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Abstract

We show that every closed subset of anM1-space has a closure-preserving open neighborh
base. This answers a question of Ceder, and gives positive solutions to other problems on ad
spaces and countable sums ofM1-spaces.
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1. Introduction

All spaces are assumed to be regularT1. For a spaceX, we denote the topology ofX by
τ (X) or τ . For a subsetA of X, we denote the subspace topology ofA by τ (A). N always
denotes all positive integers. The lettersn, k, i are assumed to run throughN. For families
U , V of subsets ofX, the operatorsU ∧V andU ∨V are families{U ∩V | U ∈ U, V ∈ V}
and{U ∪ V | U ∈ U, V ∈ V}, respectively. For the caseV = {V }, we simply writeU |V
in place ofU ∧ V . For brevity, let “CP” stand for the term“closure-preserving”. In 1961,
Ceder [1] introducedMi -spaces(i = 1,2,3) as generalized metric spaces and propo
the following problems onM1-spaces:

(1) Does any closed subset of anM1-space have a CP open neighborhood base?
(2) Is any adjunction space ofM1-spacesM1?

(Strictly speaking, Ceder himself proposed weaker problems than (1) and (2), b
sentially (1) and (2) are better to pose as open problems.) In this paper, we
positive answer to (1), which implies a positive answer to (2) as well as the follo
problem of Gruenhage [3]:

(3) If anM3-spaceX is a countable union of closedM1-spaces, isX M1?
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Finally, we simply recall the definitions ofMi -spaces. A spaceX is called anM1-space
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if there exists aσ -CP base forX, an M2-spaceif there exists aσ -CP quasi-baseB for
X, whereB is a quasi-base wheneverx ∈ U with U open in X, there existsB ∈ B
such thatx ∈ IntB ⊂ B ⊂ U , and anM3-spaceif there exists aσ -cushioned pair-base o
equivalently there exists a stratification forX. For more detail and the properties of the
spaces, it is better to refer to [4]. It is worthy to be noted thatM2-spaces andM3-spaces
coincide with each other by the famous independent study of Junnila and Gruenhage (
Theorem 5.27 in [4]).

2. The class P of M1-spaces

LetP be the class ofM1-spaces whose every closed subset has a CP open neighbo
base. Then Ceder’s problem (1) above is nothing but whether everyM1-space belongs t
P . As for the properties ofP , Mizokami showed the following result:

(i) Every adjunction spaces of spaces inP belongs toP [7, Corollary 3].
(ii) If an M3-spacesX is the countable union of closed subspaces inP , thenX ∈ P [8,

Theorem 3.16].

These results are used later to give the corollaries. Previously, Ito have obtaine
important results aboutP as follows:

(1) EveryM3-space whose every point has a CP open neighborhood base belongP
[6].

(2) Every hereditarilyM1-space belongs toP [5].

On the other hand, it is well known that everyM1-space with Ind� 0 belongs toP .
And now, we come to the final stage. To prepare for the proof, we list up some known
and prove two lemmas.

Fact 1 [9, Fact 4].LetB be a CP family of closed subsets of anM3-spaceX. Then there
exists a pair〈F ,V〉 of families of subsets ofX satisfying the following:

(i) F is a σ -discrete closed cover ofX and V = {V (F) | F ∈ F} is a point-finiteσ -
discrete open cover ofX such thatF ⊂ V (F) for eachF ∈F ,

(ii) for eachF ∈ F andB ∈ B, F ∩ B 	= ∅ if and only ifF ⊂ B and if F ∩ B = ∅, then
V (F) ∩ B = ∅. (We callF the mosaic ofB andV the frill of F .)

Fact 2 [11]. Let (Bi ) be a sequence of CP families of closed subsets of anM3-spaceX.
Then there is a weaker metric topologyτm of τ (X) such that for eachi,Bi is a CP family
of closed subsets of(X, τm).

Lemma 2.1. Let M be a closed subset of anM3-spaceX. Then there exists a fami
B = {B(O) | O ∈ τ (X)} satisfying the following:
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(i) B|(X \ M) is a CP family of closed subsets ofX \ M;

ry:
(ii) for eachO ∈ τ (X),

O ∩ M = B(O) ∩ M ⊂ IntB(O) ⊂ B(O) ⊂ O;

(iii) for eachO ∈ τ (X),B(O) ∩ M ⊂ O ∩ M ;
(iv) for eachO1,O2 ∈ τ (X) with O1 ∩ O2 ∩ M = ∅, thenB(O1) ∩ B(O2) = ∅.

Proof. By [8, Lemma 3.1] there existsB1 = {B1(O) | O ∈ τ (X)} satisfying the following:

(1) B1|(X \ M) is a CP family of closed subsets ofX \ M;
(2) for eachO ∈ τ (X),

O ∩ M = B1(O) ∩ M ⊂ IntB1(O) ⊂ B1(O) ⊂ O.

By [2, Theorem 2.2], there exists a functionκ : τ (M) → τ (X) satisfying the following:
(3) κ(O) ∩ M = O ∩ M, O ∈ τ (M);
(4) if O1,O2 ∈ τ (M) andO1 ∩ O2 = ∅, thenκ(O1) ∩ κ(O2) = ∅.

For eachO ∈ τ (X), take

B(O) = B1
(
IntB1(O) ∩ κ(O ∩ M)

) ∈ B1.

Then it is easy to see thatB = {B(O) | O ∈ τ (X)} satisfies the required conditions.�
We callB the L1-extensionof τ (M) in X. LetU be a family of subsets of a spaceX and

let x ∈ X. We call thatU is CPat x in X if wheneverx ∈ ⋃
U0, U0 ⊂ U , x ∈ U for some

U ∈ U0, equivalently, if wheneverx /∈ U for eachU ∈ U0, whereU0 ⊂ U , there exists an
open neighborhoodO of x in X such thatO ∩ (

⋃
U0) = ∅.

In the proof of the main theorem later, we use the fact that ifO ⊂ τ (X) andO|M is CP
in M, then{B(O) | O ∈ O} is CP inX. This follows from the above lemma as a corolla

Corollary 2.2. LetM be a closed subset of anM3-spaceX. LetV be a CP family of open
subsets ofM and letB be the L1-extension ofτ (M) in X. Then

B(V) = {B ∈ B | B ∩ M = V for someV ∈ V}
is a CP family of open subsets ofX such that for eachV ∈ V , B(V) is an open
neighborhood base ofV in X.

Proof. For eachV ∈ V , let

O(V ) = {
O ∈ τ (X) | O ∩ M = V

}
,

and let

B(V ) = {
B(O) | O ∈ O(V )

}
.

ThenB(V ) is an open neighborhood base ofV in X, and obviously

B(V) =
⋃{

B(V ) | V ∈ V
}
.
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We show thatB(V) is CP inX. It is obvious thatB(V) is CP at each point ofX \ M in X

n
e,

s

3,
by virtue of the property (i) of L1-extensionB. So, it remains to show thatB(V) is CP at
each point ofM in X. To this end, letp ∈ M and supposep /∈ ⋃

B0, where

B0 =
⋃{

B0(V ) | V ∈ V0
}
,

B0(V ) ⊂ B(V ) for eachV ∈ V0 andV0 ⊂ V . SinceV is CP atp in X, there exists an ope
neighborhoodO of p in X such thatO ∩ (

⋃
V0) = ∅. Hence by the property (iv) abov

B(O) is an open neighborhood ofp in X such that

B(O) ∩
(⋃

B0

)
= ∅.

This proves thatB(V) is CP atp in X. �
Fact 3 [10]. Let M be a closed subset of a metric space. Then there exists a familyV of
open subsets ofX satisfying the following:

(i) {M} ∨ V is CP inX;
(ii) for eachO ∈ τ (X), there existsV ∈ V such that

V ∩ M = O ∩ M ⊂ V ⊂ O, V ∩ (X \ M) ⊂ O.

Lemma 2.3. LetB be a CP family of closed subsets of a metric spaceX. Then there exist
families{V(B) | B ∈ B} of open subsets ofX satisfying the following:

(i)
⋃{{B} ∨ V(B) | B ∈ B} is CP inX;

(ii) for eachO ∈ τ (X) andB ∈ B, there existsV ∈ V(B) such that

O ∩ B = V ∩ B ⊂ V ⊂ O, V ∩ (X \ B) ⊂ O.

Proof. By Fact 1, there exists a pair〈F ,V〉 of the mosaicF of B and its frill V in X. Let
F = ⋃

nFn, where eachFn is discrete inX. Assume that for eachF ∈ Fn,F ⊂ V (F) ⊂
{x ∈ X | d(x,F ) < 1

n
}, whered is a metric ofX. SinceX is a metric space, by Fact

for eachF ∈ Fn, n ∈ N, there exists a familyV(F ) of open subsets ofX satisfying the
following:

(1) {F } ∨ V(F ) is CP inX and
⋃

V(F ) ⊂ V (F);
(2) for eachO ∈ τ (X), there existsV ∈ V(F ) such that

F ∩ O = V ∩ F ⊂ V ⊂ O, V ∩ (X \ F) ⊂ O.

For eachB ∈ B, letF(B) = {F ∈ F | F ⊂ B}.

For each

δ = 〈
V (F)

〉
F∈F(B)

∈
∏{

V(F ) | F ∈F(B)
}
,

define

W(δ) =
⋃{

V (F) | F ∈F(B)
}
.
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V(B) =
{
W(δ) | δ ∈

∏{
V(F ) | F ∈F(B)

}}
for eachB ∈ B. Then it is easily checked that{V(B) | B ∈ B} are the required families.�

We call{V(B) | B ∈ B} the L2-extensionof B in X.

Theorem 2.4. If X is anM1-space, thenX ∈P .

Proof. By [6], it suffices to show that for eachp ∈ X there exists a CP neighborho
base ofp consisting of regular closed subsets ofX. There exists a sequence(Om) of open
neighborhoods ofp in X such that

{p} =
⋂
m

Om, Om+1 ⊂ Om, m ∈ N.

Let
⋃{Bm | m ∈ N} be a quasi-base forX such that for eachm, Bm ⊂ Bm+1 andBm is a

CP family of regular closed subsets ofX. Let m ∈ N be fixed for a while, and let

B′
m = {B ∈ Bm | p ∈ IntB} = {Bα | α ∈ Am}.

We shall construct a CP family{G(α) | α ∈ Am} of regular closed neighborhoods ofp in
X such thatG(α) ⊂ Om ∩ Bα for eachα ∈ Am. SinceX is anM3-space, there exists a C
closed neighborhood baseB0 of p in X. By Fact 1, there exists a pair〈F ,V〉, whereF is
a mosaic of the CP family

B′ = B0 ∪ B′
m ∪ {X \ Om}

andV is its frill. Let F = ⋃
nFn, where eachFn is discrete inX. Let

X(n) =
⋃

Fn, Y (n) = X(1) ∪ · · · ∪ X(n),

Z(n) = Y (n) \ Y (n − 1), Y (0) = ∅, n ∈ N.

For eachn, there exists the L1-extensionB(n) of τ (Y (n)) in X. By Fact 2, there exists
weaker metric topologyτm of τ (X) satisfying the following:

(M1) {X(n) | n ∈ N} is a closed cover of(X, τm);
(M2) for eachk,

B[k] = B(k) ∨ {
Y (k)

}
is a CP family of closed subsets of(X, τm);

(M3) B0 is a CP family of closed subsets of(X, τm).

For eachα ∈ Am, let

N(α) = {
k ∈ N | Bα ∩ Z(k) 	= ∅}

.

Then obviously

Bα ⊂
⋃{

Z(k) | k ∈ N(α)
}
,
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Bα ∩
(⋃{

Z(k) | k ∈ N \ N(α)
}) = ∅.
Let N(α) = {n(i) | i ∈ N} with n(1) < n(2) < · · · . Let ∆[k] be the totality of finite unions
of members of

B0 ∪
(⋃{

B[i] | 1 � i � k
})

.

Obviously, by(M1), (M2), (M3), ∆[k] is a CP family of closed subsets of(X, τm). Since
(Y (k), τm(Y (k))) is a metric subspace, there exists the L2-extension{

Vk

(
B ∩ Y (k)

) | B ∈ ∆[k − 1]}
of ∆[k−1] | Y (k) in (Y (k), τm(Y (k))). To construct a subsetG(α) of Bα , let us fixα ∈ Am.
TakeB(α,n(0)) ∈ B0 such that

B
(
α,n(0)

) ∩ (X \ Om) = ∅, B
(
α,n(0)

) ⊂ IntBα.

Define

V
(
α,n(1)

) = B
(
α,n(0)

) ∩ Z
(
n(1)

)
. (∗)

Note that

V
(
α,n(1)

) = B
(
α,n(0)

) ∩ Y
(
n(1)

)
.

SinceF is the mosaic ofB′, V (α,n(1)) is clopen inY (n(1)). SinceB(n(1)) is the L1-
extension ofτ (Y (n(1))) in X, there existsB(α,n(1)) ∈ B(n(1)) such that

B
(
α,n(1)

) ∩ Y
(
n(1)

) = V
(
α,n(1)

) ⊂ IntB
(
α,n(1)

)
,

B
(
α,n(1)

) ∩ Y
(
n(1)

) = V
(
α,n(1)

)
,

B
(
α,n(1)

) ∩ (X \ Om) = ∅.

Let

C
(
α,n(1)

) =
⋃ {

B ∈
⋃{

B(i) | n(1) � i < n(2)
}

| B ∩ (
B

(
α,n(0)

) ∪ B
(
α,n(1)

)) = ∅
}

and take

V
(
α,n(2)

) ∈ Vn(2)

(
B

(
α,n(0)

) ∪ B
(
α,n(1)

) ∪ Y
(
n(1)

)) ∩ Y
(
n(2)

)
such that

V
(
α,n(2)

) ∩ (
C

(
α,n(1)

) ∪ (X \ Om)
) = ∅,

V
(
α,n(2)

) ∩ (
B

(
α,n(0)

) ∪ B
(
α,n(1)

) ∪ Y
(
n(1)

))
= (

B
(
α,n(0)

) ∪ B
(
α,n(1)

)) ∩ Z
(
n(2)

)
.

Assume that{B(α,n(i)) | i � k}, {V (α,n(i)) | i � k} and{C(α,n(i)) | i � k} have been
chosen. Choose

V
(
α,n(k + 1)

) ∈ Vn(k+1)

((
k⋃

i=0

B
(
α,n(i)

)))
∪ Y

(
n(k)

) ∩ Y
(
n(k + 1)

)
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such that

f

V
(
α,n(k + 1)

) ∩
(

k⋃
i=1

C
(
α,n(i)

) ∪ (X \ Om)

)
= ∅,

V
(
α,n(k + 1)

) ∩
(

k⋃
i=0

B
(
α,n(i)

) ∪ Y
(
n(k)

))

=
k⋃

i=0

B
(
α,n(i)

) ∩ Z
(
n(k + 1)

)
.

Take

B
(
α,n(k + 1)

) ∈ B
(
n(k + 1)

)
such that

B
(
α,n(k + 1)

) ∩ Y
(
n(k + 1)

) = V
(
α,n(k + 1)

) ⊂ IntB
(
α,n(k + 1)

)
,

B
(
α,n(k + 1)

) ∩ Y
(
n(k + 1)

) = V
(
α,n(k + 1)

)
,

B
(
α,n(k + 1)

) ∩
(

k⋃
i=1

C
(
α,n(i)

) ∪ (X \ Om)

)
= ∅.

Let

C
(
α,n(k + 1)

)
=

⋃{
B ∈

⋃{
B(i) | n(k + 1) � i < n(k + 2)

} ∣∣∣ B ∩
(

k+1⋃
i=0

B
(
α,n(i)

)) = ∅
}

.

In this way, we can obtain three sequences(
B

(
α,n(i)

))
i
,

(
V

(
α,n(i)

))
i
,

(
C

(
α,n(i)

))
i
.

DefineG(α) as follows:

G(α) =
( ∞⋃

i=1

V
(
α,n(i)

)) ∩ Bα.

Claim 1. G(α) is a regular closed neighborhood ofp in X.

Proof. Since

B
(
α,n(0)

) ∩ Bα ⊂ G(α),

and bothB(α,n(0)) andBα are neighborhoods ofp in X, G(α) is a neighborhood ofp
in X. To see thatG(α) is closed inBα , let x ∈ Bα \ G(α). There existsn(k) ∈ N(α) such
thatx ∈ Z(n(k)). Sincex /∈ V (α,n(k)), there exists an open neighborhoodO of x in the
subspaceZ(n(k)) such thatO ∩ V (α,n(k)) = ∅. SinceB(n(k)) is the L1-extension o
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τ (Y (n(k))) in X, there exists aB ∈ B(n(k)) such thatB is a neighborhood ofx in X such

at

l, we
that

B ∩ Y
(
n(k)

) = O ⊂ IntB, B ∩
(

k⋃
i=0

B
(
α,n(i)

)) = ∅.

Note that thisB is contained inC(α,n(k)). Therefore by the choice of{V (α,n(i))}, we
have

B ∩
( ⋃

i�k

V
(
α,n(i)

)) = ∅.

HenceB ∩ Bα is a neighborhood ofx in Bα missingG(α), proving thatG(α) is closed in
Bα .

Next, we show thatG(α) is regular closed inX. For brevity, letZ(α) = ⋃{Z(n(i)) | i ∈
N}, whereN(α) = {n(i) | i ∈ N}. By the same discussion as above, we can observe th

⋃{
V

(
α,n(i)

) | i ∈ N
} ∩ Z(α) =

⋃{
V

(
α,n(i)

) ∩ Z
(
n(i)

) | i ∈ N
}
,⋃

i>k

V
(
α,n(i)

) ∩ Z
(
n(k)

) ⊂ V
(
α,n(k)

)
, k ∈ N. (1)

SinceF is the mosaic ofB′, for eachi, Bα ∩ Z(n(i)) is clopen in the subspaceZ(n(i)),
we have

V
(
α,n(i)

) ∩ Bα ∩ Z
(
n(i)

) = V
(
α,n(i)

) ∩ Bα ∩ Z
(
n(i)

)
. (2)

Then we can show the following:

∞⋃
i=1

V
(
α,n(i)

) ∩ Bα =
∞⋃
i=1

V
(
α,n(i)

) ∩ Bα ∩ Z
(
n(i)

)
. (3)

For, if x is an arbitrary point of the left term of (3), then by (1) and by the factBα ⊂ Z(α),
there existsi ∈ N such that

x ∈ V
(
α,n(i)

) ∩ Z
(
n(i)

)
.

Hence by (2) we have

x ∈ V
(
α,n(i)

) ∩ Bα ∩ Z
(
n(i)

)
,

proving that the left term is contained in the right. Since the reverse inclusion is trivia
have the equality (3). Using (1)–(3) we have the following expression:

G(α) =
( ∞⋃

i=1

V
(
α,n(i)

)) ∩ Bα

=
∞⋃
i=1

(
V

(
α,n(i)

) ∩ Bα ∩ Z
(
n(i)

))
(by (1))
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∞⋃( ( ) ( ))

ss of
=
i=1

V α,n(i) ∩ Bα ∩ Z n(i) (by (2))

=
( ∞⋃

i=1

V
(
α,n(i)

)) ∩ Bα (by (3)).

Since for eachi

V
(
α,n(i)

) ⊂ IntB
(
α,n(i)

)
,

we have( ∞⋃
i=1

V
(
α,n(i)

)) ∩ Z(α) =
( ∞⋃

i=0

IntB
(
α,n(i)

)) ∩ Z(α).

These imply that

G(α) =
( ∞⋃

i=0

IntB
(
α,n(i)

)) ∩ Bα.

ThereforeG(α) is regular closed inBα . SinceBα is regular closed inX, so isG(α) in
X. �
Claim 2.

G(m) = {
G(α) | α ∈ Am

}
is CP inX.

Proof. SupposeΩ ⊂ Am and

x ∈ X \
⋃{

G(α) |α ∈ Ω
}
.

Let Ω be divided intoΩ1 andΩ2 as

Ω1 = {α ∈ Ω | x /∈ Bα}, Ω2 = {α ∈ Ω |x ∈ Bα}.
SinceBm is CP inX, there exists a neighborhoodO of p in X such that

O ∩
(⋃{

G(α) | α ∈ Ω1
}) = ∅.

There exists a uniquen ∈ N such thatx ∈ Z(n). It follows that for eachα ∈ Ω2, n ∈ N(α)

andn = n(kα) for somekα ∈ N. By the above discussion to see the regular closedne
G(α), we can easily observe the following: Ifα ∈ Ω2 andn = n(kα) with kα ∈ N , then

G(α) ∩ Z(n) = V
(
α,n(kα)

) ∩ Z(n).

If we recall the definition(∗), then it follows that{
V

(
α,n(kα)

) | n(kα) = minN(α),α ∈ Ω2
}

is CP atx in X. If we recall that{
Vn

(
B ∩ Y (n)

) | B ∈ ∆[n − 1]}
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is the L2-extension of∆[n − 1]|Y (n) in (Y (k), τm(Y (n)), then it follows that

t

r

it,

d,
{
V

(
α,n(kα)

) ∩ Z(n) | α ∈ Ω2
}

is CP atx in X. Hence there exists an open neighborhoodP of x in X such that
P ∩ Y (n − 1) = ∅ and

P ∩ V
(
α,n(kα)

) = ∅, α ∈ Ω2.

SinceB(n) is the L1-extension ofτ (Y (n)) in X, there existsC ∈ B(n) such that

C ∩ Y (n) = P ∩ Y (n) ⊂ IntC ⊂ C ⊂ P.

Note that thisC is contained inC(α,n(kα)) for eachα ∈ Ω2. This implies

C ∩
(⋃{

G(α) | α ∈ Ω2
}) = ∅.

HenceO ∩ C is a neighborhood ofx in X missing allG(α), α ∈ Ω , which proves tha
G(m) is CP inX. �

Set

G =
⋃{

G(m) | m ∈ N
}
.

Then it is easy to see thatG is a CP neighborhood base ofp in X consisting of regula
closed subsets ofX. �

Since we have no difference betweenM1-spaces andP , the next corollaries follow from
the known results stated in the beginning of this section.

Corollary 2.5 [7, Corollary 3].Every adjunction space ofM1-spaces isM1.

Corollary 2.6 [8, Theorem 3.16].If an M3-spaceX is the countable union of closedM1-
spaces, thenX is anM1-space.
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