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I. INTRODUCTION

We shall use the notation and results of Part I of this article [8]. In [8],
we have already remarked that

Ap — 1) =0 (mod k — 1) )
and
Av(v — 1) =0 (mod k(k — 1)) 2)

are necessary conditions for the existence of a (v, k, A)-BIBD with v > 0,
and we have mentioned

THE EXISTENCE CONJECTURE. Given positive integers k and A, there
exists a constant C = C(k, A) such that v € Blk; A] for every integer v > C
which satisfies the congruences (1) and (2).

The most significant work to date on the Existence Conjecture is that of
Hanani [3, 4, 5]. It is shown that the conditions (1) and (2) are both
necessary and sufficient for the existence of a (v, k, A)-BIBD when k£ = 3,4
and for all A, Hanani also proves that (1) and (2) are sufficient for the
existence of a (v, 5, A)-BIBD with one exception: namely, no (15, 5, 2)-
BIBD exists.

Recall that a set K of positive integers is said to be PBD-closed (or
simply a closed set) iff K is equal to its closure B[K]. From [8, Proposition
5.2], we have
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1.1. LeMMA. For any K and A, BIK; 7] is a closed set.

With the Existence Conjecture in mind, this observation suggests the
undertaking of the study of the structure of closed sets in general. It is at
first surprising that closed sets must necessarily behave very regularly at
their ““tail ends.” Given any set K, we denote by B(K) the greatest common
divisor of the numbers {k(k — 1) | k € K} (see Section 2).

MAIN THEOREM. Every closed set K is eventually periodic with period
B(K). That is, there exists a constant C such that, for every ke K,
{vlv=C, v=k(mod B(K))} C K.

An interesting consequence of the Main Theorem is that every closed
set K is finitely generated in the sense that there exists a finite set K, C K
such that K = B[K,]. Applications to the sets Blk; A] yield

THEOREM. The Existence Conjecture is valid for a pair k, A whenever
(i) k/(k, X) is one or a prime power (in particular, whenever k is a prime
power), or (i) A = ([3k] — 1)([3k] — 2).

Partial results can be given in any case and the problem is at least
greatly reduced. For example, we prove that all sufficiently large integers
v =1 or 6(mod 30) belong to B[6] and that, if there exists a single
g € B[6] with v, = 16 or 21 (mod 30), then the Existence Conjecture holds
fork=6,A=1.

It is hoped that the theory of closed sets can be applied to other problems
concerning pairwise balance of the form of the Existence Conjecture.
Indeed, a similar conjecture concerning the sets B[K; A] can be formulated
and we give analogous results, The sets Fi[d] can also be described in
terms of K.

2. THE EXTENDED EXISTENCE CONJECTURE,
THE PARAMETERS o AND f3

In this section we will want to consider the greatest common divisor of
possibly infinite sets J of integers. We define gcd(J) to be the unique non-
negative generator of the ideal in the ring of integers which is generated by
J. One sees immediately that d = ged(J) is the unique non-negative integer
satisfying (i) d | k for all ke J, and (ii) if ¢ | k for all ke J, then c|d.
Clearly, if J; C J, , then ged(J,) | ged(J,). We shall also need

2.1. PROPOSITION. There is a finite set J, C J such that ged(Jy) = ged(J).
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Proof. Since ged(J) is an element of the ideal generated by J, we have
ged(J) = atky + ask, + - + a,k, for some integers a, and elements
k; e J. Putting J, = {ky, ks ,..., k,}, it easily follows that gcd(J) = gcd(J,).

Given a set K of positive integers, we define the parameters:

oK) =gedlk — 1| keK},
B(K) = ged{k(k — 1) | k € K}.
2.2. ProrosITION. If v e B[K; A}, then

Av — 1) = 0 (mod «(K)), (3)
and
Av(v — 1) = 0 (mod B(K)). 4)

Proof. Given ve B[K;A), let (X, %) be a (v, K, A)-PBD, where
& = (B;|ieI)is the family of blocks. Fix f € X. We count the number
N of pairs (x, {) such that x # 8, {x, 6} C B, . If we fix an index i, € I, then
the number of x # 6 such that {x, 6} C B, is either O or [B; | —1 =0
(mod «(K)). Thus N = 0 (mod «(K)). On the other hand, if we fix x, 5= 0,
then the number of indices ie I for which {x;, 8} C B; is A and hence
N = Av — 1). This proves congruence (3).

Now we count the number N’ of ordered triples (x, y,i) such that
x # y,{x, vy} C B;. If we fix an index i, € /, then the number of pairs
(%, 9), x#, %, y}CB;, is | B, | (B | —1)=0 (mod B(K)). Thus
N' =0 (mod B(K)). If we fix an ordered pair (x,y), x =y, then the
number of indices i € I such that {x, y} C B; is A and thus N’ = Av(v — 1).
This proves congruence (4).

Remark. In some particular cases, it is easy to prove the non-existence
of certain PBD’s with potentially multiple block sizes. For example,
45 ¢ B[{6, 7}; 1] although the necessary conditions (3) and (4) are satisfied.
As in [6], consideration of the dispersion at any point of a hypothetical
(45, {6, 7}, 1)-PBD shows that there must be precisely 4 blocks of size 7
which contain that point. But it would then follow that the total number
of blocks of size 7 is 45 - 4/7 which is not an integer.

We generalize the Existence Conjecture:

THE EXTENDED EXISTENCE CONJECTURE. Given a set K of positive in-
tegers and a positive integer), there exists a constant C = C(K, A) such that
v € B[K; A] for all integers v = C satisfying congruences (3) and (8).
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Some cases of this conjecture are known to be valid. In his work on
BIBD’s, Hanani [3] proves that B[{3, 4, 6}] consists of those positive
integers v = 0 or 1 (mod 3); B[{4, 5, 8,9, 12}] of those v = 0 or 1 (mod 4).

We seek to describe a closed set K in terms of «(K) and B(K). For a
closed set K = B[K], the Extended Existence Conjecture would assert the
existence of a constant C such that {v € K| v = C} consists of precisely
those v = C satisfying

v=1 (mod «(K)) (%)

and
viv — 1) =0 (mod B(K)). (6)

2.3. PROPOSITION, For any set K of positive integers, o(B[K]) = «(K)
and B(BIKT) = B(K).

Proof. Since K C B[K], we have «(B[K]) | «(K) and B(B[K]) [ B(K). On
the other hand, Proposition 2.2 asserts that «(K)| v — 1 and B(K) | v(v — 1)
for every v € B[K], and hence o(K) | «(B[K]), B(K) | B(BIK]).

Given a set K, we note that «(K) = 0 iff S(K) = 0 iff K = @ or {1}.
Since «(K) | k(k — 1) for every k € K, we have

oK) | BK). @)
Since 2 | k(k — 1) for all k € K,

2| B(K). ®)

We define y(K) = B(K)/(K) if «(K) # 0 and y(K) = 1 if «(K) = 0 Note
that y(B[k]) = y({k}) = k.

2.4. PROPOSITION For any set K, o(K) and y(K) are relatively prime.

Proof. If «(K) = 0, we are done. Assuming «(K) = 0, let 4 be a com-
mon divisor of a(K) and B(K). Then d - «(K) | k(k — 1) for each k € K.
Now «(K), and hence d, divides each k — 1; therefore both «(K) and d are
relatively prime to each k€ K. Then d - «(K) | k — | for each k€ K and
consequently d - a(K) | «(K). We conclude d = 41 and the proposition is
established.

Conditions {(7) and (8) and Proposition 2.4 characterize those pairs of
integers which occur as «(K) and B(K) for some K. Indeed, let @ and b be
non-negative integers such that a | b, b is even, and (a, b/a) = 1 (admitting
a = b = 0). To the pair a, 5 we may attach the “model” closed set
H=H@ab ={v>0alv—1,b|vlv — D}
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2.5. PROPOSITION. ofH) = a, B(H) = b, and H is a closed set.

Proof. Clearly a | o(H) and b | B(H). For any n > 0, nb + 1 € H, and
hence B(H) | nb(nb + 1). If B(H) = 0, it follows b = a =0, H = {1}.
Otherwise we may take n= 1, —1 (mod B(H)) successively to find
B(H) | b(b + 1) and B(H) | b(b — 1). Since biseven, (b — 1,5 + 1) =1,
from which it follows that S(H) | b. Hence B(H) = b.

Since (a, ¢) = 1, where ¢ = b/a, we can select v > 0 such that v =0
(mod ¢) and v = 1 (mod a). Then v € H, hence «(H)|v — 1, and conse-
quently (a(H),c) = 1. But then, a | «{H) | B(H) = ac implies «(H) = a.

By 2.2, ve B[H] implies a(H) | v — 1 and B(H) | v(v — 1). From what
we have proved above, this means v € A. Thus H is closed.

It is easy to see that {k € K|k =1 or k = M} is a closed set for any
closed set K. We say that two sets .S and T eventually coincide iff there
exists a constant M such that {seS|s>M}={reT|t > M}. The
Extended Existence Conjecture for A = 1 is equivalent to the assertion
that for any closed set K, H(«(K), B(K)) and K eventually coincide.

3. EVENTUAL PERIODICITY AND FIBERS

Z will denote the ring of integers and for any integer =, Z/(sr) is to be
the ring of residue classes modulo 7. Let J be a set of integers. A =-fiber of
Jis a residue class f € Z/(#) for which there exists k € J with & = f (mod =).
Thus the set of all #-fibers of J is just the image of J under the canonical
epimorphism Z — Z/(w). A =-fiber f of J is said to be complete iff there
exists a constant M such that {v | v > M, v = f(mod =)} C J. Finally, we
say that J is eventually periodic with period = iff all 7-fibers are complete.
Loosely speaking, then, this requires that the “tail end” of J be the union
of arithmetic progressions to the modulus 7 and that each progression
that has been “started” somewhere in J must eventually be completed.

The O-fibers of a set J are precisely the elements of J, for Z/(0) = Z. If
7 5~ 0, then there can be only finitely many w-fibers of J, and thus the
assertion that J is eventually periodic with period 7 is equivalent to the
existence of a constant M such that for every keJ, {v|v =M, v =k
(mod #)} C J. (This equivalence also holds for = = 0.)

Essential to our proof of the Main Theorem is

3.1. PROPOSITION. The eventual periods of a set J form an ideal in Z.

Proof. Every set J is eventually periodic with period 0. Now let 7; and
m, be two eventual periods of J and let = = s7, + tm, where s, 1 ¢ Z. We
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assume m, 7 0. There are constants M, , M, such that for any ke J,
{viv=M;,v=k(mod m)} CJ,i =1,2. Put M = max (M,, M,) and
let ko € J be given.

Suppose v > M and v = K, (mod =), say v — ko = nm = nsm, + ntm, .
Select an integer m such that M, < v — nsm, + mmym, = [, say. (Any m
will suffice if 7, = 0.) Now [ = K, (mod =,) and / >> M, , so [e J. And
v=I(modm),v>=M;, so velJ In summary, {v|v>=>M,v==kF,
(mod =)} € J. We have established that = is an eventual period of J and
this proves the proposition.

The unique non-negative generator of the ideal of eventual periods of a
set J will be called the primitive eventual period.

Let X be a closed set. We refer to the B(K)-fibers of K simply as the
fibers of K. The assertion that an integer is a fiber of X will mean that that
integer, when read modulo B(K), is a fiber of K. The Extended Existence
Conjecture in conjunction with 2.2 would assert that the fibers of X are
precisely those fe Z/(B(K)) satisfying f— 1 =0 (mod «(X)) and
F(f— 1) =0 (mod B(K)), and that every fiber is complete. This latter
assertion is precisely the Main Theorem. After it is proved, we will know
that either B(K) or 18(K) is the primitive period in view of

3.2. ProOPOSITION. Let K be a closed set which is eventually periodic
with period = > 0. If  is even, then B(K) | m, and if = is odd, then B(K)| 2.

Proof. Recall that every closed set K contains 1. If S(K) = 0, then
K = {1} and has only the eventual period 0. Assuming S(K) > 0, we note
that, since 1 € K, we have 1 -+ n7 € K for all sufficiently large integers #.
Then, of course, B(K) | nm(l + nw). Taking n = 41 (mod B(X)), we find
B(K)| m(l + wyand B(K)| n(1 — =).If wiseven,then(l + 7, 1 — 7)) =1
and hence B(K)|#. If = is odd, then (1 4+ =, | — w) = 2 and hence
B(K) | 2m.

COROLLARY. If the closed set K has an odd eventual period, then
B(K) = 2 (mod 4) and K contains elements congruent to 2 or 3 modulo 4.

Proof. Since B(K) divides twice the eventual period, it is clear that
B(K) = 2 (mod 4). Necessarily then, there is some k € Kwithk(k — 1) == 0
(mod 4). This is the case iff X = 2 or 3 (mod 4).

Every closed set K has at least one fiber, namely, 1. Since k € Blk], kis a
fiber of the closed set B[k]. From the congruences (1) and (2), all fibers
f of Blk] are solutions of the system

f—1=0(modk — 1),

9
f(f = 1) = 0 (mod k(k — 1)).
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If k is a prime power, then {1, &} is the complete set of fibers of B[k], for
these are the only solutions modulo k(k — 1) = B(B[k]) to the system (9).
If k has two distinct prime divisors, then (9) has more than two solutions
(see below). But, unfortunately, the author knows of no other fibers of
any set B[k] besides 1 and k.

3.3. PROPOSITION. The number of residue classes f modulo B(K)
satisfying
/' — 1 =0 (mod «K)),

(10)
J(f = 1) = 0 (mod B(K))

is 2" where r is the number of distinct prime divisors of v(K).

Proof. Since («(K), y(K)) = 1, f satisfies the congruences iff f — 1 =0
(mod «(K)) and f(f — 1) = 0 (mod y(K)). Writing p(K) = PpPy: -+~ P'r
as the product of powers of distinct primes, the latter system is equivalent
to

f—1 =0 (mod «(K))
f(f—1) =0 (mod P")

FUf— 1) = 0 (mod P¥).

There is a unique solution modulo «(K) to f — 1 = 0 (mod «(K)) while
there are two solutions modulo P} to f(f — 1) = 0 (mod P:). Since
oK), Pit,..., P)r are pairwise prime, the Chinese remainder theorem
asserts that the number of solutions modulo B(K) to the system is 27.

The sets H(a, b) introduced in Section 2 are examples of closed sets
where every solution of (10) is a fiber. If y(K) = 1 for some closed set K
then, by 3.3, 1 is the only fiber of K. If y(K) > 1 then, as we shall see later,
K has at least two fibers. We are not able to verify the part of the Extended
Existence Conjecture which asserts that all solutions of (10) are fibers of K,
but we will prove that the number of fibers is always a power of 2.

4. LEmmas oN BIBD’s AND CLOSED SETS

If we are to construct PBD’s by recursive composition techniques, then
clearly it is necessary to have something to start with. The following result
of the author’s paper [7, Lemma 1 and Theorem 5] is thus of utmost
importance here:
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41. Lemma. Letk =2, A >> 1 be given and let q be a prime power,
g > {k(k — DF*D If Ag — 1) = 0 (mod k(k — 1)), then g € Blk; A.

We shall make several references to Dirichlet’s famous theorem on
primes in arithmetic progressions, which we now state.

4.2. Lemma (Dirichlet). If (a, m) = 1, then the arithmetic progression
tm +a, t =1, 2,..., contains infinitely many prime numbers.

The only part of 4.1 we will need for the proof of the Main Theorem is

4.3. PrOPOSITION, FEvery closed set K + {1} is infinite.

Proof. Take ke K, k = 2. By 4.2, there are infinitely many primes
p = 1 (mod k(k — 1)) and all such, which are sufficiently large, belong to
B[k] by 4.1. Since K is closed, Blk] C K.

Aside from 4.1 and the fact the sets B[K; A} are closed (Lemma 1.1), the
only other information concerning A > 1 we require is furnished by

4.4, PROPOSITION. If A= @A, + aA, + -+ + a,A, for integers
a; =0, X, > 1, then (\;_y BIK; A] C BIK; Al

Proof. Given wve ()i, B[K; A, there exists a (v, K, A)-PBD
X, Z), i=12..,n Put ¥ =a% +  +a,?, (this is the
family of blocks obtained by counting each block B with a multiplicity
m = aym, + - + a,m, , where m, is the number of times B occurs in the
family .#,). The design (X, #) is then a (v, K, A)-PBD and hence v e B[K; A].

COROLLARY. If A, | A, then B[K; A,] C B[K; A].

Remark. Let K be any set and put A, = (A, B(K)). Keeping in mind the
fact that «(K) | B(K), it is easily verified that A(v — 1) = 0 (mod «(K)) and
Av(v — 1) = 0 (mod B(K))iff Ay(v — 1) = 0 (mod «(K)) and Agp(v — 1) =0
(mod B(K)). Thus, since B[K; A,) C B[K; A], if the Extended Existence
Conjecture is valid for the pair K, A,, then it is valid for K, \. So the
Conjecture is valid for a fixed set K and all Aiff it is valid for those A which
divide B(K). In particular, if it is valid, then the constant C(K, A) may be
chosen to be independent of A.

Another result of utmost importance to us is that of Chowla, Erdés, and
Straus [2], which in our terminology reads

4.5. LEMMA. There exists a constant oa(k) such that m € 0A[k] for all
m > oa(k).
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We use oa(k) to denote the minimum such constant so that
oalk + 1) = oa(k).

All other necessary preliminary results are furnished by [8]. The GDD
Composition Theorem [8, Theorem 11.2] and Hanani’s observation that
R is a closed set [8, Theorem 10.1] will be instrumental. We state below
several variations of assertions of [8] which will be used often:

4.6. LeMMA. If e,e+ 1, m, and t are elements of a closed set
K(ort=0)and0 <t <m,m>oale + 1), thenem 4+ te K.

Proof. By [8, Lemma 10.2], em + t € B[{e, e + 1, m, t}]. But, since K is
closed, this latter set is contained in K.

47. LeMMA. Let K be a closed set. If JC K, then G¢[J]CK. If
Jj+ 1K for every jeJ, then w + | € K for every w € G¢[J].

Proof. These are special cases of the Adjunction theorem [8, Theorem

11.1] with d = 0,1.

4.8. LemMMa. Ifve Blk]land v — 1 > oa(k), then
kv, k(v — 1) + 1 € Blk].
Proof. In Lemma 4.7, take K = B[k], J = {v} and then J = {v — 1}.
This is also a special case of [§, Theorem 9.1}
4.9. LemMA. If v e Fglul, v > u, then there exists a GDD with block
sizes from K and group type {u} + (v — w){1} ({1} if u = 0).

Proof. Let (X, (%) be a (v, K, 1)-PBD with a flat F of order w. Then
(X {Fyu{{x}|xe X — F},  — (I| F) is the required GDD (omit F as a
group if u = 0).

S. THE FiBer 1 ofF Bl[k] Is COMPLETE

5.1. THEOREM. Let k = 2 be given. There exists a constant C = C(k)
such that v € B[k] for all integers v = C satisfying v =1 (mod k(k — 1)).

The proof is broken up into several steps in order to emphasize the
main points. It is convenient to work within the closed set

R,={r>0|rtk —1)+1eB[k]}

and we note here that the theorem is equivalent to the assertion of the
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existence of a constant C’ such that r € Ry, for all r > C’ satisfying r = 0
(mod k). k is to remain fixed throughout this section. By 4.3, B[k], and
hence R, , is infinite.

5.2. Step l. There exists a positive integer r* such that r* =0
(modk)and r*, r* + 1, r* + k,r* +k +1€R,.

Proof. Select u € Blk] with u — 1 > oa(k). By 4.8,
ku, k(u — 1) + 1 € Bk).

Again by 4.8, (with v = k(u — 1) + 1, ku), we find that k(k(u — 1)) + 1,
k(k(u — 1) + 1), k(ku — 1) + 1, k(ku) are all elements of B[k]). We take

u—1
k—1

pk o— k2

The above four elements of B[k] establish, respectively, that r*, r* 4+ 1,
r¥ +k,r* 4+ k + 1 all belong to R, .

5.3. Step 2. For every ¢ > 1, there is a sequence ry, Iy, r3,... of
elements of R, such that 1 <r,  fr, <e i=1,23,...

Proof. Take any t;, t, € R, with 1; < £, and let r* be as in Step 1. By
Lemma 4.6, if m € R, and m > max (oa(r* + 1), t,), then mr* 4 ¢, and
mr* 4 t;€ Ry, . Select and fix an m as above which in addition is large
enough so that

mr* +t2

] <22 Tt
< mr* + 1

< €,

and put u =mr* 4 t,, v = mr* +t,. Thus we have found u, ve R,
with 1 <ovfu <e.

Let 7 be the least integer for which (2)" > u so that | < u*/o" ! <.
Every positive integer i can be written uniquely as i = sn 4 ¢t where
s > 0,1 <t < n, and we define

Ty = Fopy = ustn—ipt,
Now u, v > m > oa(r* + 1) == oa(k), so by [8, corollary to 11.6] used
inductively, r; € R, . If i = sn + ¢, where ¢ < n, then

us+’n~t——lvt+1 v

riva wrv v
r, o wstet o pt T oy’




256 WILSON

and, if i = sn + n, then

us+1+n—lv u"

usp™ - pn—1

Fin

r,

2

In either case, 1 < r;4/r; < € as required.

54, Step 3. There exists a positive integer M and a sequence
51, 85, 53 5... of elements of R, suchthat0 <5, — 5, < M,i=1,2,3,....

Proof. Let r* be as in Step 1 and by Step 2, select and fix a sequence
i, Fa ... Of elements of R, such that 1 < r,,/r; <e = (r* + 1)/r*. By
omitting the first few elements if necessary, we may assume that
ry > oa(r* + 1). Then, by Lemma 4.6, we observe: if for some i we have
te R, (ort =0)and t < r;,then rg* +teR;.

We take M = r;r* and define the sequence s, , s, ,... inductively. Put
Sy = rr*, s, = rr* +r,. Then s, , 5, € R, by our above observation.
Assume that we have defined s, $5,..., 5, € Ry(n == 2) such that
0 <s;1 —8; < Mfori=1,2,..,n— 1. Let / be the least integer such
that (r* + r, > s, (note / > 2). Then, of course, (r* -+ 1)r,_; < s, and,
since ryfr;_y < (r* 4 1)/r*, we have rp* <<s,. Now 0 <<s, — rg* <C s, ,
so surely we can find some element s; , 1 <{j < n, of the partial sequence
so far defined such that 0 < s; — (s, — r;r*) << M. Weput ¢ = min (r;, ;)
and define s,,, = rp* + ¢ Then s,,, € R, by the observation of the
previous paragraph, and in either case for £,0 < §,,; — 5, < M.

5.5. Step 4. Let r* be as in Step 1. There exists a positive integer
h =0 (mod k) and GDD’s with block sizes from R, and group types

W) A1,

(i) (b + {1},

@) A{1} +{r ),

(v) (h + IR0} +{r*},

) B} {r* 4K,

(vi) (h+ IR} + {r* + A}

Proof. Select me B[r* 4 k] such that m > max(oa(r* + 1),
r¥ +k+1). Since r* + ke R, and R, is closed, me R,. We take
h = mr*. Recalling that r* = 0 (mod k), 4 = 0 (mod k). By Lemma 4.6,
h=mr*and h +1 =mr* + 1 belong to R, CF, Rk[O]’ and, by Lemma
4.9, the GDD’s (i) and (ii) exist. Let (X, {G,, G, ,..., G}, ) be a GD
(*+1,m)so that |G;|=m, |A|=r*+1for Al Let H,, H,,
H,, H, be subsets of G, of cardinalities r*, r* + 1, r¥ + k, r* + k + 1,
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respectively. The PBD’s X, = (X;, {H;, G, ,..., G} U X | X,), where
X; = H;V G, V..U G,., have block sizes from R, and orders s + r*,
h+r*+1, h+r*+k, A+r*+k+1 according as i = 1,2, 3,4.
Now the PBD’s X; and X, have at least one block of size r*. Thus # + r*,
h + r* + 1 € Fg [r*]. By 4.9, GDD’s (iii) and (iv) exist. The PBD X; has a
block of size r* + k, namely, H,. Thus h + r* + k eFRk[r* + k]and 4.9
yields the GDD (v). The PBD X, has a block (any G;) of size m and thus
h+rf*+k+1 eFRk[m]. But meB[r*+k] and m>r*+k, so
me Fg[r* + k]. We may conclude by [8, Proposition 3.7] that
h+r* 4k + 1 € Fg [r* + k] and then Lemma 4.9 gives the GDD (vi).

5.6. Step 5. For every positive integer n, there exists an integer
d =0 (mod k) such that d, d + k, d + 2k,..., d + nke R,

Proof. We proceed by induction. The assertion is valid for » =1
where we may take d = r* as in 5.2. Fix # and assume we have found
d = 0 (mod k) such that d, d 4 k,..., d - nk€ R,,.

Let r* and A be as in Step 4. Select me R, , m > max(oa(h + 2),
d -+ nk) and put d* = mh + d -+ r*. We claim that d*, d* + k,..., d* +
(n + 1)k € R, . Note that d* = 0 (mod k) since & = d = r* = 0 (mod k).

Let / be given, 0 </ < n, and let (X,{G_,, Gy, G;,..., Gy}, 7) be a
GD(# + 2, m). We define a weighting w of X by assigning the value 1 to all
points of Gy U G, U U G, , weighting d + lk points of G, with 1 and
the remaining points of G, with 0, and weighting one point of G_; with r*
and the remaining points with 0. Now for each block 4 € ¥ (which meets
each group in one point), the list (w(x) | x € 4, w(x) 5 0) is one of the
lists (i) through (iv) of 5.5 and thus ingredient GDD’s with blocks sizes
from R, exist. We apply the GDD Composition Theorem [8, Theorem
8.1] to construct a GDD with block sizes from R, and group type
h{m} +{d + Ik} + {r*}. Since all group sizes belong to R, , the canoni-
cally associated PBD has block sizes from R, and order

m+d+lk +r* =d* + Ik

But R, is closed and hence d* + Ik € R,,. This holds for / =0, 1,..., n.

It remains only to show that d* + (n + )k € R;,. We use the same
recipe GDD X with the weighting w defined by assigning 1 to each point
of G, UV G, , weighting d + nk points of G, with 1 and the rest with 0,
and weighting 1 point of G_; with r* + &k and the remaining with 0.
For each block A € (7, the list (w(x) | x € A, w(x) = 0) is one of the lists
(1), (ii), (v), or (vi) of 5.5. By [8, Theorem 8.1] we may construct a GDD
with block sizes from R, and group type A{m} + {d + nk} + {r* + k).
Again since all group sizes belong to R, , we conclude d* + (n + 1k =



258 WILSON

hm +d + nk + r* 4+ k€ R, . This completes the proof of 5.6 by in-
duction.

Proof of Theorem 5.1. Weassert the existence of a constant C’such that
the conditions r = 0 (mod k) and r == C" imply r € R,, . By 5.4, we have an
integer M and a sequence s, S, S3... of elements of R, such that
0 <s;41 —s8; <M. Using 5.6, we select d =0 (mod k) such that d,
d-k,d+2k,...,d + MrfeR,, where r* = 0 (mod k) is as in 5.2. By
dropping the first few elements of the sequence, if necessary, we may
assume §; == d -+ Mr*. With this understanding, we put

C' = max(d + (oa(r* + 1) + M)r*, d + syr*).

Given r = 0 (mod k), r > C’, choose the largest integer m such that
d 4 spr* < r. Then d + s r* + Mr* = d + s, qt* >r > C’, so that
Sy > o0a(r* + 1) and r = d + lk + s,,r*, where 0 < lk << Mr*. Now r¥*,
r* +1, d + Ik, and s,, all belong to the closed set R, and d + lk <
d-+Mr*<s <S8, Sp>oa(r* 4+ 1). Thus, by Lemma 4.6, r =
St * -+ d + Ik € R, and Theorem 5.1 is now proved.

6. THE EVENTUAL PERIODICITY OF CLOSED SETS

6.1. MAIN THEOREM. FEuvery closed set K is eventually periodic with
period B(K).

We again proceed by steps. K is to be a fixed closed set throughout this
discussion.

6.2, Step 1. In order to prove 6.1, it will be sufficient to show that,
whenever 2 < ke K, 1 <veBlk], and v = 1 (mod k(k — 1)), then K is
eventually periodic with period » — 1.

Proof. Assume that this statement has been shown. Given k€ K,
k > 2, if p, and p, are sufficiently large distinct primes, then by Theorem
5.1, pk(k — 1) +1 and p.k(k — 1) + 1 belong to B[k]. We could then
conclude that K is eventually periodic with periods pk(k —1) and
pk(k — 1). By Proposition 3.1, the eventual periods of K from an ideal.
Then, in particular, k(k — 1) = (p,k(k — 1), psk(k — 1)) would be an
eventual period of K. This holds for each k£ € K (even k = 1) and, again by
3.1, K would be eventually periodic with period B(K) =gcd{k(k —1y| k€ K}.

Wenow fixsomek e K, k > 2, fixve Blk],v > 1,v = 1 (mod k(k — 1)),
and let fe Z/(v — 1) be an arbitrary (v — 1)-fiber of X.
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6.3. SteP 2. There exists u*e K with »* = f(modv — 1) and
u¥* — 1 > oa(v).

Proof. Since fis a (v — 1)-fiber of K, we have by definition some
ue K with u = f(mod v — 1). Since v — 1 = 0 (mod k(k — 1)), Theorem
5.1 says that t(v — 1) + 1 € B[k] C K for all sufficiently large z. Select and
fix such a ¢ large enough so that in addition t(v.— 1) + 1 > oa(u) and
u(t(vo — 1) + 1) — 1 > oa(v). Put u* = u(t(v — 1) + 1). Clearly u* = f
(mod v — 1) and #* — 1 > oa(v). The PBD canonically associated to a
GD(u, t(v — 1) 4+ 1), which exists since #(v — 1) + 1 > oa(u), has order
w* and block sizes from {u, t(v — 1) + 1} C K. But K is closed, so u* € K.

6.4. STEP 3. Let u* be as in Step 2. There exist GDD’s with block
sizes from K and group types

@O W~ +up—1
(i) {u* — 17 + (@* — Dio — 1.

Proof. From 6.3, u* — 1 > oa(v). First let (X, 9, &¥) be a GD(v, u*)
and select a point 8 € X. In the PBD X = (X, ¢ U ) there will be one
block of size u* containing 8; all other blocks through 6 have size v. Thus
the dispersion X, at # is a GDD with one group of size u* — 1, other
groups of size v — 1, and block sizes from {u*, v} C K. Since the order is
vu* — 1, the number of groups of size v — 1 is necessarily u*, and the
GDD has group type {u* — 1} + w*{v — 1} as in (i).

Nowlet (Y, {G,, G, ,..., G,}, &) be a GD(v, u* — 1). Let z be a new point
and consider the PBD Y UL {z} = (YU {z}, {G, V {z},..., G,V {z})} U &),
which has block sizes from {u*, v} C K. Through a point 8 € Y, there is one
block of size u*; the other blocks have size v. Thus the dispersion (¥ U {z}),
is a GDD with group type {u* — 1} + (u* — 1){v — 1} and block sizes
from K as claimed in (ii).

Select and fix an integer M (by increasing the constant of Theorem 5.1
if necessary) which has the properties M = o(u™ — 1), M = oa(u* + 1)
and such that w > M, w = 1 (mod k(k — 1)) assures w € B{k].

6.5. StEP4. If m=1(mod k(k — 1)) and M <t<m, then
W —Dvm+@—1t+1ek.

Proof. Given t and m as above, let (X,{G,, G, ,..., G,.}, ) be a
GD(u* + 1, m). We define a weighting w of X by assigning the weight
v — 1 to t points of G, and 0 to the remaining points of G, , v* — 1 to all
points of G, , and v — 1 to all points of G, U G, U+--U G, . For every
block A4 € (7, the list (w(x) | x € 4, w(x) # 0) is either {u* — 1} + u*{o — 1}

582af13/2-8
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or{u* — 1} + (u* — 1){v — 1}. In 6.4 we have seen that ingredient GDD’s
with these group types and block sizes from K exist. By the GDD Compo-
sition Theorem [8, Theorem 8.1], we may construct a GDD with block
sizes from K and group type {m(u* — 1)} + (u* — D){m@ — 1)} +
{tv — D}. Now, if {m@u* — 1) + I, m(v — 1) + 1, t(v — 1) + 3 CK, we
may adjoin a point and conclude by Lemma 4.7 that m(u* — 1) +
W —~Dmo—1)+tv—-1)+1=@"—Dom+@— Dt +1eKk, as
required.

Nowov — 1 = 0 (mod k(k — 1)),sobotht(v — 1) + land m(v — 1) 1
are congruent to 1 modulo k(k — 1) and in addition, both exceed the
constant M. So by the definition of M, we have t(v — 1) + 1, m(v — 1) -+
1 € B[k] C K. It remains only to show that m(u* — 1) + 1 € K to complete
the proof of 6.5. By hypothesis, M << m = 1 (mod k(k — 1)), so m € B[k].
From 6.3, u* — 1 > oa(v) > oa(k) (surely v > k) and thus a GD(k, v* — 1)
exists. In particular, k € NG[u* — 1, K]. But m € B[k] and NG[u* — 1, K]
is a closed set by [8, Proposition 11.4], so m € NG[u* — 1, K]. Finally,
since (u* — 1) + 1 € K, Lemma 4.7 asserts that m(u* — 1) + 1 e K.

Proof of Theorem 6.1. In view of 6.2, it suffices to show that the
arbitrary (v — 1)-fiber f'of K is complete. Let * and M be as above and put
C=@w—1NDM+ @ —1)+ Mo@w* — 1)] + v*. We claim {w | w > C,
w=f(modv — 1)} C K.

Given such a w, we note that

w— u*
v—1

— M — W —1) — Mvu* — 1)

is a non-negative integer and hence can be written as a + bo(u* — 1),
where 6220 and 0 <a <<o(w* — 1)< M. Putting t =a + M and
m=({b-+M)v—1)+1,wehave M <t < 2M < m (surely v > 3) and
m =1 (mod k(k — 1)). After checking that w= (@ — )t + (u* — 1)
vm - 1, we have w € K by 6.5. Thus the claim is verified, fis complete, and
the Main Theorem is established.

6.6. THEOREM. Every closed set K is finitely generated, i.e., there is a
finite subset Ky C K such that K = B[K,].

Proof. 1In view of Proposition 2.1, there is a finite set K; C K such that
B(K;) = B(K). Let K, C K be a set of representatives for the fibers of X, i.e.
for each fiber f of K, choose some k; € K with k; = f(mod B(K)) and put
K, = {k;| ffiber of K}. Since there are only finitely many fibers of X
(even when B(K) = 0, i.e., K = {1}), K, is finite.

We have B[K; VU K,]C B[K] = K. Now B[K; U K,] and K are both
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closed sets, B(B[K; U K,]) = B(K), and both have the same set of B(K)-
fibers. Necessarily then, by the Main Theorem, they eventually coincide
and we can find a constant C such that for v > C, v € Kiff v € B[K, U K,].
With K, = K, U K, U {k € K | k < C}, it follows that B[K,] = K.

7. ILLUSTRATIONS AND AN APPLICATION

Presented with a closed set, our first interest is in the determination of 3,
for then 6.1 yields much information. In particular, since 1 is a fiber of any
closed set K, K will contain all sufficiently large integers congruent to
1 modulo B(K). Our second interest is the determination of the fibers. If
all fibers are known, then we have completely described the “tail end” of
our closed set. If the Extended Existence Conjecture is valid, then the
determination of «(K) would suffice to describe all the fibers.

If a closed set K is presented as K = B[K,] for a finite set K|, , then we
may easily calculate S(K) = B(K,), a(K) = «(K,) (by Proposition 2.3), and
the elements of K, are all fibers of K. For example, let K = B[{8, 9}]. We
have «(K) = (7,8) = 1, B(K) = (8 - 7,9 - 8) = 8, and hence y(K) = 8.
8 and 9 are elements of K and hence 0 and 1 (mod 8) are fibers of K. Since
y is a prime power, there can be no other fibers of K (Proposition 3.3).
Thus the “tail end” of K is known; if v is “large,” then ve Kiff v = 0 or
1 (mod 8). A similar example is B[8]. Here 8 = 56, « = 7,y = 8. 1and 8
are the fibers of B[8]; the ““tail end” of B[8] consists of those v = 1 or
8 (mod 56).

It is not always this easy. Consider the sets H; = {6, 9, 10},
H,=1{6,9}, H, ={3,4, H = {6,7}. Put K, = B[H,],i=1,2,3,4. In
each case oK) = 1, B(K;) = y(K;) = 6. 1 is a fiber of each K; and for
each there can be at most 4 fibers: the solutions 0, 1, 3,4 (mod 6) to
f~1=0(mod1) and f(f— 1) = 0 (mod 6). By inspection of the sets
H,, weseethat0, 3, 4 are fibers of K;, 0 and 3 are fibers of K, , 3 and 4 are
fibers of K;, and 0 is a fiber of K, . Actually, K; , K, , and K; have the
complete set {0, 1, 3, 4} as fibers. This can be established by the composition
theorem of [8]; for example, the existence of a GD(3, 4) implies 12 € K,
so that O is a fiber of K. In Section 8 we give a “‘composition theorem”
(8.1) for fibers to take care of such cases without having to construct
PBD’s in each instance. Indeed, that 0 must also be a fiber of Kj; is an
immediate consequence of 8.5 which asserts that a closed set K cannot
have precisely 3 fibers.

The set K, is an exception in the sense that we are not able to show
that 3 and 4 are fibers. If 0 and 1 were the only fibers of K, , then the
Extended Existence Conjecture would be false. A similar example is
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B[6). Here «(B[6]) = 5, B(B[6]) = 30, y(B[6]) = 6. 1 and 6 are fibers of
B[6] and, by the Main Theorem, these fibers are complete. But the struc-
ture of B[6] is not described until we know if there are any other fibers.
The only other possibilities, i.e., solutions of the necessary conditions, are
16 and 21 (mod 30). But this author knows of no elements » € B{6] with
v = 16 or 21 (mod 30). However, as we shall see in Section 8, if either of
16 or 21 is a fiber, then the other is also.

Before we make a more detailed investigation of fibers, we consider the
existence of PBD’s having flats of a given order. An opportunity to apply
the Main Theorem is presented by

7.1. PROPOSITION. Fy[u] U {1} is a closed set.

Proof. Let v e B[Fxlu] U {1}] be given and assume v > 1. Then there
exists a PBD X of order » and with block sizes from Fifu]. Since v > 1,
this PBD has at least one block B, say | B] = w € Fi[u]. Bis a flat of X, so
v € Fy[w]. By [8, Proposition 3.7], we conclude v € Fi[u]. Thus B[Fy[u] U
{1}] € Fglu] U {1} and this proves the assertion.

7.2. THEOREM. Let u be an element of a closed set K. Then Fy[u] and
K eventually coincide.

Proof. We have F[u]C K, so B(K) | b where b = B(Fy[u]). If B(K) =0
or u = 1, the assertion is obvious. Assuming # > 1, we have b > 0 since
u € Fyu] and therefore b | u(u — 1).

Now 1 mod 4 is a fiber of the closed set Fi[u]U {1} and by 6.1 this fiber
is complete. In particular, there are infinitely many w e Fglu] with

= 1 (mod b). Let fe Z|(b) be a b-fiber of K and select v € K with
v = f(mod b). Taking any w € Fg[u] with w > oa(v) and w = | (mod b),
we have a GD(v, w) and hence a PBD of order vw and block sizes {v, w}.
Therefore, vw € Fy[w] C Fx[u] using [8, Proposition 3.7]. But vw = f(mod
b), so fis also a b-fiber of Fy[u] v {1}. Conversely, since Filu] U {1} C KX,
every b-fiber of Fy[u] v {1} is a b-fiber of K.

In summary, the two closed sets Fy[u] U {1} and K have the same
b-fibers. Every k € K is congruent modulo b to some j € Fx[u]. But b| j(j — 1)
and hence b | k(k — 1). It follows that b | B(K) and hence B(K) = b =
B(Fglul U {1}). And Fglu] U {1} and K have the same fibers. Consequently,
in view of 6.1, they eventually coincide.

Theorem 7.2 answers many questions one might ask concerning the
occurence of certain configurations in PBD’s. For instance, for what
integers v does there exist a (v, K, 1)-PBD with 37 disjoint flats of order »?
By 7.2, the set of all such v either is empty or eventually coincides with
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B[K]. For if there exists a single such PBD (X, &Z) of order v,, then
vy € B[K] and hence Fi[v,] = Fyxilv,] eventually coincides with B[K]. And
given a PBD with a flat of order v, , we may unplug it and replace it with
(X, ) [8, Proposition 3.6]. If u € B[K], the existence of such a PBD is
easily established using transitive GD(u, m)'s, m € B[K].

8. THE LATTICE OF FIBERS

8.1. Tueorem. Iff, g, he Z/(B(K)) are fibers of the closed set K, then
f(g — 1) + his also a fiber of K.

Proof. The theorem is immediate for K = {1}, so we may assume
B = B(K) > 0. Select v, u € K with v = f(mod B) and u = h (mod B). The
fiber g of K is complete and, by Theorem 7.2, K and Fg[u] eventually
coincide. So we can find some we Fg[u] with w =g (mod ) and
w — u > oa(v). By the Adjunction Theorem [8, Theorem 11.1], we can
adjoin a flat of order u to a GD(v, w — u) to obtain a PBD with order
v(w — u) + u and block sizes from K. Since K is closed, v(w — u) + u e K.
Noting that f(g — &) + 7 = vo(w — u) 4+ u (mod B) completes the proof.

COROLLARY 1. If fand g are fibers of the closed set K, then fg is a fiber
of K.

Proof. Sincef(f; 1) =0, we have fg = f(g — f) + 1.

COROLLARY 2. If f is a fiber of Blk], then 1 -k — f is also a fiber
of Blk].

Proof. Since f= 1 (mod k — 1), we have fk =k (mod k(k — 1)). 1
and k are fibers of Blk], and 1 4+ k — f= f(k — 1) + 1 (mod k(k — 1)).

Thus if either 16 or 21 is a fiber of B[6], then the other is also.

Given a closed set K, we call 1 the minimum fiber of K for reasons which
will become apparent later. The fiber of K are all idempotent elements of
the ring Z/(B(K)) (another way of phrasing the necessary condition
f(f—1)=0(mod B(K)) and all are congruent to 1 modulo «(K). Since
«(K) and ¢(K) are relatively prime, two fibers are equal in Z/(B(K)) iff
they are congruent modulo y(K).

8.2. THEOREM. (i) If K, is a finite set of positive integers, then
Y(Ky) | lem(K,) (the least common multiple of elements of K,). (ii) Let K be a
closed set. Then the unique element '€ Z[(B(K)) with f = 1 (mod «(K)) and
f =0 (mod »(K)) is a fiber of K.
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Proof. For (i) we write K, = {k, , k, ,..., k,} and proceed by induction
on n. If K, = {k}, we have y(K;) = k = lcm(K,). Assuming the validity of
(1) for sets of n — 1 elements, put /, = lem {k;, ky,..., ky_1},
g = afky yeees kna}s Bo = Biky ,..., kn_1}. Our induction hypothesis then
asserts that B, |oply. We have B(Ky) = (By, knlk, — 1)), a(Ky) =
(o, k, — 1), and lem(Ky) = lem{};, k,.} = I)k,/(Ly, k,). Then

k A

ity TRy ke = D)

o(Ky) - lem(K,) = (oco

Now B(Ky) | By | awly and B(Ky) | kn(k, — 1). Consequently, B(K;) | «(Ky) -
lem(K,). Equivalently, y(Kp) | lem(Kp).

To prove (ii), let the closed set K be given and, by Theorem 6.6, select a
finite subset K, C X such that K = B[K{]. By 3.3, y(K) = ¢(K,). By
Corollary 1 to 8.1, the product m of the elements of K, is a fiber of K. We
have y(K}) | lem(Ky) | m, so that the fiber m represents the unique residue
class £ modulo B(K) with f = 0 (mod ¥(K)) and f = 1 (mod «(K)).

The fiber of a closed set K which is divisible by y(K) will be called the
maximum fiber of K. The maximum fiber of Blk] is k.

8.3. THEOREM. A closed set K has precisely one fiber iff v(K) = 1. If
v(K) is a prime power, then K has precisely two fibers.

Proof. 1If y(K) = 1, then 1 is the only solution modulo S(K) = «(K) to
f—1=0(mod «(K)). If y(K) > 1, then the maximum and minimum
fibers of K are incongruent modulo B(K) and hence are two distinct
fibers of K. If 1(K) is a prime power, then K cannot have more than two
fibers by Proposition 3.3.

Thus if ¢(K) is one or a prime power, the ““tail end” of a closed set K is
completely described.

The set of fibers of a closed set K is a subset of idempotent elements of
the ring Z/(B(K)) and is closed under the operation f(g — ) + h. More
generally, let 7 be any finite non-empty set of idempotents of a commuta-
tive ring R which is closed under the operation a(b — ¢) 4+ ¢. Forx, ye [,
wedefinexuvy =x(y —x) +x =xyelandxny =x(x —y) +y =
x -+ y — xyel One readily verifies that, under these operations, / be-
comes a distributive lattice (see [1] for the terminology). (The underlying
partial ordering is a << b if @ | b in the ring R, or equivalenty, iff ba = b.)
Since [/ is finite, there is a minimum element z and a maximum element m.
(In the lattice of fibers of a closed set K, 1 is the minimum element and the
maximum element is the unique fiber divisible by ¥(K).) For ae I, we
define ¢ =am —z) +z=aum—auvz+z=m-+z—aecl and
observe that aua =am+2z—a) =aum-+tauvz—a=m and
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and =a-+(m+z—a) —auvda =z Thus the lattice is also com-
plemented, i.e., I is a Boolean lattice. Being finite, / has finite length »n. But
it is well known [1, p. 159, Theorem 6] that every Boolean lattice of finite
length » is isomorphic to the lattice of all subsets of its » points. In parti-
cular, we have

8.4. LeEmMA. Let R be a commutative ring and let I be a finite subset
of idempotent elements closed under the operation a(b — ¢) + c. Then
| I'| = 2" for some non-negative integer n.

(It is interesting to note the set of all idempotents of R is closed under
a(b — ¢) + ¢.) Immediately, from 8.1 and 3.3, we conclude

8.5. THEOREM. The number of fibers of a closed set K is 2%, for some
n = 0, which does not exceed the number of distinct prime divisors of y(K).

By 3.2, the primitive eventual period of a closed set K is either B(K) or
1B(K), and the latter alternative is possible only if B(K) = 2 (mod 4).

8.6. THEOREM. If K is a closed set and there exists a single pair of
distinct fibers f, ge Z|(B(K)) such that f= g (mod $B(K)), then K is
eventually periodic with period 38(K).

Proof. The set IC Z/(3B(K)) of 3B(K))-fibers of K is the image of the
set of fibers of K under the canonical epimorphism Z/(8(K)) — Z/(3B(K)).
Therefore I is a set of idempotent elements of Z/(38(K)) which is closed
under the operation a(b — ¢) + ¢. By 8.4, | I'| = 2", for some n, while
the number of fibers of K is 2™, for some m. Now each element of  has at
most two fibers of K as pre-image and hence n << m <{n + 1. However, at
least one element does have two pre-images, f and g. Thus we must have
m =n + 1 and every element of I must have two pre-images. We have
shown that, if 4 is a fiber of K, then 4 + }B(K) must also be a fiber and
it follows that K is eventually periodic with period $8(K).

9. THE SETS B[K; A]

We apply the theory of the previous sections to B[K; A], which by
Lemma 1.1 is a closed set.
Given an integer n, we define

n, if nis even,

M =1ls, if nisodd.
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Note that, if n|m and m is even, then e(n) | m. Also note e(gcd(J)) =
ged{e(j) | je J}.

9.1. PROPOSITION. Let k > 2, A = 1 be given. Then

A = e (k=1
BBl \) = < (e —1y)

Proof. By Proposition 2.2, Av(v — 1) = 0 (mod k(k — 1)) for every
v € Blk; A]. Equivalenty,

B k(k — 1)
v(v — 1) =0 (mod m),

and thus

k(k — 1)
@, k(k — 1))

B
where 8 = B(B[k; A]). Then b | B where

b= < (G pe=y)

say B = mb.

If P is a sufficiently large prime, P = 1 (mod b), then by Lemma 4.1,
Pe Blk; A]. Thus B | P(P — 1); and assuming P > B, we have 8| P — 1.
Since biseven, b — 1 and b(b + 1) are relatively prime. Thus, by Dirichlet’s
Theorem, Lemma 4.2, we can find large primes P = b(b + 1)/ 4+ (1 — b).
Thus, for some /, 8| b(b 4 1)/ — b, and hence m | (b + 1)/ — 1. In parti-
cular, (m, b + 1) = 1, whence (8, b + 1) == 1. Again, by 4.2, we can find
large primes P = Bt + (b + 1). Hence, for some ¢, 8| Bt + b. Thus 8| &
and then 8 = b as claimed.

9.2. PRrROPOSITION. Let K be a set of positive integers and A a positive
integer. Then

o B(K) v
B(BIK; A]) = ¢ (T\_m )

and

o(BIK; A)) = -——Qf"fx’(‘}m :



AN EXISTENCE THEORY FOR PAIRWISE BALANCED DESIGNS 267

Proof. By 2.2, A(v — 1) = 0 (mod B(K)) for every ve B[K; A]. Thus
B(K)/(A, B(K)) | B(BIK; A]); hence

BK) :
‘(@ 5 JECLR

Now, for each k € K, Blk; A] C B[K; A], and thus B(B[K; A]) | B(Blk; A]).
Using 9.1,

k(k — k(k —
6( O, k(k —1)1)) ) ((/\ ,3(1(1);)
and hence B(B[K; A]) divides
k(k —
sed)< (O gy ()f B(K)) )|k St

which is equal to

BK)
( A, BK) )

Consequently,

D — < (- BE
BBIK; ) = < (5557 )

By 2.2, Mv — 1) = 0 (mod «(K)) for every ve B[K;A] and hence
(KA, (K)) | o B[K; A)). Since B[K] C B[K; A], we have «(B[K; A} | a(K).
Since (x(K), y(K)) = 1, it follows that o(B[K; A]) is relatively prime to
y(K) and hence to y(K)/(A, (K)). Finally, we know

«(BIK: X)) | BBIK; A = ¢ (L) ); (20 2 E)

(A, B(K)) (A, A K))(A, BK))
If B(K)/(A, B(K)) is even, we have shown
«(K) ] oK) yK)
0B | B 5= T )

from which we may conclude a(B[K; A]) = «K)/(A, «(K)). If BK)/(, B(K))
is odd, then we may only conclude

a(K)

| «(K)
(A, «(K))
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To complete the proof in this case, it will suffice to show that «(B[K; A]) is
odd or, equivalenty, that B[K; A] contains some even number. But

B(K) kk —
(, B(K)) @, B(K))

so necessarily there is some k € K for which k(k — 1)/(A, B(K)) is odd.
Then k(k — )/(A, k(k — 1)) is also odd and, if » is any multiple of the
order of 2 modulo

=gca’g ‘k K*

k(k — 1)
(A k(k — 1))’
then
. k(k — 1) . _ B
m = (mod O\-k(T;—IW) 22" — 1) = 0 (mod k(k — 1)).

If n is chosen sufficiently large, then 2” € Blk; A] C B[K; A] by Lemma 4.1,
and this completes the proof.

9.3. THEOREM. B[K; A]is eventually periodic with period B(K)/(A, B(K)).

Proof. If B(K)/(A, B(K)) is even, then B(BIK; A] = B(K)/(A, B(K)) by
9.2 and the conclusion is just the statement of the Main Theorem. If
B(K)/(A, B(K)) is odd, then

BBIK: X)) = 2 LK)

A BK)

In this case, it will be sufficient to exhibit an element v, € B[K; A] with

B(K) B(K)
o gy (mod 245 )

for then 1 and 1 + B(K)/(A, B(K)) are two distinct fibers of B[K; A] which
differ by 4B(B[K; A]) and the conclusion follows from Theorem 8.6. But,
as in the proof 9.2, we can find some integer » such that 2" € B[K, A]. From
A272" — 1) =0 (mod B(K)), or from the congruence AQ2” — 1) =0
(mod k(k — 1)) of the proof of 9.2, we deduce that

2 =1 (mod —(}\,ﬁ/g—l((l%)—)

vo =1+

Clearly

B(K) )

2"E|E 1 (mOde ,
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so it must be that

L BK) B(K)
2 =1+ gy (M9 2 gy )

In view of the above theorem, it is more natural to work with the
(B(K)/(A, B(K)))-fibers of B[K; A] rather than the fibers, i.e., B(B[K; A])-
fibers. The former will be called *-fibers of B[K; A]. An integer d will be
called a *fiber of B[K;A] iff when read modulo B(K)/(A, B(K)), d is a
*-fiber, i.e.,

d=v (mod _(%;(91(?(—)))

for some v € B[K; A]. By 2.2, every *-fiber f of B[K; A] is a solution of

. «K)
S=1 (mod 0, «(K)) )
B(K) 4y

and the Extended Existence Conjecture, in view of Theorem 9.3, is equiva-
lent to the assertion that all solutions are in fact *-fibers.

9.4. LemMma. Let d be a integer which is a *-fiber of B[K; A, i = 1,
2,...,n. Then d is a *-fiber of B[K; A] whenever X\ = a;A, + -+ + a,\, for
non-negative integers a; .

Proof. 1If v is a sufficiently large integer, v = d (mod B(K)), then

- B(K)
v = d(mod “0\5 : B(K)))’

so by Theorem 9.3 v simultaneously belongs to all B[K; A,], i = 1, 2,..., n.
By Proposition 4.4, v € B[K; A]. Since

d=v (mod FE—_(AF,EJ’I{I)()) ),

d is a *-fiber of B[K; A].
CoOROLLARY. If d is a fiber of B[K), then d is a *-fiber of B[K; Al.

Given a set K, let m be an integer with m = 1 (mod «(K)) and m = 0
(mod y(K)). Then, by 8.2 m is, a fiber (the maximum fiber) of B[K] and
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hence m is a *-fiber of any B[K; A]. 1 is also a *-fiber of B[K; A]so an
application of Theorem 9.3 yields

9.5. THEOREM. Let K and X be given and put By = B(K)/(A, B(K)).
There exists a constant C such that {v|v > C,v =1 or m (mod )} C
BIK; Al. Moreover, if there exists a single vy € B[K; A] with v, = f(mod B,)
G.e.,if f is a *-fiber of BIK; }]), then there exists a constant C’ such that
{vlv=C, v=f(mod By)} C BIK; Al.

9.6. THEOREM. The Extended Existence Conjecture is valid for a pair
K, X whenever y(K)/(, y(K)) is one or a prime power.

Proof. Tt suffices to show that every solution f modulo S(K)/(A, B(K))
to the system (12) is a *-fiber of B[K; A]. The second congruence of (12)
implies

_ 7(K)
0= =0 (mod )

and, if the modulus is one or a prime power, then either f =1 or 0

(X)
(mod _(7\,1;{((7))—)

Since

a(K) )

fE 1 (mod (A, OL([ZW

and («(K), v(K)) = 1, the first case implies

(
f=1(mod (Afgﬁl(%» )

and the second implies

f=m (mod (—————/\:8 ﬁ(flg)) ),

But we know 1 and m are *-fibers of B[K; A] and the theorem is proved.

Since y({k}) = k, we have the

COROLLARY. The Existence Conjecture is valid for a pair k, X whenever
k(A k) is one or a prime power. In particular, whenever k is a prime power
ork = A
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9.7. LeMMA. Let a and c be relatively prime integers. If Av — 1) =0
(mod ac), then there exists an integer d such that A(d — v) = 0 (mod ac),
d — 1 =0 (mod a), and d{d — 1) =0 (mod ac).

Proof. Write

— “1 phe ., M — V1 pve ... v
¢ = PyP*--P»  and = PP - P

¢
A o
as the product of powers of distinct primes where 0 <{r <<n, 1 < v
fori =1,2,...,r,and 1 < p; fori =r -+ 1,..., n. Now

i<ﬂi

oo — 1) = 0 (mod ﬁ)
S0 v = ¢, (mod P}?) where ¢, =0 or 1, i = 1,2,...,r. Put ¢, = 0, say,
fori = r + 1,..., n. Select an integer 7 such that ¢t = ¢, — v (mod P*) and
t=1— v (moda). We may taked = v 4 ¢.

By the choice of t, d =0 or 1 (mod P!) and d =1 (mod @). Thus
d(d — 1) = 0 (mod ¢) and then d(d — 1) = 0 (mod ac). By the choice of
€,t=0(mod P), i = 1,..,r, and hence t =0 (mod c/(}, ¢)), At =
0 (mod ¢). Also At = X1 — v) = 0 (mod a), so A&t = Xd — v) = 0 (mod
ac).

9.8. THEOREM. If the Extended Existence Conjecture is valid for a set
Kand A = 1, then it is valid for K and all A > 1.

Proof. Assuming validity for B[K], let A be given and let f'be a solution
of the system (12). Taking a = «(K) and ¢ = y(K) in Lemma 9.7, select
an integer d,

d=f (mOd -—()\,B/(QI((I)()) ),

d — 1 = 0 (mod «(K)), d(d — 1) = 0 (mod B(K)). By our assumption, d is
a fiber of B[K] and hence, by Lemma 9.4, d is a *-fiber of B[K; A]. But
then so is £, and this proves the theorem.

9.9. THEOREM. If the Existence Conjecture is valid for pairs k, A = 1
with k = M (M is any constant), then the Extended Existence Conjecture
holds in general.

Proof. In view of 9.8, it will suffice to show that the Extended Conjec-
ture holds for the sets B[K]. Let K be given and let f be a solution of
f—1=0(mod «K)) and f(f — 1) = 0 (mod B(K)). It remains to show
that f'is a fiber of B[X].
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Select k € B[K] which represents the maximum fiber of B[K], so k =1
(mod «(K)) and k& = 0 (mod y(K)), and such that k& > M. Put
I = k(k — 1)/B(K). Then {f — 1) =0(modk — 1) and If(f—1)=0
(mod k(k — 1)). By Lemma 9.7, there exists an integer 4 such that
Id—f)=0(modk(k —1)),d —1=0(modk —1),and dd — 1) =0
(mod k(k — 1)). Assuming the Existence Conjecture for B[k], d is a fiber
of B[k]1C B[K] and hence a fiber of B[K]. But d = f(mod B(K)) so that f
is a fiber of B[K] as required.

9.10. THEOREM. The Extended Existence Conjecture is valid for a pair
K, A whenever Az ([3y(K)] — D([3y(K)] — 2). (Here [x] denotes the
greatest integer in x.)

Proof. For A as above, we must show that every solution fof (11) is a
*-fiber of B[K; A]. Fix such a solution f and by Lemma 9.7, choose an
integer d such that

= et iy )

d — 1 =0 (mod «(K)), d(d — 1) = 0 (mod B(K)).

Now the set of *-fibers of B[K; A] is closed under the operation
a(b — ¢) + c; for the *-fibers either coincide with the fibers or are their
image under Z/(B(B[K; A)) — Z/(3B(BI[K; A]) (recall Theorem 8.1). Let m
be an integer such that m = 1 (mod «(K)) and m = 0 (mod y(K)), so that
m is a *-fiber of B[K; A]. If &’ =1 - m — d is a *-fiber of BJK; A], then
so is d'(m — 1) 4+ 1. But d'm = m (mod f(K)), so d=d'(m — 1) + 1
(mod B(K)). Thus, to show that fis a *-fiber of B[K; A, it will suffice to
show that either d or 4’ is.

Now d + d’ = 0 (mod (X)), so we may select an integer ¢, 0 < 1 <
[3v(K)], such that t = d” (mod y(K)) where d” is either d or 4". If t = 0 or
1, then, since d” = 1 (mod «(K)), we would have d” = 1 or m (mod B(K)).
Then d” would be a fiber of B[K] and hence a *-fiber of B[K; A] as required.

Otherwise, 1 <t << [y(K)]. Then we can verify that d"(d" — 1) =
Hd" — 1)=(d" —m)(t — 1) =0 (mod y(K)). And, since d"=1=m
(mod «(K)), we conclude #(d” — 1) = (d" — m)(r — 1) = 0 (mod B(K)).
Equivalently,

” B(K) "o B(K)

d =1 (mod m) and d =m (mod 1 B(K)))’
and we see that d” is a *-fiber of B[K; ] and also a *-fiber of B[K; t — 1].
Now every integer / > (¢ — 1)(¢ — 2) may be written as / = at + b(t — 1)
for some a, b 2> 0 (this is readily verified by induction on /, for ¢ 2> 2). In
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particular, since A = ([3y(K)] — D(BY(K)] —2) = (¢ — 1)t — 2), we
have A = at + b(t — 1) for some a, b > 0. Appealing to Lemma 9.4,
d" is a *-fiber of B[K; A] and this completes the proof.

COROLLARY. The Existence Conjecture is valid for a pair k, A whenever
A = ([3k] — D([3&] — 2).

Theorem 9.10 does not exhaust the power of Lemma 9.4. By the Corolla-
ries to 9.6 and 9.10, the Existence Conjecture has been verified for all
pairs k, A with k£ < 11 with the exception of k =6, A = 1 and k = 10,
A=1,3,7,9, 11. We close by verifying it for k = 10, A = 7,9, 11. The
Existence Conjecture would assert that the *-fibers of B{10; 7] and B[10; 11]
are 1, 10, 46, and 55 (mod 90); the *-fibers of B[10;9] are 0,1, 5, and 6
(mod 10). But, by Theorem 9.6, we know that the *-fibers of B[10; 2] are
1 and 10 (mod 45); the *-fibers of B[10; 5] are 1, 10 (mod 18). The integers
1, 10, 45 and 55 are thus *-fibers of B[10; 2] and B[10; 5], and hence by
Lemma 9.4 are *-fibers of B[10; 7], B[10; 9], and B[10: 11].
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