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More precisely, let m., and n,, be the total masses of the species. Then there exists a critical

Keywords: curve y in the my, — N plane such that the solution blows up if and only if (M, ns) is
Keller-Segel .. . . .

Chemotaxis above y. This gives an answer to a question raised by Conca et al. (2011) in [8]. We also
Two-species model study the asymptotic behaviour of global solutions in the subcritical case, showing that
Cauchy problem they are asymptotically self-similar.

Radial solutions © 2012 Elsevier Inc. All rights reserved.

Blowup sharp criteria

1. Introduction
In this work we study the positive solutions w(t, r) = (m(t, r), n(t, r)) of the system

gem — 4rg,m — X m+n)d,m=0 in(0,T) x (0, 00),
T

dn—4rogn— B2 m+mon=0 in0,T) x (0,00), (1.1)
T
w(t, 00) = Weo in (0, T),
w(0, 1) = wo(r) in (0, 00),
where xy; > 0, x2 > 0, wy € (C(0,00))? is nonnegative, nondecreasing and satisfies wg(00) = ws € RZ2. Here,

w(t,00) = lim,_ o w(t, r) and wo(co) = lim,_, o we(r). For radially symmetric solutions system (1.1) is derived from
the following Keller-Segel elliptic-parabolic type problem for two species in R?

U — Au+1V-@Ve) =0 in(0,T) x R?,
v — Av+ 2V - (V) =0 in(0,T) x R?,

—Ac=u+v in (0, T) x R?, (1.2)
u(0) = ug in R,
v(0) = v in R2.

Here, u, v are the mass densities of the species, c is the chemical concentration and xi, x» represent the intensities of
chemotactical attraction of the species. A formal computation shows that when ug and vy are nonnegative integrable
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functions such that

/ Up(X) dx = Mo, / v (X) dx = N, (1.3)
R2 R2

then the total mass is preserved, i.e.,

/ u(t, x) dx = my, f v(t, x) dx = ny (1.4)
R2 R2

for t > 0. System (1.1) is obtained from (1.2) by assuming (1.4) and setting

m(t,r) = / u(t, x) dx, nt,r) = / v(t, x) dx; (1.5)
B(0,y/1) B(0,4/1)

see [1,2] for the corresponding case of one organism.

Note that the diffusion coefficients in (1.1) degenerate at r = 0. As a consequence, no left hand boundary condition
is imposed in (1.1). The right hand boundary condition, i.e., the condition at infinity is also nonstandard. To treat those
difficulties we proceed as in [3], considering a regularized problem defined over a finite interval (0, R) and replacing the
diffusion coefficients by 4(r + &), where § > 0. Letting § — 0 and R — oo we prove the existence of a solution of
(1.1) which is defined for all t > 0. A solution obtained by this regularization procedure will be called a r-solution. This
construction yields the following result.

Theorem 1.1. Suppose wy € (C(0, 00))? is a nonnegative nondecreasing function such that w(0) = 0 and wy(00) = Wse.
Then there exists a r-solution w € (C12((0, 00) x (0, 00)))? of (1.1) such that

w(t, r) = wo(r) (1.6)
ast — 0 uniformly in [p, oo) for all p > 0 and such that

w(t, 1) = Weo (1.7)

asr — oo uniformlyint € [0, T], forall T > 0. It holds that w(t, r) is nonnegative, nondecreasing in r. Moreover, the following
comparison principle takes place. Let g > wo and suppose w is a r-solution such that w(0) = wy. Then there exists a r-solution
w > w such that w(0) = w.

Assume further that there exists Co > 0 such that

w(t,r) < Cor. (1.8)
Then there exist T > 0 and C(T) > 0 such that
w(t, ) < C(Dr (1.9)

forallt <T,r > 0.
Finally, uniqueness holds in the class of solutions w € (C*2((0,T) x (0, 00)))? satisfying (1.6), (1.7) and (1.9) for some
T >0.

As observed above r-solutions are defined for all t > 0. However, due to the degeneracy at the origin, if (1.8) holds (1.9)
may break down in finite time. In fact, it may happen that w(t, 0) = lim,_,o w(t, r) ceases to be equal to zero in finite time.
This corresponds to the appearance of a Dirac mass at r = 0 in (1.2); see (1.4). We will say that a r-solution w is global if
w(0) = 0fora.a.t > 0, otherwise it is a blowup solution. In this article we give a sharp criterion to distinguish global from
blowup r-solutions. Before presenting this characterization let us discuss some previous results.

In [4,5] the general (nonradial) case for one organism is considered. The authors use a sharp logarithmic Hardy-Sobolev
inequality to prove thatif xm., < 87 thenaweak global solution u(t) € L'(R?) may be defined. Here x is the chemotactical
intensity of the species. Assuming further that the second moment f |x|2ug(x) dx is finite, they also show that in the
supercritical case ymy, > 8 all solutions blow up. Further results concerning this and analogous models may be found
in [6]. The symmetric radial case is treated in [3], where the mass variable m(t) is considered. The authors show that the
solutions are global and asymptotically self-similar in the subcritical region xym., < 8. They also show that the critical
case xms = 8m corresponds to global solutions and provide an interesting analysis of the asymptotic behaviour of the
solutions. Analogous results have been previously described in [1], where radial solutions in a disc of R? were considered.
The supercritical case xms > 8 has been studied in [7], where it is shown that the corresponding radially symmetric
solutions blow up.

The existence of global and of blowup solutions for two species is discussed in [8], where the authors study system (1.2).
To present their main results let us define

8

T (1.10)
max{x1, x2}

T(woc) =My + Neo —
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P*nQ*

mm
Fig. 1. The level curvesQ = 0and P = 0.
P(we) = 87 (m—"" + ”ﬁ> — (Mo + 1)?, (1.11)
X1 X2
Q(we) = 87 — max{x: m, x2 n}, (1.12)
and denote
Pt = {wy € RT x RT, P(wy) > 0}, (1.13)
P™ = {we € RT x RT, P(ws) < 0}, (1.14)
pt = {wee € RT x R, P(wy) > 0}, (1.15)
Py = {weo € RT x RT, P(woo) = 0}; (1.16)

see Fig. 1. Analogous notations stand for T and Q. Using as in [5] the logarithmic Hardy-Sobolev inequality they prove that
solutions are global whenever wo, € T~ while blowup occurs when 1y and vy have finite second moments and wy, € P~.
Moreover, in the radially symmetric case they show that blowup also occurs when ws, € Q™. These results left open the
determination of the nature of the solutions in the region P N QT in the general case, and P* NQ+ NT™ for radial solutions.
In this work we give an answer to this question in the radial case showing that the two curves Q (ws,) = 0, P(wy) = 0 are
in fact critical. More precisely, we have the following.

Theorem 1.2. Any r-solution w of (1.1) blows up when either

Woo € P~ (1.17)
or

Woo € Q7. (1.18)

Theorem 1.3. Suppose (1.8) holds. Assume further that

Woo € PF (1.19)
and

we €Q7. (1.20)
Then any r-solution of (1.1) is global.

We next study the long time behaviour of global solutions for which ws, € P* N Q. We first show there exists a unique
self-similar solution w; such that ws(t,0) = 0 and w(t, 00) = wy forall t > 0. By self-similar we mean w; satisfying
ws(kt, kr) = ws(t, r) for all k > 0. Then we prove that w, describes the long-time behaviour of all solutions such that
w(t, 00) = Weo, as stated in Theorem 1.4 below. Analogous asymptotic behaviour holds for the case of one species; see [5]
for the general case and [3] for radially symmetric solutions.

Theorem 1.4. Let wo, € PTNQ ™. Then there exists a unique self-similar solution w; such that wy(t, 0) = 0and w(t, 00) = Wy
forallt > 0.
Given wy satisfying (1.8) and such that wy(00) = weo, there exists a unique global solution w(t) of (1.1). It holds that

Jim [l (®) = wy(®)llo = 0. (1.21)
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It is interesting to interpret the above results by looking at the stationary solutions of (1.1). They may be obtained using
the connection between (1.1) and the so-called Liouville problem for systems. In fact, an appropriate change of variables
transforms a solution of the Liouville system into a stationary solution of (1.1). Necessary and sufficient conditions for the
existence of solutions of the Liouville problem were given in [9]. Translating those conditions to the present problem we
see that stationary solutions lie in the critical region Py N Q™. In the subcritical region solutions are trapped by stationary
solutions and cannot blow up. A similar picture holds true in the case of a chemotactic system of multi-components in
a bounded domain of R?; see [10] where a model for a general number of components and for the general non-radially
symmetric case is considered. The author shows that the region P* N Q™ corresponds to global solutions, which converge
to some stationary solution. A similar picture also holds for the one species problem, where stationary solutions lie in the
critical region my, = 87 /x.

The proofs of Theorems 1.2 and 1.3 rely on a comparison principle and this is why they are restricted to r-solutions. Note
however that when ws, € PY N Q™ the solution is unique; see Theorem 1.4. We finally remark that asymptotic self-similar
behaviour takes places in the subcritical region Pt N Q™ and also in the part of the critical region P™ N {wso, R(wso) = 0}.
The stationary solutions lie in the remaining part of the critical region, O * N {weo, P(woo) = 0}. Thus, we cannot expect the
same asymptotically self-similar behaviour there.

In Section 2 we construct the r-solutions and prove Theorem 1.1. In Section 3 we study the stationary solutions of (1.1). In
Section 4 we treat the supercritical case and show Theorem 1.2. The existence of global solutions in the critical and subcritical
cases is studied in Section 4. Finally, in Section 5 we show the existence of self-similar solutions and describe the asymptotic
self-similar behaviour of global solutions corresponding to the subcritical case and part of the critical case.

2. Existence and uniqueness

We will now discuss the existence and uniqueness of solutions of (1.1). To this end we introduce the following regularized
boundary value problem. Given § > 0 and R > 0 find w(t, r) = (m(t, r), n(t, r)) such that

3,m — A(r + 8)9,m = XL (m + n)a,m,
T

n — 4(r + 8)9,n = 22(m + n)o,n,
T

w(0, ) = wo(r),

w(t,0) =0,

w(t,R) = wo(R).

(2.1)

We present a well-posedness result concerning (2.1).
Lemma 2.1. Let wy € X := (C°([0, R]))? be nondecreasing, wy(0) = 0. Then there exists a unique solution w € C([0, oo); X)N

(C12((0, 00) x (0, R)))? of (2.1) which is nondecreasing for all t > 0.

Proof. The existence of a global solution w(t) for t > 0 follows from a standard fixed-point argument and usual estimates.
For two such solutions we also get

sup [[w1(t) — wa(H)leo < C(T) |[w1(0) — w2(0)]l oo, (2.2)
t<T
from which uniqueness follows. We will now show that the solution preserves monotonicity. Suppose first that wy €
(C'([0, R]))?. Then . = d,m and v = d,n satisfy
X
e — 40, ((r + 8)d ) = ﬁar((m +mw),

Oy — 49, ((r +8)drv) = %ar((m +nv),

Oru(t,0) =0,
d,v(t,0) =0,

R+ 8)d,u(t, R) + %(mo(m + 1o (R)(R) = 0,

(2.3)

(R+8)drv(t. ) + 22 (mo(R) + o (R)V(R) = 0.
with (u(t), v(t)) — (mg, ny) uniformly as t — 0. (This is a consequence of the fact that wy = 0 and of parabolic regular-

ization.)
Multiplying the first equation of (2.3) by .~ and integrating over (0, R) we get

R R
|;f|2+45f |arm2dr5c/ oL dr
0 0
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Noting that ©~(0) = 0, it follows from Holder, Young, Gronwall’s inequalities that = (t) = 0 for t > 0. Thus, m(t) is
nondecreasing. We get analogously that n(t) is nondecreasing. Consider now wy € C° nondecreasing and let {wg}nen be a
sequence of C! nondecreasing functions converging uniformly to wq and such that wg(0) = 0, wg(R) = wo(R). Then the
corresponding solution w" (t) wy is nondecreasing for each t > 0. Using (2.2), we conclude that w(t) is nondecreasing. O

Lemma 2.2. Let wy € X be nondecreasing and such that wy(0) = 0. Given T > 0 there exists C(R, T) independent of § such

that
T R T
/0 /0 rlw(t)|? dr dt + fo ||afw||§,,1(oym dt < C(R, T). (2.4)
Proof. We recall that m = m — my(R)r /R satisfy
9 — A(r + 8) 0y — %(m + n)(3, + mo(R)/R) = O. (2.5)
Hence,
1d R ) R ~ 2 X1 R ~ 12
—— im|“dr+4 | (r+6)|0,m|"dr + — (0rm + o;n)|m|- dr
2dt 0 0 2 0
R [f .
— m / (m+n)mdr = 0. (2.6)
Rm 0
Note that ,m + d,n > 0, m(t, r) < mp(R), n(t,r) < ng(R) and |M|s < 2mg(R). Thus
1d A ~ 12 A ~ 12 2
T Im|“dr 4+ 4 r|o.m|” dr < 2mg(R)“(mo(R) + no(R)). (2.7)
0 0
We conclude from (2.7), and an analogous estimate for n, that
T R
/ / r(|9,m|* + |9;n?) dr dt < C(R, T). (2.8)
0o Jo
Next, multiplying (2.1) by ¢ € H(} (0, R) we have
R R R X1 R
/ d;me dr + 4/ ro,me’ dr + 4/ o,medr = =— / (m + n)o,me dr. (2.9)
0 0 0 T Jo
Using that |¢(r)| < 4/T||¢’|l» and Hélder’s inequality we obtain C(R) > 0 such that
R R 172
/ (ro-mlg’| + drmlg| 4+ (m + n)d-mlepl) dr < CR)[|¢’[l> (f rlarmlzdr) : (2.10)
0 0
The bound for ||d,m||y-1 in (2.4) follows from (2.8)-(2.10). Analogous arguments give the desired estimate for ||d;n||y-1. O

The following comparison principle holds.

Lemma 2.3. Let wy € X be nondecreasing, with wy = 0 and let w € (C>'((0, 00) x (0, R)))?> N (C([0, co) x [0, R]))? be a
supersolution of (2.1), i.e., it holds that

w + Aw > F(w),
w(0,r) > we(r),

w(t, 0) = 0, =

w(t, R) > wo(R).
Thenw > w.
Proof. Let w = (m', n') and define w/ = (m/, /) recursively forj > 2 by

am — 4(r + 8)dym — L= + Y ami = 0,

T
i i X2, i1 j—1 j
o — 4A(r + 8)d,n — 2=+ Nan =0,
; r+9) L ) (2.12)

w (0, 1) = wo(r),
w(t,0) =0,
w(t, R) = wy(R).
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It follows from the maximum principle for parabolic equations that w isa supersolution of (2.1), with w/(t) nondecreasing
in r and nonincreasing in j for all t > 0. Thus w’ \( w asj — o0c. Since w > w’ foralljsothatw > w. O

We now prove the existence and uniqueness result concerning the r-solutions of (1.1).

Proof of Theorem 1.1. We first show the existence of a solution. Given k € N call wy the solution of (2.1) corresponding to
8 = 1/k and R = k. It follows from Lemma 2.3 that wy, < wy for all k.

Extend wy(r) = w(R) for r > R. Using parabolic regularity and standard diagonal arguments, upon passing to a
subsequence, we may write that wy — w as j — oo uniformly in [t;, t;] x [0,R], forall0 < t; < t; < T,R > 0, for
some function w. Clearly, w(t) is nondecreasing, 0 < w < wy and w solves the partial differential equations of (1.1).

To study the behaviour of w(t) for small times, we use (2.4) to get

t
lwi(6) — w1 < f [0cwlly-1 dt < C(R, T)(t — )"/

forall0 <s <t <T < T and all k. Hence, {wy} is equicontinuous and equibounded in H=1(0, R) for all R > 0, so that
w e C([0, T1,H™! (0, R)) with w(0) = wy. Moreover, (2.4) also shows that {wy} is bounded in L2((0, T); H'(p, R)) for each
0 < p < R, with {8, wi} bounded in L2((0, T); H~'(0, R)). Thus w € C([0, T]; L%(p, R)) and since w < w, we conclude that
w € C([0, T]; [2(0, R)) for all R > 0. Finally, interior estimates for parabolic equations ensure that

w € C([0,T] x [p, R] (2.13)
forall0 < p <R
We next prove that w(t, r) — we,asr — oo forallt > 0.Givene > 0, define m(t, r) = (Mg — &) (1 —Ct)A+ r)*l),
where C(t) = Ae*, A > 0. A straightforward computation shows that for §; < 1
dem — 49, ((r + 8)3;m) = —4C(1) (Moo — &)1+ 1) (A1+1)? = 2(r +8) +1+71)
< 0 < ormy — 4(r + 8k) O mig.. (2.14)
Take now p > 0 such that mg(r) > m(oco) — ¢ forr > p.Then mo(r) > m(t,r) forr > p andt > 0. We choose A large
enough so that my(r) > m(t, r) forr < p.In this way, forallr > 0
mo(r) > m(0, ).
In particular for t > 0
0 > m(0, 0) > m(t, 0).
Moreover, for R, > p,
my(t, Ry) = mp(Ry) > m(c0) — & > m(t, Ry). (2.15)

It follows from (2.14)-(2.15) that my(t,r) > m(t,r) forallt > 0,r € [0, R;) and k large enough. Taking k — oo, we get
that m > m. Letting ¢ — 0 and arguing analogously for n(t) we conclude that given T > 0 there exists C(T) > 0 such that

Moo — M(t, 1) + Nog — n(t, 1) < C(TY(1+1)7" (2.16)

forallt < T. Hence, (2.13) and (2.16) imply that w(t) — wp as t — 0 uniformly in [p, co) for all p > 0 showing (1.6).
Furthermore, (2.16) also yields (1.6).

The solutions constructed above will be called r-solutions. Since the approximate solutions are nonnegative,
nondecreasing and admit a comparison principle the same is true for r-solutions.

Suppose now that (1.8) takes place. Set w = (71, i) where m(t, r) = n(t,r) = Ae*'r,k > 0and A > 0 is such that
w(0) > wy. Itis immediate to see that k and T can be chosen so that w is a supersolution of (2.1) in some interval (0, T), for
all§ > 0and R > 0. In particular, (1.9) holds.

It remains to prove the uniqueness result. Suppose w = (m, n) and w = (i, 1) are two solutions satisfying (1.6)-(1.8)
for some T > 0. Define f = m — m, g = n — . We have that

Ouf — drof = %((m + Mo f + (F + 2)d, ).

Let ¢(r) = e~". Using that ¢’ = —¢ we multiply the equation by ¢f and integrate to get
d o0 o0
2 2
— plf|°dr +4f ro|o.f|”dr

—4 fo SrPdr+ X / (m + M ouf — Bf + dg)ingf — (F + )RS + o3nf)) dr.
0
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Applying Holder and Young inequalities it follows from (1.8) that there exists C > 0 such that
d oo o0 o0 o0
o | evrarez [Croartar < [Crograrrc [ oare 4t a 1)
0 0 0 0
we may write analogously that
d o0 o0 o0 o0
o | egrarrz [Crongitar< [Crolartarec [ oare+ it ar (2.18)
0 0 0 0
Since f(0) = g(0) = 0, from (2.17), (2.17) we conclude that f(t) = g(t) =0fort <T. O

Remark 2.4. Let w be a supersolution of (2.1) and w be a r-solution of (1.1) such that w(0) > w(0). It follows from
Lemma 2.3 and the construction of r-solutions that w > w.

We observe that r-solutions are defined for all t > 0. Nevertheless, the definition below of a blowing up solution applies
even to r-solutions.

Definition 2.5. Let w be a solution of (1.1) and set w(t, 0) = lim,_ow(t,r). Given T > 0 define B(T) = {t € (0, T),
w(t,0) > 0}. We say that w is a global solution if (B(T)) = 0 for all T > 0, where u is the Lebesgue measure in R.
Otherwise, we say that w blows up and define the blowup time Tyax as Tmax = Supr-o{t(B(T)) = 0}.

From (1.5) we see that T, corresponds to the time where at least one of the species collapses to a Dirac mass.
We next address the question of the uniqueness of solutions. We first show the following.

Proposition 2.6. Let wy satisfy (1.8) and let w(t) be a r-solution such that w(0) = wy. Suppose (1.9) holds for some T > 0.
Then w(t) — wo € (L?(0, 00))? forallt < T.

Proof. Let wy = (Mg, flg) € (W2*(0, 00))? be such that wg — Wy € (L*(0, 00))?. Given k € N define wy = (my, ny) as the
solution of (2.1) corresponding to § = k and R = 1/k; see the proof of Theorem 1.1. Let Wy, = (my, fx) = wy — Wo. It follows
from (2.1) that w(0) = w(R) = 0 and

0y — 49, ((r + 8)9, (M + mg) — (M + mp)) = %(m + mo + it + np) 3, (M + mo).

Multiplying this by m and integrating over (0, R) yield
d (R R R
E/ ||? dr +4/ (r + 8)|8,m|? dr +4/ (r + 8)8,mpd,mdr
0 0 0

R R
—4/ (m + mg)omdr = ﬁ/ (m+ mg + 1+ ng)d, (M + me)mdr. O
0 T Jo

3. Stationary solutions

As noticed in [10], there exists a straight connection between the stationary solutions of (1.1) and the solutions of the
following Liouville problem for systems.
Given A = (a;)ij=12 and M; > 0,i = 1, 2 find z;, z, such that

ai,121+aq 2z
_AZ1:el,11 1222

__ ,a2.121+a3 27;
_AZZ_eZ.ll 2,2 2,

/2 ehanta2z — 6 (3.1)
R

a2,121+02 22
21t 02 — N,
R2

In [9] the result below is proved. Suppose A is symmetric and a;; > 0, i,j = 1, 2. Then (3.1) has a solution if and only if

87(My+My) =Y > a;MiMj,  Mai; <87,  Ma, <8, (32)
i=1,2j=1,2

The connection between (1.2) and (3.1) goes as follows. Given xi, X2, Moo, Neo POSitive numbers set a; ; = Xlz, ay, = XZZ,
A1y =1 = X1 X2 Mi = Moo X7 ', My = Neo X5 | Weo = (Mo, Noo). Then (3.2) is equivalent to

Weo € Py N Q*; (3.3)
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see (1.15) and (1.16). Suppose (3.3) holds and consider z;, z, a solution of (3.1). Then i = —x1Az;, V = —xAz; and
Z = X121 + X272 satisfy (1.3) and
—Az=1+71. (3.4)

Moreover, it follows from (3.1) that log it = log x; + x1z and log v = log x2 + x2z, yielding Vii = x1uVz, VU = x,0Vz.
Hence, Al = x1V - (1Vz), AV = x,V - (0Vz). This and (3.4) show that

(i, 0) € (L'(R*))* (3.5)

is a stationary solution of (1.2). Use &, ¥ in (1.5) to define m,. It follows thus from the results of [9] that (3.3) ensures the
existence of a stationary solution w = (1, 1) of

—ard,m — X (i + Ry, = 0,
T

—4ra, i — L2+ f)a,i = 0, (3.6)
T

W(00) = Weo.

By (1.5) and (3.5) we get m(0) = n(0) = 0. Moreover, it is easy to see from (3.6) that m and 1 are increasing and concave.
We now show that m’(0), ' (0) are finite. Indeed, setting

8w . 8m.
n=-—m-+—n,

X1 X2
n=m+n

we get from (3.6) that rd,, it + 9,7> = 0. We may assume that x; < x». Since x and 7 are concave we get
8r 9
— 10,0+ 0n° > 0.
X2

Using that rd,n converges to 0 along a subsequence we have
8r 5
X—(rarn —n)+n°>0. (3.7)
2

Choose R > 0 small enough so that x,n < 8. Integrating (3.7) over (r, R) we obtain
8y n(r) - 8 n(R)
r@8m — x2n(r)) — R — x2n(R))
Letting r — 0 we conclude that #'(0) is finite. Hence, m’(0) and 71’ (0) are finite.

4. Blowup solutions

In this section we show that r-solutions blow up in the supercritical case. It is useful to define

1 1
M=X—m+x—n, n=m-+n. (4.1)
1 2

It follows from (1.1) that
1,
Ot — 4rdyp = —n”. (4.2)
2

Proof of Theorem 1.2. Let w = (in, 1) be a stationary solution of (1.1), so that P(@s,) = 0 and R(0,) > 0. Given k > 1
consider wy, = (my, ny) a r-solution of (1.1) satisfying m;(0) = km, n,(0) = k. We have that w; blows up. To see this, note
that kw., € P7, see (1.14), and that
—4r3,me(0, 1) — Xm0, ) + (0, )3 mi (0, 1) = k(1 — k) (it + )3, < O,
T
—4rd,n,(0, 1) — ﬁ(mk(o, r) + n(0, 1)) 9, me (0, 1) = k(1 — k)(m + n)d,n < 0.
T

Thus wy(t) is nondecreasing in t (this is true for the approximate regularized solutions constructed in Theorem 1.1 and a
fortiori for wy). Consider next w; and 7 as in (4.1) with m and n replaced by w and ny. Integrating (4.2) over (a, b) yields

b
1
/ammmm=mﬂwmm+gmmm%4wmmm
a
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Since wy(t) is nondecreasing in t we have from Fubini’s lemma

d (b b 1
yn / (e, rydr > / depr(t, T) dr > Ardepue(t, ) + —me(t, 1) — 4t 1) 2.
t 0 0 27T

It follows from the boundedness of w), that there exists a sequence {o,}nen Such that p,0uk(0,) — 0asn — oo. Writing
(4.3) for p = p, and then letting n — oo we obtain
b

d 1
o | e r)dr = 4bd (e, b) + —np(t, b) — 4 (t, b)
t 0 27'[

v

1 1
= np(t, b) — 4ui(t, b) = — —P(wy(t, b)) (4.3)
T 2

for all t such that wy(t) = 0. Choose b large enough so that A = —P(w(0, b)) > 0. Since my(t), n(t) are nondecreasing
—P(wy(t,R)) > Aforall t > 0. Suppose that for some T > 0wy (t) = 0 a.e.in (0, T). Integrating (4.3) we get

T b4 b
<—moo + —noo) b > / ui(t, rydr > AT.
X1 X2 0

This shows that wy blows up.

Consider now w a r-solution such that ws, € P~ N Q7. Then there exists s < 1 such that sws, € Py N Q. It follows
that there exists a stationary solution w such that w(c0) = sws.. Note from the scale invariance of the problem that
w*(r) = w(Ar) is also a stationary solution for all A > 0. We may pick A large enough and 1 < k < s~ ! so that w(0) > k™.
Then there exists a r-solution wy; coming from kw” which can be compared to w; see Theorem 1.1. As shown above, Wi,z
blows up so that w also blows up.

We now treat the case wo, € Q. Suppose x1Mmy, > 8. We have that

oem — 4ro,m > &marm.
T

Thus m is a supersolution of the corresponding scalar equation and we can argue as previously. The case xan,, > 8w is
clearly analogous. O

5. Global solutions
We now show that solutions corresponding to the subcritical and critical regions are global. Inequality (5.1) below plays

an essential role in the proof of Theorem 1.3 and is the system version of inequality (2.6) of [1]. The proof is included here
for the reader’s convenience.

Lemma 5.1. Let w = (m, n) be a r-solution of (1.1) and let w, n be defined by (4.1) for w = wy. Then given T > O there exists
C = C(T, ws) > 0 such that

T 1
f / P 4ge < . (5.1)
o Jo r

Proof. Let w, = (my, n;) be a solution of (2.1) as constructed in the proof of Theorem 1.1 and let y, 1, be defined by (4.1)
for w = wy. Then

1
Bt — AT + 1/K) Dy = Enﬁ- (5.2)

We have that
1 1
/ (r+ 1/k) log(r + 1/k)0pr i = / W0 ((r + 1/k) log(r + 1/k))
0 0
— (r + 1/k) log(r -+ 1/k) 3 pui |g +(1 4 log(r -+ 1/k)) i |

B
= [ = o 1010 4+ 17108013 +(1 -+ logl1 + 1/RDmece 1)
0

1
= / %Mk + (1 +log(1 + 1/k)) e (t, 1) (5.3)
0

and

1 1
1
/ log(r + l/k)arni = —/ ;77,3 + log(1 + l/k)n,f(t, 1). (5.4)
0 0
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Using (1.11) and (5.2)-(5.4) we get

1

d
— ] 1/k) —
” Oukog(r+ 9] /0

P(wy)

+ (1+ log(1 + 1/k) (e, 1) > log(1 + 1/k)nA(t, 1).

Integrating in time and letting k — oo (5.1) follows easily. O

The following lemma will also be useful.

Lemma5.2. Let T > Oandlet f : (0,T) x (0, 1) — R be a measurable nonnegative function such that

T 1 1
/o /o Ff(t,r)drdt<oo. (5.5)

Thenf(t,r) — 0asr — Ofora.a.t € (0,T).

Proof. LetA = {t € (0, T), lim,_of(t,r) = 0} and B = (0, T) C A. We argue by contradiction and assume that @« (B) > 0,
where p is the usual Lebesgue measure. Given n € N, set

B, = {t € B, Ar,(t) > Osuchthatf(t,r) > 1/nin V,(t) := (0, ry(t))}.
Then B, C B, and
B= U B,
neN

so that w(By;) > 0 for some m. Thus

/ / fdrdt</ / —f(t, r)ydrdt < oo.
V(e

This is clearly a contradiction.

Proof of Theorem 1.3. We recall that if ws, € Py N O then there exists a stationary solution w such that w(c0) = we;
see Section 2.
Suppose first that we, € P™ N Q™. Assuming without loss of generality that x; < x set

m n
f(m) = 87— + 87 —= — (M + Nso)?.
X1 X2

Then f(my) = P(ws) > 0. Furthermore,

8w 1 2
fl—)=8mne|——-=)-n% <0
X1 X2 X1

so that there exists m’ € (M, 87 x; 1y such that f(m’) = 0 so that (m’, ns) € Py N Q. We can then clearly choose
Woo = (Moo, Mloo) € PoN QT such that me, < Moy < M’ and ns < fise. Consider a stationary solution & = (f, f1) satisfying

W(00) = Wee > Weo. (5.6)

Recall that w*(r) = w(Ar) is also a stationary solution for all A > 0. Using (1.8) and (5.6) we may choose A large enough
so that wy < @*. It is easy to see that w” is a supersolution of (2.11). It follows then from Remark 2.4 that w < @*. Since
w* has finite derivative at zero, we conclude that w is a global solution.

Consider next the critical case ws, € Py N Q*. We have that w(t, 1) < wy forallt > 0,r > 0and so w(t,r) € P*.1It
follows from Lemmas 5.1 and 5.2 that P(w(t, r)) — 0asr — Ofora.a.t > 0.But then either w(t, 0) = 0 or w(t, 0) = wy
a.e.in t. The second alternative cannot hold. Indeed, define z(t, r) as the solution of

0z —4ropz =22 +nudz in(0,T+1) % (1,2),
T

z(1,t) =z(2,t) = My in(0, T+ 1),
z(0, 1) = mo(r) in (1, 2).

Then the strong maximum principle ensures that z(T,r) < my forr € (1, 2), so that my (T, 1) < z(t,r) < My. We
conclude that w(t, 0) = 0 a.e., i.e., the solution is global. An analogous but simpler argument can be used to show that if the
region P N Qg solutions are global. O
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6. Self-similar asymptotics

We now show that global solutions are asymptotically self-similar as described in Theorem 1.4. As observed in the proof
of Theorem 1.3, when we, € P* N Q7 there exists a stationary solution w such that @ > wg. In this case uniqueness of
solutions holds, see Theorem 1.1, so that the semigroup S(t) associated to (1.1) is well defined. Consider also the dilation
d*w(r) = w(ir) for w € (C[0, 00))? and A > 0. Then the scale invariance of the problem means that

d*s(rt) = S(t)d* (6.1)
for all A > 0. Let us first discuss the existence of a self-similar solution.

Proposition 6.1. There exists a self-similar solution w of (1.1) such that w(t,0) = 0 forallt > 0.

Proof. Let wy satisfy (1.8) and w., € P* N Q™. Note that d*wy is nondecreasing in A so that S(t)d*wy is also nondecreasing
in A. Define w(t) such that S(t)d*wy 7 w(t) as A 7 oo. Fix u > 0. Since d** = d*d*, from (6.1) we get

w(t) = llirgo S(t)d we = klirrolo d*S(Awg = A12120 d*S(Apt)wo
=g~ Jlim d*S(rut)wy = d* AIL“SO S(ut)d*wy = d*i(ut).
Thus w is self-similar, i.e., w(ut, ur) = w(t, r). Defining the profile h of w by h(y) = w(1, y), we have
w(t,r) = h(r/t). (6.2)

Well-known arguments relying upon parabolic regularity ensure that @ solves (1.1). Moreover, since w > d'w = w we see
that w(t,r) — ws ast — oo forall t > 0. It remains to show that @w(t, 0) = 0 for t > 0. But (5.1) holds for d*w with
C independent of A. Using Fatou’s lemma we conclude that (5.1) also holds for w. Thus w(t, 0) = 0 a.e. in t. Using (6.2) we
see that in fact w(t, 0) = Oforallt. O

We next prove the uniqueness of the self-similar solution.

Proposition 6.2. The solution obtained in Proposition 6.1 is unique.

Proof. Suppose w(t,r) = h(y) = (f(¥), g(¥)), wherey = r/t, is a self-similar solution of (1.1) such that h(0) = 0.1t follows
from (1.1) that

4f”+f/+£ <@+g(y)>f/=0

T \y y ’ 6.3
4g/,+g/+£(@+g(y))g,zo (63)
ym \ Yy y
We complete the proof in four steps.

Step 1—We show f’(0) and g’(0) are finite.
It is easy to see from (6.3) that f and g must be nondecreasing and concave. In particular, f(y)/y and g(y)/y are
nonincreasing functions, so it holds that

frar+ X <@+@)ﬂ >0
b4 z z
forz < y. Hence

@ <f@+4@+2 (@ N @)
T z z

< fO) +4f ) + % (f(%) + gi—”)m» (6.4)

Consider as in [3] the auxiliary function v(y) = f(y) — 4yf’(y). Then (6.3) yields
4
V) =) (—3 +y+ W+ g(y))) .

Therefore, v is decreasing in some interval [0, y]. Moreover, there exists a sequence y, — 0 such that y,f'(y,) — 0,
otherwise f would be unbounded at zero. Thus v(0) = 0 and v(y) < 0 fory < y. Since an analogous argument holds for g,
we may choose y eventually smaller such that fory < y

o £
y y

<4f'(y) and <4g'y).
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Using this we get from (6.4) that

4f'(2) < f() +4f' ) + (f @ +8'@)f W) (6.5)

forz < y < y. Analogously we have

4g'(z) <g(y) +4g'Y) + (f @)+ @)g®). (6.6)
Choose y such that

4

L)+ —g(v) <2.

It follows then from (6.5) and (6.6) that

2@+ & @) <f@) +20) +4F @ + B,
showing that f'(0) and g’(0) are finite.
Step 2—We show that

1
/(moc —f@)dy+ (N —gy)) dy = 7P (weo). (6.7)

Indeed, it follows from (6.3) that

f“+ yg "+ yf+ yg+ ((f+g)2)’=o. (6.8)

Integrating in (O, y) yields
4 4 v 1
T -H+ Zog —g) +/ L) —F@) + =6 —g@) dz+ > ( +£70)
X1 X2 0 X1 X2 2

47 47 Vo b4 1
=—0f-N+—-0g' -9 +/ —#f'(@)+ —2g' @) dz + = (f + &)’ () =0. (6.9)
X1 X2 0 X1 X2 2
We now write (6.9) for y = y, where {y, }nen is a sequence such that y, — o0, y.f'(y») — 0and y,g’(y,) — 0asn — oo.
Then (6.7) is a consequence of monotone convergence, upon letting n — oo.
Step 3—Consider

r ifr < me,
Weo Ifr > my

wo(r) = {
and use it to construct a self-similar solution w as in the proof of Proposition 6.1. Let w be another self-similar solution such
that w(0) = 0. Then

w > w. (6.10)

Indeed, given 7 > 0 we know from Step 1 that d,w(t, 0) is finite. We may then choose A > 0 large enough so that
d*wg > w(r). Therefore, d*w(t) > w(t + t). Hence, w(t) > d*w(t) > w(r + t). Letting r — 0, (6.10) follows.

Step 4—We now conclude. Let h = (f,g), h = (f, g) be the profiles of w, w, respectively, where w and w are as in Step 3.
From (6.10) we have h > h and from (6.7) we obtainh = h. O

Proof of Theorem 1.4. Let wy satisfy (1.8) be such that we, € Pt N QT. We have already observed in the beginning of
this section that in this case there is a unique solution w(t) starting at wg. Moreover, for t > 0S(t)d*wy € C[0, 00),
S(T)d we(0) = 0, S(1)d*wo(00) = Wy and S(z)d*wy ' ws(t) as A — 0 pointwise in [0, 0o), where w; is self-similar.
Under those conditions it is easy to see that in fact

IS(r)d* wo — ws(T)lloc — O (6.11)
as A — oo. Since d*w; (L) = w;(1), using (6.1) and letting A — oo we obtain from (6.11) for T = 1 that

IS wo — ws(O)lloo = 1d"S(E)wo — dws(t)lloo = IS(1d wo — ws(D]loc — O.
This proves (1.21). O
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