-

metadata, citation and similar papers at core.ac.uk brought to you by 4

provided by Elsevier - Publisher Conn

Available online at www.sciencedirect.com

Topology
SCIENCE DIRECT?®
) @ and its

B Applications
ELSEVIER Topology and its Applications 141 (2004) 197—-206 _

www.elsevier.com/locate/topol

On closed subsets @f1-spaces

Takemi Mizokami

Department of Mathematics, Joetsu Univgref Education, Joetsu, Niigata 943-8512, Japan

Abstract

We show that every closed subset of #i-space has a closure-preserving open neighborhood
base. This answers a question of Ceder, and gives positive solutions to other problems on adjunction
spaces and countable sumsiéf-spaces.
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1. Introduction

All spaces are assumed to be regularFor a space&, we denote the topology &f by
7(X) or . For a subsef of X, we denote the subspace topologytoby 7 (A). N always
denotes all positive integers. The letters, i are assumed to run throudh For families
U,V of subsets of, the operatord/ AV andi/ v V are familiessUNV |U €U, V €V}
and{UUV | U elU, V €V}, respectively. For the cage= {V}, we simply writel/|V
in place oftd A V. For brevity, let “CP” stand for the terfitlosure-preserving” In 1961,
Ceder [1] introduceadV;-spacegi = 1, 2, 3) as generalized metric spaces and proposed
the following problems or/1-spaces:

(1) Does any closed subset of & -space have a CP open neighborhood base?

(2) Is any adjunction space &f1-spacedV1?
(Strictly speaking, Ceder himself proposed weaker problems than (1) and (2), but es-
sentially (1) and (2) are better to pose as open problems.) In this paper, we give a
positive answer to (1), which implies a positive answer to (2) as well as the following
problem of Gruenhage [3]:

(3) If an M3-spaceX is a countable union of closed;-spaces, iX M1?

E-mail addressmizokami@juen.ac.jp (T. Mizokami).

0166-8641/$ — see front mattér 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2003.12.007


https://core.ac.uk/display/82594867?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

198 T. Mizokami / Topology and its Applications 141 (2004) 197-206

Finally, we simply recall the definitions a¥/;-spaces. A spac¥ is called anM1-space

if there exists ar-CP base forX, an M,-spaceif there exists ar-CP quasi-basé& for

X, where B is a quasi-base whenevere U with U open in X, there existsB € B
such thatx € Int B ¢ B C U, and anM3s-spaceif there exists a -cushioned pair-base or
equivalently there exists a stratification f&t For more detail and the properties of these
spaces, it is better to refer to [4]. It is worthy to be noted thatspaces and/z-spaces
coincide with each other by the famous ipgadent study of Junnila and Gruenhage (see
Theorem 5.27 in [4]).

2. TheclassP of M1-spaces

LetP be the class o#f1-spaces whose every closed subset has a CP open neighborhood
base. Then Ceder’s problem (1) above is nothing but whether eédferspace belongs to
P. As for the properties oP, Mizokami showed the following result:

(i) Every adjunction spaces of spacesHrbelongs tgP [7, Corollary 3].
(i) If an M3-spacesX is the countable union of closed subspace®jrthenX € P [8,
Theorem 3.16].

These results are used later to give the corollaries. Previously, Ito have obtained two
important results abo® as follows:

(1) Every M3-space whose every point has a CP open neighborhood base beldAgs to

[6].
(2) Every hereditarilyM1-space belongs t& [5].

On the other hand, it is well known that evebf;-space with Ind< 0 belongs taP.
And now, we come to the final stage. To prepare for the proof, we list up some known facts
and prove two lemmas.

Fact 1 [9, Fact 4].Let 5 be a CP family of closed subsets of &f3-spaceX. Then there
exists a pair{F, V) of families of subsets df satisfying the following

(i) F is a o-discrete closed cover of andV = {V(F) | F € F} is a point-finiteo-
discrete open cover df such thatF c V (F) for eachF € F,

(i) foreachFe FandBeB, FNB#@ifandonlyif F Cc B andif FN B =0, then
V(F)N B =@.(We callF the mosaic o5 andV the frill of F.)

Fact 2 [11]. Let (B;) be a sequence of CP families of closed subsets dffgispaceX .
Then there is a weaker metric topology of 7 (X) such that for each, B; is a CP family
of closed subsets 06X, 7,,,).

Lemma 2.1. Let M be a closed subset of alf3-spaceX. Then there exists a family
B={B(0)| 0 € t(X)} satisfying the following
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(i) B|(X\ M) is a CP family of closed subsets®f\ M;
(i) foreachO € t(X),

ONM=B(O)NMCIntB(O)C B(O) C O;
(i) foreachO e t(X), B(O)NM C O N M,
(iv) foreachO1, Oz € 1(X) with 01N 02N M =@, thenB(01) N B(02) = @.
Proof. By [8, Lemma 3.1] there exisi8; = {B1(0) | O € t(X)} satisfying the following:
(1) B1|(X \ M) is a CP family of closed subsets &f\ M;
(2) for eachO € t(X),
ONM=B1(0O)NM CIntB1(0O) C B1(0O) C O.

By [2, Theorem 2.2], there exists a functiont (M) — t(X) satisfying the following:
B) kK(O)NM=0NM, Oct(M);
(4) if 01,02 e t(M)andO1N 02 =@, thenk (01) Nk (02) = 4.
For eachO € t(X), take
B(0) = B1(IntB1(0) Nk (0O N M)) € By.

Thenitis easy to see th&t= {B(0) | O € t(X)} satisfies the required conditionst

We call B the L1-extensiorof (M) in X. Letld be a family of subsets of a_spak’eand
let x € X. We call that/ is CPat x in X if wheneverx € | JUop, Uo C U, x € U for some
U € Uy, equivalently, if whenever ¢ U for eachU e Up, wherellyp C U, there exists an
open neighborhoo® of x in X such thato N ((JUop) = 3.

In the proof of the main theorem later, we use the fact th& = (X) andO|M is CP
in M, then{B(0) | O € O} is CP inX. This follows from the above lemma as a corollary:

Corollary 2.2. Let M be a closed subset of adsz-spaceX. Let) be a CP family of open
subsets oM and letB be the L1-extension of (M) in X. Then
BOYV)={BeB|BNM=V forsomeV € V}
is a CP family of open subsets &f such that for eachV € V, B(V) is an open
neighborhood base df in X.
Proof. For eachV €V, let
OWV)={0et(X)|ONM =V},
and let
B(V)={B(0)| 0 € O(V)}.
ThenB(V) is an open neighborhood baseloin X, and obviously
BV = J{BV)|Vev}
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We show that3(V) is CP inX. It is obvious that3(V) is CP at each pointaX \ M in X
by virtue of the property (i) of L1-extensiaB. So, it remains to show thi()) is CP at
each point of\ in X. To this end, lepp € M and suppose ¢ | Bo, where

Bo=|J{Bo(V) |V eV},

Bo(V) c B(V) foreachV € Vg andVy C V. SinceV is CP atp in X, there exists an open
neighborhood of p in X such thato N (Vo) = . Hence by the property (iv) above,
B(0) is an open neighborhood gfin X such that

B“DﬂﬂjB@:@.
This proves tha3(V) isCP atp in X. O

Fact 3 [10]. Let M be a closed subset of a metric space. Then there exists a fenofy
open subsets df satisfying the following

(i) {(M}vVisCPinX;
(i) foreachO € t(X), there existd/ € V such that
VAM=0NMcCVcCo, VN(X\M)cCo.

Lemma 2.3. Let B be a CP family of closed subsets of a metric spfEc&hen there exists
families{V(B) | B € B} of open subsets of satisfying the following

() U{B}VvV(B)|BeB}isCPinX;

(i) foreachO e t(X) and B € B, there exist¥ € V(B) such that
ONB=VNBcCVcCoO, VN(X\B)CO.

Proof. By Fact 1, there exists a paiF, V) of the mosaicF of 5 and its frill V in X. Let

F =, Fn, where eaclf, is discrete inX. Assume that for each € F,, F C V(F) C

(xeX|dx, F)< %}, whered is a metric ofX. SinceX is a metric space, by Fact 3,
for eachF € F,,n € N, there exists a family’(F) of open subsets oX satisfying the
following:

(1) {F}VvV(F)isCPinX and|JV(F) C V(F);

(2) for eachO € ©(X), there existy/ € V(F) such that
FNO=VNFCVcCO, VN(X\F)cCoO.

ForeachB € B, let F(B)={F € F | F C B}.

For each
§=(V(E)perp € | VI | FeFB)),
define
w©) = J{vF) | FeF®B).
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Let
VvB)=|we)1se[[{ver) | Ferml]
foreachB € B. Thenitis easily checked th&W(B) | B € B} are the required families. O

We call{V(B) | B € B} the L2-extensiorof B in X.
Theorem 2.4. If X is an M1-space, therX € P.

Proof. By [6], it suffices to show that for eacph € X there exists a CP neighborhood
base ofp consisting of regular closed subsetsXofThere exists a sequenc@,,) of open
neighborhoods op in X such that

{p} :m0m7 Om+1C Op, meN.
m

Let (J{B | m € N} be a quasi-base for such that for each:, B,, C By,+1 andB,, is a
CP family of regular closed subsets¥f Letm € N be fixed for a while, and let

B, ={BeBy|peintB}={By|ac Ay}

We shall construct a CP familyG (@) | « € A,,} of regular closed neighborhoods pfin

X such thaiG (@) C 0, N By for eacha € A,,. SinceX is anM3-space, there exists a CP
closed neighborhood ba#g of p in X. By Fact 1, there exists a paiF, V), whereF is

a mosaic of the CP family

B =BoUB,, U{X\ Oy}
andV isits frill. Let F = J,, F», where eaclF, is discrete inX. Let
Xm=JF. YO=XDU---UX®),
Zn)=Ym)\Y(n—-1), YO0 =0, neN.
For eachn, there exists the L1-extensid#(n) of 7(Y (n)) in X. By Fact 2, there exists a
weaker metric topology,, of 7(X) satisfying the following:
(M1) {X(n)|n e N}isaclosed cover ofX, t,);
(M>) for eachk,
Blk] = B(k) v {Y (k)}
is a CP family of closed subsets ©f, t,,);
(M3) Bois a CP family of closed subsets @f, 7,,).
Foreachx € A, let
N(a) = {k eN| By, NZ(k) ;é@}.

Then obviously

Bo | J{zk) ke N@)}.
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By N (U{Z(k) | keN\N(a)}) -0

Let N(a) = {n(i) | i e N} with n(1) <n(2) <---. Let A[k] be the totality of finite unions
of members of

Bou (U{BLi11<i <k}).

Obviously, by(M1), (M2), (M3), Alk]is a CP family of closed subsets @f, 7,,). Since
(Y (k), T (Y (k))) is a metric subspace, there exists the L2-extension

V(BNY (k)| B e Alk — 1]}

of A[k—1]| Y (k) in (Y (k), t,»(Y (k))). To construct a subsét(«) of By, letus fixa € A,,.
Take B(a, n(0)) € Bo such that

B(a,n(0))N(X\ On) =90,  B(a,n(0)) CIntB,.
Define
V(er,n(1)) = B(er, n(0)) N Z(n(D)). (%)
Note that
V(er,n(1)) = B(er, n(0)) N Y (n()).

Since F is the mosaic of3’, V(a, n(1)) is clopen inY (n(1)). SinceB(n(1)) is the L1-
extension oft (Y (n(1))) in X, there existB(a, n(1)) € B(n(1)) such that

B(a,n(1)) NY (n(1)) = V(a,n(1)) C Int B (e, n(1)),
B(a, n(1)) NY (n(1) = V (&, n(D),
B(a,n(D)) N (X \ Op) =9
Let
Clan®) = { Be|J{BW) In(D) <i<n@)
| B0 (B(a,n(0) U B (e, n(D))) =}
and take
V (e, n(2)) € Vuio)(B(er, n(0)) U B(er, n(1)) UY (n(1))) N Y (n(2))
such that
V(@ n(2) N (C(a, 1) U (X \ Op)) =9
V(a, n(2)) N (B(a, n(O)) U B(a, n(l)) U Y(n(l)))
= (B(a, n(0)) U B(r,n(1))) N Z(n(2)).

Assume tha{B(a,n(@)) | i <k}, {V(a,n@)) | i <k} and{C(a,n(i)) | i <k} have been
chosen. Choose

k
V(e,nk+1) e Vn(k+1)<(U B(a, n(i) )) UY(n(k))NY(nk+ 1)
i=0
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such that

- k
V(a, n(k+1)) N (UC(a,n(i)) U(X\ 0m)> =0,

i=1

k
V(e n(k +1)) N (U B(a, n(i)) U Y(n(k)))
i=0
k
= JB(e.n(®) N Z(nk + D).

i=0
Take
B(a,n(k +1)) € B(n(k + 1))
such that
B(a,n(k+1)NY(ntk+1)=V(xnk+1)CIntB(a, nk+1)),

B(a,n(k+1))NY (n(k + 1)) = V(e n(k + 1)),

k

B(a,n(k+1)N (UC(a,n(i)) U (X \ om)) =0.
i=1

Let

C(a,n(k+1))
k+1
:U{B e J{BG) Ink+1) <i <nk+2)} ‘ BN (UB(a,n(i))) :(/J}.
i=0
In this way, we can obtain three sequences
(Blen®),  (Vl@n@),  (Clan)),
DefineG(a) as follows:

G(a) = (U V(a,n(i))) N By.
i=1

Claim 1. G(«) is aregular closed neighborhood pfin X.

Proof. Since
B(a,n(0)) N By C G(),

and bothB(«, n(0)) and B,, are neighborhoods gf in X, G(«) is a neighborhood op
in X. To see thaG («) is closed inB,, letx € B, \ G(«). There exista (k) € N(«) such
thatx € Z(n(k)). Sincex ¢ V(a, n(k)), there exists an open neighborho@dof x in the
subspaceZ (n(k)) such thato N V(«, n(k)) = @. SinceB(n(k)) is the L1-extension of
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t(Y(n(k))) in X, there exists & € B(n(k)) such thatB is a heighborhood of in X such
that

k
BNY(n(k)) =0 CIntB, Bﬂ(UB(a,n(i))):Qj,
i=0
Note that thisB is contained inC(«, n(k)). Therefore by the choice ¢V («, n(i))}, we
have

BN (U V(e n(i))> =0
i>k
HenceB N By, is a neighborhood af in B, missingG («), proving thatG («) is closed in
By.
Next, we show tha€ («) is regular closed itX . For brevity, letZ (o) = (J{Z(n(i)) | i €
N}, whereN (@) = {n(i) | i € N}. By the same discussion as above, we can observe that

U{V(a,n(i)) i eN}NZ(a)= U{V(a, n@i)) N Z(n@)) i e N},
JV(e.n@)nz(nk) c V(a.nk). keN. (1)

i>k
SinceF is the mosaic of3’, for eachi, B, N Z(n(i)) is clopen in the subspac&(n(i)),
we have

V(ee,n(i))) N By N Z(n(i)) = V (e, n(i)) N Bo N Z(n(i)). (2)

Then we can show the following:

o]

UV(O[ n(z) U o, n(z) ﬂB ﬂZ(n(z)) 3)

i=1

For, if x is an arbitrary point of the left term of (3), then by (1) and by the factc Z(«),
there exists € N such that

x € V(a,n()) N Z(n(@)).
Hence by (2) we have
X € V(a,n(i)) N By N Z(n(i)),

proving that the left term is contained in the right. Since the reverse inclusion is trivial, we
have the equality (3). Using (1)—(3) we have the following expression:

G(a) = ( V(a, n(i))) N By

i=1

(V(a,n()) N Be N Z(n(i))) (by (1))

'C8

i=1
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= J(V(e.n()) N B N Z(n(i))) (by (2))

i=1
= (U V(a,n(i))) N By, (by (3))
i=1

Since for eaclhi
V(oz,n(i)) C IntB(oe,n(i)),
we have
(U V(a, n(i))) NZ(@) = (U Int B(a, n(i))) N Z(@).
i=1 i=0
These imply that

G(a) = (U IntB(a,n(i))) N By.

i=0
ThereforeG (@) is regular closed imB,. Since B, is regular closed inX, so isG(x) in
X. O

Claim 2.
g(m) = {G(Ol) | a e Am}
isCPinX.

Proof. Suppose&? cC A,, and
x eX\U{G(a)|ae.Q}.
Let £2 be divided intos2; and$2; as
21 ={a e 2 |x ¢ By}, 2o ={a € 2|x € By}.
SinceB3,, is CP inX, there exists a neighborhoa@tof p in X such that

on(Jl6@ laem})=0.

There exists a uniquee N such thatc € Z(n). It follows that for eachw € §22, n € N(«)
andn = n(k,) for somek, € N. By the above discussion to see the regular closedness of
G(a), we can easily observe the following:dfe 2, andn = n(k,) with k, € N, then

G(a)NZ(n) =V (, n(kye)) N Z(n).
If we recall the definition(x), then it follows that
[V (e, n(ke)) | n(ke) = MINN (@), & € 25}
is CP atx in X. If we recall that
Vu(BNY @) | B € Aln — 1]}
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is the L2-extension ofA[n — 1]|Y (n) in (Y (k), 7,,(Y (n)), then it follows that
{V(oz,n(ko,)) NZmn)|ae .Qz}

is CP atx in X. Hence there exists an open neighborhaddf x in X such that
PNnY(n—-1=@and

PNV(,ntke)) =9, ac

SinceB(n) is the L1-extension of (Y (n)) in X, there exist€ € B(n) such that
CNYm)=PNnYm) CcintCcCcCP.

Note that thisC is contained inC(«, n(ky)) for eacha € £22. This implies

cn(Ufo@aeas))=0.

HenceO N C is a neighborhood atf in X missing allG(«), « € £2, which proves that
G@m)isCPinX. O

Set
G = J{gm) ImeN}.

Then it is easy to see thgtis a CP neighborhood base pfin X consisting of regular
closed subsets of. O

Since we have no difference betwel-spaces an®, the next corollaries follow from
the known results stated in the beginning of this section.

Corollary 2.5[7, Corollary 3].Every adjunction space df/1-spaces is\1.

Corollary 2.6 [8, Theorem 3.16]lf an M3-spaceX is the countable union of closed; -
spaces, theX is an M1-space.
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