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Abstract

In this paper, we present some results on the error behavior of variable stepsize stiffly-accurate Runge—Kutta methods applied
to a class of multiply-stiff initial value problems of ordinary differential equations in singular perturbation form, under some weak
assumptions on the coefficients of the considered methods. It is shown that the obtained convergence results hold for stiffly-accurate
Runge—Kutta methods which are not algebraically stable or diagonally stable. Some results on the existence and uniqueness of the
solution of Runge—Kutta equations are also presented.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Runge—Kutta methods (RKMs) are an important class of the numerical methods for solving the initial value
problems (IVPs) in singular perturbation form as a special class of stiff IVPs. It is well known that they can’t
be satisfactorily covered by B-theory because of their very special structures. Some authors (cf. [1-9]) have
presented some convergence results for RKMs and their variations (such as Rosenbrock methods, partitioned linearly
implicit RKMs) applied to singly-stiff singular perturbation problems (SSPPs) and multiply-stiff singular perturbation
problems (MSPPs). The corresponding reduced problems of MSPPs become a class of stiff differential-algebraic
equations (SDAESs). Some practical examples of MSPPs can be found in [9].

So far, the results obtained in [1-8] are mainly under fixed stepsizes or the assumptions that RKMs are algebraically
stable and diagonally stable. But some well known families of RKMs used for numerical solutions of stiff systems,
like the Lobatto ITIIA (cf. [10,11]) and Lobatto IIIC with stage number s > 3 (cf. [12]), etc., are not algebraically stable
or diagonally stable. In this paper, we present some results on the error behavior of variable stepsize stiffly-accurate
RKMs applied to a class of multiply-stiff IVPs of ordinary differential equations in singular perturbation form under
some weak assumptions on the coefficients of the considered methods. It is shown that the obtained convergence
results can hold for stiffly-accurate RKMs which are not algebraically stable or diagonally stable. Some results on the
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existence and uniqueness of the solution of the corresponding Runge—Kutta equations are also presented. The results
obtained in the present paper can be considered as a partial extension of the corresponding results for stiff problems
in [13].

2. Problems and methods

Consider the singular perturbation problem (SPP)

{x/(t) = f(t,x,y), te[0,T],

ey'(t) =gt x,y), 0<e<k1 2.1

with initial values (x(0), y(0)) € G admitting a smoothvsolution (x(1), y(t)), Wherevé is an appropriate, convex, and
open region on RM x RV and the maps f : [0,T] x G — RM and g : [0, T] x G — RY are sufficiently smooth
and satisfy the following assumptions H0-H3, as in [7-9,13] etc.:

HO:
(g(t,x,y1) = g(t,x, y2), y1 = y2) < —llyi = »all’, V£ €[0,T1, Vix, y1), (x, y2) € G, (2.2a)
1f &, x, 300 = &, x, 9] < Lillyr = yall, - V2 €10, T1, ¥(x, y1), (x, 2) € G, (2.2b)
lg(t. x1.y) = gt x2. )| < Lallxi —xall, ¥t €[0,T], ¥(x1.y). (x2.y) € G (2.2¢)
with moderately-sized constants L and L,, where, throughout this paper, (., .) is the standard inner product in real
Euclidean spaces RM, RN and R*® with the corresponding norm ||.||, the matrix norm used in the following text is
subject to ||.||, and w(.) denotes the logarithmic norm with respect to (., .).

HI: All derivatives of the exact solution (x (), y(¢)) up to a sufficiently high order are bounded independently of the
stiffness of the problem, i.e.

POl <M, YVl <N, j=12...1 1€[0,T] (2.2d)
with constants M s N ;j of moderate size and sufficiently large /.
H2: The Jacobian matrix of f with respect to the x-variable fy(¢,x,y) = W along the exact solution
(x(2), y(t)) satisfies

p(felt, x(@), y(0))) =0, t€][0,T] (2.2¢)

H3: There exist positive constants 6; (j = 1,2, 3) and matrices E; = E;(t, At, Ax, Ay) € RMxM (j =1,2) such
that for all (z, x(¢), y(¢)) and (t + Af, x(t) + Ax, y(t) + Ay) € [0, T] x G with

|Ar] < 61, [Ax] < é2, Ayl < 83,

Ja(t 4+ Az, x (@) + Ax, y(@) + Ay) = fu (1, x(1), y(1))
= fe(t, x(0), y(O))E\(t, At, Ax, Ay) + Ea(t, At, Ax, Ay) (2.2f)

with
NE;j@, At, Ax, Ay)|| < wj|At] + Ajl|Ax|l + llAyl,  j=1,2.

Here A, i, ¢; are constants of moderate size, and the constants 61, d2, §3 are supposed to be independent of the
stiffness of the problem. The class of all IVPs (2.1) statisfying the assumptions HO—H3 for some moderate values
of Mj,N; G =1,2,....0, L; (j = 1,2),8; (G = 1,2,3), uj, A}, &; (j = 1,2) will be denoted by P.. The
assumption H3 was firstly introduced by [13—15]. More comments about the above assumptions H1-H3 can be found
in [13].

The problem (2.1) is a MSPP, and the problem considered in [1] is a SSPP. The right-side functions of the SSPP
in [1] satisfy the Lipschitz conditions with moderately-sized Lipschitz constants, and the stiffness of the SSPP is only
caused by the small parameter €. The right-side functions of the MSPP (2.1) satisfy the Lipschitz conditions with
moderately-sized Lipschitz constants except fy, and the function f in (2.1) is stiff. The problem (2.1) is obtained by
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adding an equation with € to the problem in [13]. In general, the one-sided Lipschitz constant of the problem (2.1) is
large and of magnitude é Therefore, the above three classes of problems are essentially different.
A s-stage RKM (A, b, ¢) with

A=Tlajle R, b =(bi,by....bs), ' =(c1,c0...,¢5),

where ¢; = Zj‘:l ajj i=1,2,...,s), applied to the problem (2.1) reads

N
Xui =Xn+hn D aij fltn+jhn. Xnj. Yoj), i=12,....5 (2.32)
=
S
€Yni = €yn+hn Y aijgltn +cjhn, Xnj. Yaj), i=12,....5, (2.3b)
j=1
N
Xp+l = Xp + hy Zbif(tn +cihn, Xniy Yni), (2.3¢)
i=1
s
€Y+l = €Y + hy Zbig(tn +cihn, Xpi, Yai) (2.3d)

i=1
with the starting values x¢ and yg, where x,,y,, X,;, and Y,; are approximations to the exact solutions
x(tn), y(tn), x(ty + cihy), and y(t, + c;hy) respectively; the used grid is {z; }j.V:O with

O=tg<ti<--<ty<T, hi=tiz1—t; (=0,1,...,N—1.

For any positive integer &, / and k x [ matrix H, let I; denote an / x [ unit matrix and H=HQ®I M H=H ® Iy,
and let ® denote the Kronecker product of two matrices. Then the method (2.3) can be written in more compact form

X, =e® xp +hyAF (ty, X0, Yy), (2.4a)
€Yy =€ ® yp + hnAG(ty, Xn, Yy). (2.4b)
Xng1 = Xn + hnb  F(tn, Xn, Yn), (2.40)
€Vt = €vn + hab G (tn, Xy, V). (2.4d)

wheree = (1,1, ..., DT e R,

Xp =Xy, Xpoy oo, Xo) Ve RS ¥, =, 5, .. )T e RYS, (2.52)
F(tn, Xn, Yn) = (f(tn + c1hn, Xn1, Ynl)Ta St + c2hy, X2, Yn2)T7
ooy S + cshns Xas, Yns)T)T € RMS, (2.5b)

G(ty, Xn, V) = (g(tu + c1hy, X1, Ynl)Ta gty + c2hy, X2, YnZ)Ta
oy 8t + cshy, Xps, Yns)T)T € RNS . (2.5¢)

Now we introduce the Butcher simplifying assumptions

B(p):ib'd~'=1, i=12,...,p,
C(g):iAc ' =¢, i=1,2,....q,

where ¢/ = (c’i, cé, e c‘i)T. If the method (A, b, ¢) satisfies B(g) and C(g), then it is of stage order g.

For the spaces of stage vectors RM* and R™*, we define the inner product (., .) and the corresponding norm ||.||
(also cf. [13]) by

A A 1N o . ~ ~ A
(VoWys= =3 (Vi Wi, V= (7, ),
i=1
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where V = (VI VI ..., VDT W =W, WI, ..., WHT with
Vi, W;e RM or Vi, W;e RN, i=1,2,....s.

Throughout this paper, the constants symbolized in the O(.--)terms are independent of the stiffness of the
considered problem.

For the method (2.4) (i.e. (2.3)), we will use the following stability assumptions M1, M2 (also cf. [13,14]):
M1: The RKM (A, b, ¢) is A-stable, i.e. the rational function R(z) .= 1 + sz(Is — zA) " le satisfies |[R(z)| < 1 for
all complex z with Rez < 0.
M2: The matrix I; — zA is regular for all Re z < 0, and there exists a constant K such that

sup [[(Iy —zA) 7' < K < +oo.
Re z<0

The assumption M3 in [13,14] can be obtained from M2 if A is invertible, or if there exists a vector d such that
bT = dTA. For example, Lobatto IIIA and Lobatto IIIC are stiffly accurate and satisfy bT = e;rA. Moreover, the
condition that the eigenvalues of A have positive real parts implies the assumption M2, and that A is invertible

(cf. [16]). We also use the grid assumption (cf. [13]):
M4: There is a positive constant L of moderate size independent of the grid such that

N

|
_

hj <LT,
0

J

wherefzj = maxo<;<; hi, j =0, 11\7 —1.
More comments about M1, M2, and M3 can be found in [13]. Let

Bin = min{h; : 0 < j < N — 1}, Ri(z)=e (Iy —zA) e, i=1,2,...,5,
where ¢; is the unit vector in R*, Re z < 0. Then
Ri(2) =1+ze] A(ly —zA) e =1+ za] (I; —zA)te, i=1,2,...,5,

where al.T is the i-row of A. Especially, R;(z) = R(z) when aST = bT. Therefore, as pointed out in [13],
Ri(z) i = 1,2,...,s) can be considered as the stability functions associated to the stage (2.4a) and (2.4b), of
the RK formula (2.4), and the assumption M2 yields that R;(z) (i =1, 2, ..., s) are analytic for all Rez < 0, and are
uniformly bounded:

sup |Ri(2)] = r; < +oo.
Re z<0

3. Convergence results

Now we introduce some notations (in part, also see [8]). Let

Axy = x5 — x(ty), Ayp =y, — y(tp), Xm' = x(tq + cihy), ?ni = y(tn + cihy),
AXpi = Xui — Xuis AYpi = Yui — Yui,

Afi = fltn + cihn, Xniy Yui) — f(ta + ciln, Xui, Vo),
Agni = g(ta + Ciln, Xniy Yni) — 8(tw + cibn, Xui, Vi),
X, = X5, X5, XTHTe RM,

Yo=@N,¥5, .. ¥T)Te RS,

ﬁ(tn, Xm ?n) = (f(ty +c1hy, ans ?nl)Ta [ty + c2hy, XnZa ?112)T7 ooy [+ cshy, an’ ?ns)T)T € RMS,
G(ty, Xu, Yy) = (g(ty + c1hy, X1, Ynl)Ta gty + c2hy, X2, YnZ)Ta ooy 8ty + cshp, X, Yns)T)T € RNS,
AX, =X, — X, = (AXY, AXY,, ..., AXD)T,

AY, =Y, =Y, =AY, AYS, ... AYD)T,

nl> s
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AF=F—F, AG =G —-G.

Conditions B(q), C(q), and H| imply

Xy =e®x(ty) + hyAF + w?, (3.1a)
. iy ~ v
Vo =e®y(m) +"AG +wp, (3.1b)
X(tng1) = X(ty) + hyb" F 4w, 3.1c)
Moot sy
Y(tnt1) = y(ta) + ?b G+ w,, (3.1d)
where
) 1
max{[lw I, [lwi I, lwioll, lwloll} < Wikf ™ 3.1e)

It follows from (2.4) and (3.1) that

AX, =e® Axy + hyAAF — wy, (3.2a)
AY, =e®Ayn+h€—”ZAG—w,{, (3.2b)
Axpi1 = Axy + hyb" AF — w, (3.2¢)
Aypi1 = Ay, + %BTAG —w. (3.2d)

Since the eigenvalues of A have positive real parts, A is invertible and we can compute AF and AG from (3.2a) and
(3.2b)

1 -

AF = h-A”(AX—e@Aanrw;), (3.3a)
n

AG = hiK—l(AY—eeaAyner,{). (3.3b)
n

Moreover, it follows from (3.2) and (3.3) that
Axpi1 = @Ax, +BTATIAX, +BTAT wE — w?y, (3.42)
Aynp1 = @Ay, +bTATIAY, + BT A w) — wy, (3.4b)

where @ = 1 — bTA~e. We can obtain easily

AF = FxAX, + FyAY,, AG = GxAX, 4+ GyAY,, (3.5)
where

Fx = blockdiag(UF, UL, ..., UE),  Fy = blockdiag(V/i, V5, ..., vF),

Gx = blockdiag(US, UG, ..., US), Gy = blockdiag(V§, VS, ..., vV9),

nl» nl»

where, fori =1,2,...,s,
1
Uk = / Fatn + cihn, Xpi +0AXni, Yoi)d6,
0
1 v v
vE= f Fytn + cihn, Xni + AXpi, Yoi + 0 AY,,)d0,
0

1
US = / gty + Cihn, Xpi + 0 A Xy, Y,)d0,
0
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1
Vo = / 8y tn + Cihu, Xni + AXui, Vi + OAY,1)d0,
0
Afni = UEAXpi + VEAYw, Agni = USAX i + VEAY,.
For (3.5) and (3.2b), we have

hy (~  hy ~ -1 /e ~ €
AY, = — (I, — —AGy —eQ® Ay, + AGxAX, — —w;, |. 3.6)
€ € hy, hy,

Since (2.2a) holds and the eigenvalues of A have positive real parts, the matrix-valued version of a theorem of von
Neumann (cf. [1-3,17]) yields, for ¢ < Coh,

hy (~ hy~_ \'
= (u - —"AGY)
€ €

where ivzn = ming<;<n h;, that the constants W, C¢ are independent of the stiffness of the IVP (2.1).

<W,, n=0,1,...,N—1, (3.7)

Lemma 3.1. Leth,, = fy(tn, x(t,), y(t,)) and suppose that the IVP (2.1) satisfies (2.2b) and the assumptions H1-H3;
then there exist E; ; € RMXM (i —1,2) such that

Afoi = JnADXni + UnEit + Ei2) AXpi + Ei3AY, (3.8)
where E; 3 = VI € RM*N,
IEisll < L, NEijll < Kiha + K2l AXuill,  j =12
with K1, K2, L1 independent of the stiffness.
Proof. The proof of Lemma 3.1 can be easily given by some modifications of Lemma 4.1 in [13].
Let
E; =diag(Ey j,..., Es ;) € RMMS (j=1,2),  E3=diag(E13,..., Es3) € RMONS,
It follows from the assumptions M2, H2, and a generalized version of von Neumann’s theorem given in [17] that
IRi(hpJ)l =i (i =1,2,...,5), I(Ips = (A®haJu)) ' < K. (3.8)
Thus, we have
Lemma 3.2. The inequality
1AXuill < rill Axall + (K + DIEVAXy |l + ko K AN E2A Xy |l + kK | A E3AY, || + K [[w] | (3.9)
holds, where K is the constant in the assumption M2.

Proof. The proof of Lemma 3.2 can be easily given by some modifications of Lemma 4.2 in [13]. ]

Let
y . . _ y _ y
S =IAXl & =AYl i=1.2..5 &= max s & = max s
Then 8} > |AX, |, 8 > [|AY,], and
IEjll < Kihy + K285 (j=1,2),  |Esll <Li. (3.10)

Substituting (3.10) into (3.9) for h,, < hT, i=1,2,...,s,it follows that

85 < rill Axall + haK38) + Ka(85)? + Kl[wi || + hn Kasy, (.11
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where K4 = K|A|L, K3 = (K + DK; + K| A|K k%, Kg = (K + 1)Ky + K||A|K2h%, %, K4 and K3 are
independent of the stiffness of the considered problems.

As we will see in Section 4, there is 45 > 0 independent of the stiffness such that the nonlinear algebraic
system (2.4a) and (2.4b) possess a unique solution X,; = Xyi(hy), Yni = Yni(hy) (@ = 1,2, ..., s) which depends
continuously on 4, for h, < h;. This implies that (AX,;, AY,;) (i = 1,2,...,s) satisfying (3.2a) and (3.2b) are all
defined and continuous for &, < h; Moreover,

AX,i(0) = Axy, AYi (0) = Ay, (3.12a)
8,1 (0) = 8,(0) = [[Axnll.  8,;(0) = 8;(0) = | Ayul. (3.12b)
Theorem 3.1. Assume the method (A, b,c) is stiffly-accurate and of stage order q > 2, and satisfies the
assumption M1 and the condition that the eigenvalues of A have positive real parts. Then, when this method is applied

to the problem P, the following global error estimates hold for ¢ < Cy min{}vzﬁ, }vl,,}, 0 < hy, < ho, xo — x(tg) = 0,
and yo — y(t) =0

%0 — x ()| < Cihl,  llyn — y(t)|l < Cahl

with respect to the grids that satisfy the assumption M4, where the constants hg, C; (i = 0, 1,2) are independent of
the stiffness of the considered problem.

Proof. When the method (A, b, ¢) is stiffly accurate, aST = pT and o = 0, and we have
Xn1 = Xns, Yn+1 = Yns, ¢ =1, Axpt1 = AXpg, Aynt1 = AYps,
and
[Axnt1ll = [AXns |l = 84, [AYwi 1l = [ AYugll = 8. (3.13)

It follows from (3.11) and (3.1e) that
85 < il Axall + hnK38Y + Ka(8) + hoKas) + Kshi™', i=1,2,.. s, (3.14)
55 < Bl AR + hyK38) + Ka(80)? + haKash + Kshi ™, (3.15)
where

hy € [0, h3], h3 = min{h7, h3}, B=max r; > 1, K5 = KW;.

1<i<s

Fori = s, fromry = 1, (3.14) and (3.13) we have

IAX 1] < AKXl + 7n K385 + Ka(85)? + hy Ka8) + Kshd™', by € [0, 131, (3.16)
On the other hand, it follows from (3.7) and (3.6) multiplied by eiT ® Iy that

8 < Ko (he_n”AYn I+ 8, + 6h3> . hy €10,h3],€ < Cohy (3.17)
with K¢ independent of the stiffness. Inserting (3.17) into (3.16) yields

55 < BllAXy |+ hyK38E + Ka(55)? + Raell Ayall + Kshi™', hy € [0, 131 (3.18)
where € < Cohy, K3 = K3 + K4Ke, Ka = K4Ko, Ks = K5 + K4KeCoh¥. Let

y(hn) = BllAxy | + Kaell Ayl + Kshi ™,

where y (h;,) is a positive continuous function, and

y(0) = BllAx, || + Kael|Aynll,
85(0) = [|Ax, ]l < y(0) < 2y(0),



A.-G. Xiao / Computers and Mathematics with Applications 53 (2007) 1854-1866

and (3.18) yields

85 < y(hn) + haK38% + K4(83).
Moreover, applying Lemma 4.4 in [13] to (3.19a) we have

8% < 2y (hy) = 281l Axy || + 2Ka€ )| Ay, |l + 2Kt
for 0 < h, < hj}, h}j = min{h3, ‘#}. It follows from (3.16), (3.17) and (3.19b) that

3
IAXp41ll = (1 + K7hp)[|Axnll + Ks€l|Aynll + Koel| Axp ||| Aynll
+ Kioll Axal? + K€l Aya 1 + Kioh§ ™ + Kizehf ™,

where h,, € [0, hj], K; (i =17,8,...,13) are positive constants independent of the stiffness.
Now we prove the following formulae by induction:

1Ax ]l < hn AVl = OChy), n=0
for0 < fz,, < h§ In fact, we have first assumed that
| Axoll =0, | Ayoll = O.
We also assume that (3.21) holds for all j < n, then ||Ay,| < Klsfzn, and (3.20) yields

A~ 1 A ~ ~
IAx, 410 < (1 + K7hp) | Axa || + Kioll Axal? + K12k + KsKishye + KoKish2e + K11 Ksh2e?,

where ¢ > 2 and
K12 = K2+ €Kiz < Kio + K13Co(h})?, € < Coh?.
Thus,
1A% 1]l < (1 + Krha) | Axall + Kol Axall* + Kiahiy,  hy € [0, B3],
where
Kia = KsK15Co + Ki2h§972 + KoKy5Coh’ + K11 K75C3h5>.
By means of Lemma 4.4 in [13], (3.23) yields

K4

lAxp41ll < m(e(K7+KIO)LT - 1)% <hy, n=0,
whenever
A K14 -
hy < h% = min { A3, <—(e<K7+K'0)LT - 1)) . (n=>0).
K7 + Ko

It follows from (3.17) and (3.19b) that

8

IA

€ p 5 1
Ke <h—||Ayn|| + 28| Axy || + 2K s | Ay | +2Kshi T + GhZ)
n

€ ~ A A N
Ks (h_ + 2K46) lAynll +2BKsll Axp |l + 2KeKshit! + Keehl.

n

Inserting (3.24) into (3.4b) yields

1 A
[Ayns1ll = (Ifxl + Kie€ <1 + h_)) IAYnll + K17hn
n

= (la| + K16&) | Aynll + K175, iy < I,

1861

(3.19a)

(3.19b)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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where K6, K17 are independent of the stiffness and € = €(1 —i—%). Since € < C()i:l%, e < C4l;,,, here C4 = Co(1+h3).
Therefore, there exists hg > ( such that

lot| 4+ K16Cahn < K16Cahi <1 for hy, € [0, k],

and
[AY41ll < (lal + K16Cahg) | Ay, |l + Ki7hy

n
> (Ki6Cahg) Kizhy
i=0

A

K17 ~
< —hy
1— K16C4hg

= O(hy)., hy €10, h3].
where 5 = min{h3, h¢}.
Now we obtain the global error estimate results. It follows from (3.20) and (3.21) that
I A1l < (1 + Kiohn) | Axyll + Koo | Aynll + Kiohf ™ + Kizehi ™, (3.26)
where K19 = K7 + K10, K20 = Kg + K9h$ + K11K15C()/’l§2.
It follows from (3.4b), (3.17) and (3.19b) that
1
[AYn+1ll < <|Ot| + K€ (1 + h_>> 1AVl + Kool Axall + Ko3hi ™' + Koseh)
n

< (lal 4+ K2 Aya |l + Knll Axy || + Kazhit' + Kagehl, (3.27)
where K71, K22, K23, K24 are independent of the stiffness. (3.25) and (3.27) yield

<||Axn+1 ||> - <1 + Kiohy  Kae ) (nAxnn) +w (h)

IAyns1ll) — K2 la| + K216 ) \[[Aynll 1)’

where ¥ = O(sz) + O(Esz). By means of the same technique used in the proof of [1, pp. 432-433, Lemma 2.9], we
easily obtain the conclusion of Theorem 3.1.

Remark. The assumption M1 , and the invertibility of the matrix A, imply in general that the eigenvalues of A have
positive real parts. Otherwise, the stability function would have to be reducible (cf. [1, p. 431], [3]). Therefore, Radau
ITA methods with s > 2 and Lobatto IIIC methods with s > 3 can satisfy the assumptions of Theorem 3.1, and are of
q = s and g = s — 1 respectively.

The corresponding reduced equations of (2.1) with € = 0 is a SDAE

x'(0)=f@t,x,y), te€[0,T], (3.28a)
0=g(, x,y) (3.28b)

whose initial values x(0) and y(0) are consistent if 0 = g(0, x(0), y(0)). Moreover, if the Jacobian g,(z, x, y) is
invertible and bounded, then the problem (3.28) is of index 1, and the Eq. (3.28b) then possesses a unique solution
y = {2(x). Inserting it into (3.28a) yields

x'(1) = f@t,x, 2(x)). (3.29)
We obtain from (2.4b)
haG = €A (Y, — e ® yn). (3.30)

Insert (3.30) into (2.4d) and let € = 0 in (2.4). Then

Xy =e® xp + hyAF (ty, X, Yy), (3.31a)
0= G(tn, Xn, Yy), (3.31b)
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Xng1 = Xn + BB F(ty, Xn, Yy), (3.31c¢)
Vil = ayn + BT AY,. (3.31d)
Theorem 3.2. Suppose that the method (A, b, c) is stiffly accurate and of stage order q > 2, and satisfies the
assumption M1 and the condition that the eigenvalues of A have positive real parts. If the problem (3.28) satisfies

(2.2D) and (2.2¢) and the assumptions H1-H3, gy, is invertible and bounded, and the initial values are consistent, then
the numerical solution of (3.31) has global error

Xo—x(t) = O(h),  yu— y(ta) = O(h})
when xog — x(t9) = 0, yo — y(to) = 0, h < hy.

Proof. Because (3.31a)—(3.31c) are independent of y, and do not change if (3.31d) is replaced by 0 =
8(th+1, Xn+1s Yn+1)s Xn — x(ty) = O(sz) follows from the fact that (3.29) is a stiff ordinary differential equation
which can be covered by [13]. The remaining proof is completely similar to that of Theorem 2.2 in [8], with some
modifications; for example, we can obtain

IAX, || < 28] Ax, | + 2Kshd™

by means of the similar process of giving (3.19b), hence AX,, = O(ﬁZ). q

4. Existence and uniqueness of the solution of RK equations

Theorem 4.1. If the IVP (2.1) satisfies the assumptions HO-H3, and the RK method satisfies the condition that the
eigenvalues of A have positive real parts, then there exist h* > 0 and § > 0 independent of the stiffness such that the
system

X =e; @xp +hAF(ty, X, Y), (4.1a)

€Y = ee; ® yp + hAG (1, X, Y), (4.1b)
where X = (XT, XQT, L XST)T € RMs y = (YT, YZT, e YST)T € RS, possess a unique solutions for 0 < h < h*
and

X0 — x(@)ll <9, lyn — (@)l < 6.

Proof. The part idea of the proof is similar to that of Theorem 5.1 in [13]. (4.1) is obtained from (2.4a) and (2.4b)
by omitting the subscript “n” of X,,, Y,, h,. Moreover, the other corresponding notations will also be given from
Section 3 in the same way.

The conditions B(g) and C(gq) imply

X =e®x(ty) + hAF(t,, X, Y) + w?, (4.2a)
€Y =ee ® y(ty) + hAG(1y, X, V) + wi, (4.2b)

where [|[w¥ || < WAt lwy|| < Wih9F!. Subtracting (4.2) from (4.1) we have

AX =e® Ax, +hA(F(ty, X + AX, Y + AY) — F(t,, X, Y)) — w?, (4.32)
€AY =€e ® Ay, + hA(G(ty, X + AX, Y + AY) — G(ty, X, ¥)) — w). (4.3b)
Let
P(AX) = (Ins —h(A® Jy) e ® Axy + h(A® In)(—(Is ® J,)AX
+ F(ty, X + AX, Y + AY) — F(t,, X, Y)) — w']. (4.4)
Let AX, AX, AY, AY such that
IAX] < p, IAX] < p, IAY] < p, IAY] < p.
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(4.4) yields
P(AX) — S(AX) = (In; — h(A® 1)) ' h(A® )~ ® J)(AX — AX)
+F(ty, X + AX,Y + AY) — F(ty, X + AX, Y + AY)]. (4.5)
The j-subvector component of the last bracket can be written as
—Jn(AX; — AX ) + f(ta + cjh, x(tn + cjh) + AXj, y(ty + cjh) + AY;)
— fn +cjh, x(t, +cjh) + AX;, y(ty +cjh) + AYj)

1
=/ (—Jn + feltn +cjh, X; +0AX; + (1 —0)AX;, ¥; + AY;)dO(AX; — AX))
0

1
+/ frtn+cjh, Xj+AX;, Y +0AY; + (1 —60)AY;)dO(AY; — AY)),
0

which can be written in the form
(E1j + E2j)(AXj — AX)) + E3j(AY} — AY)) (4.6)
by the assumption H3 as in Lemma 3.1, and we have ||E3j | <Ly,
1E I < (i + i + OMDejlh + (i +8)p = (i + &)p+ O(h), i =1,2.
Let E; = diag(E;1, Ej», ..., Eis) (i = 1,2, 3). Then (4.5) and (4.6) yield
H(AX) — D(AX)
= (Ins — h(A® J) N (A @ hy)[((Ls ® J)E1 + E2)(AX — AX) + E3(AY — AY)]
= [(Ips = h(A® J) (A hI)E + (Ins — h(A® 1)) (A @ hIy) E2J(AX — AX)
+ (I — h(A ® J) " (A ® hIm) E3(AY — AY). 4.7
Thus, from (3.8) we have
IP(AX) — D(AX)]| < (1 + K)(M +¢1)p + OW)IIAX — AX | +hLiK|A[||AY — AY . (4.8)
On the other hand, (4.3b) and

_ h ~ v - v _ v v
AY =e® Ay, + —A(G(t,, X + AX, Y + AY) — G(t,, X, Y)) — w;,
€

imply that
_ h ~ v v v -~ -
AY —AY = —A(G(ty, X + AX, Y + AY) — G(ty,, X + AX,Y + AY))
€
h~ A _ ~ _
= ZA[GX(AX — AX) + Gy(AY — AY)], 4.9)

where G x and GY can be given by the similar way to Gx and Gy in (3.5). Moreover,

AY — AY = g <1 - SZGY>_1 AGx(AX — AX). (4.10)
It follows from (4.10) and (3.7) that

IAY — AY| < L3 AX — AX], (4.11)
where L3 = W3||A||L>. (4.11) and (4.8) yield

I6(AX) — (AX)]| < (1 + K)( + ED)p + O()[AX — AX]|.

The above formula implies that @ is contractive provided that 51 and p satisfy

~ 1
I+ K)YA +¢Dp+OChy) <A = 3
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For AX = 0, we have

I PO = I(Ins —h(A® J )7V
X |[(e ® Axp 4+ h(A ® In)(F(ty, X, Y + AY) — F(1,, X, Y)) — w)||

< K&+ [AIL1h|AY || + WihITh), (4.12)
and (4.3b) and (3.7) (or (3.6) and (3.7)) yield

h h~_ \!
AY = 2 1y — 2AGy <5e ® Ay, — fw,{) , (4.132)
€ € h h

IAY] < W, (%5 + Wlehq) . €< Coh. (4.13b)
It follows from (4.12) and (4.13) that
[ 80)| < K8+ WallAlIL1(e8 + WiehdTly + wihdth
< K18+ Kah?tl,  h < k¥, (4.14)

where K1 = K (1 + WallAlIL1Coh1), K2 = K Wi(Wal|A|| L1 Cohy + 1),
We may choose h* < hy and § such that

A

K18 + Koh* < g =1 -Np.

Hence, by the contractive mapping theorem (cf. [18]), AX = @(AX) equivalent to (4.1) possesses a locally unique
solution for X.

For (4.1), since X is locally unique, we can consider (4.1b) as a nonlinear system about Y. By (3.7), we can show
that the Jacobian of (4.1b) %I ~Ns —AGy(e < Cph) has a bounded inverse. This implies that the system (4.1) possesses
a locally unique solution (X, Y). {
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