other hand,

1 -7 — 1 =V |4 Ci — 1 7 Y
Jim (st) rt—|ﬁ|,tll+moo(st) [t +ﬂl—|ﬁ| and  lim [s + ] IBls~7.

In order to fulfill Eq. (4.6), it should hold, |f|s'c’ = |f|s™7, i.e. s = 1/\/5 > 0. With this choice of
the parameter s > 0, we have
A= ’ﬁ o2 (4.7)

In this case, 7(K) can be expressed as (see [10]) #(K)=exp(—R) with R = D(y)inf, cx{(z)} > 0,
where d(z) and D(y) are given by

o(z) = (%)r [lm(sz)% —I—]m(sz)ﬂ , §= %
and
1
B AF(y + 1) 2 B ?

Assume y =1 (this measure was considered by Ranga [12]), then »=1—(1/2y)=1— 3 = 1. Thus,

(Z)_Tl (\j_)%—i—lm(%)_%] and D(l):,/zﬁy\/g.
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