Applied
Mathematics
Letters

www.elsevier.com/locate/aml

PERGAMON Applied Mathematics Letters 16 (2003) 653655

A Certain Connection between
Starlike and Convex Functions
N. TAKAHASHI AND M. NUNOKAWA
Department of Mathematics, Gunma University
Aramaki, Maebashi Gunma 371-8510, Japan

norihiro@ed.edu.gunma-u.ac. jp
nunokawa@edu.gunma-u.ac. jp

(Received July 2001; revised and accepted September 2002)

Abstract—We define two certain classes of functions $*(c, 8) and C(a, 3) and obtain a certain
connection between these classes. © 2003 Elsevier Science Ltd. All rights reserved.
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1. INTRODUCTION

Let A be the class of functions of the form
oo
f(z2)=z+ Zanz",
n=2

which are analytic in the open unit disc U = {z € C: |z| < 1}. A function f(z) in A4 is said to
be starlike if it satisfies ,
n, ZF02)
f(2)
We denote by S* the subclass of A consisting of all starlike functions in U. A function f(z) in A
is said to be convex if it satisfies

>0, zeU.

zf"(z)

f(z)

We denote by C the subclass of A consisting of all convex functions in U.
Nunokawa, Owa, Saitoh, Cho and Takahashi (1] obtained the following result.

Re(1+ >>0, zc U

LEMMA. Let p(z) be analytic in U with p(0) = 1 and p(z) # 0. If there exist two points z; € U
and 7z, € U such that

T

™
—Tﬁ = argp(z1) < argp(z) < argp(z2) = -
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for o >0, 8 >0, and for |z| < |21} = |22|, then we have

219" (#1) et B m
p(z1) 2
and
20p'(22) _;@ + 3
p(22) 2 ’
where
m > 1—|a
~ 1+|q|
and

- (352)
a=1 an4 a-{-—ﬂ .

From the lemma, we define two classes of functions. Let S*(c, B) be the subclass of A which

satisfies )
-—fﬁ < arg (2) o

2 o) S 20
for0<a<1,0<p<1,andlet C(a,F) be the subclass of A which satisfies

3 z2f"(z) o )
_7<arg<1+ f’(z))<7’ zeU,

for 0 <a<1,0< 8 <1 Wecan see that S*(a,8) C S* and C(a,8) C C. In this paper,
applying the lemma, we obtain a certain connection between S*(a, ) and C(a, §).

ze U,

2. MAIN THEOREM
THEOREM. Let f(2) € C(v(ao, B), 6(, 8)). Then f(z) € S*(, B) where
(1—lapo(e, B) sin(n/2) (1~ )
1+ la|+ (1 —|a)) o(a, B) cos(n/2) (1 — )’

(1~ |a))o(e, B) sin(n/2) (1 - 5)
1+ la| + (1 - la]) o(e, B) cos (n/2) (1 - B)’

a+p 2“a*ﬂ(ﬂmﬂﬂ
2—a-0 \2+a+p

2
’Y(Q, /B) =a+ ;l'— Tan™"

a, By =0+ %Tan_1

o(a,B8) =

k]

it zr_(a—ﬁ
a =1 an4 a+ﬁ>

PROOF. Let us put p(z) = z2f/(2)/f(2) and f(z) € C{v(e, B), d(c, B)). If there exist two points
z1 € U and z3 € U such that

. o
_—5- = argp(z) < argp(z) < argp(z) = —

2 ¥
for |z| < |z1] = |22/, then from the proof of the lemma [1], we have
’ 1 t 2 / 1 t 2
—————le(zl):——i~—————a+ﬁ»——+ L m and zzp(zz):i‘oﬁ—ﬂ. th -m, (2.1)
p(zl) 4 t1 p(ZQ) 4 to
where

6—i(1r/2)((a—ﬂ)/(d+ﬁ))p(zl)2/(a+ﬁ) = —it, 6—1’(1r/2)((0—5)/(a+l3))p(z2)2/(a+ﬁ) =ity, (2.2)
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t; >0,t3 >0, and

m>1~'al
T 1+41a]’

By logarithmic differentiation of p(z) = zf/(2)/f(z), we have
2f"(z) zp'(2) ( 1 ZP’(Z))
1+ =p(z)+ —=p(@)[1+ —~ ——). (2.3
7 P95 PO e )
Let us put z = 23. Then from (2.1)-(2.3), we have
sz"(z;z) ( 1 Zzp/(Z2))
1+ 222 pz) (1+ A
7 P ) )
— p, (B2 (r/D) (1 1ty (@tB/2 i (r/2) e (z atf L+t° m))
4

_ 4,824 (1)) (1 . 9‘1‘_5 (ta1=esr 1 0/2) gir/ (1—a>> .

Let us put g(z) = z1~(@+A)/2 4 5=1-(a+0)/2 1 > 0, Then g(z) takes the minimum value at
z=+/(2+a+B)/(2 - a— B). Therefore, we have

arg (1 + ————z2f”(z2)) = arg p(z) + arg (1 + p(;) . Zilez(:;))

f'(22)
= 12‘1 +arg (1 +m- _0‘_:_‘_3 (tzl—(a+ﬁ)/2 + t2—1—(a+a)/2) ¢l (7/2) (1—a)>

1-fo] a+B [(2+a+p\C >/
1+ld 4 2-a-p

—2—a-0)/4
o (2ot BTN maca
2—-a-p4

(2+a+B)/4
=E+arg 1+1—'0,| a+,B 2+a+5 a ei(’lr/?)(l—cx)
2 l1+la] 2—-a-B8\2~a-p

2129-+arg(1+

ye

(1 —lal) o(a, B) sin (n/2) (1 - a)

_ Ta -1
T2 + Tan 1+ la| + (1 - |a|) o, B) cos (m/2) (1 — o)’
where (2+a+8)/4
a4+ [(2-a-pg\"""
a(a’ﬁ)_2-a—ﬂ (2+a+ﬂ> '

This contradicts the assumption of the theorem.
For the case z = z;, applying the same method as the above, we have

af' (=) . ™, (=la)o(e,f) sin(r/2) (1 - )
”g(” Fz) )5 2 T T T (0= Jal) 0(a,B) cos (/D (L= B)"

This contradicts the assumption of the theorem. We complete the proof of the theorem. ]
REMARK. Let us put a = (3 in the theorem. Then we have the result in [2].
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