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1. Introduction and preliminaries

In earlier studies [2,3], we identified diagonalisation within the Stern-Brocot and Calkin-Wilf trees
to define normalised additive factorisation. Such factorisation allowed us to locate and identify entries
in both trees and gave us a simple method for converting terms in the Stern-Brocot tree into vertices
in the Calkin-Wilf tree and vice versa.

In this study of the Stern-Brocot tree, we extensively develop two related concepts, child’s addition
and cross-differencing, to achieve the following goals:

(1) Discover a recursive result (Theorem 10) for determining diagonals within the tree.

(2) Generalise branching in the tree (Section 4) to show that traditional branches are particular cases
of offset branches (Theorem 15).

(3) Introduce the concept of a path to demonstrate (Theorem 16) that path cross-differences,

e are constant for two given paths that commence from a common term, irrespective of the choice
of that common term; and
e possess the same magnitude, but are different in sign, for symmetry couplets.

(4) Demonstrate that progressive child’s addition of consecutive terms in a level of the tree
(Theorem 19) yields a value that is dependent only on the last two terms of the addition; that
is, the addition is not dependent on the number or size of earlier summands.

(5) Discover results (Theorem 20) for the child’s addition of continued fractions.

We state some important definitions and results. Proofs of results can be found in [2].
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Definition 1 (Child’s Addition). Let % and 3 be either a fraction or a pseudofraction (% or %). Then we
define the child’s addition operators, @ and &, as follows

s\ a c __ a+c
()5 & § = 7 and

(i) §&§ = {5 inits reduced form.
1l 11 _ 111 _1&1
Examplel. 191 =210l =1 1al=101=
Note that:

(i) @ is associative, whereas & is not, in general, associative.

se a c __ a+c ma C __ ma+c
(i)Form# 1, 5@ g =555 # o © 5 = mbra-

Definition 2 (Stern-Brocot Sequence). With ap 1 = 0 and ap, = 1, we define forn > 0,
An = (an,lv An2svey an,2”+1>

as the sequence for which, fork > 1,n > 0,
ap2k-1 = dp—1k and
An2k = Op—1,k + Gn—1,k+1-

Similarly, with by ; = ] bo » = 0, we define B,,. Then the sequence defined by H,, = (hn 1, hn2,
., hy 2n+1> where hy ; bn t is called the Stern—Brocot Sequence of order n. It represents the sequence
containing both the first n generations of mediants based on Hp, and the terms of Hy itself.

Definition 3 (Parents and Children). We call:
(a) ha—1.kx and hy_1 k41, the left and right parents respectively of hy, o,
(b) hn,Zk- the left child of hn—],k+1(= hn,2k+1).
(€) hn 2k, the right child of hy_1 (= hn,2k-1).-

Definition 4 (medH,_). Let Hy be level 0 of the Stern-Brocot tree. For n > 0, level n of the Stern-
Brocot tree is defined as medH,_; where

medHn,l = ((hn,1’1 (&) hﬂ,Lz) . (hn,Lz (&) hn,1’3) s eeey (hn—l.Z"_] (&) hn—],Z”_l—H)) .
= (hn,Za hn,47 hn,G; ey hn,z”) .

We note from Definition 4 that the levels of the Stern-Brocot tree contain only newly produced
terms so that for n > 0, level n contains 2"~ ! terms and the kth term of level n is ha ok

Definition 5 (Left and Right Branches). Let 8 be the left(right) child of w. The left(right) branch of u
consists of B followed by all successive right(left) children beginning with the right(left) child of g.

Theorem 1. We have
(i) the left branch of hy . is (Rnsmamg—1) | m € N),
(ii) the right branch of hy . is (Rnim2mg—-1)42 | m € N).

Proof. We have

(i) By Definition 3(b), the left child of hy i is hy11,2¢—1)- By applying Definition 3(c), m — 1 times,
the (m — 1)th right child of hn+1.2(k71) is hn+m,2m(k71)'

(ii) By Definition 3(c), the right child of hy, k is hp41,2x- By applying Definition 3(b), m — 1 times, the
(m — 1)th left child of hn+1,2k is hn+m,2m(k—l)+2- ]

Theorem 2. For 0 < i < 2", api11bni — anibniz1 = 1.
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Definition 6 (Left Diagonals). (i) For k € N, the kth left diagonal of the tree, /£, is the sequence made
up of each kth term from each level beginning at the level in which a kth term is first found (that is,
level [log, k1 + 1).

(ii) The first™ left diagonal of the tree, £+, is the first left diagonal preceded by the term %.

(Right diagonals).

(i) For k € N, the kth right diagonal of the tree, Ry, is the sequence made up of each kth term
taken from the end of each level beginning at the level in which a kth term is first found (that is, level
[log, k1 + 1).

(i) The first™ right diagonal of the tree, R+, is the first right diagonal preceded by the term %

Note that left diagonals are read from upper right to lower left of the tree, whereas right diagonals
are read from upper left to lower right of the tree.

Example 2. The first, first", second, third and fourth left diagonals are the respective sequences

(hasalonas 555 G sm.Jandf 43 5.

Theorem 3 (The ﬁ rule” for left diagonals). For n > 1, let % be hp_1,, the kth entry in level n — 1 of
the Stern-Brocot tree. Then
(i) hn 2k, the kth entry in level n, is 5.

(ii) hn2n 242, the (2" — k + 1)th entry in level n, is “£2

el

Corollary 1. Terms on the same level of the Stern-Brocot tree that are equidistant from either end are
reciprocals of each other. Such terms are styled symmetric complements. Algebraically, using the notation
of Definition 2, anx = by yn-1_1 1.

The following result on continued fractions, based on Graham et al. [4], is found in Bates et al. [1].

Theorem 4. Forayg > 0,a; > 1,i=1,2,...,k

ROFI[@R%2 .. [%  for k odd

do, A1, 0y, ..., Gg—1, G + 1] =
lao, a1, az, s » Ak ] RUt1[a1Re2 . R% for keven

where beginning at % in the tree ,ROT1[% ... represents a successive right-and-down movement

performed ag + 1 times; followed by a left-and-down movement performed a; times; and so on.

2. Cross-differences

We introduce the notion of cross-differences. In later sections, cross-differences are used to identify
interesting properties of the tree.

Definition 7 (Cross-Differences). The cross-difference of % and 5 isbc — ad.

Theorem 2 reveals that all cross-differences of consecutive terms in H,, have cross-difference 1.

Definition 8 (Stern-Brocot Cross-Differences). Fori = 1,2,...,2" ' —1,andn > 1, Chp.i, the ith
Stern-Brocot Cross-Difference in level n, is given by

Chi = n2iv2bn2i — an2ibn 2is2
where ay 2i, an 2i+2, bn,2i and by i, are terms defined in Definition 2.

We conclude this section with our main result for cross-differences.

Theorem 5 (Main Result for Cross-Differences). Let i = 2/ (2m — 1). Then
Cni=2j+3.
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Proof. By Definition 8,
Cui = nit2bn2i — Gn2ibnita,
(@n1.i+1 + An—t,ix2) (bn=1.i + bn—1.i+1)
— (@n—1.i + @n—1.i41) (bn—t.ir1 + bn_1,i42) by Definition 2,

= p—t1,i+1bn—14 — @n1,ibp—1,111
+ an—1,iv2bn—1,i — Gn—1,ibn—1.i2
+an-1ir2bn-1i01 — G 1bnt1ir2
= 2+ ay_1,it2bn—1i — @n—1.ibp—1,142 by Theorem 2. (2.1)
For i odd, that is, for j = 0, (2.1) becomes by Definition 2 and Theorem 2,
Cri=2+ anizyi#+1bnizyl’+71 — anizy#bn72,#+l =3. (2.2)

For i even, that is, for j > 0, (2.1) becomes by Definition 8, C, ; = 2+ C,_, i. Therefore

N~

Cn,i =2 + Cl‘l*], i,

[N}

=4+ Cnfz,

PN

= 2j—|—(Cn,jé,

= 2] + Cn—j,2m—ls
=2j+3 by(22). O

3. Parents, branches and diagonals

From Definition 4, any two consecutive terms in any level of the tree have a common parent in a
previous level, not necessarily the previous one. For example, every middle term in every level has
common parent % We find that parenthood and branching are linked in interesting ways.

Lemma 1. We have(i) a, 5iam—1) = Gp_1.2i-12m—1) T dn—i.2ms
(1) @, iom—1) = Gn—i—1,m + 1 - Gn—i2m,
(i) @y 9iam—1)42 = Gn—i—1m+1 + 1+ Aniom
(V) @ 5iom—1y42 = Gn—1.2-1@m-1)4+2 T dn—i2m,
(V) Gp2iam—1)+1 = An—i2m = Gn—i—1,m T Qn—i—1,m+1-

Proof. By Definition2. O
Lemma 2.

Ay 2iem—1) 1 Gn2igm—1)+2 = i+ 1) an—i2m-
Proof. By Lemma 1(ii) and (iii), and Definition 2,

Gn2iem—1) + A 2iem—1)+2 = An—i—1,m + Gn—i—1,m+1 + 2i.ap—i 2m,
= Qi+1 p—iom- U

Identical results hold, when each a ; is substituted with b, ; in Lemmas 1 and 2. We are now able
to state a number of interesting properties of the Stern-Brocot sequence based on child’s addition.
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Theorem 6. We have(i) h,, 5iom—1) = hn_12i-10m—1) ® Mn—i2m
(ii) hp22m—1) = Mn—2,m © hnz1,2ms
(iii) hn.4m = hn72,m+1 D hnfl,Zm,
(iv) hn,zi(zm—1)+2 = hn—1,21-1(2m—1)+2 & hn_iom,
V) My 2iem-1)41 = M—i-1,m D Np—i—1,m+1,
(VD) hnizm = hy 2iom—1) By 2iem—1) 42>
(il) If k = 2'2m — 1), then hy 41 = Moy ms2n
(viii) hn 2k+3 = hn 2+ 1Bhn 2644,
(ix) hn2k+1 = hn 2k @hn 2643

Proof. (i)-(v): By Lemma 1(i)-(v) respectively.
(vi): By Lemma 2.
(vii): By Lemma 1(v).
(viii): By Definition 2,
an,2k+1 + an,2l<+4 = Up—1,k+1 + an—],k+2 + an—l,k+3s
= (an—l,k+1 + an—1,k+3) + an—1.k+2,
= (@p_1.2i@m—1) + n_12iem—1)42)  Gn1,2@m—1)41>
= (2i+ 1) p—i—1,2m + Gn—i—1,2mby Lemma 1(v) and Lemma 2,
= (21 + 2) Qan—i—1,2m,
= (20 +2) 0y 5i+1 om-1)41>
= (2i + 2) ap 2x4 3.
Similarly,

bn.ak+1 + bnokta = (20 + 2) by 213
Therefore

(20 +2) Gnokts  Gnokt1 + Gnokrs

(2i42)byokrs  broks1 + broksa

That is, hn 2k+3 = M 2k4-1Dhn,2c44-
(ix) Let k = 2' 2m — 1). Then by Definition 2 and Lemma 1(ii) and (v),

(n2k = On-1k + dn—1k+1,
= (Gn-i—2.m + iGn—i-12m) + Gn—i—1,2m,
= p—i2m + (+ 1) ani-12m,
and by Definition 2 and Lemma 1(iii)

n,2k+3 = An—1,k+2>
= n—j—2,m+1 + @u—i—1,2m-
Combining (3.1) and (3.2) by Definition 2 and Lemma 1(v),
ok + Anoks = Qi+ 1) apoi—1.2m + An—i—2.m + Gn—i—2,m+1,
= Qi+ 1) ap—i—1,2m + An—i-1,2m>
= (2i+2) an—i-1.2m,
= (2i + 2) ap2k11-
Similarly, by 2k + bn.ak+3 = (2i + 2) bp 2k+1. Thus
Qn,2k + Qn,2k+3 _ (Zi + 2) Qn,2k+1
bnak+bnairs (20 +2) buicrr

That isv hn,21<éhn.zlc+3 = hn,2k+1- O

hn ok @ hnakss =
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The following theorem tells us that the reduced value of the child’s addition of any two consecutive
terms in the tree is the common parent of those terms; and that the number of levels separating these
consecutive terms and their parent can be readily determined from the cross-difference of the two
terms.

Lemma 3. Let ; and 3 Where 5 < 5. be the parents of ¢ Thenfori=1,2,3,.
(i) The left branch of gl
i+ 1a+ic
(i+Db+id)"
(ii) The right branch of § is
ia+(@{+1)c
ib+(G(+1d)’

Proof. We have g = ﬂ . The left child of is ;gig It is the first term in a left branch of for which

the ith term is gﬂ;gj:z through afurther (l — 1) additions of {¢. Similarly, the right child of is 2.
It is the first term in a right branch for which the ith term is :gigi};;

Theorem 7. Let 7 and be two consecutive terms in a level of the Stern-Brocot tree, and £ their common
parent. Then
()
m s Qi+ 1)e

kot Qi+1Dg

That is, the set of all reduced values of the child’s addition of all consecutive terms in level n, represents
the set of all terms found in level 1 to level n — 1. Algebraically,

hn.2j+1 = hn}jéhn,zj#—z-
(ii) § is found i levels above 7 and 3.
(iii) the cross-difference of %' and } is 2i + 1.

Proof. Let and be found i levels below .Let also and where < s be the parents of ¢ Then
e atc

g~ b+d
(i) and (ii). By Lemma 3,

m __ (i+Da+ic an d s __ ida+(i+1)c
k (l+1)b+td T ib+(+1d"
Thus ™ @ s (21+l)(a+c) _ Qi+1e

t — @i+Db+rd — @Qithg’
(iii) The cross-difference of % and % issk —mt = (2i + 1) (bc — ad) = 2i + 1 by Theorem 2. O

Example 3. Inlevel 7, = s
levels above in level 4. o
N 7 14 2
Ng®7F=5= 7(5),andso,ﬁ@— =5
(ii) The cross- dlfference of and Fis7=23+1

and 17 are consecutive fractions with common parent £ 2 which appears three

Theorem 8. Let j = 2! 2m — 1), fori > 1,and m = 2" (2 — 1) + 1, for r > 0. Then for hyj as defined
in Definition 2, if 2 is the right parent, or an element of the right branch, of hy, j, and % is its left parent, or
an element of its left branch, then

S.u
ZH— = hy,.
v n.j
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Thatis, fort > 0,p > 0,
hnj = Rpye 2t j—1)Phnip2p-1)12-

Proof. Fork > 0, w > 0,

s ® U Gpjrt kayj + anj—1 + wap

q v bujsr+kboj+byj1 +why;
L) + kanj +a + Wap,j

i
n—1, n—1,5+1

b i +kbnj+ b,

n—1,

dn T wby
_ k+w+1) Qn,j
(k+w+1)by;
Thatis, ;@ = hy.
By Theorem 1, for t > 0,p > 0, hyj = hyie 2t j—1yBhnip2rj—1y+2. O

Let [ag, ay, a;, . . ., a;] be a continued fraction expansion of .
e Ifa; > 1,then [ag, a1, az, . . ., a;] is the short form continued fraction expansion of .
e Ifa; = 1,then [ag, ay, ay, ..., a;] is the long form continued fraction expansion of .
Note that [ag, a1, ay, ..., ai_1, 1] = [ag, a1, a3, ..., a;_1 + 1].
Let [ap, a1, as, ..., @, Git1, ...] be a finite or infinite continued fraction expansion of u. We
designate % = [ag, a1, ay, . .., a;].
Theorem 9. Let [ay, a1, as, .. ., a;] be the short form of . Then
(i) for i odd,
o the right branch of 1 is the set {[ag, a1, a>, ..., a; — 1,1, m] | m > 1} and
o the left branch of  is the set {[ao, a1, az, ..., a;, m] | m > 1};
(ii) for i even,
e the right branch of  is the set {[ao, a1, a3, ..., a;, m] | m > 1} and
o the left branch of  is the set {[ag, ai, az, ...,a,— 1,1, m] | m > 1}.

Proof. We give the proof for i odd. The proof for i even is similar.

By Theorem 4, 4 = [dg, a1, Ga, ..., G;] = ROFI[MR%2 ... [4~1,

The left branch of w is the set of terms that are found from a single left-and-down movement from
u followed by an infinite set of right-and-down movements. That is, by Theorem 4, its terms can be
represented as

{ROFILURE ... [%R™ | m > 0} = {[ao, a1, a3, ..., aq,m+ 1] | m > 0},
= {lag, a1, a2, ..., @, m] | m>1}.

The right branch of p is the set of terms that are found from a single right-and-down movement from
wu followed by an infinite set of left-and-down movements. That is, by Theorem 4, its terms can be
represented as

[ROFILURE .. [%TIR'L™ | m > 0} = {[ap, a1, a3, ..., q;— 1, 1,m] I m>1}. O
We now examine the sum of left diagonals in the tree.

Definition 9 (Sum of Diagonals). Let £y = (mg1, Mgz, mg3,...) and £ = (mgq,mez, M3, .. .)
represent the sth and tth left diagonals respectively. The sum of these two left diagonals is
LotLe = (Mg 1D 1, ms,®me z, mg3®me 3, ...).

A similar definition holds for R;1R; where R; and R; represent the sth and tth right diagonals
respectively.
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Lemma4. For k € N, L = (hn ok, hng1,26, Bns2,2k, - - .) where n = [log, k] + 1.

Proof. By Definition 4, £, = (hn,zk, hat1.2k, Bata,2ks - - ) where n is the lowest level of the tree that
has a kth element.
For n > 0, the nth level of the tree has 2"~! elements. Accordingly, 2"~ < k < 2"~!, where k € N.

Thatis,n = [log, k] + 1. O
We conclude this section with a statement of our main result for the recursive determination of
diagonals.

Theorem 10 (Main Result for Diagonal Determination). If k = 2!(2j + 1), then

: — IkT£1+, j=0
(i) Lok = {xkujﬁ, j>o.

(il) Loky1 = Lrr1tLirt
(iii) Identical results hold for right diagonals where R is substituted for J.£ in (i) and (ii).

Proof. We have
(i) By Definition 2, fort > 0,
hoteak = Rno1e2k © Bno1ge 2641,
= Mp_146,2k D hna—iye2j42- (3.3)

Now by Lemma 4, Lok = (hy 4k, Bnt 1,46 Rni2,4k, - - .) Where n = Tlog, 4k]. Asn — 1 = [log, 2k],
it follows that

oCk = (hn—l,Zk; hn,2k7 hn+1,2ks .. )
which is the set of first terms on the right hand side of (3.3). Also
n—2—i=[log, 2j+ 1)]. (3.4)

There are two cases:
(a) j=0.From (3.4),n —2 —i=0and as L1+ = (ho2, h12, ha2, .. .), (i) follows by (3.3).
(b) j > 0.Since 2" 3 < k < 2"2,

2n—3—i < 2]—|—1 < 2n—2—i,
211747!’ <J+ % S 2117371"

thatis, 2" < j 4+ 1 < 2" 3%
It follows from Lemma 4 that

Liy1 = (hn—z—i.2j+2a hn_1-i 2742, hn—ijs2, - - >

Accordingly, (i) follows from (3.3).
(ii) By Definition 2 and Theorem 6(vii),

hnge akr2 = Moo 261 @ Rn14e, 242,
= Mp—o—ite,2i+2 D hn_14¢,2k42- (3.5)
Now

Lokt = (nakr2, hot1.aki2, Pns2,aki2s - ) (3.6)
where n = [log, (4k + 2)]. Hence n — 2 = [log, (k + 1)] and

Lit1 = (n=1,2642, Pn 22 Bns k42, - - ). (3.7)
Alson —i—3 = [log, G+ 1)] so

Liy1 = (hnfzfi,2j+2; hn_1—i 2742, Rn—ijg2, - - > (3.8)
Using (3.6)-(3.8) in (3.5), we have (ii).
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(iii) By Corollary 1 and Definition 6, consecutive terms in R, are the reciprocals of consecutive terms
in «£,,. Accordingly, by Definition 9, consecutive terms in R {<R; are the reciprocals of consecutive
terms in £s1L;. The result follows. O

4. Offset branches

We now explore a more general type of branch in the Stern-Brocot tree—one for which left and
right branches are particular cases.

Definition 10 (Offset Branches). Let By(,, and B, denote left and right branches respectively of
some term g in the tree.

For each term in 8B,,, locate a term found ¢ left-and-down movements away. The set of all these
new terms is designated as By ),

Similarly, for each term in 8Bg(,), locate a term found t right-and-down movements away. The set
of all these new terms is designated as Bg(),-

We call B, the left branch with offset t of 1, and Bg(, ; the right branch with offset ¢ of .

It follows from Definition 10 that B,y = Bi(),0 and Brg.) = Br(u),o0-

Example 4. ;BL(%)!2 =121 L. ... and B, X(3).

Definition 11 (Offset Cross-Differences). Let % and £ be the ith elements respectively of 8, and
Br(w).¢- The ith Cross-Difference of u with offset t, (CM ¢.i» s given by

Cuti=rv —1US.

Definition 12 (Intra-Branch Cross-Differences). Let % and g be the ith and (i + 1)th elements respec-

tively in B¢ (Breu).¢)- The ith intra-branch cross-difference of By(.).¢ (Breu.c) » Digo.ei (Drgo.c.i)s
is given by rv — us.

Theorem 11. Let ¥ and © L represent any two terms taken respectively from By, » and Bg(,).- Then for
4 and the left and nght parents respectively of w,

(i)
(ti+i+Da+(ti+i—t)c
Brw),t = — — i=1,2,...
Gi+i+ Db+ (ti+i—t)d
(if)
(ti+i—t)a+(ti+i+1)c|,
Bru),t = — — i=12,...
ti+i—t)b+(ti+i+1d
(iii)
u-~r
-O-=pu
vos
Proof. From Lemma 3(i), let %ﬁ = gj[};gj:; represent the left parent % (for i = 0), and elements of

the left branch (for i > 0), of . From Lemma 3(ii), let L/ = jgigigz represent the right parent j <

(for j = 0), and elements of the right branch (for j > O) of 1. The typical element E of By is
therefore the (t + 1)th entry in the right branch of g,.That is,fori=1,2,...;t =0, 1, R

u (i+Da+ic t@a+G—1c) (@E+i+Da+Ei+i—t)c 41
v (i+Db+id GBt(ib—i-(i—l)d) T (ti+i+ Db+ (ti+i—t)d (4.1
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establishing (i); and the typical element g of Br),¢ is the (t + 1)th entry in the left branch of ? That
is,forj=1,2,...;t=0,1,...,
r_ja+(G+Dc t((G-Da+jo (G+j—ta+{E+j+Dc

=T ® — = — (4.2)
s jb+G+1Dd T t(G-Db+jd  G+Hi-Ob+E+i+1d

establishing (ii). Accordingly,
u 1 (i4+it1+t+j-0@+o)

v s (ti+i+1+t+j—t)(b+d)

o UAT _ atc _
Thatls,;EBE_ber w. O

1 4 7
Example 5. :(?L(%)!z =T 170

a7>’L(%>,2 with any term in BR( )2 yields 5.

1
2

2, L, 10, ... Thechilds addition of any term in

andBR(%)z =T

The following result is a generalisation of Theorem 7(iii).
Theorem 12. Let § and g be the parents of ju where ; < 5. Let also 7 be the ith element of By, and
© the jth element of Br(.).w. Their cross-difference is

rv—us=1—-tw4+({(+j)A+t+w+tw).

Proof. By Theorem 2, bc — ad = 1. By Theorem 11(i) and (ii),

(ti+i+1Da+(Ei+i—t)c
T Wi+itD)b+(titi-0d
Cwitj—w)a+ wji+j+ e
T (witj—wb+ wji+j+Dd
The result follows. O

and

©wl e

Corollary 2. Let j and  be the parents of 1 where { < 5. Letalso 7 and . be the ith elements respectively

Of £L(#),[ and £R(M),t' Then
Curi=4ti+26%1 — 2 +2i+ 1.
Proof. Thisisthej =i, w = t case in Theorem 12. O
Remark 1. Corollary 2 indicates that each offset cross-difference, C,, ; ;, is not dependent upon .

Theorem 13. Let § and 5 be the parents of u where § < 5. Foralliand p,
Dyuy.ei = Drgoy.ei = (€ + 1)%.

Proof. Let & and  be the ith and (i + 1)th elements respectively in 8;(,),.. From Theorem 11(i),
DL(u),t,i =Tv —us,
=((ti+t+i+2)a+(ti+i+ D) ((ti+i+1)b+ (ti+i—t)d)
—(ti+i+Da+{ti+i—t)co)(ti+t+i+2)b+(ti+i+ 1)d),
= (t + 1)% (bc — ad),
= (t+ 1)* by Theorem 2.
Similarly, from Theorem 11(ii),

Dggoei = (E+ 1. O
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Remark 2. Theorem 13 indicates that each intra-branch cross-difference is not dependent upon
ori.
Theorem 14. Let % 3 and JZ—’ be consecutive terms in a branch with offset ¢, then & = %@%’
Proof. We have two cases.
(i) Left branches: From (4.1) with % and % the parents of the term upon which the branch is based,
uéy _(ti+i+Da+titi—t)c (ti+2t+i+3)a+ti+t+i+2)c
v oz (ti+i+Db+(ti+i—t)d (ti+2t+i+3)b+(ti+t+i+2)d
_(+it+t+2)a+ (ti+i+1c

T otiti+t+2)b+(ti+i+ 1)d
w

; .
(ii) Right branches: A similar argument to (i) follows by utilising (4.2). O

Example 6. Using Example 5, 1L = £ and 2612 = .

—_

Corollary 3. Let §, 5, and % be consecutive terms in a branch of the Stern-Brocot tree, then
c a & e
d b f

Thatis, form > 0and k > 1,
( hn+m+1,2m+1(k—1) = hn+m,2’”(k71)@hn+m+2,2m+2(k—1)
(ll) hn+m+1,2’"+1(k—1)+2 = hn+m,2m(k—l)+2®hn+m+2,2m+2(k—1)+2'

Proof. This is the t = 0 case in Theorem 14. The result follows from Theorem 1. O

We now state our main result for generalising branches in the tree. Our usual left and right branches
of Theorem 9 can then be viewed as particular cases of this general result.

Theorem 15 (Main Result for Offset Branches). Let [ag, ai, aa, . . ., a;] be the short form of wandt > 0.
Then
(i) foriodd,
o the right branch with offset t of w is the set
{lag,a1,az,...,a,—1,1,m—1,t+1] | m > 1}
o the left branch with offset t of w is the set

{lag, a1, az,....,a,m—1,t+1] | m > 1}

(ii) for ieven,
o the right branch with offset t of w is the set
{lag, a1, a2, ...,a,m—1,t+1] | m=> 1}
o the left branch with offset t of w is the set

{lag, a1, a2, ...,0i—1,1,m—1,t+1] | m> 1}.

Proof. We prove the case for i odd. The proof for i even is similar.
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By Theorems 4 and 9:
e The left branch of u is the set
{lag, a1, a2, ..., a;,m] | m > 1} = {ROT'LYR2 ... [R™ | m > 1}.
Thus the left branch with offset t of w is the set
{ROFILUR2 . LR | m > 1}
={lag, a1, 0az,...,a,m—1,t+1]| m> 1} forsomet > 0.
e The right branch of w is the set
{lag, a1, a2, ..., q;— 1,1, m] | m > 1} = {ROF'L“R2 ... [%RU™ | m > 1},
Thus the right branch with offset t of u is the set
{ROFIL9R2 . [5TRIMIR | m > 1]
={lag,ay,az,...,a,— 1,1, m—1,t+ 1] | m=>1} forsomet>0 O

5. Paths

Paths are useful in determining the value of child’s addition and cross-differences derived from
distant terms in the tree.

Definition 13 (Paths). A path based on % is a sequence of right-and-down and left-and-down
movements in the tree that commences at % A null path consists of no movements. Paths can be
finite or infinite in length.

Our main discovery (Theorem 16) is an unintuitive result based on paths in the tree:

o Select two different finite paths. Base both paths on any term in the tree.

e Find the end terms of each of these paths and determine their cross-difference.

e This cross-difference is the same irrespective of the term chosen as the base for these paths. That
is, the cross-difference is dependent on the choice of paths, not the term used as the base for these
paths.

Definition 14 (Complementary Paths). Let two paths be based on the same term % If one path
moves to the right (left) when the other path moves to the left (right) the paths are designated as
complementary paths based on %

Example 7. We have

e inlevel 6, 2 and 3 are located on different but complementary paths based on 5;
o left and right branches of a term u, are complementary paths based on .

We now generalise cross-differences associated with finite paths.
Definition 15 (Node). Let ; and © be two terms in the tree. The node of 7 and £ is the last term that
these fractions share in their respective paths emanating from %
Definition 16 (General Path Cross-Differences). Let

o — [RIPLMR™ - (Lor Ry
= |LYeR¥IL"2 ... (Lor R)"i~!

denote two different finite paths.
Also, let £ and * be two terms with node 1+ where

is the (Z}:O] m;)th term of the first path of Q emanating from u, and

s vl

is the (Z;;(]J wj) th term of the second path of Q emanating from .
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The general path cross-difference, Gq ,, is given by

Gq,u =TV —us.

Definition 17 (Symmetry Couplets). Q and Q' are called symmetry couplets if

0= RML™R™2 ... (L or R)™-1
~ |L¥oR¥1L¥2 ... (Lor R)¥i-!

0= {LmOleLmZ .-+ (Ror L)™-1

and

RYL™IR¥2 ... (Ror [)"1 -

The following theorem shows that Gg , is the same for any value of , and that symmetry couplets
generate a simple cross-difference relationship.

Theorem 16 (Main Result for Paths). Let Q and Q' be symmetry couplets and j« be any term of the tree
other than 9 or §. Then

(i) Gq,, is independent of L.

(ii) Go,u = —Gq/ -
Proof. We have

(i) Let u = § be the node of © and 7 as defined in Definition 16.
For k odd, let
e

— — RYj% . ,,Lak’
g
= lap, ay, ..., a1, a + 1] by Theorem 4,
ay + 1) pr—1 + pr— _
_ (ax + 1) pr—1 + px 2 where Pr-1 _ (Go. ... Ges]. (5.1)
(@ + 1) -1 + Qe k-1
Then
T Roo.. pogmopm .. (L or Ry™-1 |
s
= lap, ay, ..., ar, mg,mq, ..., My_p, my_1 + 1] by Theorem 4,
= [ag, a1, ..., ax, mo, B] where 8 =[my, my, ..., My_p, My_1 + 1],
= pi‘—“, say, and
Ay
Y Reo...atwoguipuz ([ o Ryui-1
v
= [ap, ay, ..., a1, g + wo, W1, ..., Wiy, Wi—1 + 1],
= [ag, a1, ..., Q_1, Gy + wo, W] where ¥ = [wq, wa, ..., wi—z, wi—1 + 1],
= Dt gy, (5.2)
Q41
Accordingly,
r= pl,<+27

= BPi1 + Pi
= B (mopy, + Pr_1) + P
= (Bmoay + ax + B) pr—1 + (Bmg + 1) pr—a.
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Similarly,
§ = Qyy = (Bmoay + ax + B) qr—1 + (Bmo + 1) 2,
u= pZH = Wa+¥Ywo+ 1)pr_1+¥pr2, and
V=G = Wa+Ywo + 1) gt + Yais.
We have
Ga,g =Trv—us,
= (Pk—2Gk—1 — Pk—1Gk—2) (Bmo — ¥ B + Y wo + ¥ Bmowg + 1),
= (=1 (Bmo — WB + Ywo + ¥ Bmowo + 1) .

That is, GQ-§ is not dependent on any of the g; s in (5.1). The result follows. The case for k even
proceeds similarly.
(ii) We now show that GQC§ = (=K1 (Bmg — ¥ B 4+ Ywy + ¥ Bmowy + 1) establishing (ii).
Assume that { and T are defined as in Definition 16, but with Q' (as in Definition 17) instead

of Q. Then
r +m
= RW...[%FTORM M2 (] op R)™-1
s
= [ap, ay, ..., A1, a +mg, ] where
B = [my,my,...,my_p, my_1+1], and
u
o [ag, a1, ..., ax, wo, w1, ..., Wn—2, Wp—1 + 1],
= [ag,aq, ..., ar, wo, ¥] where ¥ = [wq, wy, ..., wi_z, wi—1 + 1].
It follows that

r = (Bax + Bmg + 1) pr—1 + BPk—2,

s = (Bax + Bmo + 1) gk—1 + Bqk—2,

U= Pwoax + ax + ¥) pr—1+ (Pwo + 1) pi—2,

v = (Bwoay + ax + ¥) qk—1 + (P wo + 1) gk-2,
and

GQ/,g =TV —Uus,

= (Pr—1qk—2 — Pr—2qk—1) (Bmo — ¥ B + Y wo + ¥ Bmowg + 1),
= (=D (Bmg — WB + Wwo + ¥Bmowo + 1) O

RPI2R'L!

12R2LIR!
Example 8. LetQ = {L3 .Then Q' = { & and

Gg.1 =195-1.27 =68

[N}

Ggr.1 =85—27.4=—68

*2

Gq2=279-535=68
'3

Gy 2 =27.6 —5.46 = —68.
>3

Corollary 4. Let g and % be two terms in the same level of the Stern—Brocot tree that are found on different
but complementary paths based on g. Then § = gé%
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Proof. Let g, g and % be defined as in the proof of Theorem 16. lfg and % are in the same level, then
Y =8=[my,my,..., My_y, my_1+ 1]in(5.2). Accordingly,

Tl — (Bmo + 1+ B) ((ax + 1) pk—1 + Pr—2)
s v (Bmo+1+8) ((ak+1)qe—1 + Ge—2)
_ Bmtitpe

 (Bme+1+pB)g
That is,§ = 269% 0O

Example 9. In level 7, % and % are found on complementary paths based on % This is confirmed by

the factthat 2 @ £ = 10 = 1.
Definition 18 (Intra-Path Cross-Differences). Let M By, De the set of end terms formed when each
term in By, ; is the base for the path £2.

Let  and { be the ith and (i + 1)th elements respectively in Mg, , , o-

The ith intra-path cross-difference of M, , . o, called Vg, 2, is given by

V‘BL(/L).Ivai =TV — us.

Similarly, let Mg, . be the set of end terms formed when each term in B, is the base for
the path £2.

Let & and £ be the ith and (i + 1)th elements respectively in Mgy 2

The ith intra-path cross-difference OfMBRw,[,SZ- called V Briuy., 2,00 is given by

V;@R(u)vt,g,i =Trv —us.

Theorem 17. Let 2 and $2’ represent complementary paths, that is,

2 =RML™R™ ...(Ror L)™ and
Q' = [™MR™[™ ... (Lor R)™ .

Then for t > 0,

() Va2 = =V, .00
(11) Va2 = Vg, 2.
(iit) Vg, .q.i is independent of p.
. That is, V@L(mqt_Q'j = VﬂL(w).r.Q,,-for any path Q
(iv) A2 RE N independent of .
Thatis, Vagy , .0,i = Vg, 0.0 for any path Q.

Proof. We have

(i) The node of the ith and (i + 1)th terms in Mg, ,, .o is the ith term in the left branch of .
Similarly, the node of the ith and (i + 1)th terms in Mgy, .2 is the ith term in the right branch of u.
For t > 0, the two paths that connect the ith and (i + 1)th terms in Mg, ,, ,» with their node, and
the two paths that connect the ith and (i + 1)th terms in M. Bru.i 2 with their node form a symmetry
couplet. The result follows from Theorem 16.

(ii) The argument follows for (i) with £2 and £2’ interchanged.

(iii) and (iv) follow from Theorem 16(i). O

Theorem 18. For k =2'2m — 1)+ landr = 1,2, ..., 2!,
hn,k = hn.kfréhn,kJrr-
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Proof. By Theorem 6(v) and Definition 2,
hn,k = hnfifl,m D hnfi—l,m+17

= My 2iom—1)+1-21 D My 2iom—1)+1421>
= hn,k—Zi @ hn,k+2i'

This is the r = 2i case (the only case when i = 0).
Forr < 2' there are two cases:

(1) i=1forwhichk=4m — 1landr = 1.
By Theorem 6(vi) and Definition 2,

hn—1.2m = M am—1 = hn am—2Dhn am.
That is,
ok = hige—r®hn jesr-
(2) i > 1.Then hy x—, and hy, ;4 are found on complementary paths based on hy, ;. The result follows

by Corollary 4. O

6. Summation

We now explore summation of terms within any one level of the tree to demonstrate that
progressive child’s addition of consecutive terms in a level of the tree (whether forward addition or
backward addition) yields a value that is dependent only on the last two terms of the addition. That
is, the addition is not dependent on the number or size of earlier summands.

Definition 19. & ) is summation over a sequence of summands performed using &, and where
summation proceeds sequentially from left to right.

Example 10.
1.2\.3 1.3 1 .
— — _ = — _ = = = h .
<4EBS>695 3695 2 @E 4,21

Definition 20. (T, and T,;Y i "l

e T, is defined as the sum by child’s addition of the j terms beginning with the (k — j + 1)th term
and concluding with the k th term in level n of the Stern-Brocot tree and where the summation
proceeds successively left to right, and at each summation all fractions are reduced. That is,

Tojk = (( . ((hn,z(k—j+1)éhn,Z(Ic—j+2)) éhn,z(k—j+3)) & ) ®hn 2k—2) Bhn 2k

k
=& Z hn,ZI-
I=k—j+1

° Tﬁ,j,k is defined as the sum by child’s addition of the j terms beginning with the (k 4+ j — 1)th term
and concluding with the kth term in level n of the Stern-Brocot tree and where the summation
proceeds successively right to left, and at each summation all fractions are reduced. That is,

Té,j,k = hyu® (hn,2k+2é ( e (hn,2(1<+j73)e~9 (hn,Z(k+j—2)éhn,Z(IH»j—]))) = )) ,

-1
=& Z hn2(j—1-1)-
1=0
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Example 11.

4 .5 - 5 3.5 2
Te37=| == |P==-P—==-—.

‘U‘I
2

7N

[
D

;]

S~
I

| o
D

| —
I

| W

T =
6,3,7 12

We are now able to state our main result for child’s addition across a level in the tree.

Theorem 19 (Main Result for Child’s Addition Across a Level). (i) For 2 < j <k,
Tn,j,k = hnfl,k = hn.2k71
(i)For2<j<2"'—k+1,k=>1,

!
Tojk = hnotpes1 = ok

Proof. We examine each of the two restrictions on j.

(i) We prove this by induction on j.
Tn2.k = ha—1.k is true by Theorem 18. Suppose our result is true for T, , x where v < k. By
Definition 20,

k
Tn,v+1,k = é Z hn,zly
¢

kv
(' X ((hn.Z(k—u)éhn,Z(lc—v+1)) éhnl(k—v-ﬂ)) & ) &hn 2k,
(- (hn2k—v)+1Bhn 20— v+2)) @ - - ) Bhn 2by Theorem 18,
(-
(. .

. (hn,z(k_v)+3€~Bhn,z<k_v+3))6~9 . ) éhngk by Theorem 6(viii),
((Mn2k—v+1)Bhn 2k—v+2)) Bhn 2k—v+3)) © - - -) Bhn 2k by Theorem 18,

k
=& Z hn 21,

I=k—v+1
= Tn,v,k-
Hence Tn,Z,k = Tn,3,k == Ink-1,k = Inkk = hn—l,k = hn,2k—l-
(ii) A similar induction proof holds for Tn’j,k except that Theorem 6(ix) is used instead of
Theorem 6(viii). O

Example 12.

Ts27 = iéi = 2
- 13 12 5
Te37 = <i®5 >G~Bi=§@i=%
" 1 13 12 8 12 5
Andso,Ts 47 = To57 = Te 67 = Te7.7 = .
5443
62771279 7 7

v (PN ed _1g3 3
6377 \9V9 ) V12 T 2712 77

/ . 7 T’ T/ _ 3
AndsoTg,; =Tgs, =T, =Ts77,= 7
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Corollary 5. For2 <j <k, 2<m<2"1—k+1,
Tojic © Ty i = hn2k-

Proof. Combining Theorem 19 with Theorem 18 gives the result.
7. Child’s addition of continued fractions

One of the shortcomings of continued fractions, and probably the reason for their obscurity, is their
inability to be readily subject to basic arithmetic operations (addition, subtraction, multiplication and
division). However using our earlier results, we show that some general results are possible under
child’s addition.

Theorem 20 (Main Result for Child’s Addition of Continued Fractions).
(I) Forag > 0,b; > 1,a; > 1,i=1, 2, ..., and B any continued fraction greater than or equal to 1,

lao, ar, ..., a1, a;, by, Bl Dag, a1, ..., ai_1, a; + by, B]

= lag, a1, ...,0qi_1,a;+ 1].
(II) For k,m = 0,
lag, ai, ..., a;, kK] ®[ag, a1, ...,a— 1,1, m] = [ag, a1, ..., a].
(Ill) For m = 0,
lag, ay, ..., a]] @ lao, a1, ..., a, m] =[ag, ay,...,a, m+1].

(IV) For m > 0,
lag, aq, ..., a;, m|&lag, ay, ..., a_1,a — 1] =[ag, a1, ..., a].
(V) For m > 0,
lag, ai, ..., a;, m|&lag, ay, ..., a, m+2] =[ay, ai,...,a, m+1].
(VI) Forr,s >0,m > 1,
lag, a1, ...,ai_1,a;—1,1,r,m|&[ao, ai, ..., a,s,m| =[ag, ai,...,a].
(VII) Forr > 0,m > 1,
lag, at, ..., a1, a0 — 1,1, r,m]®ag, a1, ..., a1, a6 —1,1,r +2, m|
=lag, a1, ...,0i-1,0,— 1,1, r+ 1, m].
(VII) Forr > 0,m > 1,

lao, a1, ..., a, r,m]®ap, a1, ..., a,r+2,m =[aa,...,a,r+1,m].

Proof. We have

(I) There are two cases:
(1) i odd. By Theorem 4,

lao, as, ..., ai—1, 0, by, by, ..., byl
— ROFI[@1 .. RU-1[GRb D2 . (L or R)Pm~! (7.1)
and

[do, a1, ..., ai—1, G + by, by ..., D]
— Ra0+1La1 . 'Rai_lLai+b1Rb2 . (R or L)bm—] ,

= ROTI[M .. RU-1[Gb1Rb2 . (L or R)Pm T (7.2)
Comparing (7.1) and (7.2),
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lag, a1, ...,ai—1,a, b1, by, ..., byl and [ag, aq, ..., @i_1, G; + by, ba, ..., by] are on the
same level of the tree and are found on complementary paths based on
ROFI[@ . RAU-1[% — [ag, aq, ..., i1, 0 + 1].

Letting m — oo and setting 8 = [b, b3, ...] where b; > 1,i = 2, 3, ... the result follows
by Corollary 4.
(2) ieven. By Theorem 4,

lag, ay, ..., ai—1,a;, by, by, ..., byl
= ROFI[M ... [%-1R%U[PIRb2 .. (L or R)Pm~! (7.3)
and
lag, ai, ..., ai—1,a; + by, by, ..., byl
— Rao+1La1 . La,‘_1Rai+b]Lb2 L (R or L)bmfl ,
= ROTI[9 .. [S-1RURM P2 . (Lor R)PmTT (7.4)
Comparing (7.3) and (7.4),
lao, a1, ..., ai_1,a;, by, by, ..., byland[ag, ay, ..., ai_1, a; + by, ba, ..., by] are onthe same

level of the tree and are found on complementary paths based on
ROFILM . LIRY =ag, ay, ..., Gy, a5 + 1]

Letting m — oo and setting 8 = [by, b3, ...] where b; > 1,i = 2, 3, ... the result follows by
Corollary 4.

(Il) By Theorem 9, [ag, ay, ..., a;, k] and [ag, aq,...,a; — 1,1, m] are the kth and mth terms
respectively of the two branches of [ag, a;,...,a;]. Their common parent is therefore
lag, a1, ..., a;]. By Theorem 8 the result follows.

(IIT) There are two cases:
(1) i even. There are two subcases:
(a) a; = 1.Then [ag, ay,...,a;]] = [ag,ai,...,a_1+ 1] by which Theorem 9 has right

branch {[ag, a;, ..., a;, m] | m > 1}.
(b) a; > 1. Then by Theorem 9 [ay, a4, . .., a;] has right branch {[ag, ay, ..., a;, m] | m > 1}.
Combining (a) and (b): for i even, [ag, ay, ..., a;] and [ag, a4, .. ., a;, m] are the left and right
parents respectively of [ag, a1, . .., a;, m + 1]. The result follows.

(2) iodd. There are two subcases:
(a) a; = 1.Then, as in (1)(a), [ag, a1, ..., a;] = lao, a1, ..., ai_; + 1] by which Theorem 9

has left branch {[ag, ai, ..., a;, m] | m > 1}
(b) a; > 1.Then by Theorem 9 [ao, ay, ..., ;] has left branch {[ao, ai, ..., a;, m] | m > 1}.
Combining (a) and (b): for i odd, [ag, a4, ..., a;] and [ao, a, ..., a;, m] are the right and left
parents respectively of [ag, a1, .. ., a;, m + 1]. The result follows.

Combining (1) and (2), the result follows.
(IV) There are two cases:
(1) i even. By Theorem 9, for both subcases a; = 1and a; > 1, [ay, a1, .. ., a;] has right branch
{lag, ai, ..., a;, m] | m > 1}. By Theorem 9 again, [ao, a1, ..., a;] is the a;th term on the left
branch of [ag, a1, ..., ai_1]. Thus the left parent of [ao, a1, . .., a;]is [ag, a1, ..., ai_1, a; — 1].
(Note that [ag, a1, ..., ai_1, a; — 1] = [ag, ay, ..., ai_,] for a; = 1). The result follows from
Theorem 8.
(2) iodd. The argument is identical to that for (1) except that instances of right become left, and
instances of left become right.
(V) The result follows from Theorems 9 and 14.
(VI) The result follows from Theorem 11(iii) and 15.
(VII)and (VIII) The results follow from Theorems 14 and 15. O
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8. Further developments

The relationships formed through child’s addition in the Stern-Brocot have not been exhausted
in this paper. For example, there are interesting patterns formed when a term in a branch is child’s
added to distant terms in the same branch or to terms in distant branches. Similar comments hold
for offset branches. These patterns have yet to be formulated algebraically. Also, we have yet to
explore the patterns that may result from the child’s addition of right diagonals with left diagonals.
These relationships may, in turn, give rise to further continued fraction results under child’s addition.
Moreover, child’s addition in the Calkin-Wilf tree, a related tree to the Stern-Brocot tree (see [3]), has
yet to be explored.
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