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Note

Linear codes with complementary duals meet
the Gilbert–Varshamov bound
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Abstract

Using the hull dimension spectra of linear codes, we show that linear codes with complementary dual meet the asymptotic
Gilbert–Varshamov bound.
c© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Linear codes with complementary duals (LCD codes) were introduced by James Massey in 1992 [4]. In that paper, the
author shows that LCD codes are asymptotically good and raises the question of whether or not they reach the Gilbert–
Varshamov bound. The purpose of this note is to prove that they do.

The hull [1] of a linear code C is de;ned to be its intersection with its dual, H(C) = C ∩ C⊥. The LCD codes are
the linear codes with a hull of dimension zero. The complete hull dimension spectra of linear codes is given in [5].
In particular the proportion of q-ary linear codes having a hull of dimension l tends towards a positive constant (only
dependent of q and l).

2. Hull dimension

Throughout the paper, GF(q) will denote the ;nite ;eld with q elements and unless speci;ed otherwise we will consider
q-ary codes. An [n; k] code will be a q-ary linear code of length n and dimension k and an [n; k; d] code will be an [n; k]
code of minimum distance d. We denote by Ln;k the set of all [n; k] codes and by Hl the set of q-ary linear codes whose
hull has dimension l. We have

Theorem 1 (Sendrier [5]). For all l¿ 0, all q and any rate 0¡R¡ 1.

lim
n→∞

|Hl ∩ Ln;�Rn�|
|Ln;�Rn�| =


0
(ql − 1)(ql−1 − 1) · · · (q− 1)

= 
l;

where 
0 =
∏
i¿0 (1 + q

−i)−1.

It is remarkable that this number does not depend on the rate R.
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The proportion of [n; k] LCD codes among [n; k] codes is 
0. For q = 2, about 41.9% of the linear codes have a
complementary dual. This proportion increases with q, we have for instance 
0 =0:639 for q=3 or 
0 =0:996 for q=256.
More generally, 
0 ≈ 1 − 1=q when q grows to in;nity.

3. The Gilbert–Varshamov bound

Theorem 2 (Gilbert–Varshamov lower bound). An [n; k; d] code exists if
d−2∑
i=0

(
n− 1

i

)
(q− 1)i ¡ qn−k : (1)

Using the q-ary entropy function, de;ned for all x with 06 x6 1 by

Hq(x) = −x logq
x

q− 1
− (1 − x) logq(1 − x)

and an adequate inequality on binomial coeIcients (see [3, p. 310]), we obtain from (1) another suIcient condition for
the existence of an [n; k; d] code

(n− 1)Hq

(
d− 2
n− 1

)
¡n− k: (2)

From this the asymptotic version of the bound can be derived.

Theorem 3 (Gilbert–Varshamov asymptotic lower bound). For each � such that 06 �6 (q−1)=q there exists a sequence
of [ni; ki; di] codes such that:

(1) limi→∞ ni = ∞,
(2) lim inf i→∞ di=ni¿ �,
(3) lim supi→∞ ki=ni¿ 1 − Hq(�).

A family of code is asymptotically good if there exists two positive numbers R and � such that R�¿ 0 and an in;nite
sequence of [n; k; d] codes in the family such that d=n¿ � and k=n¿R. Meeting the asymptotic Gilbert–Varshamov bound
will mean something like that with an additional condition between R and �.

De�nition 4. A family F of q-ary linear codes meets the Gilbert–Varshamov bound (in the strong sense) if for each
number � with 06 �6 (q− 1)=q it contains a sequence of [ni; ki; di] codes such that

(1) limi→∞ ni = ∞,
(2) lim inf i→∞ di=ni¿ �,
(3) lim supi→∞ ki=ni¿ 1 − Hq(�).

A family can meet the bound in a weaker sense if the statements of the theorem do not hold for each �. For instance,
self-dual codes do meet the Gilbert–Varshamov bound, but only for �=H−1

q ( 12 ). Note also that in this weaker sense, we
must not allow �=0 or (q− 1)=q or we might have asymptotically bad families of codes meeting the Gilbert–Varshamov
bound.

Not only there are linear codes that meet the bound, but almost all of them do (see [2, Section 1] for instance).
Formally, this can be can stated as follows:

Lemma 5. For all �¿ 0 and all R with 0¡R¡ 1 we have

lim
n→∞

|Gn;�Rn�(�)|
|Ln;�Rn�| = 1;

where Gn;k(�) the set of all [n; k; d] codes such that k=n+ Hq(d=n)¿ 1 − �.

Theorem 6. Let F denote a family of q-ary codes. If for each number R with 0¡R¡ 1 we have

lim sup
n→∞

|F ∩ Ln;�Rn�|
|Ln;�Rn�| ¿ 0; (3)

then F meets the Gilbert–Varshamov bound in the strong sense.
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Proof. For all n, all k and all �¿ 0 we have (F ∩ Ln;k)\(F ∩ Gn;k(�)) ⊂ Ln;k\Gn;k(�), F ∩ Gn;k(�) ⊂ F ∩ Ln;k and
Gn;k(�) ⊂ Ln;k . And thus we can write

|F ∩ Ln;k |
|Ln;k | − |F ∩ Gn;k(�)|

|Ln;k | 6 1 − |Gn;k(�)|
|Ln;k | :

From (3) we easily derive that for all R with 0¡R¡ 1 and all �¿ 0

lim sup
n→∞

|F ∩ Gn;�Rn�(�)|
|Ln;�Rn�| ¿ 0:

Thus for all R with 0¡R¡ 1 and all �¿ 0 there exists (in;nitely many) codes in F whose parameters verify k = 
Rn�
and k=n+ Hq(d=n)¿ 1 − �. From that we can construct the sequences required to comply with De;nition 4.

4. Codes with prescribed hull dimension

Theorem 7. Linear codes with prescribed hull dimension meet the Gilbert–Varshamov bound in the strong sense.

Proof. A direct consequence of Theorem 1 and Theorem 6.

Corollary 8. LCD codes meet the Gilbert–Varshamov bound in the strong sense.
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