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In this paper we mainly consider triangles inscribed in a semicircle of a normed
space; in two-dimensional spaces, their perimeter has connections with the perime-
ter of the sphere. Moreover, by using the largest values the perimeter of such
triangles can have, we define two new, simple parameters in real normed spaces:
one of these parameters is strictly connected with the modulus of convexity of the
space, while the study of the other one seems to be more complicated. We
calculate the value of our two parameters and we bring out a few connections
among their values and the geometry of real normed spaces. ~ © 2000 Academic Press

1. INTRODUCTION

Let (X,]|.]) be a normed space, of dimension at least 2, over the field
R. In this paper we define two new, simple parameters in normed spaces;
then we want to bring out a few connections among their values and some
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geometrical properties of the space. These parameters measure how big
the sum of the distances from a point of the unit sphere to two antipodal
points can be; in other terms, their value depends on the perimeter of
triangles with the diameter as one side and the third vertex on the sphere.
One of the two parameters (which we call A4,) has a two-dimensional
character and depends on the modulus of convexity of the unit sphere; the
other one, which we denote by A,, has a different character and the
description we give for it is not complete. In any case, these constants give
information on the geometry of the space, both in the finite- and in the
infinite-dimensional case.
We list the notation we shall use.

Sy ={xeX;lxll =1},
By = {x € X; x|l < 1};

we shall simply write S (B) instead of S, (resp.; By) when no confusion
can arise.

X* will denote the dual of X.

We shall denote by (R?), and (R?), the two-dimensional plane endowed
with the max norm and the sum norm, respectively.

Given X, its modulus of convexity, 6(¢), for ¢ € [0,2], is defined as

, llx + yll
8(e) =infil — ————;x,y €S llx —yll= & (1.1)

We recall that 6 is nondecreasing and continuous for ¢ < 2. Moreover, if
5(e) > 0, we always have (see e.g. [6, p. 56])

- ; = 5(2 - 25(¢)). (1.2)

A space is said to be uniformly nonsquare when

linzl 6(e) > 0. (1.3)
Recall that uniformly nonsquare spaces are reflexive (see e.g. [6, p. 57).
We shall denote by * the modulus of convexity of X*.
We make some use of the modulus of smoothness of X, as defined in
[8]. For our purposes it will be enough to recall that, given X, its modulus
of smoothness py(¢), ¢ € (0,2), is defined so that

llx +yll + llx = yll
ox (1) =sup{ Y 5 o 1;x,y€SX}. (1.4)
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By a well-known result of Lindenstrauss (see [8]), for every space X the
modulus of smoothness satisfies:

pe(1) =sup{;—8*(3);0£es2}. (1.5)

If X is a two-dimensional space, then we can define the perimeter as
the “self length” of the unit sphere S,

p(X) =2y(—x,x), (1.6)
where
v(—x, x) = the length of the curve joining —x and x along §
(x an arbitrary point of §).

We recall that p(X) < [6,8]: the extreme values characterize, respec-
tively, the hexagon ( p(X) = 6) and the parallelogram (p(X) = 8) (see e.g.
[10, Section 4)).

2. STUDYING TWO NEW CONSTANTS

We define the following numbers:

A(X) =3 inf sup (llx —yll + llx + yll); (2.1)

XESXyGSX

Ay(X) =5 sup sup (llx =yl + llx + yll). (2.2)

XESy yeSy

The second constant had already been considered in [2], where the
following fact was proved (see [2, Section 3]): A,(X) = 2 characterizes
spaces which are not uniformly nonsquare.

Note that 1 < 4,(X) < 4,(X) < 2 always; that 4(X) = A,(X) = V2
in inner product spaces; and that A,(X) =2 >3/2=A4(X) for X =
(R?), and X = (R?),.

According to (1.4), we have

Ay (X) = py(1) + 1. (2.3)

Therefore, according to (1.5), we have
e
AZ(X)—1=sup{§—6*(8);03€s2}. (2.4)
LeEmMA 2.1.  For every space X, we have

A2(X)—13sup{§—5(s);o§ssz}. (2.5)
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Proof. Take x € S;if y € § and |[x —y|l = &, then |[[x + yll/2 <1 —
5(e). So we obtain, for any y € S,

lx =yl +1lx —yll<e+2(1-6(e)).

By taking the supremum for x, y € §, we obtain

2-A,(X) <sup{e+2(1—-8(¢)); e<[0,2]}
=2 +sup{e —28(¢&); e €[0,2]},
so we have the thesis. |

PROPOSITION 2.2.  For every space X, we have
& &
sup{E —0%(e);0<e< 2} = sup{g —d8(e);0<e< 2}; (2.6)
&
AZ(X)=A2(X*)=1+Sup{5—5(8);038S2}. (2.7)

Proof. If X is not uniformly nonsquare, then also X* is not uniformly
nonsquare (see e.g. [11, p. 12]), and then (2.6) and (2.7) are trivial (in this
case A,(X) = A,(X*) = 2). Now let X be uniformly nonsquare, and so
also reflexive. Then, according to (2.4) and (2.5), we have

e
sup{z —-86*(e);0<e< 2}
£
=A,(X)-1x< sup{E —-68(e);0<ex< 2}
&
= sup{a -8 (e);0<e< 2} =A,(X*) -1
&
< sup{E —-8*(e);0<e< 2},

so we have the thesis. |

Remark. According to Proposition 2.2 and its proof, we obtain (see
(2.3)) that in any space X the following is true (cf. [11, p. 63]:

£
px+(1) =A4,(X*) - 1= sup{E —8%(e);0<ex< 2}.
PROPOSITION 2.3. In any space X, we have

A(X)-Ay(X) = 2. (2.8)
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In particular, in any space X, we have
Ay(X) = V2. (2.9)

Proof. We shall prove that for every space X, we have A,(X) >
2/A,(X). Our definition implies that, for every & > 0, there exists x € §
such that supyES(IIx —yll+llx +yID < 2(4,(X) + &). Take y, € S such
that |lx — y,ll = llx + y,ll are equal, say = a: Clearly 1 < a < A(X) + &.

Now set u =(x +yy))/a; v=(x—-y))/a (u,v €8); then |lu + vll
=2llxll/a = 2/a = 2|y ll/e = llu — vll. This means that 2A4,(X)
> sup, cs(lu =yl + llu +ylD = llu —vll +llu + vl = 4/a > 4/(A(X)
+e).

Since & > 0 can be arbitrarily small, this implies that 4,(X) > 2/4,(X),
so we have the thesis. |

Remarks. The inequality (2.9), which we have proved directly here, will
also follow from results in Section 3.

The inequality 4,(X) > V2, together with the fact that the modulus of
convexity 6 is nondecreasing, implies that

AZ(X)=1+Sup{;—5(8);2(\/5_1)S8<2}. (2.7)

But a better result can be indicated.

PROPOSITION 2.4.  For any space X, we have
£
Ay (X) =1+Sup{5—5(8);\/§S8<2}. (2.10)

Proof. Given o > 0, we can find pairs x, y in S such that [|x — yll + ||x
+yll>2-A4,(X) — o if [lx — yll = ¢ for such a pair, then |lx + y|l/2 <
1-38(e), so e+2(1 —68(e)>2-A(X) — 02201+ g/2 — 8(&)) —
o. By interchanging the role of |lx —yll and |lx + yll, since o> 0 is
arbitrary, this means that to obtain the value of A4, it is enough to
consider only & < A4,(X), or only & > A4,(X):

1+ sup{g —8(e); A, <e< 2} =1+ sup{g —8(e);0< ssAz}
(=Ax(X)). (210)

In particular, this proves (2.10). |
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It is easy to see that if we have two spaces X,Y with Y C X, then
A,(Y) < A,(X). Moreover,

A,(X) =sup{A4,(Y); Y is a two-dimensional subspace of X} (2.11)

(the sup being also a maximum if dim(X) < ).

Also, according to Dvoretzki’s theorem, given ¢ > 0, if the dimension of
X is large enough (in particular, if dim(X) = ), then there exists a
subspace Y of X, with dim(X) = 2, such that |A4,(X) — V2| < & (this
again implies that A4,(X) > V2 if dim(X) = «).

Concerning A, set

U(X) ={A4,(Y);Y is a two-dimensional subspace of X}. (2.11)
Note that if dim(X) = o, then according to Dvoretzki’s theorem we have
inf(Uy( X)) < V2 < sup(Uy(X)). (2.11")

Propositions 2.5 and 2.8 below will give general lower and upper bounds
for U(X).
Given X, there exists x € S such that

sup (llx +yll + llx —yl) = 2a =2-4,(X).
YESx

Thus [lx +yll + llx —yll=2-4(X) for some y € §; (in finite-dimen-
sional spaces, there are also x,y € S, for which equality holds). There-

fore, if Y is the two-dimensional subspace of X generated by x and y,
sup, < 5, (lx +yll + llx = yl) < 24, and 4,(Y) < A4,(X), then

A(X) = inf(U( X)). (2.117)

Strict inequality holds in many cases (e.g., in /;, where 4,(X) = 2).

No relation exists between A4,(X) and sup(U,(X)): In fact, if dim(X) =
%, the last number is always at least V2 (see (2.11")), while A,(X) can be
smaller. Similarly, 4,(X) can be 2 while Proposition 2.8 will give a smaller
upper bound for U (X).

The next proposition gives a general lower bound for A4,(X).

PROPOSITION 2.5. In any space X, we have
34421
6

Proof. We shall prove that A,(X) > (3 +v21)/6 for every two-di-
mensional space X.

A(X) = (= 1.264). (2.12)
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Take h > A(X). Choose x € S such that ||x — vl + [lx + vl < 2k for
every v € S, then take y € § so that [lx —yll = lx + yl, say =k (1 <k
< min{h, 2}). Now consider the function f(¢) = [lx + #|l: we have f(1) =
f(=1) =k; f(0) =1; the slope of f is always not larger than 1. Set
v=(x+y)/k (vel);if k=1, then |lx —vll =yl = 1. Let k > 1; we

then obtain
1 y 1
1+ =+ =(1+ =
* ( k) k‘ ( k)
It is not a restriction to assume that ||x + #y|| > 1 for all ¢ > 0 (otherwise
we may exchange y and —y), so that ||x + vl > 1 + 1/k.
Now consider |[x —oll = |lx(1 — 1/k) —y/kll=1 — 1/k)-llx —y/(k
— DIl. We can estimate ||x —y/(k — Dl being (1/(1 — k) < —1) in the
following way.

f el
X+ — .

+ ) — .
b+ ol Kk k+1

We have
y H+ L7 H> 2yl
SRR I LY
but
Yl eyl [—— 1) iyl =k 2=
+ <lx+yll+[—— 1] llyl=k +
* k—lH_x Y (k—l ) Y k-1
k2 — 2k +2
k-1
SO
y 2 k*—2k+2 2k—k?
x - > - =
k—lH k-1 k—1 k-1

Thus, both for X = 1 and for k > 1,

i ! . 1 2k — k? "k
x-v Z( ‘z) o1 Tk

Therefore, in any case
1 1
2h = lx+oll+llx —vll =1+ P +2—k=3—-k+ o

so also

2h =3 —-h+ —.
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Since we can take A arbitrarily near to 4,(X), we also obtain from here
that

3[4,(X)]> = 34,(X) — 1> 0,
which implies that

34421

A(X) >
1( )— 6 )

and then the proof is complete. [

Remark. We do not know if the estimate (2.12) is sharp; in Section 5
we shall see that in some of the spaces /,, p > 2, the value of A4, is not
much larger than (3 + v21) /6.

Let X be a space where James’ orthogonality is symmetric. (See, e.g.,
[2]: this is interesting only for two-dimensional spaces; otherwise, under
such an assumption, X is necessarily an inner product space.) In that case,
it is possible to prove that 4,(X) > (1 + V17)/4 (= 1.28). In fact, given x
as in the preceding proof, we can choose x and y orthogonal and such that
lx —yll = llx + yll (so llx + yll < h, h > A(X)). Then if we take v = (x +
y)/llx + yll (v € S), we obtain

1 2
2h=llx+oll+llx=vll=1+ + >1+ —,
lx +yll  llx +yll h
SO
2[A,(X)]” = A(X) +2,
and then
1+ V17
A(X)z ——.

By using the perimeter, we shall give a general upper bound concerning
U(X) (see (2.11)). But we prove first another simple result concerning
two-dimensional spaces.

PROPOSITION 2.6. If dim(X) = 2, then
2-A,(X) <p(X)/2. (2.13)

Also; A,(X) =2 < p(X) = 8 © the unit sphere is a parallelogram.
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Proof. Take any pair x,y in S. One of the two arcs joining points x
and —x must contain y, and then y(—x, x) > [lx — yll + llx + yll, which
implies (2.13). Also, A,(X) = 2 = p(X) = 8 < the unit sphere is a paral-
lelogram = A,(X) = 2, so we have the thesis. |

The next lemma indicates a simple result, which will be needed to prove
Proposition 2.8.

LeEMMA 2.7. Let x,u,v be three different points on the unit sphere in a
two-dimensional normed space, and let v belong to the shortest arc joining x
and u. Then we have

lx +u —v|l < 1. (2.14)

Proof. By assumption, there are two positive numbers a, b such that
v = ax + bu. We can assume, without loss of generality, that a < b. Also,
we have a + b > 1. Moreover, b <a + 1 (1 = ||vll = ||bull — llax|]). We
then obtain

lx +u—oll=[[(1 —a)x+ (1 = b)ul| <|(1 —a)| +|(1 —b)|.

If0<a<b<1 weobtain ||x +u—v||<2—a—>b <1 and we are
done.

If0<a<l<b,weobtain|lx+u—-vll<l—a+b-1=b-a<l
and again we are done.

Nowletl <a <b,soweobtain [x +u —v|l<a—-1+b—-1=a+b
— 2; thus we are done if a + b < 3.

Now let @ + b > 3: then we can write

1+a-—-0>b b—a+1 a+b—3
*=Tr-1 PTuiso1r YT uieot

with «, B, vy nonnegative and such that « + B+ y= l; also,v —x —u =
(@ —Dx+ (b — Du=ax + Bu + yv. This implies that [lv —x — ull <
a + B + y =1, thus concluding the proof. [

PROPOSITION 2.8.  In any two-dimensional space X, we have

|+ T53p

A,(X) < , : (2.15)
p denoting the perimeter of X.
Thus, since p < 8 always,
1+V33
A(X) < —— (= 1.680). (2.106)
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Proof. Take x € S; let sup,c ¢(lx +yll + [lx —yl) = 2a = |lx + ull +
llx — ul| for some u € S. We can also assume that ||x + u|| >a =1 Gf
necessary, we can exchange the role of v and —u).

Now we want to estimate sup,. (lx +u + vl +lx +u — vl): the
points u, x, —u, and —x divide S into four arcs vy, (between u and x), y,,
v;, and vy,. Let v, —v belong to the arcs y, and 7y;: to estimate ||x + u +
vl +1lx + u — vl it is not a restriction to assume that v € y,. Then
according to Lemma 2.7 we obtain

lx +u+ol+llx+u—-vl<|lx+ul+lol+llx+u—ol

<llx +ull + 2.
Now assume that v € y, and —v € v,; then

lx +u—vll+lx+u+0vl
<llx+u-—-x|+llx—vll+llx+u—ul+lu-+ol
=2+|x —oll+llu+vll <2+ length(y,) <2+ p/2 — |lx — ull.

But [[x + ull < p/2 — llx — ull always, so we have obtained
lx+u+ovl+llx+u—-vl<2+p/2—Illx—ull
always. Since the function
fu(t) =lle(x +u) + ol +lle(x +u) — o

is convex and f,(0) = 2, we obtain

1 1
— | < |1 -
T\ i+l ( ||x+u||)f() /D
(1 !  tp/2—lx—ul
<|t- —— |2+ ——Q2+p/2-llx—u
I+l e )
p/2 —llx —ull
oy = 7 7
llx + ull
p/2 — (2a — |lx + ull) p—4a
2+ Y SR
llx + ull 2lx + ull

From ||x + ull = a we thus obtain

1
llx + ull

fv
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Therefore we obtain

1
llx + ull

24,(X) < Sup(

ves

— U = supj,
||-x + u” ves ‘

X +u
— +
llx + ull

1( ) = ( ’ )
261

But 2a = 1 + p/2a means that 4a*> — 2a — p = 0, and this is true for

a={0++y1+4p)/4. Thus 2A4,(X) <2a <1+ 1 +4p)/2, so we
have the thesis. |

Remark 1. The estimate (2.15) is “sharp” in the sense that in the case
where the unit ball of X is the hexagon, we have p = 6 and it is not
difficult to see that 4,(X) = 3/2 (see also the next remark). But A4,(X)
= 3/2 also when the unit ball is a parallelogram (p = 8 and, according
to Proposition 2.6, A,(X) = 2); so in this case the inequality in (2.15)
is strict.

Remark 2. In proving Proposition 2.8, we could choose x so that

sup (llx + yll + llx = yll) = 24,(X).
yES§

So we also obtain 2A4,(X) <1+ p/2A4,(X) or 44,(X)-A,(X) <
2A4,(X) + p < 3p: this implies

A(X)-Ay,(X) <3p<3. (2.17)

Also, 2A4,(X) <p/QA(X) — 1); since p =6 implies A,(X) =2, in
this case we obtain A,(X) < 3, so also 4,(X) = 3 (see also Example
3.2 below).

3. THE CONSTANT A4, AND THE MODULUS OF CONVEXITY

Formula (2.7) implies some estimates for 4,. For example, let X be
given and write simply A4, instead of 4,(X). Since

5(s) =1+ ; — 4, (3.1)

always, we have
A,

S0(A 1-—
(A4,) = >

(32)
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Letting & — 2, we obtain

lim 6(e) >2—A4,. (3.3)
e—>2"
Moreover,
6(e)>0 forall e>24, -2, (3.1)
A, > 1+ 3¢, (3.1")
where

gy =sup{e>0; 8(&) = 0}.

In particular, A, < 3/2 implies that §(1) > 0, i.e., &, < 1.

Remark. Tt is known (see e.g. [6, p. 59]) that for every space we have

5(8)31—\/1—%2. (3.4)

So, by using (2.7), we have

2

& &
2-A2(X)22+2(E—5(8))28+2 -

for every ¢ € (0,2). (3.5)

By taking & = V2 we again obtain (2.9).

PROPOSITION 3.1. The condition AXX) = V2 implies that (3.4) is an
equality for & = V2.

Proof. By (3.5), A,(X) = V2 implies that 2v2 > & + 2y/1 — &%/4 for
every & € (0,2); so, for & = V2, we have equality. ||

Remark. Tt is known that equality in (3.4) for some ¢ € (0,2) — D,
D ={2costkw/2n), n = 2,3,...; k=1,2,...,n — 1}, characterizes inner
product spaces (see [1]). Nevertheless, in [2] the following two-dimensional
example was considered: Let the unit ball be a regular octagon; the norm
is thus defined by

[(x, ) || = max{|x|, [yl, [x + yl/v2, [x —yl/V2}. (3.6)

This is a non-hilbertian space, but easy computations show that A,(X)
= V2 (this implies also, according to (2.8), that A4,(X) = v2).
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The constant A, was also considered in [3], where it was denoted by u’;
in particular, Proposition 4.2 there gives the inequality

A, <2 — 8(Ay). (3.7)

We have proved (see (2.10")) that given X, in order to calculate A4,(X)
it is enough to maximize £/2 — 8(&) over one of the intervals [0, A,(X)]
or [A,(X),2].

If the function &/2 — 8(e) attains the maximum for & = A4,, then we
have A, =1+ A,/2 — 8(A,). This happens, for example, if in the right-
hand side of (2.2) the maximum is achieved by pairs x,y satisfying
llx + yll = llx — yll, or when the function &/2 — 6(¢) is first increasing in
a part of (0,2), then decreasing after some point. This does not happen in
general: see for example the space described in [5].

EXAMPLE 3.2. Let X be the space R? with the norm given by the
hexagon (cf. the remarks to Proposition 2.8). We then have
8(e) = max{0, (e —1)/2},
SO

& 3
1+5—6(8)=E=A2(X) forall ¢ € [1,2].

4. OUR TWO CONSTANTS AND “NEARBY” SPACES

The following fact is evident.

PROPOSITION 4.1.  If Y is a dense subspace of X, then A(Y) = A(X),
i=1,2.

Now we want to prove that the constants A,, A, are continuous with
respect to the Banach—Mazur distance of spaces, in case X and Y are
isomorphic. To this end, we shall state in advance some simple results.

We recall that in general, given x, y in B — {8}, we cannot say which of
the quantities ||x — y|l and ||x/|lx|l — y/llyll |l is larger, but we can prove
the following lemma (similar to Lemma 6.3 in [7]).

LEmMMA 4.2.  Given two points x, y in X, we have
lx + ol +llx =yl = llx +yll + llx =yl forallt = 1. (4.1)

Moreover, equality in (4.1) for some y # 6 and some ¢ # +1 implies that
X is not strictly convex.
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Proof. Consider the convex, even function of t € R, f(¢) = |lx + tyll +
llx — tyll; we have f(0) = 2[lx|l; f(1) =f(—1) = 2|lx|l. This implies that
f(#) = f(1) for all + > 1 (f attains its minimum at 0). Moreover, let X be
strictly convex; assume that we have equality in (4.1) for some y # 6 and
some ¢ # +1 (so that x # ). We can assume that ¢t =1+ & with
g > —1, & # 0; this would imply that 2||x|| = [lx + &l + llx — &l = llx +
v+ x—o)llforte[-1— g1+ ¢l Then, since y # 6, x —ty = a,(x
+ ty) for some ¢ # +1 and some positive «,, @, # 1. But then x = (1 +
a)ty/(1 — a,) = B,y for some B, # 0; this, together with the equality in
(4.1), implies that |8, + ¢l +18, —¢tl =18, + 1| + | B, — 1| for some ¢ #
+1, an absurdity which completes the proof. [

PROPOSITION 4.3. Given x € By, we have

sup (Ilx =yl + llx +yll) = sup (llx =yl + lIx + yll). (4.2)
YESx yEBy

Moreover,

A(X) = inf sup (lx =yl +llx + yl); (4.3)

xESXyEBX

A,(X) = sup sup (llx =yl + [Ix +yll)

XESy yESY

= sup sup (llx —yll +Ilx +yll). (4.4)

XEByx yEBx

Proof. We prove (4.2). Let x € By; clearly 2 < supyesx(llx —yll +llx
+yID < sup,c g (lx =yl + [lx + yl). Now let & =sup, g (lx =yl + llx
+ylD. If h = 2 there is nothing to prove. Otherwise, take any k € (2, h),
then take z in B, such that [|x — z|| + ||x + zI| > k (z # 6); according to
Lemma 4.2 we then have [|x — 5l + llx + 5l = llx — zll + [[x + z[| > &,
so sup, < s (lx = yll + llx + yl) > k, which proves (4.2).

Equation (4.3) follows immediately from (4.2).

Still, by Lemma 4.2, if [|x]| < 1, for any fixed y € By — {6} we have
i — vl + g + Il = 1lx =yl + [lx + yll, so

X X
sup ( il _yH = +yH) = sup (llx =yl +llx +yll).
S0 i ] yeby
Therefore,

sup sup (llx —yll +[lx +yll) > sup sup (llx —yll + llx + yll),

XESy YEBy XEBy yEBy

and then we have equality. This, together with (4.2), implies (4.4). 1
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Remark. Indeed, formulas (4.2) and (4.4) are a consequence of the
convexity of the norm (for x and y fixed, the functions [|x + yll,llx — yll
are convex). Moreover, given x, to compute sup, BX(IIx —yll+llx + ylD it
is enough to consider those points y which are extreme for the unit ball (a
similar remark applies to computing A4,(X)).

Let X,Y be two isomorphic spaces; we set
A(X,Y) = inf{IITII AT T: X > Yisan isomorphism}. (4.5)
We have the following result.

PROPOSITION 4.4. Let X, X' be isomorphic spaces. Then, for i = 1,2,
we have
[4,(X) —4,(X")]| < (4 —1) - (A(X, X') - 1), (4.6)
thus
| A,(X) = A,(X)] < 3(ACX, X') — 1). (4.6)

Proof. Let T be an isomorphism between the spaces X and X',
satisfying the following condition: There exist two numbers « € [0, 1) and
B = 0 such that

(1 —=a) llxll <ITxll < (1 + B) -llxll forall x € By. (4.7)

Take x',y" in Sy; there exist x,y in X such that x' = Tx, y' = Ty.
Moreover, (1 — a) - llxll<1; A —a)-llyll< 1. Set x" =1 — a)x, y' =
(1 — @)y (x",y" are in By). We then obtain

1
Ix' +y'll=ITx + Tyl = T AT (x" £y")|

-

1
< — (14 8) lIx" £yl
1_a( B)-llx" +y"|l

Thus

+ B
lx" + I+ llx" = y'll E(HX” + Y"1+l =yl

IA

1+

sup (llx" + yll + llx” = yll).
1 - yEBX

This shows that for every x’ € S, there is some element x” in B, such
that

lx" =yl +1x"+yIl 1+ lx” = yll + IIx" + yll
sup < sup ;
y’EBXr 2 1 - yEBX 2
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so, according to (4.4),

1+
A (X)) < T Ay(X); (4.8)

thus
+ B

A,(X') —A,(X) < Ay,(X). (4.9)

Now we reverse the role of X and X'; we have that 7' is an isomor-
phism and, for x = T~'x’ with x' € By,

1
! T~ 'x "I 4.1
1+B||x||s|| xllsl_allxll (4.10)
So we obtain
1+
A,(X) < 1= A(X'), (4.11)
and then
) a+ B ,
A,(X) —Ay(X') < mAz(X ). (4.12)

Finally, (4.9) and (4.12) together imply

+ B

|A4,(X) —A4,(X")]| < 2‘11_ (4.12)

Now let x € Sy such that sup, . (lx =yl + [lx + yl) = k; set x' =
Tx /|ITx|l (llx'll = 1); for any element y' € Sy, we have y' = Ty for some

y € X with [[yll < 1/(1 — «), so

!’

SRR LA
T

= ||Tx||(” T[(1 = a)y]| +IT[(1 = @)y = yITx]]])
1

< LA+ Bl = (A =)yl +ITyl-I(1 = o) = I1Txll]].

Since |17yl = 1, (1 — a) — |Tx/l| = |ITx]l = (1 — @) < a + B, we obtain

+ B a+ B
“Cx - (1 - eyl + T

l I !
"V <
X =yl < n
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A similar estimate holds for ||x' + y'[l, so we obtain (|1 — a)yll < 1)

Ix" =yl + llx" + y'll 1+ a+ B
Tk +

< .
Sup 2 =1 - a

YEBy

Since we can take x so that k is arbitrarily near to A4,(X), we obtain

1+8 a+
A(X') < - aAl(X) T
and then (4,(X) < 2),
3(a+ B)

A(X') —A(X) < (4.13)

1 -«

By reversing the role of X and X', we can also obtain (in this case,
replacing a, B with {£5 and 1, respectively)

1+p B+«
A(X) < A(X') + , (4.14)
11—« 11—«
and then
3(a+ B)
A(X) —A(X') < I (4.15)
8 4
Equations (4.13) and (4.15) together give
) a+ B ,
|A1(X)—A1(X)|s31_a. (4.15)

We have thus proved the following: given T satisfying (4.7), we have (see
(4.12") and (4.15))

lax) —a(xy| < EZD@TB) s )

1—«a

But we can take an isomorphism 7: X — X' so that NTI- 1T~ =
A(X, X') is arbitrarily small, and so (1 + 8)/(1 — «) is very near to
A(X, X'); i.e., (a + B)/(1 — a) is very near to A(X, X') — 1. Therefore
(4.6) follows from (4.16), and this concludes the proof. |

Remark. In a sense, the above estimates are sharp; for example,
concerning (4.8), if we consider as X the space R?, endowed with the
norms |- [ly, [l ll2, then we have ||-Il, < lI-ll; < V21I-ll2, while A4,((R*),)

=2= ‘/EAz((Rz)z)
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5. THE VALUES OF A4,: AN EXAMPLE
If X is one of the spaces L,[0, 1], C[0, 1], C,[0, 1], ¢y, ¢, L., then we have

A,(X) = 2 since they are not uniformly nonsquare. Now we shall consider
another class of classical Banach spaces.

ProrosITION 5.1. If X = lp, 1 <p < o, then
A,(1,) = max(2'/7;2!71/7), (5.1)

Proof. According to (2.7), it is enough to consider the case p > 2.
Recall that in this case we have

5(1) =1 - [1 - (;)T/p. (52)
Set
f(e) =5 - (1 - [1 - (;)T/p).

Note that f(0) = f(2) = 0, so its maximum (for & € [0,2]) is attained for
some ¢ € (0,2).
We have

f'(e)

Il
N =
< |-
| ——
—

|
—_——
| »
—_
=

| IS
S

[

~

|

=
N
—_——
|
N
~

|
-
NS

Therefore, f'(¢) = 0 when

. 2P — gP\I=P/p oy p-t P gP\VP o t=r
o St R 65 B (ol I
( (2” _ 81,)1/,9 )l—p

&
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so also when 27 — g” = g”: i.e., when (g/2)? = 1. Thus, by using (5.2),
(2.7) gives

1 1\'? 2
_ -1 _ _
Ay(l) =1 =727 = 575 = 1—(5) =57 b

so we have the thesis. |

Remark. The estimate (5.1) holds also for p € {1, 2,%}. Moreover, it is
valid also for Lp[(), 1], as well as for l[()”) spaces, since it depends on the

modulus of convexity (which is a two-dimensional modulus).

6. THE VALUES OF A,; SOME EXAMPLES AND THE
CASE 4, =2

Estimating A4,(X) is not always simple.
We indicate a relation between the constant A, and the following one:

1
w(X) = 1nf sup — lea -yl
Fc yES

F={ay,a,,..., an} is any finite subset of S. (6.1)

This constant has been considered e.g. in [3, 4, 9, 12]. Note that also for
W,, by considering the sup over all points y € B (or also, by only consider-
ing extreme points of B) we obtain an equivalent definition.

PROPOSITION 6.1.  In any space we have
(X)) < A,(X). (6.2)
Proof. 1t is enough to note that for any x € S we have

24,(X) = inf sup (Ilx = yll +lbx +yl) > 2p,(X).
yES

Concerning (6.2), note that we have inequality e.g. in finite-dimensional
euclidean spaces (see [3].

We have seen that A4, is the same for X and for its dual. For A4, the
situation is different: for example, both for ¢, and [, the value of A, is
3 /2, while (see below) it is 2 for I, (so, when we pass to the dual of X, the
value of A, can both increase and decrease).
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The condition A4,(X) = 4,(X) (in this case we have supyes(llx —yll +
llx + y|D constant with respect to x) does not force a space to be an inner
product space: consider, for example, [, or the two-dimensional hexagon
(see the remarks to Proposition 2.8).

Also, the example of the regular octagon, indicated in Section 3, shows
that in two-dimensional spaces the condition 4,(X) = A,(X) = V2 does
not imply that X is Euclidean. We do not know what happens when the
dimension is larger (concerning 4,(X) = V2, or at least under the as-
sumption A,(X) = A,(X) = V2). In fact, it has been conjectured long
ago (see e.g. [11, pp. 70 and 83]) that equality in (3.4) for some & < (0,2)
forces X to be an inner product space if dim(X) > 3. If this conjecture is
true, this would also have implications concerning our constants.

PROPOSITION 6.2. If 1 < p < 2, then we have
Al(lp) =27, (6.3)
For 2 <p < o,

21/p SAl(lp) < % sup {(|1 + t|P +1— |t|p)1/P
0<t<1

IA

+(IL =+ 117"} (6.4)
Proof. Let p € (1,); we shall prove that
A(X) =27, (6.5)

Take any ¢ > 0; given x = (x|, x,,...,X,...) € S, take k so that |x,| < e.
Let ¢, be the kth element of the natural basis of /,. Elementary computa-
tions show that for any p > 1, since |x,| < 1, we have [1 + x,|” >1 —p-
|x,l. Then we obtain [lx + e, ll =1 — [x,|” + 1 + x,|)Y? =2 — p-|x,]
—kalp)l/” > Q2 — pe — gp)l/p‘

Since x € S and & > 0 are arbitrary, this implies (6.5).

If 1<p <2, then—according to (5.3)—we have 27 < A,(X) <
A,(X) =27, so we obtain (6.3). Concerning (6.4), its left part is (6.5),
which has already been proved.

Now let x = (1,0,...,0...); take y = (¥, ¥5,.--,¥,-..) € S. Then we
obtain

lx +yll” =1 £y, 1"+ X Inl? =0 xy1” +1—Iyl". (6.6)
k=2
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Therefore, 2A, < supy_,_{(1 + ¢[” + 1 = (D7 + (1 —¢]” + 1 -
|¢|7)1/P}, which is the right part of (6.4). [

Remarks. Numerical computations on the right-hand side of (6.4) show
that for p = 3 we obtain A4,(X) < 1.327; also, for p around 2.8 we obtain
A,(X) < 1.325. Note that 2!/ = 1.26, which is slightly below the general
estimate A,(X) > (3 + v21)/6.

It is not difficult to see that A,(X) = 3/2 in the cases X =¢,, X = ¢,
and X =[,. We have instead 4,(X) = 2 in the cases X = C[0,1], X =
C,[0,1], and X = L,[0, 1]. We only prove the last assertion, the other ones
being simpler.

PROPOSITION 6.3. If X = L,[0,1], then A(X) = 2.

Proof. Let & > 0; take f € L,[0,1] and let A4 be a subset of [0, 1] such
that [,|f| < e. We can take a function g, with support contained in A4 and

such that [,/gl = 1. Then we have [, ,If +gl>2 — &; [ ylf — gl >2 -
&. This proves that

inf supllf+gll+1f—gll=4-2e¢,

JeSx geSy

so (& being arbitrary) 4,(X) =2. 1

Concerning the “extreme” value 2, taking into account (6.2), the follow-
ing implications hold:

My(X) =2=A,(X) =2=4,(X) =2

Spaces satisfying 4,(X) = 2 have been characterized as spaces which are
not uniformly nonsquare, while the condition u,(X) =2 character-
izes “octahedral” norms (see [9]). We shall prove some consequences of
A(X) = 2.

PROPOSITION 6.4. Let a space X satisfy A(X) = 2; then X is not uni-
formly nonsquare; moreover, dim(X) = o,

Proof. The first part is a consequence of the inequality 4,(X) < A,(X).
To prove the second part, we prove first the following.

CLAIM.  Assume that the following is true in X: for any x € S there exists
ay € S such that ||x — yll = llx + yl|| = 2. Then there exists in S an indepen-
dent sequence {x,} such that

=n. (6.7)

n
in
i=1
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Proof of the claim. We reason by induction: Take x, € S, then x, € §
such that |lx; — x,ll = llx; + x,|l = 2. Of course, x; and x, are indepen-
dent. In general, once x, ..., x,, have been chosen so that ||x, + -+ +x, _,
+ x,|l = n, choose x, . ; € S such that [(x;, + -+ +x,)/n £x,,,/l = 2. We
then have

n+1>lx + - +x, £x, 4l

xl + - +xn Xn+1
=+ ol |2 | e = 22
n
1
=n|2—-(1——]||=n+1.
n
So we have all equalities; this also implies that
llx, + - +x, + &, l=n+1t] forallt €R. (6.8)

Now assume that x,,; = A, x; + == +A,x,; set A =[]+ -+, (A #
0) and y,., = (A\x; + -~ +A,x,)/A. Then, according to (6.8), we obtain

1
n+ X = “xl + o +xn iyn+1||

A
)\l )\n
<1+ —|++[1+—;
A A
this implies
1 A A,
n+ —<n+ — 4+ +— and
A A A
1 A A,
n+ —<n—|—+-+—|,
A A A

a contradiction, proving that A must be 0, so that x,,, is independent
from x,,..., x,. This concludes the proof of the claim.

Now, if dim(X) < o, then § is compact. So A4,(X) = 2 implies the
assumption of the claim, whose thesis contradicts dim(X) < o. |
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10.
11.

12.
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