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1. Introduction

The solution of a variety of problems in many areas of physics and mathematics as well as in electrical engineering
requires finding analytical formulae for the inversion of the general periodic tridiagonal matrices:

rap c1 O 0 —di 7]
—dz a Cp 0
o .. - :
Jdy, ensdi, ag, Cps an, an) = | : (11)
: L . 0
0 —dn_1 Ap—1 Cp—1
L ¢ O - 0 —dp ay

= (nxn)

In the simplest cases the matrices J(0,0;d,a,c;a,a), J(0,0;d,a,c;a1,ay), J(d,c;d,a,c;a,a), and J(dqy,cn;d,a,c;ay,a) are
respectively, called Toeplitz, perturbed Toeplitz, Toeplitz periodic, and perturbed Toeplitz periodic tridiagonal matrices.

The inversion of J(dy, cp; dy, ax, cx; ai,ay) in (1.1) has been studied extensively with an attempt to find a simple and
analytic expression for the inverse. However, most of the efforts ended up with formulae for some special cases like
J(0, 0; di, ag, cx; a1, an), J(0,0; —cg, a, cx; a1, an), J(0,0;d,a,c;a,a),..., see for example [3,6,7,9,11,12,14-23] in addition to
several others.

This comment is motivated by the work of Huang and McColl [15] who solved for the inverse of the general tridiagonal
matrices J (0, O; dy, ak, Ck; a1, ap). This paper is concerned with generalizing their work, to provide analytical formulae for the
inverse of J(dq, cy; dg, ak, Ck; a1, ap) as in (1.1). These formulae are expressed in term of determinants of specific submatrices
of J(dy, cn; dy, ak, cx; a1, ay). The values of the determinants are related to the solutions of second order linear recurrences,
which can explicitly be expressed in term of the elements of the matrices. The present formulae can immediately lead to
explicitly closed forms for certain matrices such as perturbed Toeplitz for both periodic and non-periodic tridiagonal cases.

* Corresponding author,
E-mail address: el_shehawy@mans.edu.eg (M.A. El-Shehawey).

0022-247X/$ - see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2008.04.002


https://core.ac.uk/display/82591362?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:elprotect T1	extunderscore shehawy@mans.edu.eg
http://dx.doi.org/10.1016/j.jmaa.2008.04.002

124 M.A. El-Shehawey et al. / ]. Math. Anal. Appl. 345 (2008) 123-134

In 1979, Yamamoto and Ikebe [21] obtained formulae for the inverses of banded matrices. In 1988, Chakraborty [2] gave
an efficient algorithms for solving general periodic Toeplitz systems. A best known algorithm designed for serial implemen-
tation, for the solution of periodic tridiagonal linear system is given by Chawla [3]. In 2006, El-Mikkawy and Karawia [9]
presented an efficient algorithms to find the inverse of a general tridiagonal matrix. An efficient computational algorithm
for finding the inverse of any general periodic tridiagonal matrices J(dq, cy; dg, ak, Ck; a1, ay) as in (1.1) is given, it is suited
for implementation using Computer Algebra systems such as MAPLE, MATLAB, MACSYMA, and MATHEMATICA. An example
is also given to illustrate the algorithm.

The paper is organized as follows. In Section 2, we discuss properties of some tridiagonal matrices. Section 3 is devoted
to the main analytical results, in which we state and prove some relationships between two sequences of determinants.
The proof of the main theorem is also obtained. Illustrative examples and computational algorithm for general periodic
tridiagonal matrix inversion are given in Section 4.

2. Properties of some tridiagonal matrices

Let J(dy,ak, cx) = J(0,0; dy, ax, cx; a1, a,) be an invertible tridiagonal matrix of order n such that

fa c¢1 O 0 0 7
—dy a; ¢ 0
J(dk, ag, cx) = ) . (2.1)
: S . 0
0 —dn—1 Ap—1 Cp
L 0 0 --- 0 —dn, ay

= (nxn)

The determinant A7 of J(d, ay, cx) is easily evaluated from three-term recurrence relations
Ay =a AT pdic AT i=2,3,...,n, (2.2)
where A7'=0, A%=1, Al =ay, and

A?:ajA?H—I—dech’}H, j=n—1,n-2,...,1, (2.3)

where AZ+2 =0, A2+1 =1, A} =ap.
The elements of the vectors (Ali)i and (A?)j in (2.2) and (2.3) are precisely the determinants of specific submatrices of

the matrix J(d, a, ck).
The elements of the inverse matrix J~1(dy, ax, cx) = (Lij), 1 <1i,j<n can be computed according to the next lemma,
which has been derived in [19], see also [4,11,15,20] and [23]:

Lemma 2.1. The elements of ] ~1(dy, ax, cx) = (Lij), 1 <1, j <n, can be expressed as

. .Ai—lAr! .
(D) T g fori <,
Li=1 g, i o (2.4)
AT Hk=j+1 d fori>j,

where j=1,2,...,n,di=0,¢, =0.

Notice that the problem of the determination of the elements L;j, 1 <1i, j <n reduces to solving the recurrent relations
(2.2) and (2.3). Those are homogeneous linear recurrence relations of second order with variable coefficients. In 2001,
Mallik [16] obtained closed form expression for the solutions of such recurrence relations. In fact, based on these results
in recurrence relations in [16], explicit expressions for the elements L;j, 1 <1i, j <n were given in terms of the matrix
elements. These results can be summarized in the following two propositions (cf. formulae (16), (18), (63a), (63b) and (72)
in [16]):

Proposition 2.1. The solution of the recurrence relation

—a d
En()= —Em_1() + —Em—2(), 1<m<n, 1<I<m (2.5)
Cm Cm
is given by
(71)m—1+1 m Lm*ZH»lJ
e ( T8 et Dk, kg)eSq 4+ 1.m) oimki, ... kg) forl=1,....m—1,m=2,...,n,
Em() = —& forl=m, m=1,....n, (2.6)

1 forl=m+1, m=0,...,n,
0 otherwise,
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where

q
_1d
ormki, ... kq)_l_[ajnck, 1 (2.7)

Q;—1 akl

and the definition of the set Sq (141, m) has been introduced in [16] as follows: Let N denote the set of natural numbers. Forq, L, U € N,
Sq(L, U) is the set of all q-tuples with elements from {L, L+1, ..., U} arranged in ascending order so that no two consecutive elements
are present, that is:

{L,L+1,...,U} forU>Landq=1,

{1, ... k) k1, ... kg e {L,L+1,...,U}; ki—ki_q =2 forl=2,....q}

Sq(L,U) = (2.8)
! forU>L+2and2<q< |UE2 ),
@, otherwise.
Proposition 2.2. Explicit formula for the elements L; j, 1 <, j < n is given by
Ei1(WEn(j4+1) :
L _Ei lchN(l)_ fori< ”9
i Fi1(DFa(i+1) o (2.9)
A Fn (D fori>j,
where E;(1) #0, c1,¢2,...,cp—1 #0,d2,ds3, ...,dy, #0and
Fn() = (=1)™" ’H(d )Em(l) forl < m. (2.10)
j+1
Remark 2.1. The expression for o; (K1, ..., kq) is well defined even if some of the a’s are zero, since all the denominators

ag,—10ay; (i=1,...,q) cancel out with some factors in ]_[TZ, aj.

Formulae (2.9) and (2.10) follow from (71) and (72) in [16], and the invertibility condition is a consequence of formula
(77) in [16], which reads as

n

det J (d, a, c) = (—1)"(]_[Cj>5n(1)- (211)
j=1

In fact, Mallik [16] obtained the explicit expressions (2.9) and (2.10) for the elements L, 1 < < n by solving recur-

rence relation (2.5) with (2.7), as well as

d

Em(l)_—Em(H—lH— +1Em(1+2) 1<I<m, 1<m<n (212)

(cf. (25), (63a) and (63b) in [16]). Now, using (2.2), (2.5) and (2.7) one observes that

m
AT:(—l)m<]_[cj>Em(1), —1<m<n. (2.13)
Similarly, using (2.3), (2.7) and (2.12), one finds that
n
Afn:(_l)"—m“(l_[cj)}sn(m), 1<m<n+2. (2.14)
j=m

The relations (2.13) and (2.14) show that Lemma 2.1 and Proposition 2.2 are consistent. In fact, Lemma 2.1 can be derived
from Proposition 2.2.
Notice that:

1. In our results, there are no conditions on the elements of the matrix, but in Mallik [16], the elements in the off-
diagonals are not allowed to equal zero.

2. It is not easy to directly work with the explicit expression for Ep;(I) as in Proposition 2.1.

Lemma 2.2. Let A be invertible matrix of order n, partitioned in the form

An | An
A= , 215
[ Ax | An (215)
in which A11 and Ay, are of order m and n — m, respectively, 1 < m < n, and will be assumed invertible. A/2 and Ay are of n —

rows and m columns, where A’}, refers to the transpose of Axp. Then
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(i) B=An— A12A;21 Ay is invertible,
(ii) C = Az — Ay Ay, Ay is invertible.

In this case two different representations for the inverse of A are given by

_ B! | —B_1A12A7] ]
A 1:[ — — = 2. (2.16)
—Ap AnB~ [ Ay + A% AnBT AnAy,

and

-1 -1 -1 -1 -1 -1
Al :[ An AL ARC AnAy | —Ap AnC ] (217)

—CTAn Ay | c!

A direct verification that the identity (2.16) (or (2.17)) holds can be obtained by multiplying the right member in either
direction by the right member of (2.15), yielding the unit matrix.

A matrix with the form of B (or C) is called a Schur complement. An excellent review of Schur complement and their
applications is given by Cottle [5], see also [8,10] and [13, Section 07.3, p. 18].

Remark 2.2. The off-diagonal blocks of A~ can alternatively be expressed using the identities

B 'ApAy) =A'AC™! and A3 AnBT'=CTlAn AL (2.18)
Therefore
det A =det A1;.detC =det Ayy.detB. (2.19)

3. Main analytical results

The main purpose of this contribution is to find analytical formulae for the inverse of a general periodic tridiagonal
matrices (1.1). It is formulated in the next theorem:

Theorem 3.1. The elements of ]*1 (d1, cn; d, ag, Ck; a1, ap) = (qjj), 1 < i, j < ncan be expressed as

o i - , o
1] DA lA?+1 +dicn Ay 1A?+11] i ek + A7 Teejpa dielliea de - fori <,

q,‘j = — i1 i1 B . L. . i1 . . (3'1)
A1 Al i A AT T i+ (DA T [ Tii o fori > J,
where
n n
A=AV + dicn A dacn 1 A = ()" [ [ — [ [ de (3.2)

k=1 k=1

with ]_[;H (.) =1, and the sequence of determinants {Alj} is computed by the three-term recurrence relations (3.4), (3.5) and (3.6).

Before giving the proof of Theorem 3.1, we first state and prove two auxiliary lemmas which establish relationships
between the elements of the sequence {A{}.

3.1. Relationships between two sequences of determinants

The determinant Aij can be written as

i i1 i+2 o ke j—1
i a; Ci 0 0
i+1 |—dix1 Giv1 Cip
i+2 0 '
Al= : . i (33)
k —dy @
: 0
j—1 —dj1 g1 Cja
j 0 0 —dj a;j
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which has the following recurrence relations, i < j:

Al =a;al 7 +djej1 A7, (34)
and
Al =qi Al +dica],, (3:3)
with
. aj, i=j,
A{:{L i=j+1, (3.6)
0, i>j+2.

Following, for example, [6] (see also [18,20]), it is easy to verify that

J o
Al=T]n and A =[] 3.7)
k=j k=i
where
aj, k=i,
W=+ L% k=it 1i+2,... ], (3.8)
aj, k=],
=N+ Wt fm o2 (3.9)
Lemma 3.1.
Al =ARAL L+ aden AT AL, i<k< (310)

Proof. Expanding the determinant Aij in terms of elements of the kth row, i <k < j leads to the relation
Al = AL (@A + aadi A7) + a1 A AL

Using formula (3.4), formula (3.10) immediately follows. O

Formula (3.10) agrees with that of [1,11].
Note that formula (3.10) can be expressed as the following alternating form

A= AT A oadiaT Al (3.11)
Lemma 3.2.
) ) k k+1
Akl = AFAY — (A AL, [ a[dn 1<ii<n (312)

I=i—1 =i
Proof. For i =1, j=n, formula (3.10) becomes
A= ARAL L+ i AT AR, (313)
On multiplying the both sides of formula (3.15) with A;‘, we get
ATAF = ARAK AL+ cudip AR AT AT (3.14)

It is easy to see, after adding and subtracting the term ckdkHA;"]AzﬂA’{ to the right-hand side of (3.14) and using
formula (3.13), that

ATAY = ATAK 4 iy AL, (AF 2K — AR AR, (3.15)
Using formula (3.11), we get
ARATT AT AR = qdialT? (A Al - ATl ). (3.16)

Using formula (3.5). Formula (3.16) becomes

k Ak—1 k—1 Ak i—2 k k—1 k=1 Ak
AFATT — AT AT = —ciqcididi AT V(A7 A — AT Ay)- (317)
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Using formula (3.5) repeatedly, we obtain
i+1 42
k Ak—1 k=1 Ak i—27 Ak—1 Ak I
AT - A A = [T a Jday?[Afs af, - Afs48; ] =
I=i-1 I=i

k=2 k-1
k—i—1 i=2( Ak=1 Ak =
=D T a [diar (A" ag, — a54C)
I=ic1 =i

k—1 k
=D T a Jdar (318)
I=i—1 I=i

Insertion of formula (3.18) into formula (3.15) leads to the formula (3.12). O

Some other relationships between the sequence of determinants of specific submatrices are collected in the following
corollary.

Corollary 3.1.
An 2An 1 l - -
I+1 2 —1-4 1
T = Al — (=) e 1‘[ ]‘[ dr, (319)
1 1 r=l  r=l+1
AnflAlfl n 11-1
2l A (-t l“ Hcrl_[dr, (3.20)
A] r=1 r=2
Al 1An 1 k A= 11-1
k+1 -1 1—k— 3 +1
T—Ak+l—( 1) A” ——T]e ]_[ dr. (3.21)
r=k r=k+1

Proof of Theorem 3.1. Let j(dq, cp; dy, ax, cx; ai, ap) be partitioned in the form

aq C1 0 0 —d1 7]
—dy a; ¢ 0
0 .o Ju | Je
= = 3.22
J : 0 [ Iz 122} (3-22)
0 —dpn-1 Un-1 | Cn1
L Cn 0o .- 0 —dy an |

with [y = the single element a,, J11 =M — 1) x (n — 1) matriX, J1 = ® — 1) x 1 column vector, J;1 =1 x (n — 1) row
vector, where

G ¢ 0 0 0

—dy a; ¢ 0
Jn= ’

. . : 0

0 —dn,2 an—2 Cn—2

0 0o ... 0 —dp—1 Ap-1 (n—1xn—1)
Jp=[-di 0 --- 0 cn1], and Jar=[cp O --- 0 —dn].

We then have that the elements of ]]’11 = (Lij)n—1xn—1, are the same as that given as in Lemma 2.1 with the indices i and
j range from 1 ton—1.If

~(dy, cp; di, ag, Ck; A1, An) = , .
J7Nd1.cnid y= | S Cro (3.23)
Cy | C2

is partitioned conformally, we then have that, from Lemma 2.2, Cy; is invertible, and the Schur complement of Ji; is given
by
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Jo2 = )y 12

-2

OAn 1 An 2An 1 n— AOA" 1 n-1
:an_{cn[cn 1— 7 ( n" l_[Cl dy————— = l_[dl —dp| Cho1———— 1_[ —di——— A1 l_[dl
1 1

I=n-1
=——=0;, (3.24)
where A is the same as that given in formula (3.2).

To find the elements of the matrix Cq1 = (¢jj), 1< 1i,j <n—1, we first calculate the elements of the column vector
]1’11]12. It is easy to verify that

JatJe= e (( 1AL T[ck ,H]'[dk) . (3.25)

1 k=i 1<ign-1

Secondary, we calculate the elements of the row vector J»1J 1_11, it is easy to verify that

j—1 n
_ 1 i n— i—1
2 ]111 = Ani] ((1)1+JA’]1-+}Cn l_[ Ck — A{ 1—[ dk) - (326)
k=1 1<j<n—1

1 k=j+1

By formula (2.17), and using formulae (3.24), (3.25), (3.26) and Lemma 2.1 with the indices i and j range from 1 ton —1,
we have

{lan AT AT AT + dica AT AT 1A']’+}+dncn_1A"’2Ai A DT

+(= UHLH—HAI lA;+1 [Tk=1 l'lk i (_1)1+jA?+11A?+}Cn Hk:] Ckl—[k:l dk
+ (=AY T g T 1dk+(—1)f+1'+”A’ LT en Ty i T
— (D) AT AT T aTie —jr1dk+ A?+1]Aj iz de[Tezjr di}s 1<, (3.27)
{lan AT A AN+ dicn Al AT AT dnca AT AT AT T 4 di
—(=1yral” 1A111+11 iy e [T je1 e+ (= DAL 1A1+1 Hk 1Ck1_[k i Ck
—(—1)1+JA;‘+11A’}+}CH]‘[,< L They die— (DT AT AT T o [T de). i1

Using Corollary 3.1, after simplification, formula (3.27) becomes

= -1
AlTA

(DA @ AT + dncn1 A2 +dicn AT AT cc+ AL T di Ty i

j+1 j+1 j+1 i+1
1 for i < j,
=] o . (328)
(4] (@nAfy +dncn 1A1+1)+d1C"AJ A?-H]Hk —jr1 e+ (= ])l+]+nA'+1 - 1Ckl_[k i
fori> j,

where A is the same as that given in formula (3.2).

Observe that the elements of the vectors C1p = (¢¢j)j, C21 = (B))j, and C22 in (3.23), are obtained from the elements of
the matrix Cyy = (cjj), by replacing, j by n in the case i < j; i by n in the case i > j, and i, j by n in the case i< jori > j,
respectively. Finally, we get

oj <( 1)1+]AJ+1cn1_[ck—A] ! ]‘[ dk>, (3.29)

k=j+1
1 j—1 - n
Bi=~ ((—1)1+1A']’+}cn [Tae—27" [] dk), (3.30)
k=1 k=j+1
111—1
Cypp = A (3.31)

where A is the same as that given in formula (3.2). Hence the theorem is proved. O

This result agrees with that obtained by Cichocki and Unbehauen [4] using different approaches based on the coats flow
graph technique of a linear system.
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As a simple consequence of Theorem 3.1, we consider a perturbed Toeplitz periodic tridiagonal matrices J(d1, cp;d, a,c;
ai,ap), in which the boundary elements aq,dq,c, and a, are different from the remaining elements, i.e., a; =a for i =
2,3,....,n—1,a1,ap#a;di=d fori=2,3,...,n;di #dand c;=cfori=1,3,....,n—1, cp #¢C

r dq Cc 0 0 —d]'

Jdi,cpsd,a,c;a,a)=1| O

L ¢y

0

—d
0

a
—d

0

c
ap

For this matrix, we have the following corollary.

Corollary 3.2. The elements of]*1 (dy,cn;d,a, c;ay,an) = (uij), 1 <1, j <n, can be expressed in the following form
1 | oAl an , +dicu Al AT di Al fori <,

= — i1 i1 il i1 c ) .
M| [A]T AL +dicpal T AT d I — A e fori>j,

Uij

where

A =dicg Ay —did™ + (=) epc™ + [hngr + (@1 + an — 20)hy + (@n — @) (@1 — Dhy_1]-
For hy # Aa, A% — M5 = hi(q — A2), A2 = Jla £ Va2 +4dc],

Ay =hi_g2 + (@ + @ = 20h_i1 + (@0 —a)(ar — aphi_g, 1<k I<n.

Foraii=x=32,1<kI<n

a
27

I—k—1 2
Al = (%) {(1 — (@1 — )@ —ap) + (= k+ D@ +a —2a)<%) + (l—k+2)<g) }

In the case when d; =0, ¢, = 0, the elements of]*1 (0,0:d,a,c;ay,an) = (ujj), 1 <1i, j <n, become
e [ e
1| 4y AH_ld’ J fori>j,
where
Ay =hni1 + (@1 + an — 20)hn + (an — @)(a1 — A)hp—1
and Al defined as in (3.35) and (3.36).

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

It is straightforward to show that the present results are generalized some well known results, see for example [14,15,

17,20-22] and [23].

4. Illustrative examples

To illustrate the advantages of the proposed approach and the usefulness of the formulae (3.1), (3.2) we present a number

of special cases (examples) and discuss some numerical results.

Example 4.1. In the numerical solution of some partial differential equations which arise in electromagnetic field theory

there occurs the need to invert the following matrix

[1+4qr r o - 0 0 7]
—pr l1+4gqr r :
J(pr,14qr,n=| 0
: 0
—pr 1+qr r
) 0 .- 0 —pr 1+4qr |

(41)
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Putting a; =a, =a=1+gqr, di =c, =0, c=r and d = pr in Corollary 3.2, we obtain immediately the elements of J~!(pr,
14qr,r) = (vij), 1 <1i, j <n, given by

1 | hihp_ iz (=)=t fori<j,
vij = in=1 ),-_- S (4.2)
hnga | hjhn_ip1(pr)'=7 fori> j,
for 1 # 22, A% = 2% = —22), da2 = 5T /(52 + pr?, and
L1 [ DT fori<, ws)
Tt jm—i+ (T fori> ],

for a=Az2 = 3(1+qn).

Note that, in the special case when p < 0 the inverse can be expressed by, U, (x), the nth Chebyshev polynomials of the
second kind, given by

IplU==D/2 (Ui 1) Up_j(x) for i< j,
Vii= U, : o (4.4)
rUn(x) Uj—1()Un—i(x) foriz>j,
_ l4qr
where x = aripl”
Example 4.2. Consider the following periodic matrix J(1,1;1,a,1;1,1)
ra -1 0 -~ 0 -—17
-1 a -1 :
JAtla =] 0 : (4.5)
. 0
-1 a -1
L-1 0 --- 0 -1 a J

It is easy verify that the elements of J~1(1,1;1,a,1;1,1) = ©), 1 <1i,j<n, by putting a1 =a, =a, dy =d=1 and
cp =c=—1 in Corollary 3.2, are:

1 hn—jy1hi —hiqhp—j +hj for i < j,
Oij = Choah. A ntj—ip. o (4.6)
hny1 +hn—1 =2 | hp—jprhj +hj_1hpi — (=1) hi_j fori>j,
for A1 # Ay, where A1 3 = %[a:l: a2 —4], )J]‘ — A’; =hp(A1 — X32), and
g — L1 =i+ DG == D= I (- DG for i < j, 47)
YUs | jm— i DM (= ) — i) ()3 ()G — i)y (8) T for i > '

for sy =2=%, where s=(n+1)($)" — (n— ("2 -2.
It should be noted that this example has been previously studied by several authors; see, for instance, [11,18] and [22].
4.1. Algorithm for general periodic tridiagonal matrix

In this subsection, we will develop an efficient computational algorithm for inverting the general periodic tridiagonal
matrices (1.1):

Algorithm 4.1. To find the n x n inverse matrix of a general periodic tridiagonal matrices A = J(d1, cp; di, ag, C; a1, an) of
the form (1.1), we may proceed as follows:

INPUT Order of the matrix n and the components d, ax, ¢y, k=1,2,...,n.

OUTPUT The entries q;j, 1 <i, j <n of the matrix inversion A l= ]*1(d1, Cn; di, g, Ck; a1, ).

Step1 Designing a function for computing the product of any series S from i to j and name it P(S,1i, j) as follows:
Step 1-1 if i < j, then P(S,i, j)=1,

Step1-2 set f=1,

Step 1-3 for k from i to j set f = f x S(k),

Step 1-4 set P(C,1i,j)=f.
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Step 2
Step 2-1
Step 2-2
Step 2-3
Step 2-4
Step 2-5
Step 2-6
Step 3
Step 4
Step 5
Step 5-1

Step 5-2

Step 6
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Designing a function for computing the continuants A{ and name it C(A,1i, j) as follows:

for k from 1 to n, set a(k) = Ak, k), c(ky=A(k,k+1),dk+1)=—Ak+1,k),

set G(1) =a(i),

set G(1) = x whenever G(1) =0,

fork from2to j—i+1,set Gk)=a(i+k—1)+c(i+k—2)«di+k—1)/G(k—1),

set G(k) = x whenever G(k) =0 for any k=2,3,...,j —1,

set C(A,i,j)=P(G,1,j—i+1).

Set D1=C(A,1,n) +d(1)*xc(n) *C(A,2,n—1) — P(c,1,n)x(—1)"n — P(d, 1,n).

If the D1 =0, then OUTPUT ('no inverse exist’); STOP.

For i from 1 to n, for j from 1 to n:

if i < j, then set q(i, j) = ((C(A, j+1,n)*C(A,1,i—1)+d(1)xc(n) *C(A,2,i—1)xC(A,j+1,n—1)) %« P(c,i, j—
D*x (=D (+j)+CA,i+1,j—1)*Pd,j+1,n)xPd,1,i))/D1,

else, set q(i, j) = ((C(A,i+1,n)xC(A,1,j— 1) +d(1)xc(n) *C(A,2,j— 1) *xC(A,i+1,n—1))« P, j+1,i) +
(=1D)"(n+i+j)*C(A, j+1,i—1)%P(c,1,j—1) % P(c,i,n))/D1.

OUTPUT the inverse matrix A~! = (gij), 1 <i,j<n.

Appendix A. A Maple procedure for inverting the general periodic tridiagonal matrices

M:=1

elif

alkl]

clkl

G[1]

G[k]

M:=1

VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVYVVYV

else

G:=Array(l..j-i+1):

for k from 1 to n do

:=A[k,k]:

end do:

for k from 1 to n-1 do
:=A[k,k+1]:
dlk+1]:=-A[k+1,1]:

end do:

r=alil:

if G[1]=0 then G[l]:=x end if:
for k from 2 to j-i+1 do
:=al[i+k-1]+c[i+k-2]*d[i+k-1]/G[k-1]:
if G[k]=0 then G[k]:=x end if:
end do:

# A Maple procedure for inverting the periodic general tridiagonal matrices
restart:

with (LinearAlgebra) ;

# A function for computing the product of any Series C from i to j
pro:=proc(C,1i,3)

local M, k:

if j<i then M:=1

else

for k from i to j do

M:=M*C[k]:

end do

end if:

eval (M) ;

end proc:

# A function for computing the contiuant of the matrix from i to jJ
continuant:=proc(A,i,Jj)

local k,a,c,d,G,M,n:n:=RowDimension(A) :
a:=Array(l..n):c:=Array(l..n-1): d:=Array(2..n):
if i=j+1 then M:=1

i=j+2 then M:=0

for k from 1 to j-i+1 do
M:=M*G[k]:

end do:

end if:

eval (M) ;

end proc:
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# The main program

ptdmi:=proc (A7)

local k, 1,a, ¢, d, F, O, s, n:

n:=RowDimension (A) :

a:=Array(l..n):c:=Array(l..n):d:=Array(l..n): s:=Matrix(l..n,1..n):

for k from 1 to n do

alk]l:=A[k,k]:

end do:

for k from 1 to n-1 do

cl[k]:=A[k,k+1]:

end do:

for k from 2 to n do

dl[k]:=-A[k,k-1]:

end do:

c[n]:=A[n,1]:

d[l]:=-A[1l,n]:

Dl:=continuant(A,1l,n)+d[1l]*c[n]*continuant (A,2,n-1)
-pro(c,1,n)*(-1)"n-pro(d,1,n);

VVVVVVVVVVVVVVVVYV

if D1=0 then

print ("singular matrix, no inverse");
break:

end if:

for k from 1 to n do

for 1 from 1 to n do

if k<= 1 then

s[k,1l]:=(continuant (A,1+1,n) *continuant(A,1l,k-1)+d[1]*c[n]
*continuant (A, 2,k-1) *continuant (A,1+1,n-1)) *pro(c,k,1-1)*(-1) " (k+1)
+continuant (A,k+1,1-1) *pro(d,1+1,n) *pro(d,1,k):

VV VYV YV V VYV

> else

> sl[k,1]:=(continuant (A,k+1,n) *continuant(A,1,1-1)+d[1]*c[n]
*continuant (A,2,1-1) *continuant (A,k+1,n-1)) *pro(d,1+1,k)+((-1)" (n+k+1))
*continuant (A,1+1,k-1) *pro(c,1,1-1)*pro(c,k,n):

> end 1if

> end do

> end do:

> print ("A=",A);print("Inverse of A=",’1/D’' (subs(x=0,simplify(s))));

> print ("D=" (subs (x=0,simplify (D1))));

> end proc:

Consider the following matrix

a 1 0 -1
-1 a 1 0
0 -1 a 1
1 0 -1 a

A=

to use the last procedure, just define our matrix as follows

> A := Matrix(1..4,1..4,[[a,1,0,-1],[-1,a,1,0]1,[0,-1,a,11,[1,0,-1,al1l);
> ptdmi (4) ;

Then we can get the following result

a(@® +2) —a? 2a a?
1 a? a@+2 —d? 2a 2/ 2
Inverse of A = 5 2a 2 @42 ., D=d*(a* +a).
—a? 2a a? a@® +2)
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