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A semigroup is called completely regular if it is a union of groups. It has long
been known [2, Theorem 4.6] that every completely regular semigroup S is a
semilattice of completely simple semigroups; that is, S is a disjoint union
U{S,: « € Y} of completely simple semigroups S, indexed by a semilattice Y,
such that S,S; C §,; for all o, B € Y, where o8 denotes the product (or meet)
of o and B in Y. By the Rees theorem [2, Theorem 3.5}, each S, is isomorphic
with a Rees matrix semigroup #(G,; I, , 4,; P,), and so has known structure.

This result gives us what we might call the ““gross structure” of S. Its ‘‘fine
structure,” just how the products S,S; are located in S5, is quite another
matter. A step in this direction was taken by Lallement [6, Theorem 2.10], who
showed that the structure of S was determined by a system of mappings
Dot Sy — SAS;) (for « = Bin Y), where £2(T) denotes the translational hull of T

A more informative expression for (7"} when T is completely simple is given
in [8] and used in [9, Theorem 3] to amplify Lallement’s theorem. While very
useful in establishing various properties and classifications, as shown in [9], this
result is very complicated. One of the purposes of the present paper is to give
a simplified version of this theorem (Theorem 2), the simplification due to the
(permissible) assumption that every sandwich matrix P, is ‘‘normalized”
[2, Sect. 3.2). This is based on Theorem 1, which gives an improved expression
for XT), T = #(G; 1, A; P), when we assume that P is normalized.

The rest of the paper gives two applications of Theorem 2, first to bands of
groups (Theorems 3 and 4), and then to completely regular semigroups satisfying
D-covering (Theorem 5). Theorems 6.1 and 6.2 are specializations of these.
Theorem 3 presents a description of bands of groups which is quite different
from that of Leech [7, Theorem I]. One finds a simpler construction (Theorem 4)
for &-split bands of groups.

A completely regular semigroup S = (J{S,: « € Y} is said to satisfy D-covering
[9, Sect. 8] if, whenever e and f are idempotent elements of S such that ee S,
and fe S; with o > 8, then e > f in the usual partial ordering of idempotents
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(e = f if ¢f = fe = f). A band has this property if and only if it is almost
commutative, and the structure of every such band was determined by Hall [4].

By an orthogroup we mean a completely regular semigroup S which is orthodox,
i.e., the set Eg of idempotents of S is a subsemigroup of S. Beginning in 1960, the
structure of orthogroups has been investigated by Fantham, Preston, Yamada,
and others (see [1] for references). The structure of any orthogroup § =
U{S,: @ € Y} satisfying D-covering, and for which Y is totally ordered, was
given by one of us [9, Theorem 11]. The same result was given previously by
Fortunatov [3]. In Theorem 6.1, it is generalized to any orthogroup satisfying
P-covering.

Theorem 6.2 describes bands of groups satisfying Z-covering. These have
arisen in the work of Kacman [5], and this is discussed briefly at the end of the

paper.

Remark on notation. 1f X is a set, 7(X) [F ¥(X)] will denote the semigroup
of all right [left] transformations of X. If x € X and ¢ € 7(X) [F *(X)], then the
image of x under ¢ will be written x¢ [¢x], and the product ¢, of two elements
of T(X) is defined by s(hbs) — (s2)bs [(Bido) = ()], If , € X, then the
constant transformation in J(X) [ *(X)] that sends every element of X into
x; will be denoted by (x,> [{x;>*]. Thus x{x,> = &, and <{x,>*x = ¥, for every
x in X. This differs from the notation in [9].

If X and Y are sets, Y¥ will denote the set of all mappings ¢: X — Y when
there is no question about composition of two such, and the image of x under ¢
may be written either x¢ or ¢ux.

1. AN EXPRESSION FOR THE TRANSLATIONAL HULL OF A REEs MATRIx
SEMIGROUP WITH INORMALIZED SANDWICH MATRIX

Let S = .#(G;1,4;P)be a Rees I X A matrix semigroup over a group G, with
A x I sandwich matrix P = (P, ;) over G. Recall [2, Lemma 3.6] that certain
changes can be made in P without changing S (to within isomorphism), and we
can thereby “‘normalize” P so that all the entries in any given row and any given
column are the identity element e of G. Without loss of generality, we can assume
that the index classes / and A have an element 1 in common. We shall say that P
is normalized at (1, 1) if p, ; = e = p,, foralliin I and X in 4.

The translational hull £(S) of S was described in [8, Sect. 1] as follows. If
0 e G! and y € F *(I), the transformation L(y, 8) of S defined by

L(8, xXa; i, X) = ((6i)a; xi, A) (1.1)
for all (@; ¢, A) in S, is a left translation of S, and every left translation of .S is

481/46/2-11
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uniquely expressible as one of these. Dually, the right transiations of S are the
transformations R(w, ¢/} defined by

(@33, N(R(w, §) = (aldw); 4, M), (1.2)

where w € G4 and ¢ € 7 (A).
The product of two left or two right translations is given by
L8, x) L(9, x') = L(6", xx), (1.3)

where

0" = [0(x9)](67) (alliel);

R(w, ) R(o', ') = R(o", ), (1.4)
where

o = Q)[(M)w]  (all A€ A).

By definition, £(S) is the semigroup of all pairs (L(0, x), R(w, ¢)) of linked left
and right translations (called “bitranslations”), and it is shown in [8, Sect. 1]
that L(#, x) and R(w, ) are linked if and only if

Prnil0i) = Q) prs  (allie], A€ A). (1.5)

The inner part TI(S) of £(S) consists of the inner bitranslations 5 = (Az, pg)
of S (where B is a fixed element of S). If B = (b; j, ), then

Ag = L(0g, (5>, where 0zt =1bp,; (alliel);

1.6
ps = R(wg,{py, where Awp=1p,;6 (allded). 9

The natural action of £(S) on S is defined by
(L8, x), R(w, $))4 = L(6, x)4, a7

A(L(G, x), R(w, $)) = AR(w, ¥),

forall A€ S.
We proceed now to give a convenient representation of £X(S) when P is

normalized.

Tueorem 1. Let S = .#(G;1,A; P) be a Rees matrix semigroup with
normalized sandwich matrix P. Let ©(S) be the set of all (a; x, $)in G X T *1I) %
T (A) satisfying the condition

Prxi@Prs,i = Pr,x1%Pay (alliel, Ae A). (1.8)
Define product in 6(S) by
(@ x: 0@ X', ') = (apry1a’s xx's P')- (1.9)



COMPLETELY REGULAR SEMIGROUPS 465

The mapping (a; i, Xy > (a; (i)*, (X)) is an isomorphism of S onto a subsemigroup
6y(S) of O(S). There exists an isomorphism of O(S) onto (S) sending Oy(S) onto
II(S). Using this isomorphism to transfer the natural action of S(S) on S over to
B(S), we find

(0 X, ¥)a; i, 2) = (Bpuy.4; X35 A),

(a; 4, (s x> ¥) = (apabs %, M),
for all (b; y, ) in O(S) and all (37, A) in S. ’
Proof. Define {: 6(S) — £(S) by
(@ x $)E = (L(6, x), R(w, ¥)), (1.11)
where § and w are defined by

(1.10)

0 = apl,,,_i (all iEI),

(1.12)
Ao = poya  (all Xe ).

Equation (1.5) is immediate from (1.8) and (1.12), so (a; x, ¥){ € £(S). The
mapping { is evidently one-to-one. To show that it is onto, let (L(8, x), R(w, ¥)) €
8(S). Setting i = 1 = p in (1.5), and using p,,; = e = p, ; (by hypothesis), we
obtain 81 = lw. Let ¢ = 01 (=1w). Now setting A = 1 in (1.5), we obtain
0i = ap,, ;. Setting i = 1 in (1.5), we get Aw = p, ,a. By (1.12), the given
element of £(S) is the image of (a; y, ) under {.

To show that { is a homomorphism (and hence an isomorphism), we have

(a;x, $) - (a5 %', )8 = (L, ) L(O', X'), R(w, ) R(o', )
= (L{8", xx), R(«", xx));
where, by (1.3), (1.4), and (1.12),

0"t = apyy iadpw:  (alliel),
A" = Py P nd (@l Xe A).

On the other hand, using (1.9),

[(a; X )@’ X', ¥ )E = (@pru.x1@’s xx', P}
= (L(6y, xx) R(wy, $3)),
where, by (1.12),
bii = apyy1@puy,:  (@lliel),
Awy = P 18P (all A€ ).

It suffices to prove w, = w”, the proof that 6, = " being dual. But this is
immediate from (1.8), replacing i by ‘1.
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The first assertion in Theorem 1 is immediate from (1.9):

(a; <%, KOXb; (%, <wp) = (apyb; (¥, {w)-

That Oy(S), = II(S) is evident from (1.12) and (1.6). For if B = (b;, p) € S,

then

(b; <1>%, <u2)E = (L(B, <), Rlw, (1))

with 8 = bp, ; and Aw = p, ;b, and hence equal to mz by (1.6).
Again with 8 given by (1.12), we have by (1.1),

(05 x> ¥Xa3 3, A) = (b; x, $)L - (54, 3)
= L(8, x)(a; 1, A)
= ((8i)a; xi, )
= (bpyy.1a; ¥, A).

This proves the first part of (1.10), and the second is dual.

2. A NORMALIZED STRUCTURE THEOREM FOR
COMPLETELY REGULAR SEMIGROUPS

We begin by stating a variant of Lallement’s structure theorem for completely
regular semigroups [6, Theorem 2.19] (see also [9, Theorem 1]). It is obtained
from Lallement’s theorem by replacing each £(S,) by 6(S,), and @, 5: S, —
Q(S;) by ¥, 5: S, — 6(Ss), where ¥, 5 = @, 505" and {2 O(S;) — (S,) is the

isomorphism established in Theorem 1.

TuroreMm (Lallement). With each element o of a semilattice Y associate a Rees
matrix semigroup S, = M(G; 1, , A,; P,), with sandwich matrix P, normalized
at (1., 1,). Suppose that S, Sy = @ if o #* B, and let S = | J{S,: ac Y}. With
each pair o > Bin Y, associate a mapping ¥, 5. S, — O(Sg) satisfying the following

conditions.

(A1) For each (a3 i, N)in S, (x € Y),
(a3 4, MY,.. = (a5 GO, D).
(A2) For arbitrary o, Bin ¥,
(S.¥4.46)(Ss¥5.08) € B(:Ses)-

If Ae S, and B € S, , we define the product AB of A and B in S by

AB - [(ASUa.uB)(BWB.aB)] qu;él,aﬂ .

2.1
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(A3) IfaB > yinY, AecS,; and Be Sy, then
(AB)¥.5,, = (A¥,, ,)(BY;,,)

If (A1-A3) hold, then with the product defined by (2.1), S is a completely regular
semigroup. Conversely, every completely regular semigroup is isomorphic to one
constructed in this way.

We are now ready to state Theorem 2, which is a simplification of [9, Theorem
3], made possible by normalizing all the sandwich matrices.

THEOREM 2. With each element o of a semilattice Y associate a Rees matrix
semigroup S, = M(G,; I,, A,; P,) with sandwich matrix P, = (p5 ;) normalized

at (1,,1,). Assume that S, S; = @ if a # B, and let S = \){S,: € Y}. With
each pair « == B in Y, assoctate three mappings,

ga,B: Sa g GS 1 Xa,8° SOL - g—*(lﬂ)? zﬁa,B: er - y(AB)’
satisfying the following conditions.
(BO) Ifa>BinY AcS,,icly,and X A, , then
P Abup) Prai = 15 akAbs) Pias,
where we have written At for (Ax, )i, A for (A, ), and 1 for 1,.
BY) IfacYand A = (a;i,N)e S, , then
Aga,a _ Cl, AXu,a = <l>*! A¢a,a :‘ </\>

(B2) Let « and B be arbitrary elements of Y, and let A€ S,, Be S, . Then
(Axs.0s)(Bxs,op) and (A, .5)(Bibg .5) are constant transformations of Ig and Az,
respectively, say {k>* and {v). Define the product AB of A and B in S by

AB = ((A¢,..5) P15 ;(BEs a0); K, v). (2.2)

(B3) Let o, B, y be elements of Y such that of > y, and let A€ S,, B€ S;.
With AB defined by (2.2),

(4B) Xop.y = (AxasNBXs.»),
(4B) fus.y = (A, XBbs.,)
(4B) £up.y = (48s.,) Piam (Bés,y)-
If these conditions are satisfied, then, with product defined by (2.2), S is a
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completely regular semigroup. Conversely, every completely regular semigroup is
isomorphic to one constructed in this way.

Since Theorem 2 is just a transcription of Lallement’s theorem using
Theorem 1, a formal proof is scarcely necessary. A mapping ¥, z: S, — G4(Sp)
evidently determines a triple of mappings (&6} Xa.6 > ¥u.s). Noting (1.8) of
Theorem 1, condition (B0) simply expresses the fact that

AWa,B = (Afa,ﬁ; AX&.B ’ A¢’a,ﬁ)

belongs to @4(S;), for every A€ S, . Conversely, every such triple satisfying
(BO) determines a unique mapping ¥, ; .

(B1) is visibly the same as (Al). If of >y in ¥, A€ S,, and Be S, , then,
by (1.9),

(A¥, . )BY,,,) = (A&..) piam(Bsy)s (Axa ) BXs,n)s (A, )(Bibe.v))-

When y = af, (A2) requires this to lie in @y(S,,), hence to be of the form
(¢; <k>*, {v)), and this is exactly what (B2) requires. Since (¢; (k>*, (D)7 o =
(c; k, v), definitions (2.1) and (2.2) of the product in S coincide. When y <C of,

(AB)anﬁ,v = ((AB)‘fuB.v; (AB)xag, » (AB)‘/‘aB,v)’

and (B3) is just the componentwise formulation of (A3).

If, as in (BO), we write Ai for (Ay, )} when « > 8, we see from (B3) that
(AB)i = A(Bi) for all iel,. Similarly, A(4B) = (A4)B for all Ae4,. In
particular, when « >> B, y, 5 defines a left action of S, on I, and ¢, ; a right
action of S, on /1, . We could state Theorem 2 in terms of these actions and the
mappings £, ; without introducing the letters x, 4 and , 5 .

When applying Theorem 2 to bands (idempotent semigroups) each group G,
is trivial, and the mappings £, ; disappear altogether.

If the conditions of the theorem hold, then (B3) also holds for y = of, by
(B1), (B2), and the definition (2.2). The latter agrees with the given product
in each component S, by virtue of (B1). Of course (B1) may be regarded as a
definition.

We remark also that, when « > 8, A€ S, , and B = (b;j, p) € Sg,

AB = ((Af..p) Plasbs Ajy ). (2.3)
For if lel,, (B2) implies that A(BI) = k. But Bl =j by (Bl), so & = Aj.

Similarly, if Ae Ay, (A4)B = v. Also by (B1), B¢, ; = b. Equation (2.2) thus
becomes (2.3). Dually, we have

BA = (bp,, a(A&..0); Js nA). (2.4)
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3. Banps or :GRoOUPS

Let S be a completely regular semigroup, and let E be the set of idempotents
of S. For each ae S, denote by H, the #-class (maximal subgroup) of S
containing a. S is called a band of groups it H H, C H,, for all a, b € S; that is, if
JF is a congruence on S. Evidently S/ is then a band. Since Ej is a transversal
of #, we can transfer the structure of S/5 over to E¢ by defining ¢ x f (e, f € Ey)
to be the identity element of H,, .

A Rees matrix semigroup M = #(G; 1, A; P) is a band of groups, and
Ej4(*) is isomorphic to the rectangular band on/ X /. Denoting the idempotent
(pris i, A) of M by (z, A), we have the rule (4, A) * (j, p) = (i, p). If e = (i, A),
write p, for p, ;, and write (&, e) for the element (a; 7, A) of M. We then have the
following rule for multiplication in M:

(a, &), ) = (aps.ch, e x f)- (3.1)

Accordingly, we may write (G, E(x), p) instead of .#(G; I, A; P), indicating
that we have a group G, a rectangular band E(x), a mapping p: E — G (the
image of ¢ € E under p denoted by p,), and product on the set G X E defined
by (3.1).

Suppose that P is normalized at (1, 1). Let u denote the idempotent (1, 1)
of M. We identify H, = H,, with G, thus u with the identity element of G. If
e = (i, A), then p, ; = p,,, and p, ; = p,... Hence P is normalized at u if and
only if

Dosss = Puwe = U (all e E). (3.2)

Suppose now that S is a band of groups, and S = {J{S,: « € Y}, its decomposi-
tion into completely simple subsemigroups S,. We may assume that each
S, = M(G, , E,(x),p*). Then the operation * introduced above on E; =
U{E,: « € Y} agrees with the operation * on each component E, .

We take the (reasonable) point of view in this section that the structure of
E(*) is known. (The structure of bands should be elucidated before we attack
the more general problem!) Since 5 is a congruence, the actions of S, on I; and
Ag are determined by those of E, , and these in turn by the structure of Es(x).
Consequently we can apply Theorem 2, discarding all reference to x’s and ¢’s,
to obtain the following.

TueoREM 3. Let E(x) be a band, and E = \){E,: « € Y} its decomposition
into a semilattice Y of rectangular bands E (x). With each.element o of Y associate
a group G, and a sandwich matrix p*: E, — G, normalized at an element u, of E, .
Let S, be the Cartesian product G, X E, , and § = | J{S,: a € Y}. With each pair
« > Bin Y associate a mapping £, 5: S, — G, such that £, ,: S, — G, is defined by
(a, e)¢, .. = a, for all (a, )€ S, .
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Define product in S as follows. If ., e Y, A = (a,e) € S,,and B = (b, f) e S,
then let

AB = ((Aga,uﬂ) P?fuag*e(BEB,aﬂ): ¢ *f) (33)

This makes each S, into the Rees matrix semigroup M (G, , E (%), p*). Product
on S defined by (3.3) is associative, and S becomes thereby a band of groups with
E(x) =2 E(x), if and only if the following conditions are satisfied.

D) Ifa>BinY, A=1(a,e)cS,, and fe E;, then

Pg*f(Afm.B) plls*ug*e = pg*ug*f(Afu,B) P?te .

(D2) Letof > yinY,andlet A = (a,e)e S, and B = (b, f) € Sy . Then,
with AB defined by (3.3),

(AB) €up,y = (Afa.v) p;*uy*G(BgB.y)'

Conversely, every band of groups S, such that E¢(x) is isomorphic to the band E(x),
is isomorphic to one constructed in this way.

No formal proof is necessary. Note, however, that in proving the direct part,
we can infer from Theorem 2 only that the semigroup S so constructed is com-
pletely regular. But it is clear from (3.3) that # is a congruence on S; in fact,
H eH f CH exf *

4. 2-SpLiT BanDps oF GROUPS

In this section we simplify Theorem 3 considerably by assuming that E(x) is
D-split.

Let p be a congruence on a semigroup S. If T is a subsemigroup of S which is
also a transversal of p (i.e., contains exactly one element from each p-class), then
we call T a p-splitting subsemigroup of S. In that case, T ~ S/p. We say that S'is
p-split if it contains a p-splitting subsemigroup.

If S = U{S,: « € Y}is a completely regular semigroup, then Green’s relation
2 is a congruence on S; the Z-classes of .S are the completely simple components
S, ,and S/2 =~ Y. Any Z-splitting subsemigroup T of .S consists of idempotents,
one from each S,. If TN S, = {t,}, then T'= {¢,: € Y}, and £,t; = f,4 for
all o,feY. T is also a D-splitting subsemigroup of the band E(x), since
s = t, % tg.

Conversely, if U = {u,: a€ Y} is a D-splitting subsemigroup (hence sub-
semilattice) of E(x), it is also one of S. For we have uu,€ Hu“‘ué == Huup’
whence %45 = u,5. Similarly, uu, e H, hg0 SO Uglag = Uyp - Hence w,u; =
(u )t g = U (Ugl,g) = Ul = U,g , s0 that U is also a subsemigroup of S. Thus

D-split (band of groups) = (Z-split band) of groups.
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THEOREM 4. Let E(x) = Y{E(*): a € Y} be a D-split band, and let U =
{u,: « € Y} be a D-splitting subsemilattice of E(x) with u, € E, . With each element o
of Y associate a group G, and a sandwich matrix p*: E, — G, normalized at u, .
Let S, be the Cartesian product G, X E,, and S = ){S,: a € Y}. With each pair
o = B in Y associate a homomorphism ¢, 5. G, — Gy, defining ¢, , to be the
identity automorphism of G, , such that the following conditions hold.

(El) Ifa>B>vyinY, thend,obsy = bu-
(E2) Ifa>BinY ande€E,, then pd 5 = Phuugee -
(E3) Ifo >BinY,acG,,eckE,, and fc Ey, then

Pg*f(a¢a,6) P?*ug*e = Pgmﬂ*f(aqsa.ﬁ) P?*e .
Define product in S as follows. If o, B€ Y, (a, €)€ S, , and (b, f) € S, , then let

(@, €)8, f) = ((ae,06) PuuggeelbPs.cs)s € * f)- 4.1)

Then S becomes a G-split band of groups; conversely, every such is isomorphic to a
semigroup constructed in this way.

Proof. We prove the converse first. Let .S be a 2-split band of groups. Then
(to within isomorphism) we can consider S to be constructed as in Theorem 3.
Moreover, we normaize the p* at the elements u, of a Z-splitting subsemigroup
U of Eg(*) (hence of S, as noted above).

Note first that if « > Bin Y, and e€ E_, then

pg*ug = Pig*e = Ug . (4.2)

For, by (3.2), p3... = ug for every f€ E; , and we can take f = e * u; to obtain
first equation in (4.2); proof of the second is similar.

Observe next the following special case of condition (D2) of Theorem 3
replacing 8 by a and y by 8. If « > 8, and if 4 = (4, ¢) and B = (b, f) both
belong to S, , then

(4B) ¢, = (A€4s0) P?*ug*e(Bga.B)' (4.3)
If either e ¥ u, = e or u, x f = f, this reduces to
(4B). 5 = (ALss)(BEs.0)- (4.4)

Taking the first case (proof for the second being similar), and using u; * u, = u,
and u, xe xu, = u,,

frugre = Ffxugrxexu, =f+ugxu, *ex*u,
=frugku, =fru;.

By (4.2), the sandwich term in (4.3) is u, .
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One immediate consequence of (4.4) is that, for any e€ E, , (e x u,)¢, 5 and
(u, * €)é, 5 are idempotent elements of G5 . Hence

(e * ua)’fu,ﬂ = (ua * e)foz,ﬂ = Ug . (.45)

Define ¢, 4: G, — G, to be the restriction of £, to G,. By (44), ¢, is a
homomorphism.

If (a, e) € S, , then (a, €) = (e * u,) a(u, x €), where we identify a with (a, u,).
Two applications of (4.4), along with (4.5), yield

(@, €)up = adoss - (4.6)
Equation (4.1) is now immediate from (4.3), and (E3), follows from (D1).
By (3.1), or first principles, if e € E, then
(o % €)(e ¥ 1) = (s 5 U ¥ €)(Us , € % )
= (Poruqre » o * € % 1)
= (P th) = P>
Hence, by (4.3), and using (4.5),

a B
PePup = Peaga.s = Pe*um*uﬂtuaee .

Since u, * ug * 4, = ug , we obtain (E2).
Finally, to show (El), let « > 8 > y in Y. From (4.1) we find that, for any
acG,,auy = (ad, p, ug) = ag, g. Since ugu, = u, , we then have

a¢a,ﬁ¢6,v = (auB)"SB,V = algh, = au, = ad’u,v .

Hence (E1) holds.

Turning now to the direct part of Theorem 4, let S = [J{S,: xe Y} be
constructed as described in the theorem, with conditions (E1-E3) holding. We
proceed to show that the hypotheses for the direct part of Theorem 3 hold. It
will then follow that S is a band of groups. Since S/# ~ E(x), and E(x) is
Z-split by hypothesis, it then follows that S is Z-split.

We define £, 5: S, — G (« > B) by (4.6). Equation (4.1) then implies (3.3),
and condition (E3) implies (D1). All that remains is to prove (D2). Let of > y in
Y,andlet A = (a,¢) e S,and B = (b, f) € S; . By (4.1), (4.6), and (E2),

(AB) EuB,v = [(a(ﬁa,mﬂ) p;fuag*e(b(ﬁﬂ.aﬂ)] ¢aﬁ.v

= (a :ﬁa.uﬁ‘ﬁaa,v)( p?fuas*e) (i)aﬁ,v(bd’ﬂ , aB¢mB .«/)
= (ad’ot,y) Pny(b¢ﬁ.v)’
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where

g:(f*umﬂ*e)*uv*(f*uaﬂ*e)
=frugrexugxu, xihg*tfruzxe

=fxug*xu,xugxe =f+u,xe.

Again using (4.6), we arrive at (D2).

5. COMPLETELY REGULAR SEMIGROUPS SATISFYING Z-COVERING

Let S ={S,;«€Y} be a completely regular semigroup satisfying
D-covering, the latter meaning that if e and f are idempotents of S such that
ec S, and fe Sg with « > B, then e > f. We shall apply Theorem 2 to give a
structure theorem for such semigroups (Theorem 5).

As in Section 2, we can assume S, = #(G,; I, , 4,; P,), for each a € Y, with
P, = (p5 ;) normalized at (1,, 1,). We identify a € G, with (a; 1., 1,), and, in
particular, S, with G, if S, is a group (L.e., |I,| = | 4, | = 1).

Lemma 5.1. If « >y in Y, then every idempotent element of S, acts as a
two-sided identity element on S,. If « %= af % Bin Y, then S,y = G5, and
ef = e, for any idempotents e of S, and f of S, .

Proof. Let ¢ =e¢€ S, and ce S, . Let f be the identity element of H,.
Since S satisfies P-covering, e > f, and hence ec = efc = fc = ¢; similarly,
ce = ¢.

Nowleta #% af # Bin Y, andlet 2 = e€ S, and f? = fe S, . Since a > of
and B > of, both ¢ and f act as identities on S5, and clearly the same must be
true of ef. But ef € S,5. Hence S,; is a completely simple semigroup containing
an identity element, hence is a group. By convention, S,; = G,z, and we have
also shown that ef = ¢,,.

Lemma 5.2. Let a > Bin Y, and let (a;1, M) € S, , (b;7, p) € Sg. Then
(@53, (b3 /, 1) = albs ], ),
(b; 5, p)la; 4, ) = (b5 ], wa.

Proof. Since P, is normalized, (e,; 7, 1,) and (e,; 1, , A) are idempotent. By
Lemma 5.1, they act as identity elements on S;, and hence

(@54, A)(b3 4, 1) = (e 4, 1 X@; Ly, 1o)(ews Lo s )55 7 1)
= (a; 1,, 1,)(8; j, p) = a(b; j, p).

The proof of the second equation is similar.
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THEOREM 5. With each element « of a semilattice Y associate a Rees matrix
semgroup S, = M(G,; 1, , A,; P,) with P, normalized at (1,,1,), and with
S, N Sg = @ if a 5= B. Assume that if o = off # B, then S,z is a group (which we
identify with G,z). For each o > B in Y, assume that G, acts by permutations on I,
from the left and on Ay from the right. With each pair « > B in Y associate a
mapping ¢, o: G, — Gy such that the following conditions are satisfied, for all a > 8
tn (C1-C4) and all « > B > y in (C5-C6):

(C1) (ab)pu.s = (adu.5) Plo,01(bba.e) (all a, b€ G,);

(C2) P?,al(a(ﬁa,ﬂ)Pﬁa,i = Pg,ai(a‘ﬁa.ﬂ)l’ea,i (a” ac Ga ’ i€ IB ’ Ae AB);
(C3) P;,i(ﬁa,ﬂ = eﬂ (all l eIot ’ )\ € Aa);

(C4) 5 = jand pps = p(alliel,,jely, he Ay, pe Ay
(CS) ¢u,B¢B,V = ¢a,v;

(C6) (ad,p) = ai and Nad, ) = M (allac G, ,iel, red).

Define product in S = {J{S,: « € Y} as follows. If (a; i, N) € S, and (b; j, p) € S;,
let

(@ 4, 0)(b; J, 1) = (ao,p) Ploibs @y p) i «> B,
= (a3 n(bbso); 1, W)  if a<B,
= (ap}.ib; i, p) if a=§
= (a0,00)(bP5,08) if o« of £ B

Then S becomes a completely regular semigroup satisfying Z-covering. Conversely,
every such semigroup is isomorphic to one constructed in this way.

(5.1)

Proof. We prove the converse first. Let S be a completely regular semigroup
satisfying @-covering. Being a completely regular semigroup, S has the structure
described in Theorem 2. We use the language and notation of actions (of S, on
I; and A, when o > B) rather than the mappings y,  and §, g (see the remark at
the end of Section 2).

Let« > Bin Y, and let 4 = (a;7,A) € S, and B = (b; j, p) € S;. By (2.3),

AB = ((A&..0) Plasbs 4y 1) (5.2)
As a special case of this,
aB = ((afm.ﬂ) Pi‘a.ib; aj) f“‘)'
By Lemma 5.2, AB == aB. Hence Aj = gj for all j € I, . Dually, we can show
that u4 = paforall p € Az . In particular, 14 = 1a, and we then conclude from

AB = aB that A¢, ; = af, g. Defining ¢, 5: G, — Gj to be the restriction of £, ,
to G, , we have shown that

(@36, NVé, s = ade,  (all (@34, ) €S (5.3)
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Equation (5.2) now reduces to the case of « > B of (5.1). The case « < B1is dual,
and the case o = B is just product in A#(G,; I, , A,; P,). If we now apply (2.2)
to the case a # off 5 B, using (5.3), and note from Lemma 5.1 that | [ 5| =
| A5 | = 1, we obtain the fourth case in (5.1).

Let « > Bin Y. As remarked after Theorem 2, S, acts on I from the left and
on A from the right. In particular, so does the subgroup G, of S, . By Lemma 5.1,
¢, induces the identity transformation of I; and A, and hence the action of G,
on I and A, is by permutations.

All that remains is to show that (C1-C6) hold. From the third equation in
(B3), replacing B by a and y by B, we get (for « > B, and 4, B S,),

(4B) £u5 = (Abu.s) Pla.m(Béuss)-

(Cl) is immediate from this and the definition of ¢, ,. Similarly, (C2) is
immediate from (BO).

Let @ = (p3;)*. Then (a;4, A) is an idempotent element of S,, so, by
Lemma 5.1, (a;i, A)b; j, u) = (b; 7, u) for all (b;j, u)€S;. Comparing this
with the first case in (5.1), we find

(@os) Prai =&, @ =j (aljely).

Hence the first half of (C4) holds, and the second half is dual thereto. Also,
taking j = 1 and using the normalization of P, , we obtain (C3).
Leta >B>yinY,andletaec G,andiel,. Letb = a¢, ;. By (5.1),

aegle, 54, 1,) = (b; alg, 1g)(e, 54, 1,)
= ((bds.4) P1o.i 5 b2, 1,),
ale, ; 1, 1,) = (ad,,, ; 4, 1,).

By Lemma 5.1, ege,; 4, 1,) = (e, 4, 1,), so these are equal. Hence ai = bi =
(ad,.5)i, proving the first part of (C6), and the second is dual. Also, taking
it =1,,wehavepl,, =e,,andsoad,, = bds ., = ad, zb, , , proving (C5).

Turning now to the direct half of Theorem 3, assume all the hypotheses and
notation of the theorem. We state two consequences of these hypotheses as
lemmas for later use.

Lemma 53, Ifa>BinY, then

(ap3 i) bap = (as.) Pia,r(bba,0),

foralla, be G;iel, ,ded,.
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Proof. Writing ¢ for p3 . and ¢ for ¢, ., we have cp = ¢; by (C3), and
¢ =J pc =pforalljely, pedy, by (C4). Hence, by (Cl),

(ach)p = (ac)$ * Plac.ua(bd)
= (a¢) Pina,cl(c‘/’) Pfac.bl(b‘i’)
= (ad) pla,n(b4)

since p§, o = pi,1 = ¢ and lac = (la)c = la.
LevmMa 54. Ifa > Bin Y, then
(ap3,ib)j = abj  and  p(ap} :b) = pab

foralla,be G, iel, ,jel;red, ,ned,.

Proof. Immediate from (C4) and the hypothesis that G, acts on I; and /,.
We proceed now to apply Theorem 2. We take condition (B1) as a definition of
£isr Xasnrand gy . For o > Band A = (a; 4, A) € S, , we define AE, 5, Axos»
and Ay, 4 by
Aga.B = a5,
(AXa,p)] = af (all j e I),
WApey) = pa (ol pedy).

(BO) is then immediate from (C2).

Let A =(a;i,X)e S,and B = (b; j, p) € Sy . If & > B, then (Ay, s)(By,.5) =
(A * = <%, and (Ao )Bliss) = (Athes)i> = <. Hence (B2)
holds with 2=aj and v =p. Moreover we see that (2.2) agrees with the first case
in (5.1). The case o < 8 is dual, and the case « = B is trivial. (B2) also holds
trivially for the case o 7 off = B, since | Iz | = | Ays | = 1, and (2.2) agrees with
the fourth case in (5.1) since p3% 5 = e,4.

To show (B3), let of >y, 4 = (a;7,A)€ S, , B = (b; ], p) € Sg. We must
consider the cases o > B, @ << B, « = B, and « £ o £ B. Let kel ,ve,.
We are to show in each case that

(AB)k == A(BE) = a(bk),
WAB) = (vA)B = (va)b,
(AB) £up,y = (aa,y) Pla,1(bbs.)-
We omit the second, which is dual to the first.

Case o« > B. AB = ((ad, p)pi,.b; @, 11). We have

(AB)k = [(ady.) Plablk = [(ad, e)b]k
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by Lemma 5.4. This is equal to (ag, z)(bk), since G acts on I, , and this in turn to
a(bk) by (C6). Likewise,

(4B) &,, = [(ads,s) Pra.iblbs.y
= [(a¢a,ﬂ) ¢B,’V) PIVa.bl(b¢B.v)

by Lemma 5.3 and the fact that 1(a¢, ;) = la by (C6). The desired conclusion
now follows from (C5).

Case « << 8. Dual to the preceding.
Case o = B. AB = (ap; b; i, u). We have
(ABYk = (ap} ;pYk = (ab)k = a(bk)
by Lemma 5.4. Likewise

(4B) &4y = (ap5.id) bo.y = (ade.y) Pla.n(bbs.)
by Lemma 5.3.
Case o # off # B.  AB = (ady os)(bbs 5). We have
(AB)k = (s, o5)[(bds.c0)k] = (ads,06)(bk) = a(bk)
by (C6). Likewise

(AB) gaﬁ,v = [(a¢a.a3)(b¢3.aﬁ)] ¢aB,v
= [(a¢a,aﬂ) ¢aB,v] P;a,bl[(b‘ﬁﬂ.mﬁ) ¢aﬂ.v]

by Lemma 5.3 and the facts that 1(ad, ,») = la and (b, )1 = b1 by (C6).
Using (CS5), we reach the desired conclusion.
This concludes the proof of Theorem 5.

6. SpECIAL CASEs

In this section we specialize Theorem 5 to orthogroups (Theorem 6.1) and
bands of groups (Theorem 6.2).
A completely regular semigroup S = [J{S,: « € Y}, where

Su = ‘/”(Ga; Im y Aa; Pa)

and each P, is normalized, is orthodox if and only if p§, = ¢, for all Ae 4,
7e1, . If this is the case, each S, is the direct product G, X (I, x A4,) of a group
G, and a rectangular band I, x A,; such a semigroup is called a rectangular
group.
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The following theorem is immediate from Theorem 5. It was found by
Fortunatov [3] and one of us {9] for the case Y totally ordered.

Tueorem 6.1. Let S = | }S,: « € Y} be a disjoint union of rectangular groups
S, = G, X I, X A, indexed by a semilattice Y. Assume that if « = off = Bin Y,
then | Ig| = | A,z | = 1; we then identify S,; with G4 . For every pair « > B in
Y, assume that G, acts by permutations on I from the left and on A, from the right,
and that there exists a homomorphism ¢, g: G, — Gy such that, for all « > 8 >y
nY,

(CS) ¢a.6¢8.v = ¢a,y ’

(C6) (ags )i = ai and Nad, ) = Aa,
JorallaeG,,iel, e A,. Define product in S as follows. If (a;i,A) € S, and
b7, m)e S, let

(a;3, A6 j, p) = ((ado,0)b; @) ) &f o« > B,
= (albds..); 5, A0)  if o <B,
= (ab; 1, p) f a=4,
= (0Bu.c)bbp.00) Y aF af B (6.1)

Then S becomes an orthogroup satisfying D-covering. Conversely, every such
orthogroup can be constructed in this way.

™~

~

Turning now to the specialization of Theorem 5 to bands of groups, let S
be a semigroup constructed as in Theorem 5. From (5.1) it is clear that .S will
be a band of groups if and only if, for every o > Bin Y, G, acts trivially on J; and
Ag (that is, ai = iand da = Aforallae G, , iely, A e Ap). If this is the case,
Pla; =18 = egand piy; = pi1 = e, in (5.1). Likewise, pf, 5, = pi, = g in
(Cl1), so each ¢, ;is a homomorphism. Also, (C2) becomes

(aa,0) P = Ph.a%u5),

while (C4) and (C6) become superfluous. Thus the following theorem is
immediate from Theorem 5.

THEOREM 6.2. Let S = (J{S,: « € Y} be a disjoint union of Rees matrix semi-
groups S, == M(Gy; 1,, A, P,), indexed by a semilattice Y, and with each P,
normalized. Assume that if « = of %~ Bin Y, then S,; = G,,, and that, for every
pair o > Bin Y, there exists a homomorphism ¢, 5. G, — G such that the following
conditions hold. '

(C2) For every pair « > BinY, and for all icl,, Ae Ay, pf; belongs to
the centralizer of G, zin Gy .
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(C3) For every pair « > B in Y, and for all icI,, Ae A, , p}, belongs to
the kernel of §, ¢ .

(C5) Foreverytriplea > B > yinY, ¢y o5, = by -
Define product in S as follows. If (a; i, A) € S, and (b; §, p) € Sg , let

(a5 1, N(b; j, 1) = ((abu)bs js ) o o>,
= (albso); 5 4) i« <B,
= (apy.ib; i, 1) if o=§,
= (aa,oa)bbp0e) o «F af F B (6.2)

Then S becomes a band of groups satisfying Z-covering. Conversely, every such
band of groups can be constructed in this way.

There is an interesting class of bands of groups satisfying Z-covering that
arose in the work of Kacman [5].

Let 2 be a chain (=totally ordered set). Let {S,: a € £2} be a set of mutually
disjoint semigroups indexed by 2. Define product in S == {J{S,: « € 2}, extending
the given product in each S, , as follows. If a € S, and b € S; with o 7 B, then let

ab = a if a<B,
=b if «>§p

Associativity is easily checked. We call S the ordinal sum of the chain £2 of semi-
groups S, (x € £2).

It is easily seen that a band is an ordinal sum of rectangular bands if and only
if it satisfies Z-covering and its structure semilattice is a chain.

For any semigroup S, let 2’(S) denote the lattice of subsemigroups of S,
empty set included. A surjective homomorphism of 2’(.S) onto a lattice L is
called special if @ [S] is the only element of 2’(S) mapped onto the least
[greatest] element of L. Kacman [5] showed that there exists a special complete
homomorphism of Z'(.S) onto a relatively complemented lattice if and only if

(1) Sisaband of groups,

(2) S/s# is an ordinal sum of rectangular bands,
(3) S is idempotent generated, and

(4) S is periodic.

The following corollary of Theorem 6.2 gives the structure of the semigroups
figuring in Kacman’s theorem.

CoROLLARY 6.3. A semigroup satisfies Kacman’s conditions (1), (2), (3) if and
only if it is an ordinal sum of idempotent-generated, completely simple semigroups.

481/46/2-12
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Proof. The “if” part is evident. Conversely, let S = {J{S,:ac Y} be a
band of groups satisfying (2) and (3). Then Y is a chain, and S/5# satisfies
ZD-covering. The latter implies that S itself satisfies Z-covering. For suppose
e =ee S, and f2 = fe S, , with a > B. Let H, denote the #-class (maximal
subgroup) of S containing e. Since S/# satisfies Z-covering, H H, C H; and
H/H,C H,. This implies that H, U H; is a subsemigroup of S which is a
(two-element) semilattice of groups. But this implies e > f.

Hence we may assume that S has the structure described in Theorem 6.2. We
recall that the idempotents of S, = #(G,; 1, 4,; P,) are the elements of S,
of the form ((p3 ;) 7, A). It follows that if G,’ is the subgroup of G, generated
by the set {p;:iel,, e A} of entries of P,, then the subsemigroup S, of
S, generated by the idempotents of S, is #(G,;1,, 4,; P,). By Kacman’s
condition (3), S,” = S, , and hence G,/ = G, . From condition (C3) of Theorem
6.2, we conclude that G, ; = {}, since G, is generated by the entries p} ; of
P, . From this and (6.2) it follows that S is the ordinal sum of the S, .
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