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1. Introduction and preliminary results

In the developing Stein’s method for Variance-Gamma distributions, Gaunt [5] required simple bounds,
in terms of modified Bessel functions, for the integrals

x o0

/ P11, (t)dt  and / PHYEK (1) dt,
0 x

where x > 0, v > —1/2 and —1 < 8 < 1. Closed form expressions for these integrals, in terms of modified
Bessel functions and the modified Struve function L, (z), do in fact exist for the case § = 0. For z € C
and v € C, let .%,(2) denote I,(2), ™K, (z) or any linear combination of these functions, in which the
coefficients are independent of v and z. From formula 10.43.2 of Olver et al. [13] we have, for v # —1/2,

/z”,jfl,(z) dz = V/r2" "I (v 4+ 1/2)2(Z, (2)Ly—1(2) — Zo—1(2)Lu(2)). (1.1)

Whilst formula (1.1) holds for complex-valued z and v, throughout this paper we shall restrict our attention
to the case of real-valued z and v. There are no closed form expressions in terms of modified Bessel and
Struve functions in the literature for the integrals for the case S # 0. Moreover, even in the case = 0 the
expression on the right-hand side of formula (1.1) is a complicated expression involving the modified Struve
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function L, (z). This provides the motivation for establishing simple bounds, in terms of modified Bessel
functions, for the integrals defined in the first display.

In this paper we establish, through the use of elementary properties of modified Bessel functions and
straightforward calculations, simple bounds, that involve modified Bessel functions, for the integrals given
in the first display. Our bounds prove to be very useful when applied to calculations that arise in the study
of Stein’s method for Variance-Gamma distributions. We also obtain a monotonicity result and bound for
the modified Bessel function of the second kind K, (z), as well as a simple but remarkably tight lower
bound for Ky(z). These bounds are, again, motivated by the need for such bounds in the study of Stein’s
method for Variance-Gamma distributions. However, the bounds obtained in this paper may also prove to
be useful in other problems related to modified Bessel functions; see, for example, Baricz and Sun [4] in
which inequalities for modified Bessel functions of the first kind were used to obtain lower and upper bounds
for integrals of involving modified Bessel functions of the first kind. Throughout this paper we make use of
some elementary properties of modified Bessel functions and these are stated in Appendix A.

2. Inequalities for integrals involving modified Bessel functions

Before presenting our first result concerning inequalities for integrals of modified Bessel functions, we
introduce some notation for the repeated integral of the function e’*x*I,(z), which will be used in the
following theorem. We define

xT

I p,0)(x) = e'Bxx”Il,(x), Iy gngny(z) = /I(u,ﬂ,n) (y)dy, n=0,1,2,3,.... (2.1)
0

With this notation we have:

Theorem 2.1. Let 0 < v < 1, then the following inequalities hold for all x >0

x

/t”],,(t) dt > 2" I,41(x), v> -1, (2.2)
0
/t”]l,(t) dt < 2”1, (z), v>1/2, (2.3)
0
I(V707n+1)(33> < I(V,O,n) (ac), v > 1/2, (2.4)
1 "
I(l,y_%n)(x) < WQ_W‘LI(MO,H) (1’), v > ]./27 n = 0, ]., 2, ey (25)
-7
f 2( 0
v+n—+
vI ey g —1/2 > 2.
/t pinlt)dt < B, @), v 12, 020, (2.6)
0
o2k,
I(y,O,n)(x) < {kl_Il 2V+k‘ }SE u+n(x)7 VZO, n:1a2733~'~a (27)

v+ k

1 Y 2v+ 2k
I, —ymy(x) < { H vt }e“"’”az”[wm(a:), v>1/2, n=1,23,....
k=1



R.E. Gaunt / J. Math. Anal. Appl. 420 (2014) 373-386 375

Proof. (i) From the differentiation formula (A.12) we have that

x x x

1 1
/t”Iy(t) dt :/gt”HL,(t) dt > E/t”“[u(t) dt = 21,1 (x),

0 0 0

since by (A.2) we have lim, o2, 11(z) =0 for v > —1.
(ii) Using inequality (A.7) and then applying (A.12) we get

T x

/ I (1) dt < / WL, 1 (1) dt = 2" I, (x).

0 0

(iii) From inequality (2.3), we have

Tw0,0) () < L0,0)(2).

Integrating both sides of the above display n times with respect to = yields the desired inequality.
(iv) We prove the result by induction on n. The result is trivially true for n = 0. Suppose the result is
true for n = k. From the inductive hypothesis we have

T €T

1 _
I(u,—'y,k-i-l)(x) = /I(v,—’y,k) (t) dt < W /e ’Yt.[(u707k) (t) dt. (28)
0 0

Integration by parts and inequality (2.4) gives

x

/eﬂtf(y,o,k) (t)dt = e "I, 0,k11)(2) +7/eﬂtf(y,o7k+1)(t) de
0

0
< e_'yxl(wo,k_;'_l)(fﬂ) + ’Y/e_’ytl(l,,oyk) (t) dt.
0

Rearranging we obtain

x

1
/ei’ytf(,,’o’k) (t)dt < 1

0

e L (,0,k+1) (@),

and substituting into (2.8) gives

1 -
I(,,’,%;Hl)(x) < We K I(u,O,kJrl)(x)'

Hence the result has been proved by induction.
(v) From the differentiation formula (A.12) and identity (A.10) we get that

d

d
5 (t”I,,+n+1(t)) =5 (t—(n+1) . ty+n+lju+n+1(t>)

= "L (t) = (n+ D) g (2)
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n+1 n+1
— "I, (t _
2w +n+1) +()+2(1/+n+1)
2v+n+1 n+1

= — "I, (¢ — "I, a(t).
2(1/+n+1) +()+2(1/+n+1) ++2()

tyIV-i-n(t) - tyll/+n+2(t)

Integrating both sides over (0,x), applying the fundamental theorem of calculus and rearranging give

x x

2v+n+1) n+1

t’1I, t)dt = ——— 22", - [ VI, t) dt.
[t nae =2 e @) - 2 [t

0 0

The result now follows from the fact that I, (z) > 0 for > 0 and by the positivity of the integral.
(vi) From inequality (2.6) we have

2w+1) ,

I(V70’1) (IE) = /tVIy(t) dt < mz y+1(£lf),
0

and

x

I(y,0,2) () :/I(wO,l)(t) dt
0

2v+1) [

tVL, t)dt
2VH/ ()
0

2w+1)2(wv+2) ,
w1l 2w+t "

V+2($C).

Iterating gives the result.
(vii) This follows from inequalities (2.5) and (2.7). O

We now state a simple lemma (which is a special case of Lemma 2.4 of Ismail and Muldoon [9]), that
gives a monotonicity result for the ratio KK“;(IX) The lemma has an immediate corollary, which we will
make use of in the proof of our next theorem.

Lemma 2.2. Suppose x > 0, then the function KI”(;(IQE;:) is strictly monotone increasing for v > 1/2, is

constant for v =1/2, and is strictly monotone decreasing for v < 1/2.

Corollary 2.3. For v > 1/2 and o > 1 the equation K, (z) = aK,_1(x) has one root in the region x > 0.
Proof. From the asymptotic formulas (A.3) and (A.5), it follows that for v > 1/2,

thV*—l(x) =0, and lim M
z0 K, (z)

=1.
T—00 KV(,’I,‘)

Since KI';:ES) is strictly monotone increasing on (0,00), it follows that for o > 1 the equation K,(z) =

aK,_1(z) (ie. KK“:—(IS) = 1) has one root in the region z > 0. O

As an aside, we note that Lemma 2.3 allows us to easily establish an inequality for the Turdnian A, (x) =
K2%(z) — K,_1(x)K,+1(x) (for more details on the Turdnian A, (x) see Baricz [1]).
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Proposition 2.4. Suppose x > 0, then A, (x) < A,_1(x) for v > 1/2, Ayja(x) = A_i/2(x), and A, (x) >

A,_1(z) forv < 1/2.

Proof. By the quotient rule and differentiation formula (A.14), we have

dz \ K, (z) 2K2(x)
_ K} (@) - Kya (@)K, (2) — (K7 (x) — Ky (2) Kypa (2))
2K2(x)
_Ayi(@) = A(2)
2K3(x)
K,_1(x)

d (KH(:@) (K@) + Kyoa(@) Ky (@) — (Kyia (@) + Ky (@) Ky ()

Since, by Lemma 2.3, the function =% @ is strictly monotone increasing for v > 1/2, is constant for

v =1/2, and is strictly monotone decreasing for v < 1/2, the result follows. O

With the aid of Corollary 2.3 and standard properties of the modified Bessel function K, (z), we can

prove at the following theorem.

Theorem 2.5. Let —1 < § < 1, then for all x > 0 the following inequalities hold

o0
/ VK, (#)dt < 2" Ky (z), vER,

x

/ VK, dt < 2" Ko (z), v<1/2,

(o}

/eﬁtt"K,,(t) dt <

x

P K (x), v<1/2,

1
15|

/t"KV(t) dt < le’[(u(x), v>1/2,

x

oo

. 20/l (v +1/2) 4.
/eﬂt K, (t)dt < a \_/_62)(”;2}()”)& 'K, (z), v>1/2.

x

Proof. (i) From the differentiation formula (A.13) we have that

/t"KV(t) dt :/;t”“Kl,(t) dt < E/t”“KU(t) dt = 2" K, 41 (),

since, by the asymptotic formula (A.5), lim, s 2* T K, 4 1(7) = 0.
(ii) Using inequality (A.8) and then applying the differentiation formula (A.13) we have

oo

/ K, () dt < / K, (t)dt = 2" K, (z).

x
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(iii) Now suppose that v < 1/2 and 8 > 0. Using integration by parts and the differentiation formula
A.13) gives
( g

/eﬁtt”KV(t) dt = —BeB’”w”KV(m) +3 /eﬁtt”Ky,l(t) dt. (2.12)

Applying the inequality (A.8) and rearranging gives

17 OOBtV lﬁmu
<5 1)/6 t Ky(t)dt<ﬁe " K, (x).

T

Inequality (2.10) for 8 > 0 now follows on rearranging.
The case § < 0 is simple. Since e°? is a non-increasing function of t when 3 < 0 we have

oo oo 1
/eﬂtt”Kl,(t) dt < eﬁz/t”K,,(t) dt < P2V K, (z) < T |I@)‘e’gl'av"K,,(gc),

where we used inequality (2.9) to obtain the second inequality. Hence inequality (2.10) has been proved.
(iv) The case v = 1/2 is simple. Using (A.1) we may easily integrate t'/2K; o(t):

/tl/2K1/2(t) dt = / \/zet dt = \/ie”” = 22K ;5 ().

It therefore follows that inequality (2.11) holds for v = 1/2 because we have

VAr(1)
[z

where we used the facts that I'(1) =1 and I'(1/2) = /7.
Now suppose v > 1/2. We begin by defining the function u(x) to be

oo

u(x) = Mz" K, (x) — /t”Ku(t) dt,

x

where

VAl +1/2)
M = 0 .

We now show that u(xz) > 0 for all z > 0, which will prove the result. We begin by noting that
lim, o+ u(z) = 0 and lim, o u(z) = 0, which are verified by the following calculations, where we make
use of the asymptotic formula (A.3) and the definite integral formula (A.17).

0 = g G - e

=Val(v+1/2)2"" ' —/rl(v +1/2)2" !
=0,



R.E. Gaunt / J. Math. Anal. Appl. 420 (2014) 373-386 379

and

o0

lim u(z) = lim Mz"K,(z) — lim [ t"K,(t)dt =0,
xr—00 T—00 T—r00

where we used the asymptotic formula (A.5) to obtain the above equality. We may obtain an expression for
the first derivative of u(x) by the use of the differentiation formula (A.13) as follows

u'(z) = 2¥ [Ky(z) — MK, _:1(z)]. (2.13)

In the limit z — 07 we have, by the asymptotic formula (A.3), that

@) a2V (v) & — M2V (jp — 1)) i}, v #£ L
u \xr ~
{21 (v) L + Mloga}, v=1

Since v > |v — 1| for v > 1/2 and lim,_,g+ 2% log 2 = 0, where a > 0, we have
u'(x) ~ 2" 0(v), asx — 0T, for v > 1/2.

Therefore u(x) is initially an increasing function of x. In the limit  — oo we have, by (A.5),

u'(z) ~ (1 - w> gx”_l/Qe_z <0, forv>1/2.

We therefore see that u(z) is a decreasing function of = for large, positive . From the formula (2.13) we
see that z* is a turning point of u(z) if and only if

K, (¢*) = WKM(M. (2.14)

From Corollary 2.3, it follows that Eq. (2.14) has one root for v > 1/2 (for which w > 1).

Putting these results together, we see that u(z) is non-negative at the origin and initially increases until it
reaches it maximum value at *, it then decreases and tends to 0 as  — co. Therefore u(z) is non-negative
for all x > 0 when v > 1/2.

(v) The proof for § < 0 is easy and follows immediately from part (iv), since 1 < W for v >1/2.
e~ * the case v = 1/2 is straightforward, so we also

il
2z

suppose v > 1/2. We make use of a similar argument to the one used in the proof of part (iv). We define

So we suppose § > 0. Again, because K /5(x) =

the function v(z) to be

v(z) = NeP* 2" K, (z) — / AUV K, (1) dt,

x

where

o /ml (v +1/2)

NS ey

We now show that v(z) > 0 for all > 0, which will prove the result. We begin by noting that
lim, o+ v(z) > 0 and lim,_, . v(x) = 0, which are verified by the following calculations, where we make
use of the asymptotic formula (A.3) and the definite integral formula (A.17).
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AT H1/2) [ oo
v(0) = lim Sy K@) - /eﬁ FH ) ot

0

2/ml(v+1/2 1 v -
- (1 \FﬂQ)(ug_/z]/ﬂ(z,) 2 (v) —/eﬂ tY K, (t)dt

o0/ml(wv+1/2) . /°° 5
e — tI" K, (|t]) dt
(1 — B2) 1721 (v) (v) et (| D
_Vrl(v+1/2)2Y  /al'(v+1/2)2"
- (1— /32)y+1/2 o (1-— 52)1"“1/2
and

lim v(z) = lim Ne®®2"K,(z) — lim [ e’V K, (t)dt =0,
xr—r0o0 Tr—r o0 Tr—r o0

x

where we used the asymptotic formula (A.5) to obtain the above equality. We may obtain an expression for
the first derivative of v(x) by the use of the differentiation formula (A.13) as follows

V' (z) = 2" [(1+ NB)K, (z) — NK,_1(z)]. (2.15)

In the limit z — 0% we have, by the asymptotic formula (A.3), that

PV {21 (v)(1 + NB) L + Nlogx}, v=1.

Vv

, {J%%?lnwu+NmaN@Wllnum,h},u¢L
’U(Z')N x T

As in part (iv), we see that v(z) is initially an increasing function of x. In the limit z — oo we have

v'(z) ~ (1-N(1 - ﬂ))\/zx”lﬂe(ﬁl)””, for v > 1/2.
Now, for v > 1/2 and 0 < 8 < 1 we have, by (A.5),

_ 2l +1/2) L L ool (2.16)

N(1-5) I'(v) (1— p2)y—1/2 148 2

Hence, v(z) is a decreasing function of x for large, positive z. From formula (2.15) we see that z* is a
turning point of v(z) if and only if

(14+ NB)K, (z*) = NK,_1(z*). (2.17)

Inequality (2.16) shows that N > 14+ Ng for all v > 1/2 and 0 < 8 < 1. From Corollary 2.3, it follows
that Eq. (2.17) has one root for positive z and therefore v(z) has one maximum which occurs at positive x.
Putting these results together we see that v(z) is positive at the origin and initially increases until it reaches
it maximum value at z*, it then decreases and tends to 0 as  — co. Therefore v(z) is non-negative for all
x > 0 when v > 1/2, which completes the proof. O

Combining the inequalities of Theorems 2.1 and 2.5 and the indefinite integral formula (1.1) we may
obtain lower and upper bounds for the quantity .Z, (z)L,_1(z) — %, —1(2)L,(x). Here is an example:
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Corollary 2.6. Suppose v > —1/2, then for all x > 0 we have

27, (2)
Vvl (v 4+ 1/2)

(v + D'~ (a)
VA1 (v +3/2)°

<Ly (@)Ly-1(z) = L1 (2)Ly (z) <
Proof. From the asymptotic formulas (A.2) and (A.6) for I, (x) and L(x), respectively, we have that

lmi%(m(l,,(ar)L,,_l(x) —I,_1(z)Ly(x))) =0, forv>—1/2.

Therefore, applying the indefinite integral formula (1.1) gives, for v > —1/2,

x

/ 1,00 dt = Va2 T (v + 1/2)a (I (2)Ly 1 (@) — L1 ()L (2)). (2.18)

0
From inequalities (2.2) and (2.6) of Theorem 2.1, we have

y [ 20+1) ,
x IV+1(.T) < /t I,,(t) dt < T—le U+1(.’L’).

0
Substituting this inequality into (2.18) gives

21, (x) < /m2V 0 (v + 1/2)z (1, (x)Ly—1(z) — I,—1(z)L,(z))

2v+1) ,

i1 L ().

The desired inequality now follows from rearranging terms and an application of the standard formula
zl(z)=IT(z+1). O

Remark 2.7. The lower and upper bounds for I,,(x)L,_1(z) — I,—1(z)L,(x) that are given in Corollary 2.6
are simple, but very tight for large v.

3. Inequalities for the modified Bessel function of the second kind

We now present some simple inequalities for the modified Bessel function of the second kind K, (z). The
following theorem establishes an inequality for the modified Bessel function K, (x) that is useful in the study
of Stein’s method for Variance-Gamma distributions (see Gaunt [5]).

Theorem 3.1. Let v > 0 and x > 0, then

1 2" 2K, (z)

—- 3.1
x? 2v=1(v) (3-1)
is a monotone decreasing function of x on (0,00) and satisfies the following inequality
1 V2K, 1
0< ‘ (z) < forz >0, v>1. (3.2)

22 2-I0(y) T 4 —1)

The lower bound is also valid for all v > 0.
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Proof. Applying the differentiation formula (A.14) gives
d/1 2K, ()
de \z2 2v7I'(v)
2 (v — Q)x”_gK,,(x) - %(KV—I(x) + KV—&-l(x))xu_z

=—— - . 3.3
a3 =11 (v) (3:3)
Using (A.11) we may simplify the numerator as follows
1
(v = 2K, (1) — g (Kuor (&) + Ko (2)
1 2
= (V — Q)KU(J}') — §J}<2KV_]_(J/') + %Ky(l‘))
=—aK,_1(x) — 2K, (z).
Hence, (3.3) simplifies to
d /1 2K (2)) _ =2YT(v) + 2" K, (2) 4 227K, (2)
de\z2  2-1I'(v) ) 2v=10(v)a® ’
Thus, proving that (3.1) is monotone decreasing reduces to proving that, for z > 0,
TR, (x) + 227 K, () < 2V T(v). (3.4)

From (A.13) we get that

d d
a(m”“K%l(x) + 22" K, (z)) = a(xQ 2T Ky (2) 4 22V K, ()

= 20K, _1(z) — 2" T K,_s(z) — 22V K, _1(z)
= 2" K, (x)

< 0.

So 1K, _1(x) + 22" K, (x) is a monotone decreasing function of z and from the asymptotic formula (A.3)
we see that its limit as 2 — 07 is lim, o+ (2" K,_1(z) + 22V K, (z)) = 2 - 2*"'"(v) = 2"I'(v). Therefore
(3.4) is proved, and so (3.1) is monotone decreasing on (0, 00). It is therefore bounded above and below its
values in the limits z — oo and « — 0. These are calculated using the asymptotic formulas (A.5) and (A.4)
and are given below:

v—2
lim (1 ST v K”(x)> =0,

z—oo\ 22 2v71(v)
. 1 22K, (z) B 230 (v —1) B 1
oo \22  2-10(w) ) T 271 (w) 4w —1)’

where the first limit holds for all ¥ > 0 and the second limit is valid for all v > 1. This completes the
proof. O

Remark 3.2. Inequality (3.2) of Theorem 3.1 is closely related to some inequalities given by Ismail [8] and
Baricz et al. [3]. Ismail proved that 2V K, (x)e* > 271'(v) for > 0, v > 1/2, and Baricz et al. proved
that v 71K, (z) > 271 I'(v)K;(x) for x > 0, v > 1, which improves on the bound of Ismail for all v > 1.
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From inequality (3.2) we can obtain lower and upper bounds for the quantity =K, (x). The upper bound

is 2" K, () < 2"71I'(v) for z > 0, v > 0, and therefore, for x > 0,
2" IN(v)e™ < VK, (x) < 27T (v), v >0,
which can be improved as follows when v > 1:

2" IP(w)e ™ < 2 M (v)a Ky () < 2K, (x) < 2V 7' T(v).

Finally, we establish a simple, but surprisingly tight, lower bound for the modified Bessel function Ky(x).

Theorem 3.3. Let x > 0, then

Iz +1/2) 2
TE 1) < \/;e Ko(z).

Proof. Formula 10.32.8 of Olver et al. [13] gives the following integral representation of Ky(z):

/ c dt >0
= i .
/ VitZ —1
Setting t = 2u + 1 gives
s e—QJ,u
0/ vu? + u

For u > 0 we have e** —1 =377 1(2”) > 2u + 2u?, and so

e—2zu e —(2z4+1)u
" Ko(x >\/_/ du:\/i/ for x > 0.

U,
VvV1—e~

Making the change of variables y = e~2% gives

V1 —e 2u

\/5 by e*(2m+1)u q 1 ! ) 12 z71/2d
A T _
0/ ﬁo/( y) %y Yy

1
= 5Bz +1/2)
1120z +1/2)
V(e +1)

_ VAl +1/2)
T Ver(z+1)

where B(a, b) is the beta function, and we used the standard formula B(a,b) = FZS?(EF

equality. This completes the proof. O

(b)

Tb)

to obtain the third
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Corollary 3.4. Let x > 0, then

1 2 . 1
\/ﬁ < \/;e Ko(x) < \/E

Proof. The upper bound follows because Ko(z) < Kj/o(x) = (/5. ". The lower bound follows since

2z

F(f:i{)g) > 7z + 75 which we now prove. Examining the proof of Theorem 3.3 we see that
M@+1/2) 2 [ e (etDu .
— = — | ——=du.
I'z+1) VT ) V1 —e 2
0

Now, for u > 0 we have 1 —e™2* =372 (—1)M 15 (2“) < 2u, and so

oo

oo
I'(z+1/2) 1/2 2 [ (et _ 2V2 [ _(aui1pe? _ 1
du NG e dv
™

T(x+1) 71'0 V2u r+1/2

as required. 0O

Remark 3.5. Luke [11] obtained the following bounds for Ky(z):

VT _ 2. 162 + 7
2K, _ore
Se+l " e @) < Terr o)z

Numerical experiments show that the bounds of Luke and our lower bound of Corollary 3.3 are remarkably

accurate for all but very small z, for which the logarithmic singularity of Ko(z) blows up. The lower bound

s@,‘g outperforms our bound lower bound of % for z > 0.394 (3 d.p.), whilst our bound outperforms

for < 0.394 (3 d.p.), and performs considerably better for very small x.
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Appendix A. Elementary of properties of modified Bessel functions

Here we list standard properties of modified Bessel functions that are used throughout this paper. All
these formulas can be found in Olver et al. [13], except for the inequalities and the integration formula
(A.17), which can be found in Gradshetyn and Ryzhik [6].

A.1. Basic properties

The modified Bessel functions I,,(x) and K, () are both regular functions of x. They satisfy the following
simple inequalities

I,(x) >0 forallz >0, forv>—1,
K,(xr) >0 forallz>0, forall v € R.
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A.2. Spherical Bessel functions

Kale) = K ayalo) = 2o (A1)

A.3. Asymptotic expansions

1 AN
I ~— = —1 A2
() F(z/+1)(2> , xl0, v>-—1, (A.2)
lv[—1 —lvl
Ko (z) ~ {2 I(jv)z ;o 20, v#0, (A.3)
—logz, zl0, v=0,
K, (z)~2" ') = 2"y — D2 "™ 210, v>1, (A.4)
K,(x) ~ %eﬂ", T — 00, (A.5)
L 2 )" 10, v>—1/2 (A.6)
@)~ T ral\a) o o - :
A.J. Inequalities
Let > 0, then the following inequalities hold
IL(z)<I,_1(z), v>1/2, (A.7)
K, (z) < K,_1(z), v<1/2, (A.8)
K, () > K,_1(z), v>1/2. (A.9)

We have equality in (A.9) if and only if ¥ = 1/2. The inequalities for K, (z) can be found in Ifantis and
Siafarikas [7], whilst the inequality for I,,(z) can be found in Jones [10] and Nasell [12]. A survey of related

inequalities for modified Bessel functions is given by Baricz [2], and lower and upper bounds for the ratios
I, (x) K, (z)

I,,,l(w KU71($)

and Segura [14].

7 and which improve on inequalities (A.7)-(A.9) are also given in Ifantis and Siafarikas [7]

A.5. Identities

2v

Lya(z) = Iy1(2) = — 1y (2), (A.10)
Kyii(x)=Ky_1(z) + 2x—VKV(m) (A.11)
A.6. Differentiation
%(w”]l,(x)) = oI, 1 (z), (A.12)
%(xVK,,(I)) =—2"K,_1(z), (A.13)

L (E@) = 5 (Ko (0) 4 K1 (0), (A14)
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(f—m(K,,(x)) = K, 1(z) — gK,,(x), (A.15)
;—w(Ky(m)) = —Kya(a) + 2K (e). (A.16)

A.7. Integration
/ eﬁt|t|vK,,(|t|) dt = \/(Elll(l,;,;_)jff)fy, v>-1/2, -1 < <1 (A.17)
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