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INTRODUCTION

Our main purpose is to study noetherian rings satisfying a polynomial
identity. Recall that a prime P.I. ring R has a central simple quotient ring
RK where K is the quotient field of the center of R. The central integral
closure of R is obtained by adjoining to R all elements of K which satisfy
a monic polynomial with coefficients in R. If R is noetherian prime P.1. we
show that being centrally integrally closed and (Krull) dimension 1 is
equivalent to being a finite module over its center which is a Dedekind
domain. In higher dimensions the center need not be noetherian but will
still be a Krull domain. R need not be finite over its center but will be integral
over it. Our present proof of the above results uses our Theorem 2, which
asserts that if R is noetherian prime P.1. and r € R, then the coeflicients of the
characteristic polynomial of » are integral over R. We show that a prime P.I.
ring with A.C.C. on centrally generated ideals, and finitely generated (as an
algebra) over a central subring, has a finite central integral extension which
is a finite module over its center. This allows us to deduce for instance, that
a prime affine (i.e., f.g. over a field) P.I. ring has A.C.C. on centrally generated
ideals iff it is right and left noetherian. As a final application we deduce that
a noetherian affine P.1. ring is catenary.

We add that “going up,” “lying over,” and “incomparability” are proved
in Theorem 1 for integral extensions of P.I. rings. I would like to thank
Lance Small for his helpful suggestions concerning the exposition of this

paper.
1. SomE PrReLiMINARY Facts ABour P.I. RinGs

We recall a few results about a prime P.I. ring R. It has a central simple
quotient ring @ by Posner’s theorem, and Q = R - K, where K is the center
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of Q, indeed K is the quotient field of the center C of R. The last result is a
consequence of central polynomials. A two sided ideal I of R (indeed any
subring which is an order in Q) meets the center of R, since JK == O [14].
R is contained in a finite free C-module [7]. If R is noetherian, then R is a
finite C module iff C is noetherian (the implication = being due to [4]).

2. PROPERTIES OF INTEGRAL EXTENSIONS

Recall that if R is a subring of S, S is said to be an extension of
Rif S == R - S® where S® - {se .S :rs = s, all ¥ € R}. One good reason for
considering overrings of this type is that prime ideals of .S contract to prime
ideals of R. S is a central extension if § = R - Center (S). S 2 R 1s integral
over R if for every s€.S, we have s* + r _s" 1+ - vy, =0 or s* -+
sy, 4 == -7y = 0 for some r;€ R. For example the central integral
closure of a prime P.I. ring (as defined in the introduction) is a central
extension. The following lemma shows that it is indeed an integral extension,
and therefore the largest integral central extension of R in its quotient ring.

LemMa 1. Let the R-module M =S, m;R be also an R[t] module, where
t € Center R[¢t], m; € MX, and anngigM = 0, then t is integral over R.

Proof. We have tm; = 2?;1 myr;;, where r;; € R for all 7, j. Thus for each
{ =l n, Zjl:lfu(t) m; = 0, with f,; a monic polynomial in 7 of degree strictly
greater than deg f;; if 7 5% j. This implies that

0 = 1ul®) (3 Ful0m = 3. Loty s} it

= 3 Gun® ) = Fus O Fn ) ;.
=1
Letting f/{1) == fun(t) fii(t) — fri(t) fi/(t) we observe that f;(¢) is a monic

polynomial in ¢ and deg f/,(t) > deg f,(¢) for j + i. Repeating this procedure

a gft) for each m;, we see that g,(t)g.(t),..., g.(t) annihilates M and
so is 0. Q.E.D.

CoroLLarY. If RC T, te Center (T) and t is integral over R, then every
element of R[t] is integral over R.

Next we extend the basic result of Krull on lifting primes, to apply to
integral extensions of a P.I. ring (see [10}).
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THEOREM 1. If T is an integral extension of a ring R, satisfying a poly-
nomial identity, then the following hold:

1. If PC P, are prime ideals of R and Q is prime in T, withQ N T = P,
then there is a prime ideal Qy 2 Q of T withQy, 0 R = P, (Going Up).

2. IfONR =0 NR for Q and Q' primes of T, then Q L Q' and
Q' € O. (Incomparability).

3. For any prime P in R there is a prime Q in T withQ N R = P (Lying
Over).

Proof. Let Q' C T be maximal (by Zorn) among ideals containing Q,,
such that Q"N RC P,. Q' is obviously prime, and therefore so is Q' " R
(since T'is an extension of R). Suppose O’ N R P, . Then in the prime P.1.
ring R = R/(Q' N R), we take a central element ¢ P,, ¥ # 0 (obtained
from the evaluation of a central polynomial for R on P,). Then we claim
2T N RCP,, where T = T)Q'. For if 2t € R, then since T is integral over R,
"4, 4"+ -+ 7y = 0, for some 7;€ R. Note that since T is an
extension of R, Center R C Center T'so (32)" + 7,,_12(RE)" 1 + - + 3%, =10,
ie., (st)y"eP,. Thus 3T N R is a nil ideal modulo P,, and is therefore
contained in P, (since R/P, is prime P.I. and so does not admit nil ideals).
Therefore (2T 4 Q) N RC P,, contradicting the maximality of Q, and thus
proving 1.

For 2 suppose O; 2 O, are prime ideals of Tand O; " R = Q, N R. Let
R = R/Q,NnRCT = T|Q, . Take g € Q, , such that ¢ is regular modulo Q, .
We have ¢* + 7,_4q" 1 + - + 7, = 0, r, € R. We may assume 7, # 0
since g is regular; but then r,e Q; N R but 7, ¢ 0, N R.

3 is an immediate consequence of I, since we may take Q" maximal (by
Zorn) in T such that O’ N R C P, and then apply going up to the primes of R,
ONRCP. Q.E.D.

CoroLLary 1. If either R or T has classical Krull dimension then so does
the other and dim R = dim T.

Proof. Recall that in order to define dimension (possibly infinite) one
defines 2 ; to be the maximal primes of R and

P, r ={PecSpec R: P ¢ P;  for B < « and for all Q' € Spec R,
Q' 2P = Qe Py for some B < a}.

The dimension if it exists is the first « such that Spec R = (Jgcy Pz -
We claim Z, r = {Q €Spec T:Q N Re P, z}. We assume it is true for any
B < a Thenif Qe P, r certainly Q N R ¢ 5 psome B < . FP' DO N R,
then we can take Q' O Q, Q' lying over P’, we have Q € Z, ; for some 8 < a;
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and thus by induction P' == Q' " Re#,; p,50 0N Re P, p. On the other
hand if QeSpec T and Q N Re P, », then certainly Q ¢ &, 1 for B < «,
and so suppose Q' 2 0. Weknow by 2 Q' " RO M Rsothat Q' " Re Py
for 8 << o and so Q' € #, 1, by induction. This means Q € Z_ . The final
conclusion of the corollary is now clear. Q.E.D.

The reader should be warned that “Going Up” fails miserably if we assume
merely that T is an integral overring of R. One also has the following Propo-
sition of which we shall make occasional use. Unlike the extension case the
inclusion can be strict.

ProrostrioN 1. If T is an integral overring of R then Jac T N RC Jac R,
where Jac denotes the Jacobson radical.

Proof. 1f jeJacT R, then t(l —j) =1 for some te7. But
Pttt e oy = 0, some 7, € R, and so

tom (g + sl =) 4+ (I —jy e R
Q.E.D.

The next Proposition is a generalization of a result of Sirsov [13]. His
theorem was for the case of a commutative ring R.

ProposiTiON 2. If T =- R{xy,..., x,} is a finitely generated extension of R
(i-e., x; € TR) and T satisfies a multilinear identity of degree m, and if all mono-
mials in xy ..., x,, of degree < (m/2)* are integral over R, then T is a finite
R module.

Proof. We leave the extension of the argument when R is commutative
in [12, p. 152] as an exercise for the reader.

We next consider polynomial rings. We wish to know that adjoining a
central indeterminate leaves a ring centrally integrally closed. We would
also like to be able to say this for a twisted polynomial ring. In that case it
will be so if the original ring were commutative but need not be so otherwise.
The first step in either case is to know that if R is prime P.I. with quotient
ring O, and we have fg~! is in the center of the quotient ring of R[x, o] (the
twisted polynomial ring over R, with ¢ an automorphism of R) then if fg=*
is integral over R[x, o], it should at least fall into Q[x, ¢]. It does.

Lemma 2. If S is a principal right ideal domain, it is centrally integrally
closed.

Remark. By [9] Olx, o] is a principal right ideal domain.



INTEGRAL EXTENSION OF RINGS 249

Proof. If ab'e Center Q', where Q" is the quotient ring of S, then
ab™' = bla. We know aS + bS = ¢S. We have (¢ ") "1c'a = b~la, so we
may assume aS + bS =S, ie, bt =blas; + 5,5 ,5cS. Now if
(ab™1)r = (ab 1)1 r,_, + - -+ 1y, then we also have (6-1)" = (b2a)"(s))" +
(b tay1t, , + - + t,, with t; € S. Substituting the former in the latter
and multiplying through by 6% yields b~ € S. Q.E.D.

We also have the following result.

ProposiTion 3. If R C T, x is a commutative indeterminate, f(x) € Center
T(x], and f(x) is integral over R[x], then the coefficients of f(x) are integral
over R.

Proof. As in the commutative case we pass to a ring 7”2 T such that if
fis monic f(x) = (x — By) --- (x — B,) where B8, € Center T". T" is obtained
by passing first to 717 = T[x}/(f(x)) (we have T N (f(x)) =0 since
deg (f(x) " 1(x)) = deg f(x) + deg t(x) > 0) In Ty, f(x) = g(x)(x — o)
and we repeat.

Now take any f(x) € Center T'(x) such that g( f(x)) = 0 where g(y)e R[x][ v]
is monic, g(y) = ¥y™ -+ fu 1yt + -+ fo. We form g(y — x7) where
r = degf;, deg g, deg f. Then g(y — &%) = 35 o £:(x) 3 where g, is monic.
Now f - a7 is monic so by the first part of the proof, it factors into [; (x — o),
a; € Center T'. The o, are integral over R since go(e;) = 0. By Lemma 1 the
coeflicients of f are integral over R. Q.E.D.

Remark. If R is commutative and we form R[x, «], then f(x)e Center
Q[x, o] implies that the coefficients of f(x) are central, as are the powers of x
appearing in f. The above argument then applies. Thus combining it with
the preceding Lemma we would have that R integrally closed implies R{x, «]
is centrally integrally closed.

ExampLE. Let
_ (F*] (%)
R= ((xz) k[x])
where % is a field. R is centrally integrally closed, but if o is the automorphism
of R given by conjugation with X = (J ), then R[y, o] is not centrally

integrally closed. For Xy lies in the center of the quotient of R[y, o], and
(Xy)* e R[y, o].

3. NoerueriaN P.I. Rincs

The first result shows that the center of a centrally integrally closed prime
P.I ring R with A.C.C. on two sided ideals is a Krull ring. We then show that
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in this case R is integral over its center. Indeed we show that the coefficients
of the characteristic polynomial, of any element of R, are integral over R.

We recall that a Krull domain is one in which localization at minimal
primes yields a discrete rank 1 valuation ring, and it is a locally finite inter-
section of these localizations.

ProrositioN 4. If R is prime, with A.C.C. on centrally generated ideals, and
centrally integrally closed, then the center Z of R is a Krull domain.

Before proving this we require a lemma about the set of zero divisors of

ZleZ called Z(Z/cZ).

Lemma 3. If R has A.C.C. on centrally generated ideals then Z(Z/cZ)
U?:l/zi , where each P; = annyx; 4 cZjcZ, x;€ Z, and the P; are prime.

Proof. We have Z[cZ C RfcR since cR N Z = ¢Z. Thus Z/cZ enjoys the
maximum condition on annihilator ideals.

Now proceed as in the usual commutative case to put any x € Z(Z/cZ)
into a maximal annihilator which is naturally prime. So #(Z/cZ) is a union
of maximal annihilators say anny(x; -+ ¢Z/cZ), indeed it is the union of the
finite number, corresponding to those x; required to generate 3'; x,R.

Proof of Proposition. If/z is any height one prime of Z, and if c € £, we
have /4 C #; for some f; as in the statement of the lemma. Let M == 4,Z,
Then MM = 7/, , for otherwise MM C M so that M- 1MR/, ~]LIR ,
implying M~'C R, by Lemma l. But x,c' e M1 and e ¢Zﬁ Thus
M 1s invertible and S0 Zﬁ is a D.V.R. That Z = ){Z_, : o/ is a maximal
prime C #(Z/cZ), c € Z} 1s always true, and local finiteness follows from the
fact that ¢ € Z is contained in only finitely many minimal primes, namely

the 4; of the lemma. Q.E.D.

Remark. Minimal prime ideals of the center always lift to prime ideals
of R. Also if R has A.C.C. any prime 4 maximal in Z(Z/cZ) lifts
to R. For if # == anng(x + cZ/cZ), then take M C R maximal such that
M 2 anng(x + ¢R/cR) and M N 7 =: 4. We can do this since

anng(x -+ cR/cRY N Z = anny(x + cZjcZ) == .

M is the required prime lying over 4.

If f=73,ax;t -« is a polynomial in commuting indeterminates,
one can construct (following Formanek in [6]) a polynomial p,
S, o XY XY, - XY, where the X, Y, are noncommuting indeter-
minates. If § = 3, (x;, — a;)? and g is symmetric in x,..., %, , then
Amitsur observed the following consequence of Formanek’s method.
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Lemma (Amitsur, [1]). If X is an n X n matrix over a field with all its
eigenvalues A, ,..., A, distinct, then for any matrices Y, ,..., Y,

Pg&(‘Xv Yl PR Yn) = g(’\l PR An) P&(‘Y’ Yl 3ey Y'n)’

and ps(X, Eys, Eog ..., E,) = O where E;; denotes the matrix with a 1 in
the (i, j)th component.

Proof. 1t suffices to check the lemma when X is diagonal since 4-1X4
is diagonal for some 4. The functions are linear in the Y,’s so we need only

check it with Y, = E; . . If gd(x, ,..., x,) =3, B4t ... ap

POﬁ(Ail"YA’ Eh’»‘l > Jn n Z B, ’\Vl XJ”E-HM Ej,,kn

— g8\, X)) By E

Jiky

=8 e An) 8 s Ay) By o B,

=gy M) p(AT XA By -0 B )
Q.E.D.

Inku

Tureorem 2. If R is a prime P.1. ring with A.C.C. on centrally generated
tdeals, then the coefficients of the characteristic polynomial of any element of R,
are integral over R.

Proof. If r € R, let S(r) denote the coeflicient of the characteristic poly-
nomial of 7, obtained by letting the elementary symmetric function S act on
the eigenvalues of r. If se R has all its eigenvalues distinct (obtainable by
taking such an element in the central simple quotient ring of R and multi-
plying by a central element so that if falls into R), then » -+ ys has distinct
eigenvalues, if ¥ is a central indeterminate. To see this let © be another
central indeterminate. The discriminant §(zr + ys) = g(v) is a polynomial
function of v (obtained by writing 8 as a polynomial function of the elemen-
tary symmetric functions). We know g(0) = 0, so since C == Center (R)
is infinite (otherwise our result is well known to be true), we have g(c™1) £ 0
for some ¢ e C. Thus ¢r 4+ ys has distinct eigenvalues, and so does
o(c'r = ys) = r 4 yes (and so does r + ys). Let I be the ideal of R[y]
generated by pems(r + ys, %, , %y ,..., x,), with x; € R[y], and m any natural
number, then S(r+ys) CI. For we have, S(r -+ y5) psms(r + s, %p,%,) =
DPsmerg(r + 38, %9 ,...,%,). If O 5% h(y) is a central element of I, then, let
H(3) —f(5)y where £(3) € Cly] and £(0) %0. Now (S(r+ y)"f(5) < C[3]
for any m, so (S(r))’"f(O) € C But now if 3"y (S(r))if (O)R = Zl_O(S(r))‘f( R,
then  (S(r)*1f(0)) = ;0 (S(r)) f(0)yr,, with the r,eR, ie,
Sy — (S(r))er, — - — 1y = 0. Q.E.D.
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CoroLLARY 1. If R is prime P.1., centrally integrally closed, and satisfies
A.C.C. on centrally generated ideals, then R is integral over its center which is a
Krull domain.

Proof. Immediate from Proposition 4 and Theorem 2.
We still have some information when R satisfies no noetherian condition:

CoRrOLLARY 2. If R is prime P.1., then the coefficients of the characteristic
polynomial of any element of R are in the compleie iniegrai closure of the
center of R.

Proof. 'The proof of the corollary is contained in the proof of the theorem.

Robson and Small proved in [13] a statement similar to 2 = 3 of the
following theorem; namely they showed that if 2-sided ideals are projective

-+
]
(V8]

-

TaeoreM 3. If Ris prime P.1. with A.C.C. on two sided ideals, the following

are equivalent:

1. R s centrally integrally closed and has Krull dimension |.
2. Centrally generated ideals are projective.

3. Ris a fintte module over its center which is a Dedekind domain.

Proof. 1 = 3. The center of R is a Krull domain by Proposition 4. But
Corollary 1 says R is integral over its center. The going up theorem tells us
that the center must be 1-dimensional. But 1-dimensional Krull domains
are Dedekind domains.

3 = 2. This is immediate since R is contained in a finite free module

over its center Z [7], and so R, i% projective, since Z is hereditary. If 7 =

T" > B2 nnfh =7 f"\PI‘\ T — T’ &> 7 catichiee I’ (D V — 7)) Teneorine
21 %, with 25 € £, n 2= Ry saushies I () ¥ LY. lensoring

with R yields the resultsince I' Q) R; ~I'R, == L.

2 = 1. The usual dual basis argument of the commutative case
shows centrally generated ideals are invertible. If % is in the center of the
quotient ring of R and & satisfies a monic polynomial of degree n with coef-
ficients in R, then the ideal 7 = m{k‘iR N R:j < n} satisfies k&1 C I. Thus
kKINZYRC k(I N Z)R. Letting I, = (I N Z)R, we have kR == kLI* C
LI7* = R, so R is centrally integrally closed. Suppose R (and hence Z) is
not of dimension 1. Take sz 420 primes in Z and M D P20 primes
lying over them in R (we have R integral over Z by the first part and Corollary
1). If 2 € w\f, then we wish to show 2/(R/P) == 3"*}(R/P) for some i. This
would be clearly a contradiction (since then 1 == zr + peM). The
increasing sequence of ideals of R(z'R -- R)™'p, with p € 4, must stop. When
it does, (2R + fR)™ = (2R + 4R)™!, so we have 2R 4+ R =
2R + 4R as required. Q.E.D.
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We can have l-dimensional noetherian prime P.I. rings which are not
finite modules over their centers. For example if K, K, C L are fields such
that [L : Kj] < o0, [L : K,] < o0, X is a commutative indeterminate, then

R A S
( XL[X] K,[X] + XL[X]

is such a ring if [L: K; N K,] = oo.

We also note that in [5] K. Fields gives examples of rings satisfying the
above theorem, yet of arbitrary finite global dimension.

We note the following ring R has Krull dimension 2, is right and left
noetherian, prime, P.I., and is centrally integrally closed. It is not a finite
module over its center. Let 4 be the 2-dimensional noetherian integrally
closed domain constructed in [11], with automorphism o, such that the ring
A° = {a: a® = a} is not noetherian, and o? = identity.

R = j(;,lo a{)’) :a,beAz.

Noether’s partial solution of Hilbert’s Fourteenth Problem says that the
fixed ring of an affine domain (i.e., a commutative domain finitely generated
over a field), under the action of a finite group of automorphisms, must be
affine. We might thus expect to obtain better results when our noetherian
prime P.I. ring is affine (i.e., finitely generated over a central subfield). We
recall further that in [15] we showed that a 1-dimensional prime affine
P.I. ring was a finite module over its center. Here is an example of a 2-dimen-
sional one which is not finite over its center, although as the next proposition
shows, centrally integrally closed noetherian affine P.1. rings are finite modules
over their centers.

Let By = Q[6'7][(2)'* + X, V, (2)!2Y] and B, = Q[6'/][(3)'?* + X,
Y, (3)12Y]. The ring

R,y B VB, + QPRYEy
~\vB, + @pevB, B,

is the desired ring. For first note that

YB, + (2)'2 YB, = {feQU2)' Q) P[X*Y7:j = 1]: f(X, 0) = 0}
= YB, + (3)'2 YB,.

“C” is clear and “D” is because if & € O[(2)1/2, (3)1/2]

kXY — (V2 + X)i Yi1RY — {terms in X*Y’ with s < i}
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so induction yields the equality. We claim that B, N B, == Q[6'*] - VB, =
(2)12YB,.“2” is clear, so take T;_oa;((2)!/2+X)i+-f = ZZ"O F(C)REE AN S
where f, g€ YB, + (2)!? YB,, and a;, b, e Q[6'%], a,, = 0. Setting V" - 0,
we see m == n and a,, = b, . If n == 0, everything is fine. Suppose n - 1,
then equating the coefficients of X1, a,n(2)*?2 -+ a,_; = b,n(3)'2 -~ b, ;.
re, (237 — (3)Y2 o= (b — ay,_y)/a,n e O[6'%] a contradiction. [t is clear
that B; N B, is not noetherian and it is the center of R. R is noetherian since
it is a finite right B, @ B, module. It is clearly affine and 2-dimensional
since By and B, are.

We also note that there are primc ideals P, 2 P, in the above ring
R such that P; N Center (R) == P, N Center (R). For take Q, —
YB, + (212 ¥YB, C O, C B, with O, a prime ideal. Then

CAREL Y

and both prime ideals intersect the center in the maximal ideal Q, C B, N B, .

We note further, that not only is the center B; N B, not noe-
therian, but it fails to satisfy the principal ideal theorem. For the
maximal ideal Q, of B; N B, , satisfies (Q,)*> C Y(B, N B,), yet

Q. 2 (XO2)2, (0))'*X, Y]) N By 1 B, 20,

s0 O, 1s not a minimal prime.

We have however that the central integral closure of a prime affine P.I.
ring with A.C.C. on centrally generated ideals, is a finite module over its
center. Thus normalization (i.e., integral closure) is a powerful tool for the
study of these rings.

PrOPOSITION 5. If R = A4{&;,..., &,} 1s a prime P.1. ring, finitely generated
over a central subring A, and if R satisfies A.C.C. on centrally generated ideals
then, there is a finite central extension R’ of R such that R’ is a finite module
over its center.

Proof. R satisfies a multilinear identity of degree m. We form R’ by
adjoining to R the coefficients of the characteristic polynomials of all mono-
mials of degree = (m/2)%in & ,..., £, . By Theorem 2 R’ is a finite module
over R. By Proposition 2 [Sirsov] R’ is a finite module over the ring obtained
by adjoining to A4 the above coefficients. Q.E.D.

CoRrOLLARY 1. If R is prime affine, with A.C.C. on centrally generated
ideals then 1t is right and left noetherian, if A is noetherian.
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Proof. Passto R’ as above. R’ is right and left noetherian, so by Lisenbud’s
generalization [4] of Eakins theorem, R is right and left noetherian.  Q.E.D.

CorOLLARY 2. If R is centrally integrally closed, noetherian, and finitely
generated over a central subring, then it is a finite module over its center.

COROLLARY 3. If R satisfies A.C.C. on 2-sided ideals and is finitely gen-
erated over a central subring, then (. _, (J)* is nilpotent, where | = Jac(R).

Remark. The example of Herstein (§ 9) where D denotes the localization
of the integers at some prime, satisfies the hypothesis of the Corollary, and

Na (J)" 0.

Proof. If P is any prime ideal of R then we claim ), /" C P. For if
R’ D R/P as in the proposition | C Jac(R'), so J* C (Jac R')* C (Jac(R,,"))* =
(#R,)* = 0 where s is any maximal ideal of center R". Thus J* is contained
in the prime radical and so is nilpotent. Q.E.D.

We recall that Jategaonkar and Formanek generalized Eisenbud’s theorem
to modules. Namely if R is a finite extension of a subring S (i.e., R =¥} 4,5,
a; € S®) then noetherian R-modules are still noetherian when regarded as
S-modules.

CoroLLARY 4. If R = A{§,,..., ) is prime P.1. and satisfies A.C.C. on
two-sided ideals then 1t is right and left noetherian.

Proof. Pass to R as in the theorem, then R’ satisfies A.C.C. on two-sided
ideals. R (%) ,-R'°P is a finite extension of Z'(Z’ = Center R’) R/R'@ZR"’” is
noetherian, and hence so is R}, . Thus R’ is right and left noetherian and
therefore so is R.

With what we now have available the following important fact is easy.

ProrosITION 6. The central integral closure of a prime noetherian affine
P.1. ring R is a finite R-module.

Proof. Pass to R’ as in the previous theorem. The center Z’ of R’ is now
affine. The integral closure Z” is well known to be a finite module over Z,
and the central integral closure of R’ is just R'Z". Q.E.D.

Our final major result is the following theorem, which tells us in particular
that noetherian affine P.I. rings are catenary i.e., all saturated chains of
primes, between two given primes, have the same length. It also tells that all
maximal primes have the same height, namely equal to the dimension of
the ring.
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TueoreM' 4. If R is a prime affine noetherian P.1. ving, and P is any prime
ideal, then dim R = dim R/P + ht P.

Proof. It 1s enough to prove it when ht P == |. Let R’ be the central
mtegral closure of R, and P’ be a height | prime of R’ lying over P. Since
dim R/P - - dim R'/P’, we need only check the theorem in this case. Let
Z" = Center R, then since 2’ is affine, it suffices to check that P’ n Z’ has
height 1; for we know dim R'/P' = dim Z'/P' N Z" and we could now
apply the usual commutative result. Suppose P’ N Z' = . is not minimal.
Localize to form R',, (i.e., R'Z,,). Let R” denote a maximal integral extension
of Z, -- C containing R’,, (exists by Zorn). Note that the center of R is
still C which is noetherian, so R” is a finite module over C. We want all the
maximal ideals of R” to be not minimal. For if so, M, 2 Q, 2 0, M,’s maximal
and the O/s prime, then [Jg 5,z (Q; N R)C JacR"N R C Jac R"C P’
so without loss in generality Ql_f\ R’ C P’. The inclusion is proper, so we
need to show Q; N R’ is prime. If not then P’ i1s minimal over O, " R’
(by assumption) so (P’X)"CO,NR where X CQ, N R. But take
ze€ P'N C\Q, N C (can do by INC), so 2" X" CO; N R'". Thus z"R"X? C Q,
contradicting the fact that Q, is prime.

Thus we may assume some maximal ideal M of R” is minimal. Take
ce M N C and let rad cR = M N Y (there are other minimal over primes
since we can lift primes minimal over ¢C). (MY)? C cR" for some n. Let
R" =g e Q(R): ¢! C R”, some t}. The above asserts R” 2 R"(Y"¢ 1 C R").
But center R” == C. For if £ is in the center of R”, then ks C C, implying
ke C, since ht »» 2= 2 and C is integrally closed. Then R” is a finite module
over its noetherian center C, providing a contradiction. Q.E.D.

97

REFERENCES

1. S. A. AMITSUR, Polynomial Identities and Azumaya Algebras, J. Algebra 27 (1973),
117-125.

. N. Boursaki, “Commutative Algebra,” Hermann, Paris, 1972.

. DrurING, ‘‘Algebren,” Springer, Berlin, 1935,

. D. Esexpup, Subrings of Artintan and noetherian rings, Math. Ann. 185 (1970),
247-249.

5. K. L. FieLps, Examples of orders over discrete valuation rings, Math. 7Z. 111
(1969), 126-130.

6. E. Forvanek, Central Polynomials for Matrix Rings, . Algebra 23 (1972),

129-132.

7. E. Foramanex, Noetherian P, I. Rings, Comm. in Alg. 1 (1974), 79-86.

8. E. FORMANEK AND A. JATEGAONKAR, Subrings of Noetherian Rings, Proc. Amer.
Math. Soc. 46 (1974), 181-186.

[FE I )

=N

' This result has now been proved without the noetherian assumption and will
appear in a subsequent paper, by the author, in this journal.



9.

10.

1.

12,
13.

14.

15.

16.

INTEGRAL EXTENSION OF RINGS 257

A. JATEGAONKAR, Left principal ideal rings, in ‘“Lecture Notes in Mathematics”
Vol. 123, Springer, 1970.

KRruLL, Beitrage zur Arithmetik kommutativer Integrititsbericht III, Math.
Z. 42 (1937), 745-766.

NacGarajaN, Groups acting on Noetherian Rings, Nieuw Arch. Wisk. 16 (1968),
25-29.

Procesi, ‘‘Rings with Polynomial Identities,” M. Dekker, New York, 1973.
RossoN anD SmaLL, Hereditary prime P. 1. rings are classical hereditary order,
to appear.

L. RowEN, Some results on the centre of a ring with polynomial identity, Bull.
Amer. Math. Soc. 19 (1973), 219-223.

SCHELTER, On the Krull-Akizuki Theorem, J. London Math. Soc. 11 (1976),
in press.

A. Sirsov, On rings with identity relations, Math. Sb. N. S. 43 (85) (1957),
277-283.



