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KEYWORDS Abstract Analytical solution of thermal diffusion and heat generation effects on MHD Casson
Magneto hydrodynamics; fluid flow past an oscillating vertical plate embedded through porous medium in the presence of
Casson fluid; thermal radiation and chemical reaction is obtained. Ramped wall temperature with ramped surface
Ramped temperature; concentration, isothermal temperature with ramped surface concentration and isothermal temper-
Skin friction: Nusselt num- ature with constant surface concentration are taken into account. The governing non-dimensional
ber; equations are solved using Laplace transform technique and the solutions are presented in closed
Sherwood number form. In order to get a perfect understanding of the physics of the problem we obtained numerical

results using Matlab software and clarified with the help of graphical illustrations. With the help of
velocity, temperature and concentration, Skin friction, Nusselt number and Sherwood number are
obtained and represent through tabular form. Casson parameter is inversely proportional to the
yield stress and it is observed that for the large value of Casson parameter, the fluid is close to
the Newtonian fluid where the velocity is less than the non-Newtonian fluid. The intensification
in values of Soret number produces a raise in the mass buoyancy force which results an increase
in the value of velocity.

© 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction The application of MHD to natural events received a delayed
motivation when astrophysicists came to realize how estab-

Magnetohydrodynamics is the study of the motion of the fluid li‘She.d throughout the uni\{erse cond}lcting, ionized gascs and
in the presence of magnetic field. The study of MHD flows has significantly strong magnetic fields. First theory of laminar flow

great importance, as these flows are quite prevalent in nature. of an electrically conductive liquid in a homogenous magnetic
field was introduced in 1937 by Hartman [1]. Huang [2] dis-

.. cussed MHD waves and instabilities in the heat-conducting
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Nomenclature

By uniform magnetic field

c species concentration

Dy mass diffusion coefficient

Dr thermal diffusion coefficient

Gm mass Grashof number

ki permeability parameter

K permeability of porous medium
Pr Prandtl number

M magnetic parameter

Sc Schmidt number

u fluid velocity in x’ direction

¢ time

q, radiative heat flux

R thermal radiation

0 dimensionless fluid temperature
u dimensionless fluid velocity in x direction
C dimensionless species concentration
C, specific heat at constant pressure
g acceleration due to gravity

Gr thermal Grashof number

Kr chemical reaction parameter

0o heat absorption/generation coefficient
T fluid temperature

t dimensionless time

H heat generation parameter
absorption constant

IS

Greek symbols

(%] porosity of the fluid

B volumetric coefficient of thermal expansion

B. volumetric coefficient of species concentration
expansion

up plastic dynamic viscosity

v kinematic viscosity coefficient

P fluid density

o electrical conductivity

Y Casson parameter

free convective MHD flow with nano/ferro fluid with different
boundary conditions. Rashidi [10,11] has discussed on steady/
unsteady MHD and slip flow over a rotating porous disk.
Hayat [12-14] has studied Soret and Dufour effects on one/
three dimensional MHD flow with different fluid and boundary
conditions. Hussnan [15,16] illustrates that free convective flow
past an oscillating plate with Newtonian heating. Recently
most of the researchers Ahmed [17], Narayana [18] and Abbas
[19] worked on radiation and chemical reactions effects on
MHD flow with different fluid with heat and mass transfer.

The theory of non-Newtonian fluid is a part of fluid
mechanics based on the continuum theory that a fluid particle
may be considered as continuous in a structure. Pseudo plastic
time independent fluid is one of the non-newtonian fluids
whose behavior is that Viscosity decreases with increasing
velocity gradient e.g. polymer solutions, blood, etc. Casson
fluid is one of the pseudoplastic fluids that means shear thin-
ning fluids. At low shear rates the shear thinning fluid is more
viscous than the Newtonian fluid, and at high shear rates it is
less viscous. So, MHD flow with Casson fluid is recently
famous. Casson [20] presented Casson fluid model for the pre-
diction of the flow conduct of pigment-oil suspensions. Dash
et al. [21] discussed on Casson fluid flow in a pipe with a homo-
geneous porous medium. Akbar [22-25] has studied Casson
Fluid flow in a Plumb Duct/asymmetric channel. Mohyud-
Din [26,27] has discussed on magnetic field and radiation
effects on squeezing flow of a Casson fluid between parallel
plates. Raju [28] has studied effect of induced magnetic field
on stagnation flow of a Casson fluid. Kataria [29-31] published
the work on unsteady free convective MHD Casson/micropo-
lar/nano fluid flow with different boundary conditions.
Recently, Makanda [32,33] has discussed effects on radiation
as well as chemical reaction on Casson fluid flow. Abbasi
[34-39] has considered three dimensional MHD flow with dif-
ferent fluid and different physical conditions.

Such effects are significant when density differences exist in
the flow regime. For example when species are introduced at a
surface in fluid domain, with different (lower) density than the
surrounding fluid, Soret effects can be significant. Also, when
heat and mass transfer occur simultaneously in a moving fluid,
the relations between the fluxes and the driving potentials are of
more complex nature. It has been found that an energy flux can
be generated not only by temperature gradients but also by
composition gradients as well. The thermal diffusion (Soret)
effect, for instance, has been utilized for isotope separation,
and in mixture between gases with very light molecular weight
(H», He) and of medium molecular weight (N, air). In fluid
mechanics, fluid flow through porous media is the manner in
which fluids behave when flowing through a porous medium,
for example sponge or wood, or when filtering water using sand
or another porous material. As commonly observed, some fluid
flows through the media while some mass of the fluid is stored
in the pores present in the media. The basic law governing the
flow of fluids through porous media is Darcy’s Law.

Therefore our work can be considered as extension of Ref.
[31]. So Novelty of this paper is discussion of analytical solutions
using laplace transform and numerical solution using Matlab
software (finite difference method) of the unsteady natural con-
vective Casson fluid flow past over an oscillating vertical plate in
the presence of a radiation, chemical reaction, thermal diffusion
and heat generation with ramped wall temperature and ramped
surface concentration through porous medium.

2. Mathematical formulation of the problem

In Fig. 1 the flow being confined to y’ > 0, where )’ the coor-
dinate is measured in the normal direction to the plate and
x'-axis is taken along the wall in the upward direction. Ini-
tially, at time ¢ = 0, both the fluid and the plate are uniform
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Figure 1  Physical sketch of the problem.

temperature 77, and the concentration near the plate is
assumed to be C/ at all the points respectively. At time
¢ >0, the plate is exponentially accelerated in the vertical
direction against gravitational field with velocity Use*’ and
constant heat flux, 7' + (T, + T',)¢'/to when 7 <ty and T,
when 7 > fy respectively which is thereafter maintained con-
stant 7/, and the level of mass transfer at the surface of the
plate is raised or lowered to C, + (C,+ C,)!/ty when
! <ty and C, when ¢ > 1, respectively which is thereafter
maintained constant C,. An uniformly magnetic field of
strength B, is applied in the )’-axis direction. Induced magnetic
field is negligible. We assume that, rigid plate, incompressible
flow, one dimensional flow, non-Newtonian fluid, free convec-
tion and viscous dissipation term in the energy equation are
neglected. Under these conditions we get the following partial
differential equation with initial and boundary conditions:

o 1\ &%/ q
pW:uB(l—l—;) —aBzu’—'u—,pu'

oy? 0 k'
+pgBr(T = T..) + pghe(C' = C) (1)
orT kT 1 dq,  Q,
31,—p—%W—p—%a—y+p—%(T—Tm) (2)
oc _, PC ) azrik,(c,ic, ) &)
ot - M 8y/2 T8y/2 2 00

with following initial and boundary conditions:
=0, T=T_, C=C_ as)y =0and? <0,

u' = Uycoswt/sinwt, as ¢ >0and )y =0,

_ T +(T,—T )]ty f0<t <1
T, ite >0
, C +(C,—C )/ f0<i<ty
=1, ‘ ;o V=0
Cw lf ld = tO
—0, T—->T, C—-C,; as)y —socand? >0 (4)

As we have optically thick Casson fluid, we can use Rosse-
land approximation [40]
aq,
ay'

= —dao(T* — T*) (5)

where a is absorption constant, 7" can be expanded as the lin-
ear temperature function. Using Taylor series expanding T
about T'_ and neglecting higher order term, we get

T4 =473 T — 377 (6)
where
Y o 4 (T'-T.)
= - t=— (_): oo
g Unto’ ! Uy’ fo’ (T, -T,)’
/A W/ /
Cc— (C, Cg/c) . Gr= vgﬁr(Twz T,)
(CH’ - C')O) Ub
Gm = V8Bc(C, — C) _oBy  , _pG
7 pur T
1 ZT3 2
:6““7%7 o= g v
kU kU, Dy
K= (T, —T,.) vera T
r=—= r= = s S
0’ We—c) TTn Py

Substituting values from Eq. (5) and Eq. (6) in Eq. (3) and in
Egs. (1)-(3) and dropping out the “” notation (for simplicity)

we get

du 1\ &%u , 1

E_(1+;)6_}’2_<M +%>M+Gr9+GmC (7)
2

2 _ 190 (H-R), ®)

2 Proy T pr

aCc 18 C %0
Efs—ca—yz—“»s}a—yz—klc (9)

with initial and boundary condition

u=0=C=0, y=0, <0, u=-coswt/sinwraty=0,
t>0,
t, 0<tr<1 t, 0<r<l1
0= , C= aty=0, >0,
1 t>1 I t>1
u—0, 0—-0 C—0aty—oo, t>0
(10)

Exact solution for fluid velocity, Temperature and Concen-
tration are obtained from Eqs. (7)-(9) with initial and bound-
ary conditions (10) using the Laplace transform technique.

2.1. Solution of the problem for ramped wall temperature and
ramped surface concentration

Oy, 1) =fo(r, 1) = fo(y,t = D) H(1 = 1) (11)
C(yvt):hZ(y7t)_hZ(yat_l)H(z_l) (12)
u(y7 t) :gl(y7 t) +hl(y» t) _hl(yvt_ l)H(t_ 1) (13)

2.2. Solution of the problem for isothermal temperature and
ramped surface concentration

In order to understand effects of ramped temperature of the
plate on the fluid flow, we must compare our results with
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isothermal temperature. In this case, the initial and boundary N — v <E ) _ v ((97@ >
conditions are the same excluding Eq. (10) that becomes ! U(T =T )\ay' ), Us(C' = C)\Y' )
f=1aty=0, t > 0. We find the isothermal temperature § 1 u
0(y, t) using Laplace transform. and  7'(y,1) = _“B(l +;)T where 7 = o, (20)
00y, 1) = fs(v, 1) (14) 2.5. For ramped wall temperature and ramped surface
i ) concentration
Cv, 1) =fis(0n 1) = fis(ot = DH(t = 1) + g1, (3, 1) — g3 (v, 1)
(15)  Nu=—[Jo(t) = Jo(t — DH(1 — 1)] (21)
u(p, 1) =g (1) + &, 1) + g6 (v, 1) — gy, = H(t = 1)
+ 1) — 1)+ Jd—1DH(t—1) — )t
&1 (1, 1) — gs(v, 1) + gs (v, t — DH(t — 1) — go(y ()]6) Sh = (1) — Tt — V) H(1 — 1)] (22)
2.3. Solution of the problem for isothermal temperature and t=J16(t) + 51 (¢) — 5 (e — DH(t — 1) (23)
constant surface concentration
’ 2.6. For isothermal temperature and constant surface
. Lo . concentration
In this case, the initial and boundary conditions are the same
excluding Eq. (10) that becomes C=1, §=1aty=0, B
t = 0. We find the constant temperature and constant surface Nu = ~[J5(1)] (24)
concentration 0(y, t) and C(y, ) using Laplace transform.
0y, 1) = fu(», 1) (17)  Sh=—[Jis(t) = Jis(t = )H(t = 1) + 7 (1) — Jas(1)] (25)
Cy,0) =fiu(n, 1) + g0, 1) — g3 (0, 1) (18)  w=Jis(1) + Joo(1) + J21 (1) = Jan(t = D) H(1 = 1) + Jn(1)
—Joa(t) +In(t—1)H(t — 1) — Jou(t 26
u(y, 1) = hs(y,1) (19) v (= nH=1) w 26)
2.7. For isothermal temperature and constant surface
entrati
2.4. Nusselt number, Sherwood number and Skin friction concentration
Nu = —[Js(1)] (27)
Expressions of Nusselt number Nu, Sherwood Number S/ and _ B
Skin friction 7 for all cases are calculated from Eqgs. (11)-(19) Sh= =) + I (1) = Js(1)] (28)
respectively using the relation ) (29)

Ramped Temperature and Ramped Surface Concentration

————— Constant Temperature and Ramped Surface Concentration
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Figure 2 Velocity profile u for different values of y and yat Pr=25, M =0.5,k =1, Sc =0.66, Gm =2,Gr =4, R=5,Kr=4, H=5,

Sr=7and t=0.4.
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M=01,1,3

Velocity——>

Ramped Temperature and Ramped Surface Concentration

Constant Temperature and Ramped Surface Concentration

-+ Constant Temperature and Constant Surface Concentration

Figure 3  Velocity profile u for different values of yand M aty=1, P=25 k=1, Sc =0.66, Gm=2,Gr=4, R=5,Kr=4, H=5,

Sr=7and t =0.4.

Velocity ——>

Ramped Temperature and Ramped Surface Concentration
Constant Temperature and Ramped Surface Concentration

Constant Temperature and Constant Surface Concentration

Figure 4  Velocity profile u for different values of y and katy =1, M = 0.5, Pr =25, S¢c =0.66, Gm =2,Gr =4, R=5,Kr=4, H=5,

Sr=7and t=0.4.

3. Result and discussion

In order to study the influence of physical parameters, we find
exact solution using Laplace transform and Numerical solu-
tion using Matlab software and present graphically through
Figs. 2-12.

Effect of Casson fluid parameter y on velocity profiles is
shown in Fig. 2. It is found that velocity decreases with
increasing values of 7. It is noticed that Casson parameter does

not have any influence as the fluid moves away from the
bounding surface. For the large value of Casson parameter,
the fluid resembles to the Newtonian fluid where the velocity
is less than the non-Newtonian fluid. It is also observed that
the axial velocity at the surface is larger than the transverse
velocity. Fig. 3 shows that velocity decreases with increase in
M. This is due to the fact that the application of a magnetic
field to an electrically conducting fluid gives rise to a resistive
force called Lorentz force which has a tendency to slow down
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Velocity ———>

Ramped Temperature and Ramped Surface Concentration

Constant Temperature and Ramped Surface Concentration

* Constant Temperature and Constant Surface Concentration

Figure 5  Velocity profile u for different values of yand Raty=1,M =0.5,k=1,Sc=0.66,Gm =2, Pr=0.71, R=5Kr=4, H=5,

Sr=7and t=0.4.

Kr=1,10, 20
0.8

0.7+

06

05+

04+

Velocity —>

0.3+

0.2

1 1 1 1

Ramped Temperature and Ramped Surface Concentration

Constant Temperature and Ramped Surface Concentration

1

Constant Temperature and Constant Surface Concentration

0.4 0.6 0.8

1

Yy——>

Figure 6  Velocity profile u for different values of y and Kraty=1,M =0.5,k=1,Sc=0.66,Gm=2,Gr=4, R=5, Pr=25 H=5,

Sr=7and t=0.4.

the motion of fluid in the boundary layer region. Fig. 4 exhibits
velocity profile for different values of porous medium k. If we
increase porous medium parameter, holes become larger and
therefor motion of the fluid rises. Hence velocity increases.
Fig. 5 shows effect of radiation Parameter R on Velocity. It
is observed that velocity has decreasing tendency with R. It

is noticed that thermal radiation parameter reduces thermal
buoyancy force, minimizing the thickness of the thermal
boundary layer. Therefor velocity decreases tendency with
radiation parameter R for all thermal cases. It can be seen that,
with increased radiation in Casson fluid, heat transfer process
is slow through the region. We compare the result with [31].
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Ramped Temperature and Ramped Surface Concentration
————— Constant Temperature and Ramped Surface Concentration

+ Constant Temperature and Constant Surface Concentration

Velocity ———>

Figure 7 Velocity profile u for different values of yand Haty =1, M =0.5,k=1,Sc =0.66,Gm=2,Gr=4,R=5,Pr=0.71, H=5,
Sr=7and r=0.4.

Ramped Temperature and Ramped Surface Concentration

Sr=0.1,10, 20
0.8 T U Constant Temperature and Ramped Surface Concentration

“““““““““ Constant Temperature and Constant Surface Concentration

0.6

0.5}

0.4+

03+

Velocity ——>

0.2}

0.1}

y—>»

Figure 8 Velocity profile u for different values of y and Sraty=1, M =0.5,k =1, Sc =0.66, Gm =2,Gr =4, R=15, Kr =4, H = 16,
Pr=25and t=0.4.

Fig. 6 shows that velocity decreases with increase in chemical tendency with H. Heat source implies generation of heat from
reaction parameter Kr. It is observed that the fluid motion is the surface of the region, which raises the temperature in the
retarded on account of chemical reaction. We compared result flow field. Therefore, as heat generation parameter increases,
with [31]. Effect of Heat generation parameter H on velocity is the temperature increases as well as motion of the fluid is also

described in Fig. 7. It is noticed that Velocity has increasing increased. Fig. 8 exhibits effects of thermal-diffusion on veloc-
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Figure 9

1.8

1.6

1.4

1.2

0.8

Temperature ——>

0.6

0.4

0.2

Temperature profile u 0 for different values of y and R at Pr=0.71, H=5 and t = 0.4.

Ramped Temperature and Ramped Surface Concentration

Constant Temperature and Ramped Surface Concentration

Figure 10 Temperature profile 6 for different

ity for all thermal cases. It is observed from these figures that
the velocity of the fluid gets accelerated by the rise in values of
Soret number. Intensification in values of Soret number raises
the mass buoyancy force which results an increase in the value
of velocity. Fig. 9 shows effect of thermal radiation effects on
temperature profile for both thermal plates. It is evident that
temperature of the fluid decreases with increase in Radiation
parameter. We compare result with [31]. Fig. 10 shows effect
of Heat generation parameter H on temperature profile for
ramped wall temperature with ramped surface concentration
and isothermal temperature with constant surface concentra-
tion. For both thermal plates, Temperature increases with

values of y and Hat R=5, Pr=0.71 and 1t = 0.4.

increase in heat generation parameter H. Fig. 11 shows that
concentration decreases with increase in chemical reaction
parameter Kr. This shows that the destructive reaction leads
to decrease in the concentration field which in turn fails the
buoyancy effects due to concentration gradients. We com-
pare result with [31]. Fig. 12 indicates concentration profile
for different values of thermal-diffusion for ramped wall tem-
perature with ramped surface concentration, isothermal tem-
perature with ramped surface concentration and constant
temperature with constant surface concentration. For all
cases, we illustrate that Soret number tends to increase con-
centration profile.
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Concentration ——>

Kr=1,10, 20

Ramped Temperature and Ramped Surface Concentration

Constant Temperature and Ramped Surface Concentration

“““ Constant Temperature and Constant Surface Concentration

Figure 11
t=04.

Sr=0.1,10,20 .............
09}~ A
08} ‘
07}
06}
05}

Concentration ——>

Concentration profile u for different values of y and Kr at Gm =2, Gr =4, R=15, Sc =0.66, H=15, Sr =7, Pr=25 and

Ramped Temperature and Ramped Surface Concentration
Constant Temperature and Ramped Surface Concentration

Constant Temperature and Constant Surface Concentration

Figure 12 Concentration profile u for different values of y and Srat Gm =2,Gr=4,R=5,Kr=4, H=5Kr=4,Pr=25andt = 04.

The variations of the Skin friction, Nusselt number and
Sherwood number are shown in Tables 1-3 for various values
of the governing parameters. Table 2 shows the effect of Pr, H
and time on temperature gradient on the surface. For all ther-
mal cases, Prandtl number and Heat source parameter tend to
reduce the magnitude of Nusselt number while time variable ¢
tends to reverse process in it. Table 3 indicates the magnitude
values of mass gradient at the surface. For all thermal cases, it

is shown that thermal radiation and time variable ¢ tend to
reduce the values of Sherwood number while Soret number
and Heat source parameter tend to reverse effect on it. Table 1
shows the effect of different physical parameter on shear stress.
For all thermal cases, ramped wall temperature with ramped
surface concentration, isothermal temperature with ramped
surface concentration and constant temperature with constant
surface concentration, magnitude of Skin friction decreases
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Table 1 Skin friction variation.

y Sr M k t Skin friction 7 for ramped Skin friction t for isothermal Skin friction 7 for constant
temperature and ramped temperature and ramped temperature and constant
concentration concentration concentration

0.1 02 0.1 1 0.4 —0.4813 —0.4779 —0.5548

0.15 02 0.1 1 0.4 —0.3481 —0.4018 —0.6887

02 02 01 1 0.4 —0.2580 —0.3587 —0.7975

0.1 03 0.1 1 0.4 —0.5503 —0.4807 —0.5576

0.1 04 0.1 1 04 —0.6194 —0.4834 —0.5604

0.1 02 02 1 04 —0.4679 —0.4669 —0.5574

0.1 02 03 1 0.4 —0.4475 —0.4502 —0.5617

0.1 02 0.1 1.1 04 -0.5284 —0.5165 —0.5469

0.1 02 01 12 04 -0.5774 —0.5567 —0.5403

0.1 02 0.1 1 0.5 —0.5891 —0.5765 —0.5557

0.1 02 0.1 1 0.6 —0.6960 —0.6735 —0.5601

Table 2 Nusselt number variation.

Pr R H t Nusselt number Nu for Nusselt number Nu for
ramped temperature isothermal temperature

15 7 5 0.4 0.1924 —29134

16 7 S 0.4 0.1866 —3.0433

17 7 5 0.4 0.1812 —3.1682

15 7.1 5 0.4 0.2018 —2.8869

15 7.2 5 0.4 0.2112 —2.8605

15 7 5.5 0.4 0.1451 —3.0467

15 7 6.0 0.4 0.0972 —3.1814

15 7 S 0.5 0.2675 —2.4878

15 7 5 0.6 0.3498 —2.1645

Table 3 Sherwood number variation.

R Sr H t Sherwood number S/ for ramped Sherwood number Sk for Sherwood number S/ for
temperature and ramped isothermal temperature and constant temperature and
concentration ramped concentration constant concentration

7 0.2 5 0.4 4.9522 0.1098 —0.2587

7.1 0.2 5 0.4 3.7547 0.1082 —0.2604

7.2 0.2 5 0.4 2.6888 0.1066 —0.2620

7 0.3 5 0.4 15.7829 0.1563 —0.2122

7 0.4 5 0.4 26.6137 0.2029 —0.1657

7 0.2 5.5 0.4 13.9757 0.1179 —0.2507

7 0.2 6.0 0.4 34.9673 0.1260 —0.2425

7 0.2 5 0.5 4.1610 0.0997 —0.2279

7 0.2 5 0.6 3.5609 0.0941 —0.2049

with increase in Sr and ¢. It is also seen that, for both thermal
cases magnitude of Skin friction increases with increase in Cas-
son parameter y and magnetic field M while decreases with
increase in porous medium k. For constant temperature and
constant surface concentration, Skin friction decreases with y
and M while increases with k.

4. Conclusion

The purpose of this study was to obtain exact solutions for the
unsteady natural convective Casson fluid flow past over an

oscillating vertical plate in the presence of radiation, chemical
reaction, thermal diffusion and heat generation with ramped
wall temperature and ramped surface concentration through
porous medium. The expressions for the velocity, Tempera-
ture, concentration, Skin friction, Nusselt number and Sher-
wood number have been obtained in exact form with the
help of the Laplace transform method. To analyze the effects
of the physical parameters on velocity, concentration and tem-
perature profiles, we find numerical solution using Matlab
software and presented graphically. The most important con-
cluding remarks can be summarized as follows:
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e It is observed that magnitude of momentum, heat and mass e Motion of fluid decreases tendency with Casson parameter
transfer in case of ramped temperature with ramped surface 7, chemical reaction Kr, thermal radiation R and increases
concentration is less than that of isothermal temperature tendency with heat generation H and thermal diffusion Sr.
with ramped surface concentration. e Temperature decreases with thermal radiation parameter R

e It is observed that magnitude of momentum, heat and mass and increases with Heat generation H.
transfer in case of constant temperature with ramped sur- e Concentration decreases tendency with chemical reaction
face concentration is less than that of constant temperature parameter Kr and increases with Soret number Sr.

with constant surface concentration.
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