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dependent system. In particular, we present the sufficient conditions for tumor-free
states. We also determine whether nonconstant positive steady-state solutions (i.e.,

Is(févt‘ﬁ)o;g:j/ pattern a stationary pattern) exist for this coupled reaction-diffusion system when the parameter
Tumor-free of the immunotherapy effect is small. The results indicate that this stationary pattern is
Global attractor driven by diffusion effects. For this study, we employ the comparison principle for parabolic
Leray-Schauder degree systems and the Leray-Schauder degree.

Globally/locally asymptotically stable © 2011 Elsevier Inc. All rights reserved.

1. Introduction

This paper examines a diffusive tumor-immune interaction system with immunotherapy in a spatially inhomogeneous
environment in vivo.

Let u and v be the density of effector cells and that of tumor cells, respectively, and w be the concentration of the cy-
tokine interleukin-2 (IL-2). Then the following mathematical model can be proposed:

uw
ut—dlAu:cv—uzu+L+s1,
14+w

vi—dyAv=v(1 —bv) — 2V
g+v
Wt_d3AW=w—M3W+52 in (0, c0) x £2, (11)
1+v
ou v ow

—=—=—=0 on(0,00) x 382,
av av av
u(0,x) =uog(x), v(0,x) = vo(x), w(0,x) = wo(x) ing2,

where £2 is the bounded domain in R¥ with a smooth boundary 8£2; the coefficients c, b, u;, p;, a and g are all positive
constants; s; are nonnegative constants; and v is the outward unit normal vector on d2. The nonnegative initial functions
ug, vo and wq are not identically zero in 2.

Among other things, immunotherapy is a cancer treatment the use of cytokines and adoptive cellular immunother-
apy (ACI). Cytokines are protein hormones produced mainly by activated T cells (lymphocytes) in cell-mediated immunity.
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Interleukin-2 (IL-2), produced mainly by CD4+T cells, is the main cytokine responsible for lymphocyte activation, growth,
and differentiation. ACI refers to the injection of cultured immune cells that have anti-tumor reactivity into the tumor-
bearing host, which is typically achieved in conjunction with large amounts of IL-2 by using the following two methods:
lymphokine-activated killer cell (LAK) therapy and tumor-infiltrating lymphocyte (TIL) therapy. LAK cells, derived from in
vitro culturing using high concentrations of IL-2 from peripheral blood leukocytes removed from the patient, are injected
back into the cancer site. TIL cells are derived from lymphocytes recovered from the patient’s tumor. These cells, incubated
with high concentrations of IL-2 in vitro and composed of activated NK cells and CTL cells, are injected back into the tumor
site. In this paper, we consider immunotherapy to be ACI (LAK or TIL therapy) and/or IL-2 delivery either separately or in
combination in the interaction site among effector cells, the tumor, and IL-2. Thus, the dynamics of the proposed system
are examined by applying each therapy separately or by applying both therapies simultaneously. In model (1.1), s; indicates
a treatment by an external source of effector cells (e.g., LAK or TIL cells), and s, is a treatment by an external input of
IL-2 into the patient. For more information on immune-tumor models with immunotherapy that depend only on time, the
reader is referred to [2,5,10,15] and the references therein. Adam and Bellemo [1] provided a summary of tumor-immune
dynamics.

Kirschner et al. [8] considered a model describing tumor-immune dynamics together with the feature of IL-2 dynamics.
They used three populations: E(t), activated immune system cells (commonly referred to as effector cells) such as cytotoxic
T-cells, macrophages, and natural killer cells cytotoxic to tumor cells; T(t), tumor cells; and I;(t), the concentration of
IL-2 in the single tumor-site compartment. They proposed a spatially homogeneous predator-prey model describing the
interaction between effector cells, tumor cells, and cytokine (IL-2):

S S LLU

dr — M2 a1, 1,

a _, T — b1y — ET

dr 2 G+ T (PP)
dIL szT

L — sl + 59,

dc o7 m3lp +s2

E(O)=Eo, T =To, I.(0)=I.

For the non-dimensionalized system (PP), we adopt the following scaling:

T T I ~ . C - -
=2, u=E, v=—, w=-, b=bgs, c:ﬁ, u«zzg, p1=&,
T &3 &1 rn r r
~ $1 ~ S2 - M3 ~ a ~ 2 ~ D2
S1=—, S2=—, M3 =-—-—, ad=—, g§=—, pP2=—-—
r 8112 r 8312 83 8112
Then (PP) is converted into the following simple form:
du cv u+ p1uw +s u@) >0
——=cv— ; >0,
dt 2 14+w 1
dv auv
—=v(1—-bv)———, v(0) >0,
dt g+v
dw  pauv
— = — 3w —+s3, w(0)>0.
it - 1tv u3 2 0)

We assume that the diffusion of each population occurs for the tumor-immune interaction system, and thus, we establish
a model for a diffusive tumor-immune interaction system with immunotherapy in a spatially inhomogeneous environ-
ment.

Therefore, model (1.1) is proposed to represent a tumor-immune interaction system with immunotherapy under ho-
mogeneous Neumann boundary conditions. First, we examine the large time behavior of nonnegative equilibria and the
persistence of solutions to the time-dependent system (1.1). In particular, we provide the sufficient conditions for tumor-
free states.

Finally, we present the conditions for the existence of nonconstant positive steady-state solutions to the following time-
independent system when the parameter of the immunotherapy effect is small:

piuw
—d1Au=cv — pou + —— + 1,
1 2 +1+w+1
—dyAv=v(1—-bv)— auv’
pauv gy (1.2)
—d3Aw = — 3w +Ss; in 2,
3 1+v H3W 52
u ov 0w
—=—=—=0 onads2.
v Jdv av

We show that this stationary pattern is driven by diffusion effects.
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The rest of this paper is organized as follows. Section 2 presents the conditions for the existence of all nonnegative
equilibria. Section 3 discusses the large-time behavior of time-dependent solutions, which are the persistence and global
attractor of solutions, and investigates the stability of nonnegative constant solutions. Section 4 examines the existence and
nonexistence of nonconstant positive steady-state solutions to the time-independent system (1.1).

2. Equilibria

We investigate all nonnegative constant solutions to (1.1). In particular, to determine the sufficient conditions for the ex-
istence of a unique positive constant solution, we consider only the case of ©; > p1 because if ©; < p1, then the component
u of the solution to (1.1) may increase exponentially (see Theorem 3.4).

First, note that (1.1) (and thus (1.2)) has the following nonnegative constant solutions which have at least one component
zero:

(a) (0,0,0), if sy =0 and s, =0;
(b) (s1/m2,0,0), if s; >0 and s, =0;

(c) (0,0,52/3), if 51 =0, 52> 0 and ;212 5 uy;

(d) (grilatssl 0,52 if 51> 0, 55 > 0 and papt3 +s2(pa2 — p1) > 0.

The cases (b) and (d) are realistic tumor-free states. On the other hand, (a) and (c) are not realistic because the effector
(or immune) cells do not disappear, although the immune system can be weak. Thus, in the next section, to investigate
the tumor-free states in (1.1), we examine the global stability at the constant steady states provided in the cases (b)
and (d).

We now provide two sufficient conditions that guarantee the existence of a unique positive equilibrium point e, :=
(Uy, Vi, Wy) of (1.1).

Lemma 2.1. If one of the following inequalities

M2 — P1

(i) gc> (1—-bg)s1 and — &>su (PE1)
(ii) gc>s1, “ng>sl<s—2+1> and iy = p (PE2)
"3

hold, then (1.1) has a unique positive constant steady state e..
Proof. (i) First, assume that (PE1) holds. Note that (u,, v, w,) must satisfy the following identities
1
Uy = 5(1 —bvi)(g+vy) i=F(vy),

1 F(vy)v
Wy = —<52 +pz&) = H(vy),
M3 1+ v,
F — 51 —
w, = M2F(vy) —s1 —cvy = G(vy).
S1+CcVi + (P1 — u2)F(vy)

Furthermore, we have v, < 1/b from the first identities (a2 F(v4) —S1 —cVv, >0 and s1 +cvs + (p1 — u2)F(vy) > 0 in G(vy)
because w, >0 and s1 + cvy — U2 F(vy) <81 +cvi 4+ (p1 — 2) F(vy). Denote

H2F(v) —s1 —cv= —%bv2 + (—c+ %(1 —bg)>v + %g—h = A(v),
Ss1+cv+(p1 —u2)F(v) = @bv2 + (c— @(1 —bg))v +51 — @g:: B(v).

Clearly, the second inequality of (PE1) guarantees that A(v) =0 and B(v) =0 have one simple positive root in (0, 1/b),
say vy and vy, respectively. Moreover, v, < v; holds because B(vy) = %(51 +cvy) > 0. Note that H(0) = H(1/b) =s2/u2,
G(v) >0 only in (v, v¢) and that limy_y,4 G(v) = co.

By a simple calculation, we know that

p2/13 P2/13

Hy(v) = (1+V)Z{F(V)+V(1+V)FV(V)}=mH(V)»
_ b2/u3 2 B _ 2p2/M3 =
Hy ) = 2005 A4 VB 0) + v 4 v Fu) = 2] = Z2E ),
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w w
B2y :
H(v) (| H(v)
B, AR
" | B |
\vb e vﬁ\/ v Vp Ut vwb v
(a) When (PE1) holds (b) When (PE2) holds
Fig. 1. Graphs of H(v) and G(v).
Gu(v) = {514 EVFy(v) — cF(v)} = —2 G (w),
(B( ))2 a(B(v))?
Guv(v) = {51+ V) Fyy(VBY) — 2((51 + V) Fy (v) — cF (1)) By (1)} = —PL_T(w),
(3( ))3 a(B(v))3
where

H(v):=—2bv® + (1 —bg — 3b)v?> +2(1 —bg)v + g,
Hw):=—bv® —3bv?> —3bv 41— bg — g,

G(v) ;= —bcv? — 2bsyv + (1 — bg)s; — cg,

M2 — p1 M2 — D1
a

Cv):==—Elp2cv3 +3 b?s MZ P1
a a

3b(cg —

(1—bg)s1)v — bs?

- {(1 —bg)c— @(bgﬁ a —bg)z)}s1 +cg<c— @(1 —bg)).

Then ﬁ(v) = 0 has only one simple positive root in (0, 1/b), say vy, because g > 0, and ﬁv(v) have critical points at v =—1
and %. If 1 —bg — g<0, then ﬁ(v) <0in (0,1/b), and if 1 —bg — g > 0, then H(v) =0 has only one positive root in

(0, 1/b). Further, the root is located in (0, vy) since

2(1+ V) Fy (v) + vi(1 + V)2 Fyy (v§) = 2F(v§) = (2Fy (v) + Vi Fyy (vp)) (1 + vp)?

2
= E(] —bg —3bvy) <0

is derived from the fact that 3b < vt and F(vy) = —vi(1+vy)Fy(vy). Thus, H(v) is strictly increased in (0, vy) and strictly
decreased in (vy, 1/b). In addition, H(v) is concave down in (0, 1/b) or has only one inflection point in (0, v}).
On the other hand, because of the first inequality of (PE1), G(v) <O in (0, 1/b). When the constant term of G(v) is

nonnegative, it is clear that E(V) > 0 in (vp, v4). Note that

—c+ B22PL(1 — bg)
Mz;ﬂl 2b

vy > V)=
since B(v}) <0, and thus,

(1-bg) +

By (vy) =c — (2 — p1)Fy(vy) = ¢ — @

With this result, we determine that

(s14 Vb)) Fyy (V) B(vy) — 2((s1 4 cVp) Fy (V) — CF(v5)) By (V1)

= —2((s1 4+ cVs)Fy(vs) — CF(v5))By(v5) = —=2G(vp) By (v5) > 0

since E(Vb) < 0. Thus, even when the constant term of 6(\/) is negative, a(v) >0 in (vy, v4) because 6V(v) > 0. Therefore,

G(v) strictly decreases and is concave up in (vy, v3).

K2 =Py, ~ 0.
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From the above, it is clear that H(v) and G(v) meet at only one point in (v, vy), say v = v, (see Fig. 1(a)). Thus,
w, = H(vy) = G(vy4) and u, = F(vy4) can be found. Consequently, (1.1) has only one positive constant solution un-
der (PE1).

(ii) In the case of wp = p1, B(v) =s1 +cv >0 in (0, 1/b). Note that the first inequality of (PE2) yields gc > (1 — bg)sy
and that the second inequality of (PE2) implies pyg/a > s and G(0) > H(0). Moreover, E(V) is independent of v and is
positive under the first inequality of (PE2). Thus, as in the case above, we see that if (PE2) holds, then (1.1) has only one
positive constant solution (see Fig. 1(b)). O

When s; =0 in (PE1) and (PE2), (1.1) has a unique positive constant solution if only wy > p; is provided.
We now present simple relations among u,, v, and w,, which are used in the subsequent section to determine the local
stability at the positive constant steady state and the emergence of a stationary pattern.

Lemma 2.2. Assume that (PE1) holds for the existence of a positive constant solution e,. Then we have the following:

P1Ws ) Pille D2V«

() M3(M2— TTw. ) Trwrlev,

(ii) Ifeither bg > 1 or

2b 1—-b + H(e
c< (F( g)ﬂz (,uzl bp1) (25°) s1> and bg <1 (2.1)
1—-bg 2b H(Tg) +1
holds, then
au,
b+ ———<0
(g + vi)?
(iii) If
2b 1-b + H(52
c> T bg <F< 55 g),uz (,uzl bg;) ]( ) s1> and bg <1, (2.2)
- H( +
then
au
4+ — >0
(g+ Vy)?
(iv) If
1 — H(v
c< L (Fw )Mz+(,u2 p1)H(vy) “s). (2.3)
Vi H(vi)+1
then Hy (v4) <0.
acv, auly D1 Wy
v +v h— — — > 0.
V) g+ Vs *< (g—i—v*)2><ﬂ2 1+W*>
Proof. (i) Using pfij,v* = U3Wy — S3,
V«3(/L2— P1s )— Pills P2l ZMa(Mz— P1s >— b1 (U3Wy — S2)
T+w.) A+wo2ltv, T+w,) (1+w,)? :
1
= m{uz(uz — pOW2 +2u3(ia — P1)Ws + iaji3 + 152}
*
>0
is derived.
(ii) Note that
b4 au,, — 1—bv, _ 1 —bg—2bv*.
(g+vs) g+ Vs« g+ Vs

First, if bg > 1 is given, then the desired result follows. Next, assume that (2.1) holds. We see that (u; — p1)F( b ) > 59
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from the second condition in (PE1) because bg < 1. If

2b F 1-— bg
ﬁ (K2 —p1) T —S1)

then B( ) <0, and so v, > 1= bg . Thus v, > 1= bg follows from the fact that v, > v,. If

2b 1-bg 2b 1—bg\ 12 + (12 — pH(5E) )
———((u2— p1)F - < F :
1-b (wz Py ( 2b ) s])<c 1—bg<< 2b ) H(SE) +1 o

then B( 2ll)’g) >0 and G(1 bg) (l bg) Thus v, > Tbg is satisfied.

(iii) Since (2.2) yields v, < 528 and G( zbg) < H( ng) the desired assertion follows.
(iv) It is clear that

M2+ (U2 —p)HW)
H(vi) + 1

Thus we consider the following two cases:

(U2 —p1) <

(@) c< V—T((Mz —p1)F(vy) —s1),

(B) (2 = POF (V) = 51) < € < ik (Fvp MEHGRERORlD gy,

HOp+1

If the case (a) holds, then B(vT) 0. Thus vy < vy, which implies the desired result. Moreover, under the case (b), we can
also obtain the same result since vy > v, and G(v4) > H(vy) are satisfied.

(v) Using the fact that py — % = C"’Z:“ and a”*"* =v,(1 —bv,), we have

acvsy Ly (b au, )( DP1Wy )_ acvy Ly (b aus )cv*—i—s]
g+ Vx * (g + V)2 H2 1+ w, _g+V* * (&8 + V)2 Uy

1-b
25{6(1—bv*)+(b— v*)(cv*+51)}
Us g+ vy

Vi
7bcv + 2bs1vy +gc— (1 —bg)s
u*(g—i-v*){ 1Vs+ 8¢ —( 2)s1}

>0

by the first condition given in (PE1). O
When (PE2) holds, we obtain the following results, which are special cases of the above lemma.

Lemma 2.3. Assume that (PE2) holds for the existence of a positive constant solution e,. Then we have the following:

P1Wy ) Py D2Vs
>

i — .
® ’”‘3<“2 T+w.)  A+woZl+v,

(ii) Ifeitherbg > 1 or

2b 1-b
c< <F( g) 1";2 —sl> and bg <1 (2.4)
1—bg 2b JHEEE +1

holds, then
n au, <0
(g+v)?

2b 1-b
c> <F< g) 17122 —51) and bg <1, (2.5)
1—bg 2b H(Tg)+l

(iii) If

then
au,
+——>0
(g+ Vy)?
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(iv) If
( (v T)m 51)» (2.6)
then Hy (v,) <O0.
acvy auy D1Wy
v g+v*+v*(b_(g+v*)2><m_1+w*>>0

Proof. If 11, = pq, then the relations (i)-(iv) come from their corresponding results in Lemma 2.2. Moreover, (v) follows
from the fact that the first inequality of (PE2) yields the first one of (PE1). O

Remark 2.4. Consider the case of 1 > bg. Note that 1 — < vy, Fy(v) <0 and Hy(v) > 0 in the interval [ Zbg, v¢]. Thus we
know that

d (Fv)(u2 + (n2 —p1)HW)) _ BEvW w2 + (2 — p)HW)) — p1F(v)Hy (V)

dv Hwv)+1 (H(v) +1)2

in [12£g v¢]. From this result and the fact that 1 T < vi, we see that (2.3) implies the first inequality of (2.1). Thus if (PE1)
and (2.3) hold, then the results (i), (ii), (iv) and (v) in Lemma 2.2 are obtained. Similarly, (PE2) and (2.6) imply the results
(i), (ii), (iv) and (v) in Lemma 2.3.

3. The large time behavior: Stability and tumor-free states

In this section, we examine the persistence property and the global attractor for solutions to (1.1). In addition, we provide
some sufficient conditions for the stability of nonnegative constant solutions to (1.1). For this, we use mainly the comparison
principle, which is frequently used in examining the large-time behavior of time-dependent solutions (for example, see
[21,22]).

Theorem 3.1. Assume that (4 > p1. Then the nonnegative solution (u, v, w) to (1.1) satisfies

c/b+s
tlim supu(t,x) < g, lim sup v(t, x) <
—

1 c/b+s
- lim sup w(t, x) < (p /s +Sz). (3.1)
o0 § I,Lz—pl t—o0 § b t—o00 I,L3

M2 — P1

Proof. The second result in (3.1) follows easily from the comparison principle for the parabolic problem [18,20] since

v(l —bv) — ag+v <v(1 —bv) in [0, 00) x £2. Thus, for any positive constant €1, there exists t1 € (0, o0) such that v(t, x) <
1/b + €1 in [t1,00) x 2. Using this result, cv — pou + pq T <c(1/b+€1) +5s1 — (U2 — p1)u can be derived in

[t1,00) x £2, and thus, for arbitrary €; > 0, there exists ty € [t1, 00) such that u(t, x) < C/b+51 +€2 in [ty, 00) x £2. In the

sequel, it is easily obtained that for any constant €3, there exists t3 € [t2, 00) such that w(t,x) < (p ;/ZbJr;i +53) + €3 in

[t2, 00) x 2. Therefore, by the arbitrariness of €1, €, and €3, the desired result is obtained. O
The following result provides the sufficient conditions for the persistence property of (1.1).

Theorem 3.2. Assume that (43 — p1)g/a > c/b + s1. Then the nonnegative solution (u, v, w) to (1.1) satisfies

1 b 1 b
lim infu(t,x»—{g(l—gu>+s1}, lim infv(t,x) > (1_3—5/ “1)
e we LB g1z —pn (o0 g b\" gu2-pi

1 c ac/b+s 1 ac/b+s
11m mfw(t X) > |:p2{7<1—7g)+ 1} <1—7g>+52}.
w3 L p2 b g 12— P b g 12— P
Proof. Using (3.1), the proof can be done by using comparison principle (for example, see [9]). O

From the above theorem, we observe that if the antigenicity of tumor (c¢) and immunotherapy (s1) are low, then the
tumor cannot be completely eliminated.

Rergark 3.3. Based on the assumption p1 < w2, consider ﬂle non-treatment case s; =s; =0 in (1.1). If v(t, x) — 0 uniformly
in £2 as t — oo, then u(t, x), w(t, x) — 0 uniformly in £2. As mentioned earlier, although the number of effector cells in
the body can be reduced biologically, they cannot be completely eliminated. In this sense, the derivation that u(t,x) — 0
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uniformly in 2 is highly unrealistic. Thus, in the non-treatment case, (1.1) does not allow for the complete clearance of the
tumor.

Theorem 3.4. Assume that s, > % > 0 and s1 = 0. Then for the nonnegative solution (u, v, w) of (1.1),
(tirlgou(t,x),tl_i)n;O v(t,x),tirgow(t,x)) =(00,0,55/143) on £2.
Proof. First, note that there exists t1 € (0, o0) such that for any positive constant € < €1 := t(sz — %),
w(t,X) >S3/43 —€ in[ty, 00) x £2, (3.2)
uv

since P27y — M3W +S2 282 — UsW in (0, 00) x £2. Thus, we have

U —diAu=cv — yuu —

piuw ( p1S2/M3 — €

> — u in[ty,o0) x £2,
1+w 1+s2/u3—¢€ MZ) [£1, 00)

ad
o =0 on|t;,00) x 082,
av

u(t1,x) >0 in 2.

It is clear that the constant M(€) := Pisa/is—e M2 is positive by the assumption. So the comparison argument gives that

14s2/u3—€
u(t,x) > U(t) for (t,x) € [t1, 00) x £2, where U(t) is the solution to the following ODE:
Ur=M(e)U,
U(0) =minu(ty,x) > 0.
2
Thus, we obtain
lim u(t,x)=0c0 on 2, (3.3)
t—o00
since U (t) = ming u(t1, x)eM©! — 00 as t — oo. In particular, for a positive constant
- g+1/b
u>— (1+p1— p2), (3.4)

there exists t, € [t1, 00) such that u(ty, x) > in [t2, 00) x £2.
Now consider the parabolic problem:

piuw
Ur—diAu=cv — uu — —— in[ty, 00) x $2,
t—di H2 Trw [t2, 00) x

au
— =0 on/|ty,o0) x 352,
av

u(tz,x) >U in£.

Then by the same argument as above, we have that u(t, x) > ﬁ(t) :=TeMEX for (t,x) € [ta, 00) X Q.
Recall from the second result in (3.1) that for any positive constant € < €, := min{eq, gf—ﬁ‘/b}, there exists t3 € [t3, 00)

such that v(t,x) < 1/b+ € on [t3, 00) x £2. Consider the problem:

3 o dtieM©t y

Ve —day AV = v(] - —bv) in [t3, 00) x £2,
g+1/b+e

ov

— =0 on/[t3,00) x 952,
av

V(t3,x) = v(t3,x) >0 in £2.
Then V (t) := maxg v(t3, x)e "Nt is an upper solution to the above problem, where N(¢) := gH"—/ﬁb% —1. Note that N(¢) >0

because of the assumption and the choice of €. Moreover, v(t,x) < v(t,x) < V(t) for (t,x) € [t3, 00) x £2 since v(1 —bv —

a# <v(l-— % — bv) holds in [t3, 00) x £2. Thus, since V (t) — 0 as t — 0, we have
lim v(t,x)=0 on £2. (3.5)
t—o00

Therefore there exists ts € [t3,00) such that v(t,x) < € on [ts,00) x £2. In particular, t4 can be chosen such that
maxg u(ty, x) > U as a result of (3.3). Consider the following problem:
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iy —diAll =ce + (p1 — u2)il  in[tg, 00) x £2,
ot
— =0 on/|tg,00) x 352,

av
U(tg, x) =u(tg,x) >0 in£.

Then it is routine to check that U(t) = Maxg u(t;;,x)e’mé)t is an upper solution to the above problem, where I\N/I(e) =

€c/T + (p1 — p2). Thus u(t, x) < ii(t, x) < U(t) for (¢, x) € [ta, 00) x §2 since cv — pou — BEF <c€ + (p1 — p2)u holds in
[tg, 00) x £2.
Finally, using the above results, we obtain

we —d3Aw 2UV — U3W + S2

<p
<pU®OV () 452 — psw

c ail
(5’5+P1_M2+1—W)f +53 — 3w

= pp maxu(ts, Xx) max v(ts, x)e
Q Q
in [t4, 00) x £2. Note that (3.4) implies e% +p1—pm2+1-— # < 0 for any positive constant € < min{e,, €3}, where €3

is a unique positive solution to ce? /i + (p1 — 2 + 14 (g + 1/b)c/l)e + (p1 — 2 + 1)(g + 1/b) — daii = 0. Thus, one can
choose t5 € [t4, 00) such that

S —
W(t,x) < -2 + € in[ts,00) x 2. (3.6)
"3
Therefore, by using the continuity as € — 0, (3.2), (3.3), (3.5) and (3.6) yield the desired conclusion. 0O

From the results for the above theorem, we observe that the growth of effector cells can become uncontrollable by the
introduction of a large constant source s, (administering a high concentration of IL-2), that is, the tumor can be cleared, but
the growth of effector cells (the immune system) become uncontrollable as the IL-2 concentration reaches a steady-state
value. Thus, the treatment with only IL-2 does not offer a satisfactory outcome.

Theorem 3.5. Assume that p; > p; and s; > (gﬂ/b)’”w;;ﬁz—p”sz. Then the nonnegative solution (u, v, w) to (1.1) satisfies
N S S —
( lim u(t, x), lim v(t, x), lim W(t,x)) = ( 1(13 +52) ,0, —2) on 2.
t—o0 t—00 t—00 Map3 + (U2 — p1)s2 "3

Proof. Let a positive constant € <« 1 be given. In the following, the values of € are not differentiated for convenience. From
(3.1) and (3.2), we know that there exists t; € (0, 00) such that

c/b+sq
M2 — D1
for (t,x) € [t1,00) x §2 and

u(t,x) < + €, v(t,x)<1/b+€ and W(t,X)}W (3.7)

— S —€, ifs 0,
W { 2/ 13 ifs; >
0, if s, =0.
Using this result, we have

—_~

uw w
u[—d1Au=cv—u2u—p1—+s1 >851 — (uz— b1 A>u in [t1, 00) x £2,

1+w 1+W

ou
— =0 on/[t],00) x 052,
av
u(t1,x) >0 inS2.
Thus, by the comparison argument, there exists t; € [t1, 00) such that
s1(1+ W)

ut,x) > ——— -~
M2 + (U2 — p1)W

—€:=M(e) (3.8)

holds in [t2, 00) x 2. In the sequel, the following inequality

M
v<1—bv—i><v<l—&—bv> in[tz,00) x 2
g+v g+1/b+e€



316 W. Ko, . Ahn /J. Math. Anal. Appl. 383 (2011) 307-329

is obtained using the above results. Moreover, note that 1 — giﬁ/'/(lfl - < 0 for sufficiently small € > 0 because of the assump-
tion sq > (g+al/b) “2“3;gi§;p1)52. Thus, by applying the comparison argument again, there exists t3 > t, such that

v(t,x) <€ (3.9

on [t3, 00) x £2. It is clear that (3.9) and the first inequality of (3.7) provide the following inequality:

uv € (c/b+s
p2 W+ 55 < P2 ( / 1
1+€e\ 2 —p1

in [t3, 00) x £2. So one can choose t4 € [t3, 00) such that for (t, x) € [t4, 00) X £2,

+6>+Sz—/L3W

w(t, x) <s2/U3+E€. (3.10)
In turn, we have
S2/U3 +€
cV — U + +51<ce+s1— —p1——————— |u
M2 P1]+W 1 1 (Mz p11+52/M3+€>

in [tg,00) x £2. Thus

)< — 12 tHs) (311)

M2 /3 +s2(2 — p1)

follows in [t4, 00) x £2. Therefore, from (3.8)-(3.11) and the third inequality of (3.7), we have the desired conclusion by
using the continuity as € — 0. O

From the result for the above theorem, we observe that the tumor can be cleared by boosting the immune system
by injecting IL-2. Thus, the cytokine-enhanced immune function plays an important role in the treatment of cancer. This
suggests that a treatment combining ACI (an injection of cultured immune cells that have anti-tumor reactivity into the
tumor bearing host) with IL-2 represents the best method for clearing a tumor.

Corollary 3.6. Assume that uy > p1, S1 > %(g + 1/b) and s, = 0. Then (s1/142, 0, 0) is globally asymptotically stable, that is,
(s1/m2, 0, 0) attracts all positive solutions to (1.1).

We now investigate the local stability of the positive constant solution e, = (u, V4, w,). Before developing our argument,
we establish the following notations.

Notation 3.7.

(i) 0=Ag <A1 < Ay < --- are the eigenvalues of the operator —A on 2 under the homogeneous Neumann boundary
condition.

(ii) m; is the multiplicity of A; for each i.

Theorem 3.8. Assume that (PE1) and (2.3) hold. Then equilibria e, of (1.1) is locally asymptotically stable.

Proof. Note from Remark 2.4 that the results (i), (ii), (iv) and (v) in Lemma 2.2 are satisfied under the assumptions, that is,

)

P1Wx ) D1uy P2V au
> , b+ —5<
T+w,)  A+w)?1+v, (g +v.)?

acvy auy D1Wy
H,(v,) <0, +v (b - =0
v(ve) g+ V. *< (ngv*)2><M2 1+W*>

Moreover, we see from Section 2 that Hy(v,) <0 yields H(v,) = —2bv3 + (1 — bg — 3b)v2 + 2(1 — bg)v, + g < 0. Thus,
au, 1 au, 1—bv, 1—bv,
Vel b — 5 ) — =Vy|b— —
(8+ V) 14+v. g+ v, g+ Vs 1+ v,
_ H(vy)

T gt vo+ve

The linearization of (1.1) at the constant solution e, is expressed by

"3 <M2 -

u; = (DA +Fy(e,))u,
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where u:= (u(t, x), v(t, x), w(t, x))T, Fu) := (cv — pou + B + 51
P1Ws
di 0 0 —H2 + Ty
D:=<0 d> o) and Fy(e,) := —ans Vs
0 0 ds P2V
T+v,

au,
(g+V4)?

) follows using the fact 1 — bv,

317
V(1 =bv) — g%, BB — 3w +52),
P1Ux
¢ Trw,)?
au
b+ (g+v*)2) 0
PaolUs _
(A1vs)? K3

auy

— 2t = 0. It is well known that all

three eigenvalues of the operator DA + Fy(e,) have negative real parts, and thus it is concluded from [7, Theorem 5.1.1] that
e, is locally asymptotically stable. Moreover, from local stability theory, we know that 7 is an eigenvalue of DA + Fy(e,) if
and only if n is an eigenvalue of the matrix —A;D + Fy(e,) for each i > 0. Thus, to examine the local stability at e,, it is
necessary to investigate the characteristic polynomial (for example, see [9,17])

det(nl + 4D — Fu(e)) = 0’ + p10” + B211 + B,

where
)l

B2 = (d1da + dad3 + d1d3)A? + [d1 {M3 + vy (b

]2 2 ) o

acv
+M3V*<b—( >+ =

g+ vy
B3 = didad3A} + {d1d2M3 + d1d3v*(b

pw
1+ w,

s ) + 0
oA -0,
g+ V*)z Hs

au
- )}+dz(,u3+uz—

(g ve)?
au, ' _ p1w
Rreaad || A CREea G

w
+{M3(M2— P1 *)

1+ w,
au D1Wy
———— )+ dads( g2 — Y
(g+v*)2> 23(“2 1+w*)}
P2V

au w u
>+d2{//*3<ﬂ2_ P1 *) P1lsx

*
(g +vi)? T+w,) (A+w)?21+v,
auy )( DP1Wy
M2 —

acv (o e ”)\
V*< (g4 vy)? 1+w*> :
P1Wx > }

+d
3{g+
au P1Ux D2V
+ Vel b — ——— — _
*< (g+v*)2>{m‘(ﬂ2 T+w,) d+woZl+v,
avy N CVy
M3g+v*

*

B1=(d1 +dy+d3)ri + (Mz -

pw
1+ w,
au,
(g +ve)?

}>0,

*

pw
1+ w,

* *

)

*
at,
g+ vy)?

_ D1uy P2V
A+w?2 14 v,

2
i

!

+ [chmw(b

*

*

+ P1ux D2Ux -0
(1 +wy)? (14 vy)? g+ Vy ’

A simple calculation yields g182 — 3 = 1A} + a2A? + a3hi + a4, where

a1 =di(didy +did3) + (d2 + d3)(d1dz + dad3 + d1d3) > 0,
au
o = (d1 + 2dz +d3)(d1 +d3) Vs <b - 7*2) + (2d1 +dz +d3)(d> +d3)(M2 -
(g+vy)
+ (d1 +dy + 2d3)(dy +d2)us3 > 0,

au
a3 =2(d1 +dy +d3)ve|b— ——— —
3=2(dy +d2+d3) ( (g+v*)z){ﬂz TTw.
D1l P2V

piw _
14+ w, A+w? 1+ v,
2
+ (dy +d3) Mz—M +(dy +2dy +d3)ps| u2 —
1+ w,
auly
v (b — )« -
(o= i) [ (e
W
>+{M3(IL2— b1 )

au,
(g4 va)? 14wy
P1ls &{v*(b— au, )_ 1 auly
1T+ w2 1+v, (g+V>k)2 1+veg+vy

*

pw
1+ w,

)

acv

g+v
(g4 vi)?

)]
)

au,
(g+vy)?

|+

D1Wy 2

)

+

+M3}+(d1+d2)< 3

(v

pw
14+ w,
P1 Wy

1+w*>v*<b

b1k D2V«
(I+w)21+v,

|-

*

* 2 auly

*

+(d1+d3){ﬂ3<ﬂz— +v

*

pw
1+ w,

*

)

acvy
g+ vy

d4={M2—

]

+ U3V <b
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Thus, 8182 — B3 > 0 for each i > 0, and so we conclude from the Routh-Hurwitz criterion for each i > 0 that the three roots
of det(nl + A;D — Fy(e,)) = 0 have negative real parts. O

Similarly, if 2 = p1, then the local stability at e, can be obtained, and the proof is omitted.
Theorem 3.9. If (PE2) and (2.6) hold, then the positive constant steady state e, of (1.1) is locally asymptotically stable.

We next investigate the global stability of the positive equilibrium point e, by introducing the following Lyapunov
function:

E(t)=/{%(u—u*)2+(v—v*—v*lnv—)+ (w— w*)}
2

for the solution (u, v, w) to (1.1). Note that E(t) >0 for all t > 0, and thus, if E;(t) <0 can be derived, then we obtain the
desired result from the well-known Lyapunov stability.

Theorem 3.10. Assume that (PE1) holds. Then the positive constant solution e, to (1.1) is globally asymptotically stable if

1 a c/b+ sq
M2>P1+§ c+—+p2+p1— ),
g M2 — P1
1 1 a c/b+s
b>—+—(c+—+ng>, (312)
g 2 g M2 — D1
b+s
M3 == <P2+(P1+P2)/ pl)

Proof. Using (1.1) and integrating by parts, we obtain

dE(t) /[(u — U+ (1 - ﬁ)vt +(w— W*)Wt} dx
Tdr v
2

/[d IVul? +dy ' Ve +ds|Vw| ]dx—l—f(t),
where
~ piuw au
E(t)zf[(u—u*)<CV—Mzu+—+51>+(V—v*)(1—bV— >
1+w g+v
Q
w—w)| —— — Usw—+s dx.
+( *)(1 v U3w + 2)i|
From the definition of e,, it is easy to see that u, < ffff;l and g‘f;* < 1. Using these inequalities, we derive
~ piuw DU Wy au au,
E(t)= u—uy)|cv— + Uoly — +Wwv—-vy)|—-bv— —+bv,+
(®) f|:( *)( 1% T+tw M2Ux l—i—W*) ( *)< 2tV * g+v*>
2

1+v 1+ v,

:/[(u—u*)2< pw>+(u—u*)(v—v*)<c— a )
J 1+ g+v

+(v - v*)2<—b + L) + (V=)W — w*)(L>
(g+v(g+Vv) T+v)A+vy)

B _ P1us p2v _ 2
+ (U —u)(w W*)((l+w)(1+w*)+l+v)+(w wy)“( MB)]dX

2UuvV UyV
+(w— w*)< — paw — P2 *+u3w*>]dx

<f[(u—u*>2(—uz+p1)+|u—u*||v—v*|<c+a/g)+<v—v*>2(—b+1/g)
2



W. Ko, I. Ahn /J. Math. Anal. Appl. 383 (2011) 307-329 319

U — Ul |W — Wa | (P11s 4 P2) + [V = Vil [W — W] (P21t) + (W — w)? (—ju3) | dx
c+a 1 c/b+s
<[[(u—u*)2{—uz+p1+ /g+—<P2+Plg)}
2

2 2 U2 — p1

1 c+a c/b+s
+(V—v*)2<—b+§+ /g+Qg)

2 2 p2—p1
1 c/b+s c/b+s
+(W—W*)2{—M3+—(P2+p1 / 1)4—& / 1”CIX<0-
2 W2 — P1 2 2 — p1

The last inequality follows from assumption (3.12). Thus

%—f(t) < 0 implies the desired assertion. O

The conditions given in (3.12) are satisfied for large b, ;2 and p3. From Theorem 3.1, we know that the densities of u,
v and w can be as low as t — oo if b, ;2 and w3 are large. This means that the solution to (1.1) with large b, wy and us,
is not dropped to the zero and that, in this case, no tumor-free states can be observed.

4. The existence and nonexistence of nonconstant positive steady states

In this section, we discuss the existence and nonexistence of nonconstant positive solutions to (1.2) by using index
theory. To do this, we first obtain the a priori bound for positive solutions to (1.2). The following two lemmas can be found
in [12,14].

Lemma 4.1 (Maximum principle). Suppose that g € C(2 x R). If ¢ € C2(£2) N C1(£2) satisfies

Ap+g(x,¢(x)) =20 ing, g—i’go ond$2 (4.1)

and ¢(xo) = maxg ¢, then g(xo, ¢ (xo)) > 0. Similarly, if the two inequalities in (4.1) are reversed and ¢(xg) = ming ¢, then
g(xo, ¢ (x0)) < 0.

Lemma 4.2 (Harnack inequality). Let ¢ e_C2 (£2) N C1(2) be a positive solution to A¢ + c(x)¢ = 0 in §2 subject to homogeneous
Neumann boundary condition with ¢ € C(£2). Then there exists a positive constant C, = C4(||c|lo0) Such that

max ¢ < C, ming.
2 2

We now estimate the upper bound for positive solutions to (1.2) when @, > p1. For notational convenience, denote the
set of constants, s;, Wi, pi, ¢, b and a by I'.

Theorem 4.3. Let d be a fixed positive constant. If (12 > p1 holds, then there exists a positive constant C(r, d) such that for any d, d>
and ds3 > d, all positive solutions (u, v, w) to (1.2) satisfy

~ 1 .
maxu,maxw < C and maxv< — in£2. (4.2)
2 Q Q

Proof. If 1y > p1, then by directly applying Lemma 4.1 to the equations in (1.2), we obtain

c/b+s 1 1 c/b+s
maxugg, maxv < — and maxwg—(ng—i—sz).
2 M2 — P1 I} b 2 U3 M2 — P1

From this point forward, we assume that @y = py. First, we already know from the maximum principle that maxg v <
1/b. To estimate the upper bound of u and w, we argue by contradiction. Suppose that the first two assertions in (4.2) are
not true. Then there exist sequences (d1 ,d2n,ds ) with d; ; > d, and the corresponding positive solution (up, vp, wy) to
system (1.2) such that maxg v, < 1/b and

Mmaxu, — 00 Of MaxWy — 00 asn — oo. (4.3)
2 2

Note that by applying the maximum principle to the first differential equation in (1.2) and by using the fact that maxg v, <
1/b, we have

(C/b+S1)(1 —|—m§ax wn) > o mgxun. (4.4)
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Thus, if limy_, oo Maxg up = 00, then limy_. o Maxg Wy = oo. Similarly, we can also obtain from the third equation in (1.2)
that

(pz max up + Sz) > [43 MaX Wy, (4.5)
o boi

and thus if limy_, o maxg wy = oo, then lim,_, oo Maxg up = 0o. As a consequence, (4.3) gives that lim,_, oo Maxg Uy = 00
and limy_;, oo Maxg wy = oo.

Let i, = ”uiﬁ and Wy, = HVJ"’W Then ||ltnlloo =1, [Wnlloo = 1, and (i, Vn, Wy) solves
- v u s
—dipAdly =c n_ H2Un ~ 1 ,
lunlloo 1+ IWnllooWn  lltunllco
il
—dy nAvp = vy <1 —bvy —allunlleo +nv >,
lunlleo @ e (40
. Unlloo UnVn . 2 .
—d3 nAWp = p2 — U3Wp + in £2,
T I walleo 14 va " walleo
o av ow
S =—"=-"""—-0 onas.
av av av

From (4.4) and (4.5), it is easy to see that

c/b+s1 ( 1 ]> > lunlloo > U3 8 ’
"2 [Walloo Willoo ~ P2 P2lWalleo

and thus, by passing to a subsequence if necessary, we can assume that W — pB1 for some positive constant 81 since
o0

limp_, oo Maxg Wy = oo. Further, since iy, Wy, Ally, AW, are bounded, by standard regularity results, we may also assume
that d; , — di,i=1,2,3, and ii, — il and Wy, — W weakly in W2P for p > N, where d; € [d, 0], |lii]lec = 1, ||W]leo = 1. SO
applying Sobolev Embedding Theorems [6,20], we see that ii, w € C11%(£2) for some 0 <« < 1 and @i, — ii and W, — W
in C1+*(£2). Also since v, is bounded and satisfies —dy yAv, < vy, vy — ¥ strongly in LP(£2), V € [0, 1/b].

When ds < oo, the third equation to (4.6) gives

Gaw+ wsw=popi— in2. Y _o onse
3 M3W = p2p1 1+ ) PV .
Then by the strong maximum principle [6, Theorem 9.6] and the Hopf boundary lemma [4, Theorem 2.11] for the w2N(2)
solution, w > 0 on £2 since w # 0. When d3 = oo, we have

ow

—Aw=0 in$2, —
av

=0 onads2.

Thus, sinceJWHoo =1, w =1 holds. As a consequence, for any ds > d, we can choose a positive constant 8, such that
w > B on £2. Hence, w,, > f8,/2 for any large n. Using this result for the first equation in (4.6), we know that if d; = oo, U
solves

- . ol
—Au=0 in§2, — =0 onads2,
av

otherwise, i solves

~ . . ol
—diAu=0 in§$2, RZO onds2,

since ||unloo = 00 and ||Wp|leo — o0. In both cases, we have ii =1 on £2. Thus there exists a positive constant 83 such that

iy > B3/2 for any large n. Using this result and maxg vy, < 1/b in the integral identity obtained by integrating the second
equation in (4.6) over £2, we have

iy B3/2
0= 1—bv,— —— )dx < 1-— ——)d 0
/Vn< Vn a||un||oog+vn) X fvn< a||un||oog+1/b> X<
2 2

for large n because ||up|loo — 00 as n — oo, which is a contradiction. O

Note from (4.2) that when puy > py, positive solutions to (1.2) are contained in [C>1*(£2)]® by the regularity theorem
for elliptic equations [6,20].
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Theorem 4.4. Let d be a fixed positive number. Assume that 1o > p1 and that one of the following cases holds:

(i) s1=52=0;
(ii) s;=0and L2g > 51 > 0;
(iii) sy =0and sy > 0;

(iv) s3 > 0 and Hap3+(H2—p1)s2 &

A3+s2 a>51>0.

Then there exists a positive constantf(]“, d) such that, when d1, d», d3 > d, all positive solutions (u, v, w) to (1.2) satisfy u, v, w > C.

Proof. Suppose for the contradiction argument that the result is not true. Then there exists a sequence {(d1,n,d2,n,d3,n)}
such that dq n,d2 5, d3, > d and a corresponding positive solution (un, vp, wy) to (1.2) such that

minu, -0, or minvy, —0, or minw,—0 asn— oo,
2 2 2

and (up, vp, wy) satisfies

P1UunWp . oup
—di AUy =cvy — oy + ——— + 81 in §2, — =0 onadf,
1,nAlUp n — M2Up T+ w, 1 v
au av
—dZnAvn:vn<1—bvn— u ) in2, —2=0 onds, 4.7)
’ g+ vy av
upVv ow
—d3nAWn:p2 L awn+sy in 82, "_0 ondf.
’ 14+ vy av

By integrating the second equation in (4.7) over §2 by parts, we have

0:/vn<1 _ by, — Hn )dx. (4.8)
g+ Vvn
22

Note that || d;—n(l —bv, — aﬁ)“oo < oo can be derived from Theorem 4.3, and thus, by Lemma 4.2, there exists a positive
constant C, such that
max vy < C,min vy. (4.9)
2 2

Let a positive constant € < 1 be given. Although the values of € used below may be different from line to line, they are not
differentiated for convenience.

(i) Assume that ming v, — 0 as n — oo. Then by (4.9), maxg v, — 0 as n — oo. By applying Lemma 4.1 to the third
equation in (4.7), we obtain that maxg wy, — 0 as n — oo since

M3 max wy < pp maxu, maxv, < ppCmaxv, — 0 asn— oo.
2 2 Q 2

Similarly, it follows that maxg u, — 0 as n — oo. However, because

1—bv,— —1 asn— oo,

g+ Vn
(4.8) does not hold.
Assume that ming u, — 0 as n — oo. Then, again by Lemma 4.1,

cminvy < gpminuy, - 0 asn — oo,
Q Q

and thus, the above argument provides a contradiction.
If ming wy, — 0 as n — oo, then Lemma 4.1 yields

ming vy

p2minu, < u3minw, - 0 asn— oo. (4.10)
Q 2

1+ ming vy
Thus, ming uy or ming v, — 0 as n — oo. In all cases, we reach a contradiction.

(ii) By applying Lemma 4.1 to the first equation in (4.7), we have ming u, > s1/u2 for any n, and thus ming u, + 0 as
n — oo. Assume that ming v, — 0 as n — oo. Then maxg v, — 0 as n — oo can be derived as in the case (i). Moreover,
it follows that maxg wy — 0 as n — oo. Thus there exists n; € N such that maxg vy, maxg w, < € for a small positive
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constant € and n > ny. Again, by applying Lemma 4.1 to the first equation in (4.7), we derive

p1Maxg wy
cmaxvy+S1 — | up — ————— | maxu, > 0.
el 1+ maxg wp o

In particular, for n > ny, it follows that

D1€
ce+5851 — — —— Jmaxu, =0,
+ 51 (MZ 1+6) dAtn

Q
and thus,
Cce + 51
— e > maxu, forn>=ng.
M2 — 1re

Using the above results and the assumption %g > s1, we have the following

au a a ce+sq
1—bv,— L 21—bmngn——m_axun>1—be———p1€>0 forn>n;y.
g+ vy Q g 2 8 M2 — 11

This leads to a contradiction to (4.8). Now assume that ming w;, — 0 as n — oc. Then by applying Lemma 4.1 to the third
differential equation in (4.7), we have (4.10). Thus, ming v, — 0 as n — oo because ming u, > s1/u> for any n. Once again,
the above argument provides an obvious contradiction.

(iii) In this case, note that ming wy > s3/u3 for any n > 1. Its proof is very similar to that for the above cases, and thus,
it is omitted.

(iv) Since s; > 0 and s, > 0, it is easy to see that ming u, > s1/u2 and ming wy, > s3/u3 for any n > 1. Now assume
that ming v, — 0 as n — oo. Then we know from (4.9) that maxg v, — 0 as n — oo and that there exists n; € N such that
maxg vy < € for a small positive constant € and n > np. Applying this result and Lemma 4.1 to the third equation in (4.7),
we have that

maxg Up MaXg Vi

M3 max wy < p2 +s2 <€+
2

1+ maxg vp

for n > ny. Furthermore, by applying Lemma 4.1 to the first equation in (4.7) and then using the above results, we find that

1 MaXs w
Ogcm_axvn_i_sl — (/-’l’z_ p—9n>
2

€+S
maxu, <ce+Ss1— | u2 — M maxup
1+ maxg wy o Q

2 us+s2+e/) @

for n > ny,. Thus for large n,

max u, < S1(ks +52) + €. (411)

2 M2 3 + (U2 — P1)S2

Similarly, we derive

ming w
O>Cm_invn+sl — <I’L2 — M)
2

. DP152 .
- minuy =281 — | tp — —— | minu,
1+mingwy/ @ 9]

Q u3+s2

for large n such that

S S
minuy, > 1(3 +52) .
2 M3 + (U2 — p1)s2
Synthetically, from (4.11) and (4.12), we have

(412)

s1(u3 +$2)
M2 i3 + (U2 — Pp1)s2

uniformly in £2 as n — co. Then by the assumption W% > s1,

_a s1(u3 +s2)

—
g+ n g a3 + (U2 — P1)s2
as n — oo. Hence, this result implies that (4.8) does not hold for large n, which is a contradiction. O

1—bvy,—a

We now present the result for the nonexistence of nonconstant positive solutions to system (1.2). In this result, the
diffusion coefficients play important roles.
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Theorem 4.5. Assume that [ > p1.

(i) There exists a positive constant d; = dq(I", £2) such that (1.2) has no positive nonconstant solution if d; > dq, dor; > 1+ %
andd3l > —pu3 + %

(ii) There exists a positive constant d, = dy(I", 2) such that (1.2) has no positive nonconstant solution if dy > da, dii1 > —p2 +
¢ ¢ ¢
f_JlrE+pl 2+Pz andd3)q>—,u37+ P172+P2. )
(iii) Thgre exists a positive constant ds = d3 (I, §2) such that (1.2) has no positive nonconstant solution if d3 > ds, diA1 > —2 +

p1C ct+a/g c+a/g
ﬁf-}—TanddzA] >1—|—T.

Proof. We now prove only the case (i). Let ¢ = ﬁ fQ ¢ dx for ¢ e L1(£2). Multiplying (u — i), (v — V) and (w — W) to the
first, second and third equation in (1.2), respectively, and then integrating over §2, we have

/d1|VU|2+d2IVV|2+d3|VW|2dX
2

—/ u—u)lcv u+p1uw + 51 —CcvV+ uau pruw S
= M2 1+ 1 M2 W 1
Q

w 1

auv auv
-V 1-bv)— — —v(1->bv
+ (v V)<V( v) gtV v( V)+g+ )

_( pauv pauv _
+(w—w)<1+v—M3w+52—1+—‘7+,u3w—52>}dx
- (- piw VN P A 21— sy st
_([[(u u)( M2+1+W)+(u u)(v v)<c g+v>+(v V) (1 b(v+v) (g+v)(g+17)>
_ _ p1l pav
+(”_”)(W_W)<(1+w)(1+v—v)+1+v)
— v — W 7p2ﬁ __2_
+ (v —v)(w w)<(1+v)(1+‘7)>+(w w)“( ug)]dx. (4.13)

Using (4.2), the last integral in (4.13) is less than or equal to the following
72 piC - - 5
u—w\—p2+—=|)+Ilv-viu-tulc+a/g)+ -V
1+C
Q
+u—alw — W|(p1C + p2) + [v = V||w — W|paC + (w — W)z(—us)]dx

_ piC c+a/g  piC+p:
<[ |w—w?( - =
/[( u)<M2+1+C+ 2¢ + 2¢
2

2 2 2 2

where € is an arbitrary positive constant.
By the well-known Poincaré inequality, we see that

_ c+a e _ C+ ¢
+(v—v)2(1+ /ge+pi>+(W—w)2(—u3+ue+pi)]dx,

[d1|Vu|2 +da| Vv [? +d3| Vw | dx >fdm(u —0)? +dar (v = V)* +d3ha (W — W)*.
Q Q

One can choose sufficiently small € such that

c+a/g pZE

6—
7 ot

Mdy >1+

and

C+ C
Ads > —ps3 + %604‘ %
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are satisfied from the given assumptions. By taking

. piC  c+a/g  piC+ps
= - + :
1+C 2¢p 2¢€p

we conclude that u =i, v=v and w = w, which completes the proof. O

In the next theorem, we provide the conditions for the nonexistence of nonconstant steady states, which can be occurred
even when only one or two diffusion coefficients (including d,) are large. Note that this result can be also proved by using
the implicit function theorem method in [3, Theorem 4].

Theorem 4.6. Let d be a fixed positive number. Assume that (PE1) or (PE2) holds and that the assumptions in Theorem 4.4 are satisfied.

(i) There exists dy 3 = dy 3(d, I', £2) such that (1.2) has no nonconstant positive solution if d; > d and da, d3 > da 3.
(ii) There exists dq 2 =dj2(d, I', §2) such that (1.2) has no nonconstant positive solution ifd3 > d and d1,dz > dj ».
(iii) There exists d» =dy(d, I', §2) such that (1.2) has no nonconstant positive solution if dy, d3 > d and d > d5.

Proof. We use a contradiction argument to obtain the desired result. Suppose that there exist a sequence (di ,,d2n,d3n)
and a nonconstant positive solution (uy, vp, wy) to (1.2), where (d1,d2, d3) = (d1,n, d2.n, d3.n)-

(i) Due to Theorem 4.5, it suffices to assume that (din,d2n,d3 ) — (&1,00, o) for di € (0, 00). Further, we assume
from Theorem 4.3 and Theorem 4.4 that there exists a subsequence of {(un, vy, wy)} (still denoted by itself) such that
(Un, Vn, Wp) — (11, V, W) in [C2(§)]3, where V, W are positive constants and i is a positive function in C2(§). Note that
(u, V, W) solves

puWw
1+W

/(1—bV— au >dx=0,
gtV (4.14)
2

pauV
— usW dx=0.
/<1+V M3 +Sz> X
2
— (V4s)A+W)

If the given assumption (PE1) (or (PE2)) holds, then it is easy to see from the first equation in (4.14) that u 1L FGa—pIW
a positive constant. Thus, (4.14) yields that ii = F(V), W = H(V) and W = G (V). Further, from the given assumption (PE1)
(or (PE2)), we have (i, V, W) = (uy, V4, W,). Hence (up, vn, wy) converge uniformly to the positive constant steady state e,
by passing to a subsequence if necessary.

We now assert that (up, vp, Wp) = (Uy, V4, W) for all n to get a contradiction. Clearly, (up, vn, wy) satisfies (4.13) with
(d1,da,d3) = (d1.n, d2.n, d3.n). From the above arguments, we see that —uy + f}r‘x’; — —U2+ ﬂ"v‘(/’; < 0 uniformly as n — oo.
Here and henceforth, we denote by C various positive constants that depend only on I". By applying Young’s inequality
to (4.13), we obtain that for 0 <€ « 1,

- - . ot
—d1Au=cV — i + +5s1 in$2, 8_v=0 on a2,

/ d1.n|Vug|® +don|Vvn|? +d3 0| Vwn|? dx
2

w _ C _ C _
< / (—Mz T LA cE)(un — T2+ = (Vi — V) + = (Wy — W) dx. (4.15)
14+ wy € €
2

Note that we can choose € < (4 — %)/C. Thus, by letting dy », d3 ., — oo in (4.15), we see that Vu, =0 for large n. In
turn, for all large n, Vv, =0 and Vw, = 0. Hence u,, v,, and w, are all positive constants. In particular, (un, vp, wp) = e,
for all large n.

(ii) The desired assertion can be established similarly to that in (i).

(iii) By virtue of Theorem 4.5 and the previous cases, we assume only that (dqn,d2n,d3n) — (El], OO,a3) for di, fig €
(0, 00) and that as in case (i), there exists a subsequence of {(un, vn, Wn)} such that (up, va, wp) — (@, V, W) in [C2(£2)]3,
where V is a positive constant and ii, W are positive functions in C2(§2). Moreover, (ii, V, W) solves
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~ - piuw . ou
—diAu=cV — pau + — +5s1 in$2, — =0 onads,
1+w av
aul
Q
Gaw=P L iis, ne. Yoo onoe
3 “1txv M3 2 ) O .

Let maxg ii(x) = i(x1) and maxg W(x) = W(xz). Then, by applying Lemma 4.1 to the first and third equations in (4.16), we
obtain

cV4s1>(m —pM i(x;) and p ﬁ(XZ)V—i—s > U3W(x2)
12| K2 ]1+W(x1) 1 Y 2 2 W3w(Xx2),
which respectively imply
w(x2) - ux)Vv 5
cV+s1> —p1——— Ju(x and S92 = U3W(X2).
+51 <M2 p11~|—w(xz)> (x1) P21+V+2 H3W(X2)

As a result, ¥ (i1(x1)) > 0 can be derived, where

(M2 —p)pP2V {pZV(Sl +cV) (12 —p1)52} (52 )
Y(f)=——2 772 — Uy — < 41 V).
(¥) PRGERG W)“ + AT V) W2 s v+ s +1)(s1+cV)

Thus, ii(x1) < ¢* holds, where y* is the unique positive root of ¥ () = 0. Similarly, we have y* < ming ii(x), and so
i =* is a positive constant. In turn, w also is a positive constant. Hence because of the given assumption, (i, V, w) = e,
must be satisfied.

To finish the proof, we now show that (un, vy, wp) = (Us, V4, W) for all n. First, according to the above arguments,

p1wn p1w. p1ln p2vn pius P2V
— —U2 + an — — 3
14+ wy 14+ w, A4+wp)A4+wp)  14vy 1+ wy) 14+ v,

uniformly as n — oo. Consider the following quadratic polynomial

2 2

P1Us D1l D2V D1Wy D2V
(0] = —— 2 ——— -2 _ )
@ ((1+W*)2> ot ((1+W*)2l+v* M3<M2 1+W*)>¢+<1+v*>

Under the assumption (PE1) (or (PE2)),

—HM2+

. D1uy P2V +M3</L2_ D1 Wy >>0
A+w?14+v, 1+ w,

holds (see Lemmas 2.2 (i) and 2.3 (i)). Thus, @ (¢) = 0 has two positive roots (say ¢1 and ¢, ). For the constant ¢, € (¢1, ¢2)
and 0 <€ « 1, as in case (i), we derive

~ C _
[ 01 nbs|Vitnl? + do | VVal? + dn [ VWa P dx < / B+ vy~ d, (417)
2 2
where
5 — P1Ws =2 — 2
D(€) =10 _M2+1+—W + Ce ¢ (up — Un)* + (—u3 + Ce)(Wn — wn)

( P1¢sls P2V

A+wo? 1+ V*)(un — Un)(Wp — Wp).

It is clear that &(0) < 0 due to the definition of ¢+. Thus, we can choose proper € <« 1 such that & (€) <0. Then, by letting
dyn — oo in (4.17), we obtain that Vu, = Vv, = Vw, =0, that is, (un, vo, wp) =e, for all large n. O

We now investigate the existence of nonconstant positive solutions by using Leray-Schauder degree. Define a compact
operator A:[C1(£2)]? — [C1(2)]? by

(I —di1A) V(v — pou + FE + 51+ 1)

aw = U-da v - -y ),

(I —d3A) "B — usw + 53+ w)
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where u:= (u(x), v(x), w(x))T and (I —d;A)~! is the inverse of the operator I —d; A under homogeneous Neumann bound-
ary conditions. Since the operator (I —d;A)~!: C1(£2) — C1(£2) is compact, A is also compact.

Note that solving system (1.2) is equivalent to finding positive solutions to the equation (I — .4)u = 0. To apply index
theory, we investigate the eigenvalue of the problem:

—(I— Au(e))¥ =n¥, ¥ #0, (4.18)

where ¥ = (Y1, Y2, ¥3)T and e, = (U4, vy, wy) (if it exists). If I — Aqy(e,) is nonsingular (i.e., 0 is not an eigenvalue of
(4.18)), then the Leray-Schauder theorem (Theorem 2.8.1 in [16]) implies that

index(I — A, e,) = (-1)Y, y= an,
n>0

where p;; is the algebraic multiplicity of all positive eigenvalues 7 of (4.18). After some calculations, we can rewrite (4.18)
as

p1w DP1Ux
- 1di A —
(n+ Ddy llf1+<n+,uz T w >1/f1 Y2 — I+ )2\/f3
R +<n+v (b A ))w
_ 5 AYs 1 2=
g+ U (g+ve)?
sz* ) (4.19)
—(7)+1)d3A1/f3— 1/f - (1 )21/f2+(77+lt3)1ﬁ3 in £2,
d d 0
W 2 _ % =0 ondg,
av av av
¥i # 0.
Observe that (4.19) has a non-trivial solution if and only if P;(n;d;,d>,d3) =0 for some n >0 and i > 0, where
diki+ia— Ty c Tow?
diAi+1 T diAHT A A+
Pi(n,d1, dy, d3) := det .1 danitveb— i)
i gﬂ/v* dyri+1 n+ dz)»ﬁ—(]ng ) 0
_Pavs 1 __Dbaux 1 + d3li+u3
T+, B3+ A4v,)? GaFl N “dgi+

That is, n is an eigenvalue of (4.18) (and thus (4.19)) if and only if 7 is a positive root of the characteristic equation
Pi(n,dy,dz,d3) =0 for i > 0. Therefore, if P;(0) # 0 for all i > 0, we can see that

index(I — A, e) = (=1)Y, y=>_>_ lym

i>0n;>0

(for its strict proof, see [3]) where m; has been defined in Notation 3.7, and [, is the multiplicity of 7; as a positive root of
Pi(n,dq,d2,d3) =0.

Lemma 4.7. Assume that (PE1) and (2.2) hold.

(i) Ifi =0, then Po(n, d1, d2, d3) = 0 may have no positive root, or exactly one positive root with the multiplicity two, or two positive
roots with the multiplicity one. N N
(ii) Fori > 1, there exists a positive constant d(I", d1, d3) such that, if d» > d», then P;(n, d1, d3, d3) = 0 has no positive root.
(iii) The quadratic polynomial

au au
dydsr + (d d h———= ) )a h——* )=
i+ (dos v (o= 35 ) b (0 o

has only one simple positive root say Ay € (A, Aj=41) for some i*.

dari+va(b— ) ) PN ~ o
(iv) Let i" = inf{i: : o +(1 *V*’Z + djﬁ;"f > 0}. Then there exists dy(I', d», d3) such that, when di > d4, the characteristic
polynomial P;(n,d1,d>, d3) = 0 may have only one positive simple root for 1 < i < i*; no positive root, exactly one positive root

with multiplicity two, or two positive simple roots for i* +1 < i < max{i* + 1, i*}; or no positive root for max{i* + 1, i*} <.

Proof. Note that the results (i), (iii) and (v) in Lemma 2.2 hold under the assumptions, that is,
au
+ 7*2 >
(8+ V)

)
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acvy auy P1Wx
fv (- — _ -0,
g+ Vs *< (ngv*)2>(M2 1+W*>

D1 W ) P1uy P2V«
14+ w, A+w)?21+v,

M3 (Mz -

(i) It is easy to obtain

D1Uy

327

P2V

acv D1Wy
Po(n, dq,dy, d3) =n> — trace(Fy(e 2, * 4 —
o(n,d1,dz,d3) =1 (u( *))77 {g Vs Mn3\ 12 1+w,

—l—v*(b L)(Mz— P1ts +u3>}n—det(Fu(e*)),

_(g+V*)2 1+ w,

where

acvy auy D1 Wy
—det(Fy(ey)) = +Vy|lb— ——— —
(U( *)) MB{g+V* *< (g"‘V*)Z)(MZ 1+W*>}

D2V«

A+ w2 14v,

a+ Wy)? 1+ V*)z g+ Vi g+ V)2
Thus the desired claim holds.

P1Uy pally AV, ( auy ) P1Uy
*

(ii) In the case of i > 1, we have P;(n,dy,d»,d3) = (n+ 1)5i(r),d1,d3) + 0(1/d;), where

Wi

didi+pa — THeS  dshi+ s
diri +1 d3ri+1

Pi(n,d1,d3) =n? + (

—+

P1Us

A+ wy)? 1+ v,

P2V«

d1d3)»i2 + (dips +d3(uz — f_:_vv‘:,’;)))»i + p3(pz — %) ~ TrwoZ Thvs.

(diri +1)(d3r; + 1)

Note that 5i(n,d1,d3) >0 for all i > 1 and n > 0, and thus the desired result follows by considering d, that is large

enough.
A ai,
(iii) Since b — v

(iv) Note that for i > 1, Pij(n,d1,d2,d3) = (n + 1)ﬁi(n, dy,d3) + 0(1/dq), where

< 0, the assertion holds.

au,
dari +vilb — Z052)  dsiy +M3)

Pi(n,dz,d3) = n?
i1, d2. d3) =1 +< doni + 1 d3ri + 1

(g+Vs)? (g+V4)?

* Ao + Dk + 1)

Here it is easy to see that ﬁi(n,dz,dg) =0 may have only one positive simple root for 1 <i < i

dad3r? + (dopts +d3vi(b — =) + pu3va(b — —2)

*: no positive root, exactly

one positive root with multiplicity two, or two positive simple roots for i* + 1 <i < max{i* + 1, i*}; or no positive root for

max{i* 4 1, %} <i. Consequently, the desired conclusion follows. O

We next demonstrate the existence of nonconstant positive steady-state solutions (i.e., the emergence of a stationary

pattern) to (1.2).

Theorem 4.8. Assume that (PE1), (2.2) and one of (i)-(iv) in Theorem 4.4 hold. If Z;:; m; is odd, then there exists a positive constant

81 such that, if dq 231, (1.2) has at least one nonconstant positive solution.

Proof. On the contrary, suppose that our assertion does not hold for all d; >E1.
For t € [0, 1], define the homotopy

(I = (@} +td1 —d))A) " (ev — pau + BER +51+w)

1+w
Ar(u) = (I — (@} +t(dy —d5) A7 (v(1 —bv) — v TV ,
(I = (@} +t(d3 —dD)A) (RS — usw + 53+ w)

where d:.‘ (i=1,2,3) are positive constants to be determined later. From Theorems 4.3 and 4.4, we know that all positive

solutions to the problem

. ou
Ai(u)=u in$2, 8_1):0 on 052

(4.20)
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are contained in
A={ue[c'@)]:C2<u,v,w<2C).

Then it is clear that A; = A and that (4.20) h_as a unique positive constant solution e, for any t € [0, 1]. Moreover, A;(u) # u
for all ue dA and A (u): A x [0,1] — [C1(£2)]? is compact, and thus, deg(I — A (u), A, 0) is well defined.
Note that by the homotopy invariance of the topological degree,

deg(I — Ap, A,0) =deg(l — A1, A,0). (4.21)

Since we assume that there is no nonconstant positive solution to (1.2), the equation .41 (u) = u has only a positive constant
solution e, in A. From Lemma 4.7 (i) and (iv), we obtain

Oor2, ifi=0,

L if1<i<i*,

Tl oor2, ifi*+1<k< max{i* +1,i%},
0, if max{i* +1,i%} +1 <.

Thus
l'*

y = Z m; + even (or zero) = an odd number,

i=0
such that
deg(l — Ay, A,0) =index(A1, e,) = —1. (4.22)
Assume
1 PlE P1E+pz ~ =
d¥=—| — - 1 d5 = dy,d 1
1 M(Mz+1+c+ 3 +1, 5 =max{dz,d2} + 1,
1 p1C + p2
di=—| — 1,
3 M( 2 >+

where d has been defined in Theorem 4.5 (ii). Then, in view of Theorem 4.5 (ii), the equation Ag(u) = u has only a positive
constant solution e,. Furthermore, since Lemma 4.7 (i) and (ii) yield y =1, =0 or 2, we have

deg(I — Agp, A,0) =index(Ap,e,) =1. (4.23)
However, (4.22) and (4.23) contradict (4.21). O

In a similar manner, we can verify the existence of a nonconstant positive steady state in (1.2) when wy = p;.

Theorem 4.9. Assume that (PE2), (2.5) and one of (i)-(iv) in Theorem 4.4 hold. Ifzg; m; is odd, then there exists a positive constant
dq such that, if dy > dq, (1.2) has at least one nonconstant positive solution.

5. Concluding remarks

In this paper, we examined a model with immunotherapy under a spatially inhomogeneous environment in vivo that
describes the interaction between effector cells, tumor cells, and IL-2. Here we provide a brief biological interpretation of
the results based on mathematical consequences. The results for Theorem 3.2 suggest that the weak antigenicity of tumor (c)
and the small amount of immunotherapy (s1) do not help to clear tumor cells. In addition, tumor cells cannot be completely
cleared without a treatment such as LAK and/or TIL (or a treatment combining them with IL-2). This phenomenon is
consistent with the results for the non-spatial case of model [8]. We also considered two types of treatments for the tumor-
immune system: adoptive cellular immunotherapy (ACI) and the administration of the cytokine IL-2. The results indicate that
unlike no treatment, strong ACI can lead to a tumor-free state (Corollary 3.6).

On the other hand, Theorem 3.4 indicates that the immune system cannot be controlled by the introduction of a large
constant source s, that is, by a strong IL-2 therapy. In this case, the tumor can be cleared, but the growth of effector cells
(the immune system) can become uncontrollable as the IL-2 concentration reaches a steady-state value. It is known that
this situation can result in side effects such as capillary leak syndrome [11,13,19], although the tumor-free state can be
observed by administering a high concentration of IL-2. This suggests that applying a strong IL-2 therapy to the tumor site
may be detrimental to cancer patients undergoing immunotherapy.
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The results for Theorem 3.5 suggest that the tumor can be cleared by boosting the immune system through a monother-
apy (ACI) or ACI in combination with IL-2. Thus, a treatment combining ACI with IL-2 may be better for cancer patients,
and a treatment combining a large amount of s; (strong ACI) with a certain amount of s; may be the best immunotherapy
for cancer patients. Thus, the cytokine-enhanced immune function may have a crucial role in the treatment of cancer.

Finally, Theorems 4.8 and 4.9 show that for the sufficiently large diffusion rate (d;) for effector cells, the tumor-immune
system can show a pattern that represents a nonconstant positive solution. This suggests that a strong diffusion rate may
lead to changes in the stability of positive solutions to the tumor-immune system with immunotherapy.
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