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Abstract This paper deals with a cyclic-periodic structure with a piezoelectric network. In such a

system, there is not only mechanical connection but also electrical connection between adjacent

periodic sectors. The objective is to learn whether the presence of a piezoelectric network would

change the dynamic characteristics of the system. The background of the research is about vibration

reduction of a bladed disk in an aero-engine, and the system is simulated by a lumped parameter

model. The dynamic equations of the system are derived, and then the analytical solution

corresponding to the eigenvalue problem is given. The vibration responses to single traveling wave

excitations (EO excitations) and multiple traveling wave excitations (NEO excitations) are studied.

The results show that the presence of a piezoelectric network would change the natural frequencies

of the system compared with those of the system with the piezoelectric shunt circuit. The forced

response is sensitive to the connection type and the elements of the network. An energy analysis

of the electro-mechanical coupling system has been performed to understand its dynamic behavior,

and the following conclusion is obtained: a vibration reduction to excitations whose primary har-

monic component is not zero can be achieved by a parallel piezoelectric network, while a reduction

to other excitations should be based on a series piezoelectric network.
� 2015 The Authors. Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA. This is an

open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Cyclic-periodic structures are very useful in a lot of engineering
equipment, such as satellite antennas and turbomachinery

bladed disks. One remarkable dynamic feature of this kind
of structure is that the vibration amplitudes of all the sectors
are identical, but there is a phase difference in a given mode.1

However, such structures are more susceptible to excessive
vibration because of mistuning, which leads to uncertain dura-
bility and reliability. Then it’s important to find some ways to
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Nomenclature

N Number of sectors

m Mass of a sector
c Damping of a sector
k Stiffness of a sector
kC Coupling stiffness between sectors

Ij Current (j = 1, 2, � � �, N)
Vj Voltage (j = 1, 2, � � �, N)
V0 Voltage in a parallel piezoelectric network

R, CE Resistance and capacitance
xj Displacement (j = 1, 2, � � �, N)
fj Exciting force (j= 1, 2, � � �, N)

kSC Short-circuit stiffness of a piezoelectric material
CP Intrinsic capacitance of a piezoelectric material
Dj Electrical charge (j= 1, 2, � � �, N)
D0 Electrical charge in a series piezoelectric network

g Electromechanical coupling factor
s Non-dimensional time
xn Natural frequency

x Frequency of excitation
k Non-dimensional frequency of excitation
cC Non-dimensional coupling stiffness

cPM Non-dimensional intrinsic capacitance of a piezo-

electric material
cSC Non-dimensional short-circuit stiffness of a piezo-

electric material
cEM Non-dimensional capacitance

eRM Non-dimensional resistance
n Mechanical damping ratio
d Stationary response

yj Non-dimensional displacement (j= 1, 2, � � �, N)
y Non-dimensional displacement vector
qj Non-dimensional electrical charge (j= 1, 2, � � �, N)

q Non-dimensional electrical charge vector
q0 Non-dimensional electrical charge in a series

piezoelectric network
pj Non-dimensional excitation (j= 1, 2, � � �, N)

a, b Stiffness coefficients
Yj Non-dimensional amplitude of displacement

(j = 1, 2, � � �, N)

Qj Non-dimensional amplitude of electrical charge
(j = 1, 2, � � �, N)

Q0 Non-dimensional amplitude of electrical charge in

a series piezoelectric network
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mitigate the vibration and increase their lives. Most of the rel-
evant work has concerned the use of passive devices at the

local sector, such as various frictional dampers2 and visco-
elastic damping treatments.3 In these investigations, the cou-
pling between sectors has not been fully taken into account,

nor has the periodicity been exploited in the damping design.
Piezoelectric materials, since they were discovered, have

been much developed for vibration control for their electrome-

chanical coupling characteristics. Piezoelectric elements
attached on vibrational structures are capable of transforming
vibration energy into electrical energy, which can be dissipated
or redistributed by the piezoelectric shunt circuit. Two circuit

layouts have been studied. One is the separate shunt, and the
other is the piezoelectric network.

Research on piezoelectric shunt circuits has proved that the

capacitance, the resistance, and the inductance (RLC) in a
piezoelectric shunt circuit could be equivalent to additional
stiffness, damping, and mass terms respectively in dynamic

equations of a mechanical system.4 Hence, an RLC shunt cir-
cuit can perform as a dynamic vibration absorber, but the
designed performance is sensitive to the change of excitation
frequency and the changes of the system’s parameters. Wu5

demonstrated that if a parallel RL shunt rather than a series
RL shunt was chosen, the performance of the system didn’t
have a significant change but was much less sensitive to

changes in the resistive element. Hollkamp6 proposed a system
with the piezoelectric sheet, and the RLC circuits connected
with it were parallel while the electrical elements in the circuit

were retuned to reduce a modal vibration if a new branch was
added. This method is effective when it is applied to a can-
tilever beam. To obtain an optimal result of controlling vibra-

tion, Wu et al.7–9 proposed another kind of system in which
each branch was added a current blocking LC. However, the
number of electric circuits increases fast with the growing of
the modes number. Behrens and Moheimani10 studied a way

to reduce the shunt circuit’s order and obtained very good
results. The researches of Kim11 and Moheimani et al.12 show
that the positions of piezoelectric elements and the reactances

of shunted-circuits should be carefully selected to minimize the
maximum forced response corresponding to the relevant
mode. Zhang et al.13 used a piezoelectric layered smart plate

to reduce vibration of thin-walled structures. It is validated
under various excitations. In these researches, it is found that
in the low-frequency band, a large inductance is needed to
achieve better results, but it is difficult for practical uses,

especially for cyclic-periodic structures in rotating.
Compared with works on piezoelectric shunt circuits, few

researches have conducted on piezoelectric networks. Several

studies have introduced different connected piezoelectric ele-
ments to an independent structural component, such as a can-
tilever beam. The main results indicate that series and parallel

connections of piezoelectric layers would cause different consti-
tutive equations of a multi-layer beam.14–16 The locations of
piezoelectric elements could significantly affect the efficiency
of passive damping of a structure.11 Wang et al.17–22 introduced

a piezoelectric network into a mistuned blade disk and got some
useful results. In a paper published in 2003,19 piezoelectric
shunt circuits were introduced into a quasi-periodic symmetric

structure and connected together with the inductance and
capacitance in the circuits. The result shows that there are no
localized modes if suitable circuit parameters are selected. In

subsequent literature, Wang et al. tried to strengthen the
electromechanical coupling with negative capacitance,20 and
focused on the suppression of mistuning response.21,22 It is

indicated that the electromechanical coupling characteristic
can effectively suppress vibration localization.



Fig. 1 Lumped parameter model and piezoelectric network.
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Based on Wang’s studies mentioned above, Li and Fan23

studied the possibility to change the propagating path of vibra-
tion energy to reduce vibration through the design of piezo-

electric networks. In order to highlight this point, there is no
mechanical coupling among the sectors in their research. How-
ever, mechanical coupling must be taken into consideration,

especially for cyclic-periodic structures such as blade disks.
The presented work is a development of the work in Ref.23.

The studied system is a cyclic-periodic structure with a piezo-

electric network. The difference from Ref.23 is that there is
not only electrical connection but also mechanical connection
between adjacent sectors in such a system. The research objec-
tive is firstly to learn whether the presence of a piezoelectric

network would change the dynamic behaviors of the system,
and then to demonstrate that the system’s energy can propa-
gate through both the mechanical connection and the electrical

connection owing to the piezoelectric network. The back-
ground of the research is about reducing vibration of a bladed
disk in an aero-engine, but the present work is based on a

lumped parameter model (Section 2). After establishment of
the dynamic equations (Section 3), the modal analysis of the
system is given (Section 4) and the forced response behaviors

of both the displacement and the electrical charge are analyzed
(Section 5). Finally, transformed and dissipated energy in the
system are analyzed for different connection types of the piezo-
electric network (Section 6).

2. Model

In this study, the cyclic-periodic structure is simulated by a

lumped parameter model (shown in Fig. 1(a), the variable def-
initions used in this paper can be found in the nomenclature
list.). Every sector is represented by a spring-mass lumped

parameter oscillator connected with the foundation. There is
a spring between two adjacent oscillators to represent the
mechanical coupling. In each sector, a piezoelectric shunt cir-

cuit is set. In addition, the piezoelectric shunt circuit of every
sector is connected with each other to form a network. Two
types of piezoelectric network are considered, parallel connec-

tion and series connection (shown in Fig. 1(b)). Besides the
nomenclature given above, there are some conventions below
for the piezoelectric network used in this paper:

(1) C-Open, the cyclic-periodic structure with an open
circuit.

(2) C-Shunt, the cyclic-periodic structure with a piezoelec-

tric shunt circuit.
(3) C-Pnet, the cyclic-periodic structure with a piezoelectric

network connected in parallel.

(4) C-Snet, the cyclic-periodic structure with a piezoelectric
network connected in series.

There are no inductors in both forms of piezoelectric net-

works for some reasons. Firstly, inductors that could affect
the mechanical behavior obviously are too large to be made.
Secondly, this paper focuses on the vibration control behavior

of piezoelectric networks through energy transfer. Therefore,
only resistors and capacitors are considered in the system.
Additionally, both forms of piezoelectric networks are cyclic-

periodic because every piezoelectric element and circuit branch
are identical.
3. Dynamic equations

3.1. Dynamic model of a single sector with a piezoelectric shunt
circuit

Firstly, a single sector (Fig. 2) with a piezoelectric shunt circuit

(Fig. 3) is considered. The single sector has connection with
adjacent sectors through the mechanical coupling stiffness.
The dynamic equation of the lumped model with a specified
voltage boundary condition (Fig. 3(a)) has been given by many

related studies,16,18,24,25 and could be written as

m€xj þ c _xj � kCxj�1 þ ðkþ 2kCÞxj � kCxjþ1

þkSCxj þ g2CPxj � gDj ¼ fjðtÞ
R _Dj þ 1

CE

Dj þ 1

CP

Dj � gxj ¼ VjðtÞ

8>>><
>>>:

ð1Þ

where a dot means differentiation with respect to time t,

subscript j is referred to the jth sector.
The voltage term in Eq. (1) is generally determined by the

circuit status, which could be open-circuit (Fig. 3(b)) or
shunted-circuit (Fig. 3(c)). In the open-circuit status (denoted

by ‘C-Open’ in the following sections), the voltage boundary
condition is Vj(t) = �gxj, and dynamic Eq. (1) becomes

m€xjþ c _xj�kCxj�1þðkþ2kCÞxj�kCxjþ1þkSCxjþg2CPxj ¼ fjðtÞ
ð2Þ

For the shunted-circuit status (that is without connection
between shunt circuits and denoted by ‘C-Shunt’ in the follow-
ing sections), the voltage boundary condition is Vj = 0, hence

Eq. (1) becomes



Fig. 3 Three kinds of piezoelectric shunt circuits.

Fig. 2 A single sector.
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m€xj þ c _xj � kCxj�1 þ ðkþ 2kCÞxj � kCxjþ1

þkSCxj þ g2CPxj � gDj ¼ fjðtÞ
R _Dj þ 1

CE

Dj þ 1

CP

Dj � gxj ¼ 0

8>>><
>>>:

ð3Þ

3.2. Dynamic equations of C-Pnet system

In the C-Pnet system, the piezoelectric network connects N
piezoelectric shunt circuits in parallel. Then the 2nd equation
in Eq. (1) becomes

R
XN
j¼1

_Dj þ 1

CE

XN
j¼1

Dj þ 1

CP

XN
j¼1

Dj � g
XN
j¼1

xj ¼
XN
j¼1

VjðtÞ ð4Þ

According to Kirchhoff’s current law (KCL), the current of
each sector has the following relationship:XN
j¼1

IjðtÞ ¼ 0 ð5Þ

Meanwhile, according to Kirchhoff’s voltage law (KVL),
each sector has the same voltage, that is,

VjðtÞ ¼ V0ðtÞ; 1 6 j 6 N ð6Þ
Besides, the differential relationship between the current

and the electrical charge can be written as

IjðtÞ ¼ dDj

dt
; 1 6 j 6 N ð7Þ

By integrating Eq. (7) upon time, Eq. (5) can also be written
in electrical charge terms as

XN
j¼1

DjðtÞ ¼ 0 ð8Þ
Substituting Eq. (6) and Eq. (8) into Eq. (4), the following
relation is obtained:

�g
1

N

XN
k¼1

xk ¼ V0ðtÞ ð9Þ

Therefore, Eq. (1) can be further simplified by eliminating
Vj based on Eq. (9):

m€xjþ c _xj�kCxj�1þðkþ2kCÞxj�kCxjþ1

þkSCxjþg2CPxj�gDj ¼ fjðtÞ

R _Djþ 1

CE

Djþ 1

CP

Dj�gxjþg
1

N

XN
k¼1

xk ¼ 0; 16 j6N

8>>>><
>>>>:

ð10Þ

Herein, every sector is coupled with another arbitrary

sector through the network connection.

3.3. Dynamic equations of C-Snet system

In the C-Snet system, the piezoelectric network connects N
piezoelectric shunt circuits in series. According to KCL, the
current of each sector has the same value, shown in term of

electrical charge:

DjðtÞ ¼ D0ðtÞ; 1 6 j 6 N ð11Þ
In addition, according to KVL, the exciting voltage of each

sector has the following relationship:XN
j¼1

VjðtÞ ¼ 0 ð12Þ

Substituting Eqs. (11) and (12) into Eq. (4), we have the

equation as

R _D0 þ 1

CE

D0 þ 1

CP

D0 � g
1

N

XN
k¼1

xk ¼ 0 ð13Þ

Therefore, Eq. (1) can be further simplified by eliminating
Vj based on Eq. (13):

m€xj þ c _xj � kCxj�1 þ ðkþ 2kCÞxj � kCxjþ1 þ kSCxj

þg2CPxj � gD0 ¼ fjðtÞ

R _D0 þ 1

CE

D0 þ 1

CP

D0 � g
1

N

XN
k¼1

xk ¼ 0; 1 6 j 6 N

8>>>><
>>>>:

ð14Þ

Similarly, every sector in this kind of network is also cou-
pled with another arbitrary sector through the electrical
network.

3.4. Normalizing process

It is convenient to take the non-dimensional form of piezoelec-

tric networks for a general study. Such a form can be obtained
by introducing the following non-dimensional parameters into
the corresponding equations:

x2
n ¼ k=m; k ¼ x=xn

cC ¼ kC=k; cSC ¼ kSC=k

cPM ¼ g2CP=k; cEM ¼ g2CE=k

eRM ¼ g2=ðx2
nRcÞ; n ¼ c=

ffiffiffiffiffiffiffi
km

p
=2

qj ¼ gDj=f1; q0 ¼ gD0=f1

pjðtÞ ¼ fjðtÞ=f1; d ¼ f1=k

yj ¼ xj=d; s ¼ xt

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð15Þ
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where f1 is the excitation amplitude on the 1st sector. Then

Eqs. (2), (3), (10) and (14) can be written in non-dimensional
forms, shown in Eqs. (16)–(19), respectively:

k2y00j þ 2nky0j � cCyj�1 þ ð1þ cSC þ cPM þ 2cCÞyj � cCyjþ1

¼ pjðsÞ; 1 6 j 6 N ð16Þ

k2y00j þ2nky0j� cCyj�1þð1þ cSCþ cPMþ2cCÞyj
�cCyjþ1�qj ¼ pjðsÞ

k
2neRM

q0jþ
1

cEM
þ 1

cPM

� �
qj�yj ¼ 0

8>>><
>>>:

; 16 j6N

ð17Þ

k2y00j þ2nky0j� cCyj�1þð1þ cSCþ cPMþ2cCÞyj
�cCyjþ1�qj ¼ pjðsÞ

k
2neRM

q0jþ
1

cEM
þ 1

cPM

� �
qj�yjþ

1

N

XN
k¼1

yk ¼ 0

8>>>><
>>>>:

; 16 j6N

ð18Þ
k2y00j þ2nky0j� cCyj�1þð1þ cSCþ cPMþ2cCÞyj

�cCyjþ1�q0 ¼ pjðsÞ
k

2neRM
q00þð 1

cEM
þ 1

cPM
Þq0�

1

N

XN
k¼1

yk ¼ 0

8>>>><
>>>>:

; 16 j6N

ð19Þ
where a quotation mark denotes differentiation with respect to
non-dimensional time s. The work presented in the following
sections is based on these non-dimensional equations unless
specified.

4. Modal analysis

Without resistances, the second parts of Eqs. (17)–(19) become
respectively as

1

cEM
þ 1

cPM

� �
qj � yj ¼ 0; 1 6 j 6 N ð20Þ

1

cEM
þ 1

cPM

� �
qj � yj þ

1

N

XN
k¼1

yk ¼ 0; 1 6 j 6 N ð21Þ

1

cEM
þ 1

cPM

� �
q0 �

1

N

XN
k¼1

yk ¼ 0 ð22Þ

Eqs. (21) and (22) show that the electrical charge of the net-
work has a linear relationship with the structural displacement.

Therefore, these electrical terms can be eliminated by introduc-
ing Eqs. (21) and (22) into the first parts of Eqs. (18) and (19)
respectively. Then the undamped dynamic equations of piezo-
electric networks are reduced. They can be presented with only

mechanical parameters in an identical form for both the
C-Pnet and C-Snet systems:

k2y00j � cCyj�1 þ ð1þ aþ 2cCÞyj � cCyjþ1 þ
1

N
b
XN
k¼1

yk

¼ pjðsÞ; 1 6 j 6 N ð23Þ
The parameters a and b in Eq. (23) have different expres-

sions for the C-Pnet and C-Snet systems, and are given in
Eq. (24) (for the C-Pnet system) and Eq. (25) (for the C-Snet
system) respectively.
a ¼ cSC þ c2PM
cPM þ cEM

b ¼ cPMcEM
cPM þ cEM

8>><
>>: ð24Þ

a ¼ cSC þ cPM

b ¼ � cPMcEM
cPM þ cEM

8<
: ð25Þ

The solution of the eigenvalue problem of Eq. (23) gives the
natural frequencies of the C-Pnet system and the C-Snet sys-

tem. Their locally explicit expressions are written as

k1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ aþ b

p

ks ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ aþ lscC

p
(

; 2 6 s 6 N ð26Þ

where ls represents the part based on the numerical solution.
For the C-Shunt system, the expressions of the natural fre-

quencies (Eq. (26)) become:

k1 ¼
ffiffiffiffiffiffiffiffiffiffiffi
1þ a

p

ks ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ aþ lscC

p
(

; 2 6 s 6 N ð27Þ

with

a ¼ cSC þ c2PM
cPM þ cEM

ð28Þ

As the same in Eq. (26), ls represents the part based on the

numerical solution. It should be noted that ks may be the
multiple root.

Next, a cyclic-periodic structure with the sector number

N= 16 is considered, without mechanical damping (n = 0)
and resistance (eRM =+1) (especially in modal analysis),
while taking cC = 2.0, cSC = 0.05, and cPM = 0.1. The

capacitance is set as cEM = +1 (just like a wire). Fig. 4 gives
the distribution of the natural frequencies of the C-Shunt,
C-Pnet and C-Snet systems respectively. In Fig. 4, the abscissa

is non-dimensional frequency and the ordinate is a binary
notation indicating the existence of modal frequencies. ‘1’
means yes, while ‘0’ means no. The natural frequencies of
the C-Pnet system are almost the same as those of the

C-Shunt system with only one exception. On the contrary,
there is only one identical natural frequency between the
C-Shunt system and the C-Snet system.

The result in Fig. 4 can be explained through the modal
analysis. Modes of all three systems (including the C-Shunt
system, the C-Pnet system, and the C-Snet system) can be

classified into two kinds, zero-nodal-diameter type and
nodal-diameter type. In the former type, each sector vibrates
in the same form without a phase difference. For example,
the displacement of each mass in these three systems has the

same value at any moment as shown in Fig. 5(a). In nodal-
diameter type, each sector vibrates in the same form but with
a certain phase difference as shown in Fig. 5(b). For the nodal-

diameter mode,
PN

k¼1yk equals zero, and Eq. (21) becomes the

same as Eq. (20), which means that these two systems have
identical natural frequencies, corresponding to the modes with
the same nodal diameter. For the C-Pnet system shown in

Fig. 1, there is only one zero-nodal-diameter mode. Therefore,
only one natural frequency is different between the C-Shunt
and C-Pnet systems. The same theory can be applied to
compare between the C-Snet and C-Shunt systems. The result

means that different connection types of the piezoelectric



Fig. 4 Natural frequency distribution of shunted-circuit and

network statuses.
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network change natural frequencies in different ways, but
frequency shifts are slight.

5. Response behavior

5.1. Expression in frequency domain

For a harmonic excitation

pjðsÞ ¼ Bje
is; 1 6 j 6 N ð29Þ

where Bj is the amplitude of the excitation.
The response of the systems in Eqs. (18) and (19) can be

written as

yjðsÞ ¼ Yje
is

qjðsÞ ¼ Qje
is

(
; 1 6 j 6 N ð30Þ

By introducing Eq. (29) and (30) into Eqs. (18) and (19),
and after some derivations, the following equations in the
frequency domain can be obtained respectively:
Fig. 5 Two kinds of mod
For the C-Pnet system,

HMðkÞYj � cCYj�1 þ 2cCYj � cCYjþ1 �Qj ¼ Bj

HEðkÞQj �Yj þ 1

N

XN
k¼1

Yk ¼ 0

8><
>: ; 1 6 j 6 N

ð31Þ
For the C-Snet system,

HMðkÞYj � cCYj�1 þ 2cCYj � cCYjþ1 �Q0 ¼ Bj; 1 6 j 6 N

HEðkÞQ0 �
1

N

XN
k¼1

Yk ¼ 0

8><
>:

ð32Þ
where HMðkÞ ¼ �k2 þ 2nki þ ð1 þ cSC þ cPMÞ, HEðkÞ ¼
ki

2neRM

þ
�

1

cEM
þ 1

cPM

�
, i ¼ ffiffiffiffiffiffiffi�1

p
.

Furthermore, the electrical variable Qj (or Q0) in these
equations can be eliminated by using the 2nd equation in
Eq. (31) (or Eq. (32)). Then the following expression can be
obtained:

HMðkÞ þ 2cC � 1

HEðkÞ
� �

Yj � cCYj�1 � cCYjþ1

þ 1

NHEðkÞ
XN
k¼1

Yk ¼ Bj; 1 6 j 6 N ð33Þ

ðHMðkÞ þ 2cCÞYj � cCYj�1 � cCYjþ1 � 1

NHEðkÞ
XN
k¼1

Yk

¼ Bj; 1 6 j 6 N ð34Þ
5.2. Solution of response to harmonic excitations

By using U-transformation in Appendix A, the responses in

the frequency domain of the system in Eqs. (33) and (34) are
obtained respectively:

For the C-Pnet system,

Yj ¼ 1

N

XN
n¼1

XN
k¼1

Bke
ðn�1Þðj�kÞihN �B

XN
k¼1

eðn�1Þðj�kÞihN=ðHMHEÞ

HMþ2cC� cCeðn�1ÞihN � cCe�ðn�1ÞihN �1=HE

16 j6N

ð35Þ
al shapes of the system.



Fig. 6 Responses to EO excitation and NEO excitation.
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Qj ¼
1

HE

Yj �
XN
k¼1

Yk=N

 !
; 1 6 j 6 N ð36Þ

For the C-Snet system,

Yj ¼ 1

N

XN
n¼1

XN
k¼1

Bke
ðn�1Þðj�kÞihN þB

XN
k¼1

eðn�1Þðj�kÞihN=ðHMHE�1Þ

HMþ2cC� cCeðn�1ÞihN � cCe�ðn�1ÞihN 16 j6N

ð37Þ

Q0 ¼
1

HE

XN
k¼1

Yk=N

 !
ð38Þ

where hN = 2p/N, �B ¼PN
k¼1Bk=N.

For the C-Shunt system, the response has the following
form:

Yj ¼ 1

N

XN
n¼1

XN
k¼1

Bke
ðn�1Þðj�kÞihN

HMþ2cC� cCeðn�1ÞihN � cCe�ðn�1ÞihN �1=HE

; 16 j6N

ð39Þ

Qj ¼
1

HE

Yj; 1 6 j 6 N ð40Þ
5.3. Response behavior of piezoelectric networks

A cyclic-periodic structure with the sector number N = 16 is
analyzed, in which cC = 2.0, cSC = 0.05, and cPM = 0.1. A
small mechanical damping is set as n= 0.005. In the piezoelec-

tric network, there are both the resistance (eRM = 10) and the
capacitance (cEM = 4.0). Let the excitation have the following
type:

pjðsÞ ¼ eiðsþjnhNÞ; 1 6 j 6 N ð41Þ
where hN = 2p/N. The case can simulate the excitations in an
aero-engine. If n is an integer, pj(s) is a single traveling wave
excitation, corresponding to a certain engine-order excitation.

For the sake of simplicity, it will be noted by single traveling
wave excitations (EO excitations) in the following text. If n is
not an integer, pj(s) represents a multiple traveling wave exci-
tation, which may be induced by a mistuned aero-force in the
aero-engine. Because it is different from the EO excitation, it
will be noted by multiple traveling wave excitations (NEO exci-

tations) in the following text.
Fig. 6 gives the responses of the system to an EO excitation

(n = 0) and an NEO excitation (n = 2.1), respectively. From

Fig. 6(a), the results show that the mechanical displacement
response to the NEO excitation is much less than that to the
EO excitation in the parallel network. However, the charge
response is opposite. In Fig. 6(b), another case occurs in the

system with the series network, where mechanical displacement
response to the NEO excitation is larger than that to the EO
excitation and the charge response is opposite too. In addition,

the charge response to the NEO excitation is very small. This
phenomenon means that part of vibration energy is transferred
into the electric circuit. The transformation depends on the

excitation form and the connection type of the network. As
a result, with a good design for the piezoelectric network, more
vibration energy could be converted into the piezoelectric net-
work and an efficient reduction of the mechanical response

could be obtained.

6. Energy analysis

6.1. Energy analysis of piezoelectric networks

Different kinds of energy in the system are defined and calcu-
lated as follows:

(1) Mechanical energy, firstly, Dy is defined as the displace-
ment difference vector between adjacent sectors.

EM ¼ 1

2
k2 _yT _yþ 1

2
yTyþ 1

2
cCDy

TDy ð42Þ
(2) Energy dissipated by mechanical damping,

ED ¼ 1
n _yT _y ð43Þ
2

(3) Electrical energy (stored in the capacitor),

E ¼ 1 1 þ 1
� �

qTq ð44Þ
C
2 cEM cPM



Fig. 7 Energy in C-Pnet and C-Snet systems exerted by two kinds of traveling wave excitations.
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Fig. 8 Harmonic spectra of excitations.

Fig. 9 Equivalence of parallel and series piezoelectric network and the series piezoelectric network.
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(4) Energy dissipated by the resistor,

ER ¼ 1 � 1
_qT _q ð45Þ
2 2neRM
Four energy ratios are defined:

(1) The ratio of mechanical energy to Esum,max (Esum,max is
the maximum sum of energy, and Esum;max ¼
ðEM þ ED þ EC þ ERÞmax),

EMr ¼ EM

Esum;max

ð46Þ
(2) The ratio of energy dissipated by mechanical damping to

Esum,max,

ED

EDr ¼

Esum;max

ð47Þ
(3) The ratio of electrical energy stored in the capacitor to
Esum,max,

ECr ¼ EC ð48Þ

Esum;max
(4) The ratio of energy dissipated by the resistors to

Esum,max,

ERr ¼ ER ð49Þ

Esum;max
The four kinds of ratios distributed in the frequency
domain and calculated according to Eqs. (46)–(49) are
illustrated in Fig. 7(a) for the C-Pnet system. The system is

exerted by an EO excitation (n = 0) and an NEO excitation
(n = 2.1) respectively. It can be observed that when the paral-
lel piezoelectric network system is exerted by the NEO excita-
tion, more mechanical energy is converted into electrical

energy than that of the system exerted by the EO excitation.
Furthermore, the converted electrical energy is much greater
than the energy dissipated by mechanical damping. There is

almost no electrical energy when the system is exerted by the
EO excitation.

An energy comparison in the C-Snet system exerted by an

EO excitation (n= 0) and an NEO excitation (n= 2.1) respec-
tively is given in Fig. 7(b). An opposite result to that of the
C-Pnet system is obtained. A very small amount of mechanical

energy is converted into electrical energy when the system is
exerted by the NEO excitation, compared with the system
exerted by the EO excitation.

The phenomena shown in Fig. 7 can be explained by the

harmonic spectrum of excitations.
Fig. 8 gives the harmonic spectra of two kinds of excitations

respectively, NEO excitation (n = 2.1) and EO excitation

(n = 0). The harmonic spectrum of the NEO excitation is
composed of different harmonic components. The primary
harmonic component is concentrated on two. While the

harmonic spectrum of the EO excitation contains only one



Fig. 10 Impact of resistance and capacitance in the piezoelectric network.
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component. For a parallel piezoelectric network shown in

Fig. 9(a), if a mode with zero nodal diameter is excited, the
voltage in every shunt circuit of the network is identical
(V1 = V2 = � � �= VN), and then there is no current in the

network, which means that no mechanical energy is converted
into electrical energy. Therefore, under the EO excitation
(n= 0), there is only a small amount of mechanical energy
that can be transferred into the electric circuit. For a series

piezoelectric network shown in Fig. 9(b), if a mode with zero
nodal diameter is excited, there will be a maximum current
in the shunt circuit because the voltage is maximum in this case

(V ¼PN
j¼1Vj ¼ NVj and all Vj have the same sign), which

means that there is more electrical energy in the shunt circuit.
As a result, under the EO excitation (n = 0), more mechanical

energy can be transferred into the electric circuit.

6.2. Impact of electrical parameters in piezoelectric network

Fig. 10(a) gives the changes of the two ratios (ERr and EDr)

respectively, at the resonant frequency, with the resistance
changing in both the C-Pnet and C-Snet systems. The capaci-
tance is kept at cEM = 4.0 in the calculation. The curves illus-

trate that the energy dissipated by a resistor is much bigger
than that dissipated by mechanical damping. Meanwhile, the
dissipation of the energy is not, certainly, proportional to the

resistance in the system. There is an optimal resistance dissi-
pating the most energy. Therefore, the resistance should be
optimally designed to achieve better damping efficiency.

Fig. 10(b) gives the changes of the two ratios of the energy with
the capacitance changing. The resistance is kept at eRM = 10
in the calculation. The ratio of the energy almost trends

towards a constant when the value of the capacitance is near
or bigger than one, a very large value for capacitance. The
result shows that only a small capacitance can impact the dis-

sipation of the energy.
7. Conclusions

(1) The presence of a piezoelectric network would change

the original system’s natural frequencies slightly.
(2) The forced response of the cyclic-periodic system with a

piezoelectric network has a sensibility to the connection

type of the network.
(3) A parallel piezoelectric network allows the energy of

nodal-diameter vibration to be transferred to electrical

energy. It could be taken to reduce the nodal-diameter
vibration of a system such as an aero-engine, while a ser-
ies piezoelectric network is effective to the zero-nodal-
diameter vibration.

Further research will be developed in experiments to vali-
date the obtained results.
Appendix A. U-transformation

In a circular matrix A, each row vector of the matrix is formed

by its preceding row vector shifting one element to the right. It
can be expressed by the following form:
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A ¼ CircðaNÞ ¼

a1 a2 a3 � � � aN

aN a1 a2 � � � aN�1

aN�1 aN a1 � � � aN�2

: : : :

a2 a3 a4 � � � a1

2
6666664

3
7777775

ðA1Þ

Defining matrix U as

U ¼ 1ffiffiffi
N

p

1 1 1 � � � 1

1 eihN e2ihN � � � eðN�1ÞihN

1 e2ihN e4ihN � � � e2ðN�1ÞihN

: : : :

1 eðN�1ÞihN e2ðN�1ÞihN � � � eðN�1Þ2ihN

2
6666664

3
7777775

hN ¼ 2p=N; i ¼ ffiffiffiffiffiffiffi�1
p

8>>>>>>>>><
>>>>>>>>>:

ðA2Þ

The U-transformation of matrix A is defined by

T ¼ �UTAU ðA3Þ
Especially if A is a circular matrix, then only the diagonal ele-
ments in matrix T is not zero, which have the following forms:

Tlk ¼ �UT
l AUk ¼ a1 þ eðl�1ÞihNa2 þ � � � þ eðN�1Þðl�1ÞihNaN; l ¼ k

0; l–k

(

ðA4Þ
where the overbar indicates the complex conjugate, and sub-

scripts l and k represent the row and column numbers in the
matrix, respectively.

Now this property is used to solve the equation as follows

AW ¼ b ðA5Þ
Let

W ¼ UU ðA6Þ
Then the equation becomes

AUU ¼ b ðA7Þ
Premultiplying it by �UT, the equation is transformed to

�UTAUU ¼ �UTb ðA8Þ
This is a linear algebra equations uncoupled. It is easy to
obtain the solution U, and then W can be obtained by calculat-
ing W= UU.
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