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with boundary conditions n(t,1) =0 and o (t,0) = 0. We prove
local existence and uniqueness in the space defined by the
weighted Sobolev energy
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when m > 3. In addition we show persistence of smooth solutions
as long as the energy for m = 3 remains bounded. We do this
via the method of lines, approximating with a discrete system of
coupled pendula (a chain) for which the same estimates hold.
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1. Introduction and background
1.1. Introduction

In this paper, we explore the motion of a whip, modeled as an inextensible string. We prove
that the partial differential equation describing this motion is locally well-posed in certain weighted
Sobolev spaces. In addition, we are interested in the motion of a chain, modeled as a coupled system
of n pendula, in the limit as n approaches infinity. We show that the motion of the chain converges
to that of the whip.

Although the equations of motion are well-known and have been studied by many authors, there
are few results known about the general existence and uniqueness problem. Reeken [30,31] proved
local existence and uniqueness for the infinite string in R with gravity and initial data sufficiently
close (in H25) to the vertical solution, but aside from this, we know of no other existence result. In
the current paper we prove a local well-posedness theorem for arbitrary initial data for the finite
string.

One reason this problem is somewhat complicated is that the equation of motion is hyperbolic,
nonlinear, nonlocal, degenerate on a spatial boundary, and possibly even elliptic under certain condi-
tions.

Ifn:Rx[0,1] > R? describes the position n(t,s) of the whip, then one can derive that the
equation of motion in the absence of gravity and under the inextensibility constraint (ns, ns) =1 is

Mee(t, ) = s (0 (£, )ns (¢, 9)). (11)

Incorporating gravity introduces some complications; to keep things as simple as possible, we will
neglect it.

Eq. (1.1) is a standard wave equation; however, the tension o is determined nonlocally, as a con-
sequence of the inextensibility constraint, by the ordinary differential equation

0ss(t,5) — |mss(t, )| o (£, 5) = —|mse (£, )| (12)

With one end fixed and one end free, the boundary conditions are 7n(t,1) =0 and o (t,0) =0, along
with the compatibility condition dso (t, 1) = 0.
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We use the energy
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and show that for small time we have local existence and uniqueness in the space for which the
energy E; is bounded. Precisely, for any nonnegative integer m, define Ny,[0, 1] to be the space of
functions f : [0, 1] — R? such that

de f |2
o] (13)

m 1
2 4
IF1z, => jfs
=07

is bounded; then Ep, = ||nt||§,m + ||'7||12vm+1~
We prove the following result:

Theorem 1.1. Suppose y : [0, 1] — RY and w : [0, 1] — R4 are restrictions of functions on [0, 2] satisfying
the oddness condition y (2 —s) = —y(s) and w(2 — s) = —w(s), and that they have bounded weighted
Sobolev norms, ||y |In, < oo and ||w||n; < oo. Suppose that in addition we have
| ’ 2 — ’ / _
Y| =1 and (y'(s),w'(s))=0 forallse[0,1].
Then there is a T > 0 such that there is a unique solution n of Eq. (1.1) in L°°([0, T], N4[0,1]) N
w1.2([0, T1, N3[0, 1]) satisfying 1(0,s) =y (s) and n¢(0, s) = w(s).

We prove this by showing that the corresponding discrete energy e3 for the chain with n links is
uniformly bounded for small time, independently of n. The solution is then a weak-* limit of the chain
solutions in N4, which converges strongly in N3 and hence in C2. One could prove this more directly
using a Galerkin method, but the present technique allows us to simultaneously discuss convergence
of the discrete approximation.

All the higher energies Ep(t) can be bounded in terms of E3(t), so that C* initial conditions
yield C* solutions for short time. As a consequence, we derive a simple global existence criterion:
if the initial conditions are C*° functions, then a C* solution exists on [0, T] if and only if E3(t)
is uniformly bounded on [0, T]. Of course, one expects blowup of the whip equation, at least for
some initial data, since the whole purpose of a whip is to construct the initial condition so that the
velocity of the free end approaches infinity after a short time. See McMillen and Goriely [24] for a
discussion of such issues; although our model neglects some of the phenomena they consider, one
expects that the situations are similar in many ways. For the heuristics of blowup in our situation,
see Thess et al. [38]. The simplest blowup mechanism appears to be the closing off of a loop along the
whip; as a loop shrinks, there appears a kink in the whip, representing blowup of both the curvature
and the angular velocity.

The paper is organized as follows. In Section 2, we discuss the equations for the whip and derive
the corresponding equations for a chain with n links, in terms of difference operators, emphasizing
the role of odd and even extensions in order to get the fixed endpoint conditions satisfied automati-
cally. In Section 3 we discuss the solution of the tension equation (1.2) in terms of a Green function,
showing that the tension is positive except at s =0 and deriving a similar result for the chain. We
also derive sharp upper and lower estimates for the Green function. In Section 4 we explain why we
need weighted energies, and we derive the analogues of the Sobolev and Poincaré inequalities for
weighted norms, which are used throughout the rest of the paper.

In Section 5, we give estimates for the tension o in terms of 1 and 7;. For the C! norms of o we
use the bounds on the Green function; for higher derivatives we bound the weighted Sobolev norms
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of o in terms of those of n and 7;. These bounds are used in Section 6 to derive the main energy
estimate, to bound the time derivative of one energy in terms of another energy. Section 7 contains
the proof of Theorem 1.1. Uniqueness is proved using a low-order estimate for the difference of two
solutions. Finally in Section 8 we discuss related open problems. To make the paper a bit easier to
read, we have moved all of the longer proofs into an Appendix A.

Victor Yudovich found several results on this problem, although he did not publish anything on it
to my knowledge. I learned of this problem from Alexander Shnirelman, and I would like to thank
him for many useful discussions about it.

1.2. Background

The study of the inextensible string is one of the oldest applications of calculus, going back to
Galileo, and yet it is still being studied to this day. One is especially concerned about kinks in the so-
lution and what the appropriate jump conditions should be; authors such as O'Reilly and Varadi [27],
Serre [36], and Reeken [29] have discussed these issues in detail from differing points of view.

The first problem to be studied was finding the shape of a hanging chain, first solved incorrectly
by Galileo and then correctly by Leibniz and Bernoulli, one of the first major applications of the
calculus of variations. The shape of small-magnitude vibrations of a chain hanging straight down (in a
linear approximation) goes back to the Bernoullis and Euler [41], and is taught in textbooks today as
an example of Bessel functions; see Johnson [18] and Schagerl and Berger [34] for related problems.
Kolodner [19], Dickey [11], Luning and Perry [22], and Allen and Schmidt [2] studied the problem of
a uniformly rotating inextensible string, one of the few other problems that can be solved more or
less exactly.

Burchard and Thomas [5] obtained a local well-posedness result for the related problem of inex-
tensible elastica, in which there is a potential energy term reflecting a resistance to bending; however
it is not clear whether the solutions are preserved in the limit as the potential term goes to zero, so
this result does not help in the present situation.

Many authors have studied the problem of a vertically folded chain falling from rest; this is a clas-
sical problem that appears in several textbooks [3,12,15,33]. In recent years the problem has been
debated in the physics literature, in particular the issue of whether energy is conserved and whether
the tip of the chain falls at an acceleration equal to gravity or faster [7,6,8,10,16,17,27,35,39,40,37].
See Wong and Yasui [42] or McMillen [23] for a good survey of the literature.

McMillen and Goriely ([14] and [24]) studied a tapered whip theoretically, numerically, and exper-
imentally, showing that the crack comes not from the tip but rather from a loop that straightens itself
out. They use a different model, however, in which the tension depends locally on the configuration.
Thess et al. [38] studied the blowup problem for the closed inextensible string, especially as a model
of the blowup problem for the Euler equations for a 3D ideal fluid. They found evidence of blowup
from loops closing off, showing numerically that sup; |7s| >~ - and sups |Nss| >~ where T is

1
= Tt (T=t)372°
the blowup time.

2. The basic equations

In this section, we present the equations for both whips and chains, assuming no external forces.
Our boundary conditions come from the assumption that one end of the whip or chain is held fixed
at the origin, while the other end is free. We describe the whip as a function 7 : [0, T] x [0, 1] = R¢,
and describe the chain as a sequence of functions ny : [0, T] — R? for 1 <k <n+ 1. Our formulas
simplify if we assume the fixed point occurs at s =1, i.e, n(t,1) =0 for all t; for the chain, we
assume np41(t) =0 for all t.

2.1. The whip equations

We will just present the equations here with a sketch of the derivation; the reader may re-
fer to [28] for a detailed derivation and discussion. Schagerl et al. [35] and Thess et al. [38] also
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s=0

Fig. 1. The free end of the curve is at s =0, while the fixed end is at s = 1. We imagine the curve extending smoothly through
the origin to s =2 through an odd reflection such that n(s) = —n(2 — s). Under such an extension, the tension extends to
a smooth function satisfying o (s) =0 (2 —s).

present derivations from minimum principles: the basic idea is to find a critical point of the action
foT fol Ine(t, s)|>dsdt subject to the constraint |ns(t, s)|> = 1.

A variation ¢ must satisfy ¢(t,1) =0 and (ns(t, s), 9s¢(t, s)) =0, and if n is a critical point of the
action, then fOT fol(r}t, or¢)dsdt =0 for all such ¢. Integrating by parts, we conclude that a critical n
must satisfy the evolution equation

ntt(ts S) = aS (U (t’ 5)773(t: S))? n(t7 1) = 07 (2'])

for some function o, where o (t,0) =0.

Differentiating |ns|? = 1 twice with respect to t, we find that o is determined by the following
boundary-value problem for an ordinary differential equation (for each fixed t):
2 5t,0=0, o5t 1)=0. (2.2)

Tss(t,5) — | mss (€, )| 20 (€, 5) = —| st (2, 9)

The boundary conditions are compatible with the evolution equation as long as 1 can be extended
to an odd function through s = 1; in that case o can be extended to an even function through s =1,
which is where we get the extra boundary condition os(t, 1) = 0. See Fig. 1. Oddness and evenness
give us the correct boundary conditions for all higher derivatives of n and o at s =1, which is crucial
for the a priori estimates. Furthermore there is a discrete analogue of oddness and evenness for the
chain which both simplifies the equations and helps greatly in defining the higher discrete energies.

A sometimes simpler way of dealing with the constraint |ns| =1 is to consider ns as a curve on
the unit sphere in S?1. For simplicity we will assume d = 2 when doing this, although the technique
works in spherical coordinates in any dimension. We write

ns(t,s) = (cosO(t,s), sinb(t, s)); (2.3)
a straightforward computation verifies that (2.1) becomes
O (t,s) =0 (t, 5)Oss(t, S) 4 205(t, 5)05(t, 5), (2.4)
while (2.2) becomes

Oss(t, 5) — Bs(t, )20 (¢, 5) = —6,(t, 5)°. (2.5)
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The fact that 7 is odd through s =1 forces us to have 6 even through s =1, so the boundary condition
on (2.4) is 6s(t, 1) = 0. We could work out all the estimates directly in terms of the system (2.4)-(2.5),
but the discrete versions of these equations are substantially more complicated than the discrete
versions of (2.1)-(2.2), even when d = 2.

If o(t,s) is strictly positive for 0 < s < 1, then Eq. (2.1) is a hyperbolic equation with a parabolic
degeneracy at s =0 (since we must have o (t, 0) = 0). As such, the only condition necessary to impose
at s =0 is that n(t, 0) remain finite.

We point out that Eq. (2.1) cannot be an ordinary differential equation on any infinite-dimensional
Sobolev manifold: the right side is obviously an unbounded operator even in the simplest case. Hence
we cannot hope to prove existence and uniqueness using the techniques of Picard iteration on an
infinite-dimensional space, as in Ebin and Marsden [13]. Instead we will work directly with the partial
differential equation using energy estimates.

2.2. The chain equations

We now derive the equations for the finite model, consisting of (n + 1) particles in RY, each of
mass % one of which is held fixed. The particles are assumed to be joined by rigid links of length %
whose mass is negligible. The position of the kth particle is n,(t) for 1 <k <n+ 1; we assume the
fixed end is the (n+ 1)st particle, so that 1,,1(t) =0 for all time.! The configuration space is thus
homeomorphic to (S¢=1)", and is naturally embedded in R%",

The kinetic energy in R is

1 n
K=—Y |l 2.6
O (26)
k=1
In addition the constraints are given by
1 2 1
he@, o) = Sl —ml* =55, T<k<n (2.7)
2 2n
Stationary points of the constrained action satisfy the equations of motion #j = — 2?21 nzoj O hj for

some Lagrange multipliers o;. More explicitly, we have

ik = n20k (M1 — M) — N*0k—1 Mk — Me—1) (2.8)

for 1 < k < n. The scaling by n? is chosen so that oy(t) converges to a function o (t,s) as n — oo.
The numbers o physically represent the tensions in each link. We set og =0 so the same equation is
valid when k= 1.

The constraint equations determine the o. Differentiating (2.7) twice with respect to time and
using (2.8), we get

— It — el® = 1%04g1 (M2 — M1 M1 — M) — 205
+ 120kt (M = =1, M1 — i) (2.9)
for 1 <k <n (again using og = 0), while for k =n we get (using np4+1 =0)
2

—|1nl* = —on — nzo'n—l (Mns M — NMn=1). (2.10)

T It might seem more natural to assume no(t) = 0, but our choice makes the tensions oy proportional to k/n rather than
(n —k)/n, simplifying some formulas.
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We note that lf
n ] ’ n ’ n ’ ’

where n:R x [0, 1] — R? and o : R x [0, 1] — R are C®, then as n — oo, the formal limit of (2.8) is
(2.1) and the formal limit of (2.9) is (2.2). (Note that this discretization of 7 ensures that |[(Vin)| =1
for all k, since |dsn(t, %)| =1 for all j. We will refine this in Section 7.1.) If n(t, 1) =0 and o (t, 0) =0,
then this choice also gives 1,4+1(t) =0 and op(t) =0, as desired. Hence the chain Egs. (2.8) and (2.9)
form a discretization of the whip Eqgs. (2.1) and (2.2) which conserves energy as well as preserving
the geometry.

The analysis of the chain equations becomes much simpler if we can avoid using separate equa-
tions for the boundary terms. An easy way to do this is to extend n; and oy beyond k =n by
demanding that n be odd through k =n + 1 and that o be even, which is exactly what we had
to do for the whip in Section 2.1. So for k >n+ 1 we set

Mk = —N2n+2—k» Ok = O2n+1—k- (2.12)

Then it is easy to see that the evolution equation (2.8) still holds for the fixed point at k=n + 1 and
that (2.9) for k =n yields the tension boundary condition (2.10).

A further simplification comes from using difference operators. (See for example [21].) First re-
call that for a sequence f defined on some subset of Z, the (forward) shift operator E is given by
(Ef)k = fr41. The backward shift is denoted by E~', so that (E~! f); = fy_1, and powers of E signify
composition. We define the (forward) difference operator V., by

Vi Hre=nlfeg1 — fils (2.13)

so that if I denotes the identity operator, then V4 =n(E —I). It is also sometimes convenient to work
with the backward difference operator V_, defined by (V_ f); =n[fx — fi_1], so that V_ = E~1v, =
n(I — E~1). In this notation? Egs. (2.8) and (2.9) become

ij=V_(oVin), (2.14)
(Vin, V_Vi(oVin)=—IViil, (2.15)

where the equations are valid when any subscript 1 < k < n is placed on all the terms simultaneously.
We can thus write all the discrete equations without specific reference to subscripts, which simplifies
the notation.

The following formulas will be useful when working with difference operators and sums: both
follow from the simplest product formula V. (fg) =gV, f +EfV,g.

14

Vi =) <f) (E'V7f)(vig), (2.16)
j=0
1 n—1 1 n
S22 &V fie=—13 fiV-gi+ fgn — fogo (217)
k=0 k=1

2 The more usual finite-difference notation is A for the forward difference and V for the backward difference; we use V.
and V_ instead to avoid confusion with the Laplacian on smooth functions, and since our rescaled version is not standard. We
prefer the rescaling since if the sequence f, converges to a smooth function f(s) as n — oo, then (V. f), converges to f’(s).
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We can rewrite (2.15) in a more useful form, solving for the second difference V_V_ o in terms

of everything else, using |Vn|?> =1 to simplify the terms. We obtain

Eo 2 Elo )
VoVio = —|Vin|"+ = V-Vl = [Vl (2.18)

and the resemblance to the continuous version (2.2) is obvious.
3. The Green function for the tension

At each fixed time, Eq. (2.2) is a linear nonhomogeneous ordinary differential equation for the
tension o. Hence there is a Green function G(t, s, x) depending on |nss|, such that

1

a(t,s):/G(t,s,x)‘ntx(t,x)yzdx.
0

Similarly, Eq. (2.18) can be thought of as a linear nonhomogeneous matrix equation for o, for which
the solution takes the analogous form

1« .
oK) = =3~ Gig®|Vait; O
j=1

for some “discrete Green function” Gi;. Naturally we expect that if "7” — s and JF" — X, then
G, j, (1) = G(t,s,X) as n — oo; this can be proved as a consequence of our general convergence
result for n. Our goal in this section is to establish properties of these Green functions. In particu-
lar we establish that the Green function is always nonnegative for a whip in a sufficiently smooth
configuration, while the Green function is nonnegative for a chain as long as all the angles between
links are obtuse. Furthermore we want to establish upper and lower bounds for the ratios M and
G"S#k([), where s, = ’H‘ in order to be able to compare the norms weighted by powers of o (t,s) to the
norms weighted by powers of s.

3.1. Basic properties of the Green functions

First we discuss the solution operator of the whip tension. To keep the notation relatively simple,
we will suppress the time dependence.

Proposition 3.1. For any fixed time t, the solution o (s) of (2.2) is given by

1

o(s) = / G(s, %) |nex )| dx, (3.1)

0
where G is the Green function given by
2
Gss(s.X) — [nss(5)| "G(s,x) ==8(s —x),  G(0,x)=0,  Gs(1,x) =0. (3.2)

The Green function is symmetric, ie., G(s,X) = G(x,s). It satisfies G(s,x) > 0 whenever x > 0 and
0 < s < 1. Inaddition if 0 < x < 1, we have Gs(s,X) > 0 for 0 <s < x and Gs(s,x) <Oforx <s < 1.
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Proof. The existence of the Green function and the symmetry property G(s,x) = G(x,s) is a well-
known result of the general theory for second-order equations with homogeneous boundary condi-
tions. See for example Courant and Hilbert [9].

To prove the other statements, we first show that G(x,x) > 0 for any x € (0, 1). For any fixed x,
multiplying (3.2) by G(s, x), integrating from s =0 to s =1, and using integration by parts with the
homogeneous boundary conditions shows that

1 1

G(x,x)=/Gs(s,x)zds—i—/|ngs(s)|ZG(s,x)2ds,
0 0

which forces G(x, x) > 0. Because of the jump condition

lim Gs(s,x) — lim Gg(s,x) =1,
S—>Xx~ s—xt

we cannot have Gg(s, x) identically zero if 0 <x < 1. So G(x,x) > 0 if 0 < x < 1. It is then easy to
prove the other statements in the intervals (0, x) and (x, 1) using the boundary conditions. O

Now let us do the same for the tension operator for the chain. Eq. (2.9), or the more elegant
version (2.18), makes clear that the vector (o1, ..., 0,) of tensions comes from inverting a tridiagonal
matrix. Since this is one of the easiest matrix types to invert, we get a relatively explicit formula for
the solution, which will be useful in constructing estimates on the maximum and minimum tension.

Proposition 3.2. The solution of the constraint equations (2.15) is
1 n
o= Gyl Venjl, (33)
j=1

where the discrete Green function Gy; is constructed by

1 min {j,k} piip j—1 o
i Dik
Grj= = Z —L==,  where pjj = 1_[ T i = (Vnigr, Vin) (3.4)
noi Bi i Bm+1

and B satisfies the recursion

a?
Bn=1, Bi=2——1 for1<i<n—1. (3.5)

i+1

In (3.4) we use the convention that the empty product when j =i is 1.
The tensions oy, are positive for every nontrivial choice of V.1 if and only if o; > 0 for every i.

Proof. The system (2.9) and (2.10) is of the form Ao = w, where A is a symmetric nonnegative
diagonally-dominant tridiagonal matrix and w is the vector of angular velocities w; = |V.;|. There
are several standard algorithms for inverting such a matrix; the formula (3.3) is given in the review
paper of Meurant [25].

Clearly Oliz <1 for all i, so that inductively we have 1 < 8; < 2 for all i. Hence if all ¢; are positive,
then all p;; are positive and hence all terms Gy; are positive for 1 < j,k <n. Thus if any V,7; is
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—~J 3 V 34 1 34 1

Fig. 2. In the top row we plot chains with constant angles between consecutive segments, with n =4, n =38, and n = 56 links.

In the bottom row we plot the corresponding discrete Green function Gy; as a function of % evaluated at j = 3, for each

configuration. Notice that when n =4 the angles in the chain are acute, which is what allows the tension to become negative
in that case. Also notice that as n — oo, the discrete Green function approaches the Green function for the differential equation.

nonzero,? then (3.3) says that all o are positive for 1 <k < n. It is easy to see that if o; <0 for
some i, then there is some choice of V.17 so that some o is nonpositive. (See Fig. 2.) O

3.2. Upper and lower bounds for the Green functions

Proposition 3.1 implies that if 0 < x < 1, then G(s, x)/s is a positive function of s on [0, 1], since
lims_, 0 G(s, x)/s = Gs(0, x) > 0. We now want to know exactly how large or small this positive func-
tion can be; ultimately our interest will be in the quantities supgeg 170 (s)/s and infseo,170(s)/s,
which are completely determined by the bounds on the Green function. We are especially interested
in the discrete analogues, maxqgk<nnGkj/k and mingr<nnGyj/k. We end up with the same upper
bound in both cases, which is relatively easy to prove, while the lower bound is much more compli-
cated and necessarily weaker in the discrete case.

First we establish the upper bound.

Proposition 3.3. If ns is smooth, then the Green function G(s, x) defined by Proposition 3.1 satisfies the
following bounds.

G(s,Xx)
sup |Gs(s,x)| <1, and  sup
0<s,x<1 0<s,x<1 S

<1 (3.6)

Furthermore, suppose Gyj, Wk ok, and P, are as defined in Proposition 3.2, and that oy =
(Vankg1, Vang) = 0 for all k, so that Gy; > 0 for all j, k. Then if (V_ 1G)y; denotes the partial difference
(V_,1G)kj =n(Gyj — G—1,j), using the convention Goj = 0, then

Tlej .
[(V_1G)j| <1 and T<1 foralll <j k<n. (3.7)

3 Of course, the only way every V.7 j is zero is if the chain is stationary, since 71 =0 always.
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Proof. The proof of (3.6) is easy: by Proposition 3.1, the partial derivative G;(s, x) is positive for s < x
and nonpositive for s > x, and jumps by —1 at s = x. Since Gy > 0 whenever s # x, we know G is
increasing on each interval. We therefore must have 0 < Gs(s,x) <1 for s <x and —1 < Gs(s,x) <0
for x < s < 1, either way, |Gs(s, x)| < 1. Then using the fact that G(0, x) =0, we have 0 < G(s,x) =
Jo %G (r,x)dr < f; dr =s, which yields (3.6).

The proof of (3.7) is more complicated, but uses the same basic ideas. First, from Proposition 3.2
we know that Gy; > 0 for all k and j since every «; > 0.

Assume first that j #n. Then rewriting (2.9)-(2.10), we see that the discrete Green function satis-
fies the equation

1
Opy1Gia1,j — 2Gkj + 0k—1Gg—1,j = _E(Skj

for 1 <k <n—1, while
—Gpj +ap—1Gp—1,;=0.

Since oy = (Vink, Vanre1) with [Vong| =1, we have o < 1. Thus for k # j we can easily see the
second partial difference satisfies (V4 1V_ 1G)kj > 0. Since the second partial differences are nonneg-
ative except at the diagonal, the first partial differences are increasing except at the diagonal, i.e.,

(V-1 G)k+1,j — (V- G)kj >0 forallk#j. (3.8)
When k = j we can check that
(V-1G)jy1,j — (V-1G)jj = —1. (3.9)

Now look at the endpoint terms: at the left endpoint, we know (V_ 1G)1j =nGy; > 0. At the right
endpoint, if j #n then we have —Gyj + Gy—1,j = (1 — ap_1)Gp—1,j = 0, so that (V_ 1G)yj < 0. Thus
combining (3.8) and (3.9), we conclude that if j#n then

0< (Vo 16) << (Vo16) i KT+ (Vo 1G)j,j < - ST+ (Vo 16y < 1.

Hence we must have [(V_ 1G);| <1 for all k, as long as j #n.
If j =n, the situation is slightly different; in that case we get

0< (Vo 1G)in S (V1@ < - S (Vo 1610 S (Vo 16 < 1,

so that [(V_ 1G);| <1 even if j=n. This completes the proof of (3.7). O

Remark 3.4. Unfortunately we cannot bound % from above. If we denote by Go(s,x) the Green

function when |5g| =0, then we easily compute that Go(s, x) = min{s, x}, so that % = min{%, %}
is unbounded on [0, 1] x [0, 1]. Note that by the Sturm comparison theorem, we have that G(s, x) <
Go(s, x) for any Green function satisfying (3.2). However it is easy to see that for any 0 < p <1, we

have S(;;Slf)p < fp";f;’;? < 1. This will be useful in the proof of Theorem 7.7.
It is easy to check that the discrete Green function satisfies the same inequality, |Gy;| < % min {j, k},
using formula (3.4) and the fact that ;| <1 and B; > 1 for all i. In fact this bound is valid even if

not all Gy; are positive.

Now we establish the lower bound. This is the only time in the paper where we get a weaker
result for the chain than for the whip; the reason is that we need to make strong assumptions in
order to prevent sharp kinks in the chain, to ensure nonnegative tension. Smoothness of the whip, on
the other hand, ensures that the tension in the whip is nonnegative automatically.
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Proposition 3.5. Suppose Gy;, Nk, o, and By are defined as in Proposition 3.2. Assume the ny are such that,
for some v € (0, #], we have

Kk3/2 2
W|V1nk| <v forall1<k<n—1. (3.10)

Then for all 1 < j, k < n we have

2
n°Ggj

>e 2V, 311
ik e (311)

If G solves (3.2) and nss is a smooth function, then we have

G —0
inf M > €

1

where 0 = | s|ns|* ds. 312

0<s,x<1 SX Q / |T]SS| ( )
0

Proof. The two estimates are proved in slightly different ways, but the main point for both estimates
is to show that the minimum is attained at the off-diagonal corner, then estimate this value either
using the direct formula (3.4) (for the chain) or through a substitution (for the whip). The full proof
is in Appendix A.l. O

The assumption (3.10) for the discrete case is much stronger than the assumption fol s|7755|2 ds < 0o
for the continuous case, but such a pointwise bound is necessary to ensure every o > 0 in order to
get all tensions positive (by Proposition 3.2), even when k = 1. The exponent % is important: the
exponent 1 would work to prove the estimate, but we cannot prove that such an estimate actually
holds for all values of t; the exponent 2 is not enough to get a lower bound for the tension.

Remark 3.6. Note that we could easily get a stronger estimate than (3.12) if we simply assumed
an upper bound on |7, using the Sturm-Liouville comparison theorem. However, we prefer the
weaker assumption that fol s|nss|?ds < oo, since it allows for the possibility of the curvature at the
free end of the whip approaching infinity (a possibility not precluded by the equations due to the
degeneracy there). Even if the weighted energy Es3 is finite—the condition under which we will prove
local existence—we will not necessarily have |ns| bounded on [0, 1]; an example is when 6(s) = s9
for some q € (%, 1), using the spherical representation (2.3). See Example 5.3 for details.

4. Weighted Sobolev norms
4.1. Motivation

In order to demonstrate existence and uniqueness, we want to apply the usual technique of energy
estimates in Sobolev spaces. By showing that we have sequences of solutions of the chain Eqgs. (2.14)-
(2.15) for which the energy is uniformly bounded, we can extract a convergent subsequence to
establish existence; the same sort of energy estimates can also be used to establish uniqueness. Sev-
eral issues arise to complicate this strategy.

Ordinarily for a wave equation like (2.1), one would try to bound an energy like

1
Eo=/|m|2+a|ns|2ds
0
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by computing its derivative and using Gronwall’s lemma. It is easy to compute that

- 1
dE — t, -
20 =(a(ns,nt))|s=;+/ot|ns|2ds<< sup o s)>Eo(t),

dt J o<s<1 0 (t,9)

using the boundary conditions o (t, 0) = 0 and n:(t, 1) = 0. Unfortunately we cannot bound o; or even
o in terms only of Eg. Indeed, it is hard to even make sense of Eq. (2.2) unless both Nst and ng are
in L2, which means we have to consider higher energies.

Here a complication arises. The usual approach would be to consider an energy like

Fi=Eo+ / nst|? + o[ nss|® ds.

Its derivative is, using (2.1),

1

)ﬁl ) +2/O's(775t, Nss) ds.
0

@<< yp 69

sup
dt o<s<1 0 (L, 9)

Here the boundary term vanishes since o (t,0) =0 and ns(t,1) = 0 (recall we assume 7 extends
to an odd function through s = 1). Furthermore since Ins|? =1, we have (s, ns) = 0. The problem
is that if we want to get the right side in terms of F; alone, we need to use the Cauchy-Schwarz

inequality to get
\ los(t, $)|
s
/Us Nst> Nss) d ( sup = ) 1(0),
) 0<s<1 /O (E,8)

but the right side is not bounded. We always have o (t,0) = 0, while we will generally not have
os(t,0)=0

Instead we want an energy for which the integration by parts cancels out this highest-order re-
mainder. The only such quantity of the form fol Alnst|? + B|nss|? ds for which this works is

1

Ei=Eo +/U|77$t|2 +0'2|’75$|2d5-

With such a choice we get

dﬂ@( sup ““”)Fh(t),

o<s<1 0 (&, )

which we can manage once we understand how o and o; behave. The same phenomenon continues
for the higher energies as well, which motivates us to define

Em_Z/ €|8£m +o ol ]ds (4.1)
=0}
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With this definition, we have

B 1 1
dE X
d—tm:Z|:£/0[1ot]8fnt|2ds+(E—i—l)/alot]af“n‘zds
t=0L o 0

-1

1
+1 .
2( + )/ eaz+1 s 3£77t’31+177>d5i|’ (4.2)
0 0

with the three remaining terms integrating to give o**1(3fn;, 3" 1)|5=) = 0 due to oddness of 7
through s =1.

Our primary goal will be to bound (4.2) in terms of the energies E,. More specifically, using the
fact that o (t, s) degenerates like s near s = 0, we want to get bounds in terms of the simpler weighted
energies E,, defined by

i=

m 1

Em= Z/(sqafmf + st |8£+177|2) ds. (4.3)

=0

To do this, we will need several estimates. So our first goal is establishing basic Sobolev-type and
Wirtinger-type inequalities for such weighted norms. In addition we need to show the energies (4.3)
are equivalent to the tension-dependent energies (4.1), which means we have to bound sups o (t,s)/s
and inf; o (t, s)/s away from zero. (The constants in these bounds will also turn out to depend on the
energies (4.3).) Most of the work for this was done in Section 3.

4.2. Definitions and properties of weighted seminorms

First let us define the weighted Sobolev and supremum seminorms we need.

Definition 4.1. The weighted Sobolev seminorm of a function f : [0, 1] — RY is defined by

1

1F12 = / 5| s) [ ds. (44)

0

The weighted supremum seminorm of f is

2
WFNE = sup s[F™(s)|". (45)
0<s<1
We want to define a discrete analogue of each of these, for a sequence {fi,..., fn} with values

in RY. For this purpose, it is convenient to set

,((r)zw fork e {1,...,n}and for anyreal r > —1, (4.6)
n'I" (k)
where I' is the usual gamma function satisfying I"(x + 1) = xI"(x) for x > 0 and I"(k) = (k — 1)! for
k a natural number. These are rising factorials, which are more convenient for our purposes than the
falling factorials typically used in difference equations; either is much more convenient in studying
difference equations than simply using the powers (%)r: see [21]. Clearly if kj is a sequence such that

limp— oo ’%” =, then we have limnﬁoos,(;) =5,
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Recalling the definition (2.13) of the difference operator V., we define our discrete analogues of
(4.4)-(4.5) by

l n—m 5
112 m =D s [V fel (4.7)
k=1
and
2
102 =, _max s”|VEfil". (48)

We use the same notation for both norms to emphasize the analogy; every estimate we prove for the
discrete seminorms (4.7)—-(4.8) will have constants independent of n, so that we get corresponding
estimates for the smooth seminorms (4.4)-(4.5). Clearly if f is smooth and we define f;, = f(%) for
each n, then limp— o | fallrm = 1 f llr.m and limp— oo | falllrm = I f llr.m-

Now let us describe the main estimates. For two norms || - ||y and || - || on functions, we use the
notation || fll1 < |[fll2 to mean | f| < C||f| for some constant C independent of f. If f is instead
a sequence, then this notation will imply that C is also independent of n.

For unweighted norms of smooth functions, we have the Wirtinger inequality

1 1
/|f(s)|2d5§ ff(S)ds
0 0

2 1
2
+/|f’(s)| ds.
0
We also have the Sobolev inequality

1 1
sup |f(s)|2§/|f(s)|2ds+/|f’(s)|2ds. (4.9)
0<s<1 A 0

Our weighted versions of each are as follows.

Theorem 4.2. Let f : [0, 1] — RY be C®. Then for any r > 0 the norms (4.4) and (4.5) satisfy the weighted
inequalities

WAy SUFI2m + 1 F 12 s and (4.10)
WFNE 0 SUFNF A+ D0y - (411)
If in addition we have f(™ (1) = 0, then these inequalities can be simplified to
IFIZ g SIFIA g myr and (4.12)
WEME i S UFIZ s (4.13)

If f is instead a sequence {f1, ..., fn} with values in R%, then the inequalities (4.10)-(4.11) also hold if the
norms are interpreted as (4.7) and (4.8), while the inequalities (4.12)-(4.13) hold iff,.f"_?n =0.

Proof. The continuous version of this inequality appears in Adams and Fournier [1]. We prove the
discrete version in Appendix A.2, from which the continuous version follows in the limit. O
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Remark 4.3. The example f(s) = arcsinh (Ins) demonstrates that the inequalities (4.12) and (4.13) can-
not be extended to r = 0: in that case we have f(1) =0, fol |f(s)|*ds < oo, and f(]] s|f/(s)]?ds < oo,

while fol %|f(s)|2ds and supye(o, 1 | f (x)|? are both infinite. In particular there cannot be constants for
the discrete versions that are independent of n when r =0.

The important thing about (4.11) is that by Remark 4.3, the estimate only works when r > 0. Hence
in any computation where a supremum norm is required, we will want a positive power of s attached
to be able to use this result. This will show up when we need to estimate weighted Sobolev norms
of products of three functions: we want to pull out a supremum of one and use Cauchy-Schwarz on
the rest, and we will need a little extra weighting in some cases. Of course, we could use the usual
Sobolev inequality (4.9) to get

Il fllo.0 < I flloo + 1 o1 S flloo + 1L f M1 + 11 fll2.2,

but requiring two extra derivatives rather than one is usually not worthwhile (except once in the
proof of Theorem 7.7).

Frequently our weighting in discrete norms will be slightly off (for example, we may want to re-
place sf{p+q)/s,(f’) with S,Ep), or we may want to replace sl(f) with s,(fjr)j for some j). In the continuous
case these formulas are trivial, but in the discrete case, bounds such as these come from proper-
ties of the gamma function (in particular the fact that the gamma function is log-convex by the
Bohr-Mollerup theorem). The constants will never be important; what will matter is that they are
independent of k and n. The following estimates are easy to prove.

Proposition 4.4. Lletn € Nandletk € {1, ...,n}. Let p and q be positive real numbers.
Then the weight function sf(p ) = g p(’}t,‘:)) satisfies the following inequalities:
(p+9)
» _ Sk rp+q+1) o

(4.14)

k ~

s@ T Tr(p+Dr@+n™*

(P o« _LG+p+D) S(p)

krj < TOTD D Sk Jor any nonnegative integer j.

We also have s,(f ) <s

Proposition 4.4 also gives the following corollary, which is the most useful tool we have for esti-
mating norms of products. To get the higher-difference norms of products, we will use the product
rule (2.16) for differences together with these formulas. The proof is trivial.

Corollary 4.5. Suppose (f1, ..., fn) and (g1, ..., gn) are sequences of real numbers, and let p and q be non-
negative real numbers. Then

1£8131q.0 SIS 0llEls o (4.15)

and
IFN3 4.0 S NFI ol o- (4.16)

The formulas are also valid if one of the sequences is in R and the other in RY, or if both are in R? and we use
(f.g) or|fllg| instead.

Estimates (4.15) and (4.16) are also valid if f and g are smooth functions with the norms interpreted as
(4.4) and (4.5).
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Remark 4.6. Typically we will extend the seminorms (4.7) and (4.8) when used for n and o; since
we have op =0 and 71,41 =0, it is more convenient to modify the definitions to

n—m+1

1
IniZm= o > 01Vl

k=1
o )12, = Zs”) o) >.

This does not affect any of the estimates, but it allows us to incorporate the endpoint information.
This is convenient for example to interpret (3.3) in terms of ||7'7\|% ; in Lemma 5.1.

4.3. Weighted energy norms

We have already defined the weighted energy (4.1) and (4.3) for a whip. Now we want to define
corresponding discrete energy for the chain. The definitions are made much easier if we use the odd
extension (2.12) of 7 to define the differences V/'n; beyond k =n —m + 1. Furthermore, by analogy
with (4.6), we define

k+r—1
1—[ o; foranyintegerr > (417)
j=k

(T)

Our time-independent energy will be

m n—[£/2]

Z Z (Z) in<| +S(Z+1)|VZ+1 k|2)7 (418)

ZOk

while the time-dependent energy is

m n—1¢/2] )
Z 3 @V + oV ). (419)
= k=1

Recall that we need to use the time-dependent o -weighted quantities to compute the time-derivative
of energy in order to get some cancellation, while only time-independent energies are useful for
constructing topologies and relating distinct norms.

Clearly if we have sequences 1, and o, defined for each n € N as in (2.11), then

Em[rl]:nli)n;oem[nn] and Em[n]:nllngoém[nn]-

So any estimate we obtain on the chain energies ey, and ey will become an a priori estimate on the
corresponding whip energies Ep, and Ep,.
Note that we have

m+1

m
> il e+ Y Inli o (4.20)
=0 =1
in terms of the discrete weighted seminorms (4.7).4

4 We would have equality if the sums over k went from k=1 to k =n — £ rather than k =n — [£/2]. The reason the sums
in (4.18) and (4.19) contain a few extra terms in the sums is in order to make the derivative estimate of Theorem 6.1 simpler:
with this definition the endpoint terms of the discrete energy derivative always vanish, as they did in (4.2).
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It is also convenient to observe that the lowest-level energy eq is constant in time. Since it will be
useful later in Lemma 5.2, we separate the terms and define

1 n ) ) 1 n
o= il =lnlgo,  vo=— slVeml® (4.21)
k=1 k=1

Lemma 4.7. If 1 satisfies (2.14) with |V n| =1, then both ug and v are constant in time.
Proof. The fact that |V,n| =1 implies that vo = 3 + 5-. As a corollary, every energy ey given by
(4.18) satisfies ey, > 1.

For ug, we just compute

du0_2" n

. 2 .
& n 2 (ks k) = 0 ;(7710 V_(o V).

Using the summation by parts formula (2.17) along with (V_n, V_1) = 0 and the endpoint conditions
00 =0 and np4+1 =0, it is easy to show this sum vanishes. O

For a smooth solution of (2.1)-(2.2), we clearly have that the analogous quantities Uy =
/01 [ne(t,s)|®ds and Vg = fol s|ns(t, )| ds satisfy Vo = % and Uy is constant in time. Thus Ey is also
constant in time.

Our primary use of Theorem 4.2 will be the following formulas, which follow easily from (4.20).

Lemma4.8. Forany i > 0and 0 < j < i, we have

Il Seivjors 1917 Seits (4.22)
nll?_ ;i S eiv WANE; i < eijs (4.23)
W3 2.0 < €2ita- (4.24)

Remark 4.9. We need the extra power of 1/2 in estimate (4.24), since (4.11) is not valid when r = 0.
This is important once at the end of the proof of Lemma 5.4 and once at the end of the proof of
Theorem 6.1.

5. Bounds for the tension in terms of the energy

Before bounding the energy itself, we first want bounds for the tension o given by either (2.2)
or (2.15). To compare the energies E,; and Ep;, we want upper and lower bounds for ¢ /s. In addition,
to compute the time derivative of E,;, we need to know a bound for o /s, by formula (4.2).

For a smooth solution (1, o) of (2.1)-(2.2), we define quantities A, B, and C by the formulas

At)= sup |os(t,s)], Bt)= sup ——,  C(t)= sup |og(t,s)|. (5.1)
0<s<1 0<s<1 0 (6, 5) 0<s<1

Observe that since o (t, 0) =0, we have

S

/ox(t, X) dx

0

lot,s)| = <s sup |ox(t,x)],

SUSS
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so that we have
of(t,s) or(t,s)

< A(t), and similarly sup —— < C(b). (5.2)
o<sg<t S o<sg<t S

Generally the bounds (5.2) will be much more useful to us, although occasionally we will need the
actual definition (5.1).

Similarly, we define the discrete analogues of the quantities (5.1); as with the energy, we use
upper-case and lower-case for norms of the whip or chain respectively. Recall that s, = % while our
convention is that og(t) =0, and recall the definition (V_o), =n(oy — ox_1). We therefore set

, b(t) = max

a(t) = max |[(V_o)k(t) .
1<k<n 1<k<n ok (t)

c(t) = max [(V_é)(®)].  (5.3)
1<k<n

As above, the fact that op(t) = 0 means we can write

1< k
ok ®)] =| - > (v-0);0| < - ( max [(V-0);0))
n = n\ig<j<n
to obtain
o 0
max Zk <a and max M <c. (5.4)
1<k<n S 1<k<n Sk

Lemma 5.1. If n and o form a smooth solution of (2.1)-(2.2), then the quantities defined by (5.1) satisfy the
bounds

A(t) S Ex(t), (5.5)
C(t) S E20)*?E3(0)'/2. (5.6)
Similarly, suppose (n1(t), ..., nn(t)) and (o1 (), ..., on(t)) form a solution of (2.14) and (2.15) with the

odd extensions (2.12). Suppose also that we have a; = (V4ni, Vinit1) 2 0for 1 <i<n—1.Thenaandc
given by (5.3) satisfy the bounds

a(t) < ex(t), (5.7)
c(®) Sea®es V2. (5.8)
Proof. We will just prove the discrete bounds for a and c in detail; the bounds for A and C can be

proved using the same techniques, or we can view them as a limiting case of the bounds for a and c.
The estimate (5.7) for a is easy: by Proposition 3.2, we have

1< .9
(Voo = Z(vﬂc)kﬂmn il%
j=1
By Proposition 3.3, we have [(V_ 1G)j| <1, and thus
] n
(Vo0 < = 3 IV4itsP = 1lig 1 Se2
i=1

by (4.22). We then have (5.7). The inequality (5.5) is proved identically.
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The bound (5.8) for ¢ is more complicated. The first step is to differentiate Eq. (2.15) in time to get
—(V4n, VoV (@ Vi) = (Vi) VoV (@ Vi) + (Van, V-V (o Vi)
+2(V41), V4 i)
=3(Vy1, VoV (@ V) + (Vin, V-V (o Vi),
Thus ¢ satisfies the same kind of equation as o with the same endpoint conditions, so we can use
Proposition 3.2 to write
] n
(V-6 =3 (V-1G)g 3V, V-V (@ V) )+ (V411), V-V (0 V4i0) ).
j=1

As above, the fact that [(V_ 1G)kj| <1 implies that ¢ < |A|, where

3 ) .
A= > (V411 V-V (0 Vi) + (Vanj. V-V (o V1)) (5.9)
j=1

Applying the summation by parts formula (2.17) to this, using the endpoint conditions 7,411 =
Nn+1 = 0o = 0, and performing some manipulations with the formula (Vy7, Vi7) =0, we get

1 : . .
A== [Veoi(3{Vaity, Vim) = (Ving, Vaiiji) —4oi(Vin, V)]
=1

Using the bounds |V o | Sep and ;’—I" < ey from above, we obtain
K

c< Al <ezlnlloalnllo2 +ezlnlli2lnliz S exveres,
using Lemma 4.8, which gives (5.8). The proof of (5.6) is almost identical. O

Lemma 5.2. Suppose n and o solve (2.1)-(2.2). Then B defined by (5.1) satisfies the estimate

1 2
B(t) < U—O(l +Inll3 5)e! M2, (5.10)

where Ug = /01 Ine|% ds is a constant depending on the initial condition.
Similarly, suppose (n1(t), ..., nn(t)) and (o1(t), ..., on(t)) form a solution of (2.14) and (2.15) with the

odd extensions (2.12). Suppose also that [|]l3/2,2 < %ﬁ Then the quantity b in (5.3) satisfies the estimate
1 2
b(t) < — M2z, (511)
Up

where ug is defined by (4.21) (and is constant due to Lemma 4.7).

Proof. The bound (5.10) comes directly from (3.12): we have by Proposition 3.1 that

1 2
. a(s) o G(s.x) 2 e M2
inf ——~ 2/ inf X et 0|7 dx > ————|nellf -
0<s<1 S 0<sx<1 SX 1+1n2, ’

0

The fact that Ug = [|7¢]1§ o < lI7ell5 ; follows from (4.12), since 7(t, 1) = 0.
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%

Fig. 3. The curve defined by (5.12), for which the curvature approaches infinity at the free end. Although the curve has length

one, its free end wraps around the limiting point % infinitely many times. We have plotted this heuristically in the inset,

although the actual curve wraps itself up too tightly for these loops to be visible.

The proof of (5.11) is similar, using (3.11) and (3.3) for the discrete Green function. The bound
up < ||f]||%1 similarly follows from (4.12) since 1,4+1=0. O

Example 5.3. In terms of the weighted energy (4.3), Lemmas 5.1 and 5.2 give upper bounds for A and
B if the energy E, is finite, while we only get an upper bound for C if E3 is finite. Simple examples
show that these conditions are necessary: we can have E; bounded while A and B are unbounded,
and we can have E; bounded while C is unbounded.

To obtain the examples for A and B, we consider (at time t = 0) the whip position

—scos (2 in (5
3(1 —scos (2 Ins)) _355“1(31“5))’ (512)

0,s)= ,
'“”( NE i3

which satisfies 7(0,1) =0, |ns| =1, and |nss| = % This corresponds to a whip where the free end

sits at (%, 0) despite making infinitely many rotations around it (as s — 0). See Fig. 3.

The Green function (3.2) can be computed explicitly to obtain o from |ns|. If (0, s) satisfies (5.12)
and |95 (0, s)| = s~3/4, one computes that E; is finite while E; and A are both infinite. If on the other
hand |ns(0, s)| =1, we easily see that Eq is still finite while E; and B are both infinite.

The example for C is a bit more involved. Suppose 7 is given by (2.3), where 65(0,s) = s
and 6;(0,s) = s~ /4. 1t is easy to verify that E; is finite at this instant, while E3 is infinite. We have
o (s) = s at this instant by (2.2), so that differentiating (2.2) with respect to time and using (2.1) gives
Otss(S) — s73/20,(s) = —3/s with boundary conditions o¢(0) = 0 and o4 (1) = 0. In this case we can
verify that C is infinite.

—3/4

The fact that we cannot bound C unless E3 is bounded is one of the main reasons why the energy
estimates only close up at E3. Taking a time derivative of (4.1) as in (4.2) gives a number of terms of
the form o; which can only be bounded in terms of C, and thus in terms of Es.

We are now ready for an a priori estimate on the tension o. Although the norms of o and oy are
easier to measure using the supremum, it is convenient to use weighted Sobolev norms for the higher
derivatives of o. Thus we define the squared norm for a whip:

m—1

D= l01}3/2.042 form=>1. (513)
=0
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The discrete version is defined by the same formula:

m—1

dn=Y o113 3,04, form=>1. (5.14)
=0

Lemma 5.4. If o is a smooth solution of (2.2), then the norms (5.13) can be bounded by the energy (4.3) via
D1 <E;, Dy <Ej and D3 SES, (5.15)
while for m > 3 we have
D < Pin(Em—1)Em, (5.16)
where Py, depends only on Ep_1.

Similarly if o satisfies (2.18) with the condition oo = 0, then the norms (5.14) can be bounded by the
energy (4.18) via

di<el, dy<ej, and d3<el, (5.17)
while for m > 3 we have
dm < Pm(em—1)em, (5.18)

where Py, depends only on ep—q.

Proof. We will just prove the discrete estimates (5.17)-(5.18); the estimates (5.15)-(5.16) are proved
using the exact same technique. The full proof is in Appendix A.3; the basic idea is just to take
iterated differences of (2.18) and estimate using Corollary 4.5 and Lemma 4.8. O

6. The main energy estimate

In order to construct the solution of the partial differential equations (1.1)-(1.2), we want to find
bounds on all the discrete energies (4.18)-(4.19) which are independent of the initial conditions and
of the number n of links. Then in Section 7 we will find a subsequence that converges to a solution.
As a consequence, we can show that the motion of a chain converges to the motion of a whip as n
approaches infinity, in the sense that position, velocity, and acceleration all converge.

We now want to estimate the time evolution of the energy é,. Our strategy will be to bound
den/dt in terms of the energies en; we will then use the fact that ey and e, are equivalent (since
o /s is bounded above and below by Lemmas 5.1 and 5.2) to get an inequality for dé,,/dt in terms
of ém. In proving it we will use Lemmas 5.1-5.2 and 5.4 in an essential way.

Theorem 6.1. Let n € N, and suppose (n1(t), ..., nn(t)) and (o1(t), ..., on(t)) form a solution of (2.14) and
(2.15) with o¢(t) = 0 and ny+1(t) = 0, and that n and o extend to sequences satisfying the oddness condi-
tion (2.12).
Then the energies (4.18) and (4.19) satisfy the estimates
des 7

— < M3e 6.1
dr 3€3 ( )
for some M3 independent of the initial data and of n. In addition the higher energies satisfy

de,

T < Mm(em—1)em (6.2)

for every m > 3, where My, depends only on ey;_1.
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Analogously, if n and o form a smooth solution of (2.1) and (2.2), then the energies (4.1) and (4.3) satisfy
the estimates

3 7
— < M3E 6.3
dt X M3E3 ( )
for some M3 independent of the initial data. In addition the higher energies satisfy

dE

—dm < Mm(Em—1)Em (6.4)
t

for every m > 3, where M, depends only on Ep—q.

Proof. The proof is in Appendix A.4. O

The fact that the energy estimates only close up at m = 3 is perhaps explained by the following
observation, which is easier to understand in terms of the spherical representation (2.3).

Proposition 6.2. Let D* denote the unit ball in R*. The pair (0, o) is a smooth solution of (2.4)-(2.5) if and
only if the functions ¢ : D* — S and o : D* — R™ defined by

o (1x?)
x)=0(|x|?) and X) =
o) =0(1x?) a0 ="
are spherically symmetric solutions of the equations
@ = div (o grad @),
Aa — |grad o = —¢ |, (6.5)

with Neumann boundary condition d,,¢ = 0 for ¢ and Robin boundary condition 3, + 2c¢ = 0 for « on
dD* = S3. Furthermore any smooth solution has > 0 everywhere, so that the hyperbolic equation for ¢ is
nondegenerate.

2

Proof. Setting o (s) =4sa/(s) and changing variables by s =r“, we easily see that (2.4)-(2.5) become

3
Pre = a(QDrr + F(Pr) + 20r¢r,
3
—|(Pt|2 =+ ?Olr = |(Pr|2a-

Now the operator 8r2 + %Br is familiar as the spherically symmetric Laplacian on R*, and hence we
recognize both terms above as coming from the Laplacian on R* under the assumption that o and 6
are both spherically symmetric. The boundary conditions are easy to check. O

The fact that the degeneracy can be removed if we work in a higher-dimensional space, and thus
in some sense the equations naturally “live” there, is essentially the reason why we need higher than
usual Sobolev order for the estimates to close.
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7. Local existence and uniqueness of the solution

Now we can finally prove the local existence theorem for the system (2.1)-(2.2) of partial differen-
tial equations. The fact that Theorem 6.1 gives us estimates for €, in terms of e;; that are independent
of n allows us to construct the solution as a limit of a subsequence of discrete solutions as n — oo,
following the technique of Ladyzhenskaya [20] and references therein.

7.1. The discrete interpolation

We first need to establish the interior approximation of the space of whips by the space of chains,
which allows us to go from estimates on ey given by (4.18) to estimates on E,, given by (4.3) and
back.

Consider any function 7 :[0,1] — R? such that Ins| = 1, with n extending to an odd function
through s =1, such that the seminorms ||n]l¢¢ for 2 < £ <m are all finite. For each n € N we want
to approximate 1 by a sequence 1, € R? for 1 <k < n, extend it for k > n by n = —Nant2—k, have it
satisfy |Vink| =1, and have uniform bounds on the discrete Sobolev seminorms |[7]l¢¢ in terms of
the smooth seminorms that are independent of n.

The complication arises from handling the constraint || = 1. Although it is relatively easy to
approximate functions by sequences in the norms we need, the typical discrete approximation will
not satisfy the condition |V4n|= 1, which means it does not actually represent a chain. We deal
with this by using the spherical representation 7s(s) = (cos6(s), sinf(s)) as in (2.3). (Although this
formula works only when d = 2, we can use a similar procedure in higher dimensions, using gen-
eralized spherical coordinates.) Using 1n(1) = 0, we can easily reconstruct n if 6 is known. We can
then approximate the function 6 by a sequence 6, and rebuild 7, using the formula 7,41 =0 and
Vi = (cosby, sinby) when d =2, with a similar formula in higher dimensions.

Fortunately, the Sobolev norms of 1 and 6 are closely related.

Proposition 7.1. If  : [0, 1] — R? is related to 6 : [0, 1] = R by the formula (2.3), with n(1) = n”(1) =0
and 0’ (1) = 0, then boundedness of the squared norm

1
A= f(52|9’(s)|2 +53007)[* +5*0"(s)|%) ds (7.1)
0
is equivalent to boundedness of the squared norm
1
B= /(52|77”(s)|2 +53 0" + s @) dx. (7.2)
0

Proof. We easily compute that

|n//(s)|2 :0/(5)2, |77///(5)|2:9//(5)2+9/(S)47 and
D s)|* = (6"(5) —0'(5)%)” + 90/ (526" (5)%. (73)

An integration by parts using 6’(1) = 0 shows that (7.1) and (7.2) are related by

1
B=A+ f (20" (s)* — 85%0/(s)* + 155%0(5)%0" (s)* + 50/ (5)°) ds. (7.4)
0
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Repeated use of the basic weighted Sobolev inequalities of Theorem 4.2 allows us to express every
term on the right side in terms of A, so we get an inequality of the form B < A + A% + A3,
In the other direction, (7.4) gives

1

A<B +8/s3yn”(s)|“ds,
0

and again using Theorem 4.2 gives A< B+ B%. O

We can derive the same sort of result for difference quotients. If we write V1, = (cos 6, sin6)
for 1 <k < n, then the analogues of (7.3) are as follows:

}V | = 4n? sin? (E>
2n

o V20 V.6 vZg
+ + 2 + 4.2 +
v3 = 16n*sin —— |sin“ | — 4n*sin“ | —=
| 77’ <2n+2n2) <2n>+ <2n2>

V36 +3nV20 + 302V, 0 V20 +nV, 0\
V4 n|® = 4n|sin  — +onVio+ ) _gsin (0 TVRO
2n3 2n?
V36 +2nv23e V26 +nv,6 V36 +3nV26 + 3n?V,6
+48nzsin2 0+ + sin T +nvy sin 0+ 0+ + .
4n3 2n? 2n3

For sufficiently large n, we can proceed as in Proposition 7.1 to show that the discrete squared norms

1n72
2512)|V+77| +HZSI3)|V+H| + - 25(4) +’7k
k=1

and

n—1

Z SOV, a2 Z s |v2g, Z 59|93,

k 1

can each be bounded in terms of the other.

Thus for either whips or chains in two dimensions, we can work directly in terms of Sobolev
norms of 6. The most convenient way to map from Sobolev spaces of continuous maps to Sobolev
spaces of discrete sequences is to use orthogonal polynomials. (A direct approach, using values of the
function on a discrete grid, does not work for our purposes since bounds on the differences require
more smoothness of the function than we have.)

The only complication is the oddness requirement on 7 (and the discrete oddness criterion (2.12)).
In terms of the spherical variable 0, oddness of n through s =1 translates into evenness of 6, i.e.,
there is an extension of 6 to [0, 2] such that 6(2 — s) = 6(s). Similarly the discrete oddness condi-
tion (2.12) translates into the discrete evenness condition 6,,41_k = 6. These conditions are easy to
handle if we extend the interval to [0, 2] (or extend the sequence to {1,2,...,2n}) and use Sobolev
seminorms with symmetric weights

1

(0,00, :/P(S)j+]|9(j)(s)}2ds, where p(s) =s(2 —s) (7.5)
0
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and

n—L1j/2]

‘l . . 2
(0.0p5=~ 3 p/""|vie
k=1

k(2n+1—k)
n2 ’

,  where py = (7.6)

These norms are clearly topologically equivalent to the weighted norms we have been using, where

the weights are s and %

Theorem 7.2. There are polynomials Q,,(s) on [0, 2] satisfying Qm (2 — s) = Qm(s), and such that

@2m+ !
m—j—2)!Cm)2m—1)’

(Qe¢, Qm))p,j = Semmj, wherermj = (7.7)

in the weighted Sobolev seminorms (7.5) for all j > 0. Thus we can expand 6(s) = Y _ov_; Am Qm(s) and obtain

(6,005 = TmjAn, (7.8)

m=1

forall j > 0.
There are also, for each n € N, discrete polynomials qm(g) defined for 1 < k < 2nand 1 < m < n, satisfying

Qm(zr'+T1_k) = qm(lﬁ‘) and such that
(e, qmM p,j = SemPmjs (7.9)

where ryj is as in (7.7). Hence if 6 = Z”m:1 amqm(’ﬁ‘)for 1 <k<n, then

(0,00 p.j =Y Tmjlp- (7.10)
m=1

Proof. The desired polynomials come from a slight variation on the classical Legendre polynomi-
als and the Chebyshev polynomials of a discrete variable. (These are special cases of the Jacobi and
Hahn polynomials respectively, with parameters o = 8 = 0.) The desired formulas follow from gen-
eral properties of continuous and discrete orthogonal polynomials; see Nikiforov et al. [26] for a good
reference.

To obtain (7.7), we set Qu(s) = Ky P’ (1 —5s), where P;(x) = ﬁ %(x2 —1)" is the usual Legen-
dre polynomial given by the Rodrigues formula and K, is a constant chosen to make Q, orthonormal
when j = 0. To obtain (7.9), we set

k k
m (E) i [A22 (k,2n + 1) — K2 (k= 1,20+ 1)],

where

h>O (x, Ny = (1=E)[x+D- x+DIN=1=2%--(N=1=x)]

(="
r!
is the Hahn polynomial given in terms of a discrete Rodrigues formula, with E denoting the integer
shift operator, and again k;,, is a constant chosen to give orthonormality when j =0.

Checking all the conditions is routine using the formulas in [26]. O
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For each n € N, we can define the map F, which takes a continuous angular function 6(s) to a dis-
crete approximation 6, and the map G, which takes a discrete angular sequence 6, to a continuous
angular function 6(s), by the formulas

o0 n k
0(s)=_ AnQu(s) > Y Amqm(ﬁ) =0,
m=1 m=1

n k n
b= amqm<5) = " anQn(s) =6(). (711)
m=1 m=1

where the coefficients are obtained using orthonormality by

1

An = f9<s)Qm<s> ds and apn= - Zekqm(E)
. n— n

By the formulas (7.8) and (7.10), we can bound the continuous and discrete Sobolev norms of any
order j in terms of each other using this map. Furthermore G, is an isometry, F, o G, is the identity,
and G, o F,; converges strongly to the identity as n — oo in any weighted (p, j)-norm.

Thus given an initial condition 1(0, s) = y(s), we can write the discrete initial condition y; as

1< 1< ,
(o=~ ;(mm 0=~ Zk(cosek, sinfy)
Jj=k j=

where 6, is the discretization obtained from (7.11). And conversely, if we solve the discrete chain
equations to obtain n(t), we can construct an approximate whip solution by finding, for each t,
the angles 6(t) and using (7.11) to obtain the function 6(t,s), then reconstructing n(t,s) =
—fsl (cosO(t, x), sinf(t, x)) dx.

We clearly have a similar construction for the velocity n;(t,s) in terms of the angular velocity
6;(t, s), which works based on the formulas

Nse(t,s) = (—sind(t,s), cosO(t, s))G(t,s),
Vi 1i(t) = (= sin Gy (1), cos Oy (1) )k (¢).

These constructions ensure that we can go back and forth between whips and chains while pre-
serving the Sobolev norms as well as the constraint equation.

7.2. Uniform energy bounds

Now suppose that the initial whip conditions 7(0,s) = y(s) and 7:(0,s) = w(s) have bounded
energy E3(0) given by (4.3), as well as satisfying the constraints |y’(s)|> =1 and (y’(s), w'(s)) =0,
and have odd extensions through s = 1. Using the procedure of the preceding section, we know that
for each n € N there are discrete initial conditions y, and wy such that the discrete energy es3 given
by (4.18) is bounded uniformly, independently of n. These approximate conditions converge strongly
in N4[0, 1] and N3[O0, 1] respectively to the actual initial conditions.

Lemma 7.3. Suppose y and w are initial conditions as in Theorem 1.1, and suppose discretizations y, and wy
are defined as in Section 7.1. Let () (t) and (o) (t), for 1 < k < n, be the solution of Egs. (2.14) and (2.15)
with 1,(0) = y» and 17, (0) = wn,.
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Then there is a T > 0 such that the discrete energy e3(t) defined by (4.18) is bounded uniformly on [0, T]
and uniformly in n.

Proof. Since the discrete energy e3(0) is bounded uniformly for all n, we conclude by Lemma 4.8 that
177 (0)lll3/2,2 is uniformly bounded for all n. In particular we know the hypotheses of Lemma 5.2 are
satisfied for n sufficiently large. Fix such an n.

By Lemma 5.2 we have

S 1 2
k < b(t) S _ezmn(t)”b/zvz’ (712)
k() Uo

We want an estimate for the evolution of |||n|||§/2‘2. For any k € {1,...,n — 1}, we have by Proposi-

tion 4.4 and Lemma 4.8 that

d .
(68 Vmo]) = 252 (V2. o)
<l 2l ®]l.2

Ses(t).
Since this is true for any k, we conclude
t

L
|||77(t)|“§/2,2 < |||’7(0)|||§/2,2 T / es(r)dt (713)

0

for some constant L, independent of t and n. This bound also ensures that the hypotheses of
Lemma 5.2 are satisfied for sufficiently large n as long as e3(t) is bounded.
By the definitions (4.18) and (4.19), we clearly have

e3(t) <max {1,b(t)}*&3(t),
and we conclude by combining (7.12) and (7.13) that

t

e3(t) < Kexp <L / e3(r)dt)ég(t), (714)

0

for some constant K which is also independent of t and n.
Let y(t) = fot e3(t)dt and let z(t) = fot €3(t)dt. Then (7.14) can be written as

e Ly® d_y <K d_z

dt dt’

and integrating both sides yields

e YO > 1 KLz(1). (7.15)
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Now we use Theorem 6.1 to get % < Mses(t)’ for some M3 independent of t and n. Using (7.14)
and (7.15), we have

7
7 K7 TyO7 < K’ d_Z
3% 1 —KLz@))” \at ) °

So we obtain

d? 7 7
dz &(%) , (716)
dt2 = (1 — KLz(t))7 \ dt

Dividing by ( )6 and integrating, we obtain

1 -1/5
z(t)<2(0)|:1+](1—m>:| , (717)

6.,/ 5
where | = SM3ICZ O - Another integration gives a bound for z(t) on some time interval [0, T], which

depends only on e3(0), and (7.17) gives a uniform bound on é3(t). Combining this with (7.14) and
(7.15), we get a uniform bound on e3(t) as well on the same time interval. O

Now having obtained a sequence of chain solutions 7,(t), bounded uniformly in the discrete
weighted Sobolev norms uniformly on an interval [0, T], we use the technique of Section 7.1 to in-
terpolate. For each n we obtain an approximate whip solution 7, : [0, T] x [0, 1] — R for which the
energy Es(t) is bounded on [0, T] independently of n. We can then extract a subsequence which
converges in the weak-* topology on L°°([0, T], N4[O0, 1]).

Before doing this, we prove one final lemma, a compactness result analogous to the usual Rellich
theorem.

Lemma 7.4. Let N,,[0, 2] denote the space of functions 1 : [0, 2] — R? such that the norm

(7.18)

I, Z/s 2-s)

_’7
ds’

is finite. _
Then Npm41[0, 2] is compact in Ny [0, 2] foreach m > 0

Proof. Expand 7(s) = Zjo-io w;Pj(1—5s), where P; are the standard Legendre polynomials. Then as
discussed in Section 7.1, we have

m o¢] .
2 (+o
2 2
= _ we.
Il ZZZJ+1(j—K)! ;

0=0 j=¢

Hence the embedding ¢ : Nyy 1 — Ny is a norm limit of operators with finite-dimensional range, so it
is compact. O

As noted in Section 7.1, for functions on [0, 1] that are restrictions of odd functions on [0, 2], the
norm on N[0, 2] given by (7.18) is equivalent to the norm on Ny[0, 1] given by (1.3), and thus we
get compactness of Ny;+1[0, 1] in Np,[0, 1] for functions with an odd extension through s =1.

We now establish the existence part of Theorem 1.1.
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Theorem 7.5. Given initial conditions y and w as in Theorem 1.1, thereisa T > 0 such that there is a solution n
of the system (7.19) in L>°([0, T], N4[0, 11) N W1-2°([0, T1, N3[0, 1]).

Proof. For each fixed t and each n € N, construct a continuous approximation of the chain 1;,(t)
as in Section 7.1, and call it 7,(t). Then by Lemma 7.3 we get a uniform bound on Es(t) in
some short time interval [0, T]; in other words, the family 77, is bounded in L®°([0, T], N4[0, 1]) N
w1.2°([0, T1, N3[0, 1]). By the Alaoglu theorem, there is a subsequence n, that converges in the
weak-* topology to 1 € L°([0, T], N4[0, 1]) N W1-°°([0, T], N3[0, 1]).

By the compactness Lemma 7.4, there is a sub-subsequence ﬁnkj which converges strongly to 7 in

L°°([0, T], N3[0,1]) N W1*°°([0, T1, N2[0, 1]). For any € > 0 the convergence is strong in H3[e, 1], and
thus by the usual Sobolev embedding theorem also in C%[e, 1]. So we can take the limit of the system
(2.14) and (2.15) pointwise to see that we have a solution of (7.19). O

The fact that all the estimates close up at the level of E3, with all other energies satisfying linear

differential inequalities, implies that the only way a solution which is initially C* can fail to be C*
for all time is if E3 becomes infinite in finite time. This gives a crude blowup criterion.

Corollary 7.6. Suppose 1, o is a solution of the system

Ne=0s(0ns), s — Inssl* =—Insel®, sl =1,
n(,1)=0, os(1) =0, 0(0)=0, n(0,s) =y (s), ne(0,s) =w(s), (719)
where we assume that y and w satisfy the conditions of Theorem 1.1.

Assume that in some time interval [0, T), the energy E3(t) is bounded uniformly. Assume further that E, (0)
is bounded for allm > 3. Then Ep,(t) is also bounded in [0, T] for allm > 3.

Proof. By Eq. (6.4), we have for k > 4 that

dE,
i S Mi(Eg—1) Eg.

Furthermore since E,(t) is bounded, so is B(t) = sups ﬁ by Lemma 5.2, and thus

dE, - .
E < My (Ek—1)Eg

for some function M. So by Gronwall’s inequality, E(t) is bounded on [0, T] in terms of E(0). Thus
finally Ey(t) is also bounded on [0, T]. O

We now complete the proof of Theorem 1.1 by proving uniqueness.

Theorem 7.7. Suppose y and w are functions on [0, 1] as in Theorem 1.1. If (91, 01) and (12, 02) are two
solutions of (7.19), both in

L%([0, T1, Na[0, 11) N W ([0, T1, N3[0, 11),
with the same initial conditions
n1(0,8) =n2(0,5) =y (s) and 9n1(0,s)=nN2(0,s) = w(s),

then n1(t, s) = na(t, s) and o1 (t,s) = o,(t,s) forallt € [0, T] and all s € [0, 1].
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Proof. The proof relies on an energy estimate for the differences at the level of the first energy,

1

E1lm —ma] = /(|at771 — 3m2l® + s1dsm1 — dsma|?
0

2
+513:dsm1 — e dsm2|? + s*|92m1 — 9Zm2|7) ds.

We estimate this energy using a Gronwall inequality, as in Theorem 6.1 and Lemma 7.3. The reason
this works is that since 11 — 1, satisfies a linear PDE whose coefficients involve the known quantities
11, 12, 01, and oy, we can use Corollary 4.5 in a more effective way to put all the weights on the
known terms. The full proof appears in Appendix A.5. O

Finally we discuss some refinements of these results. First, given a solution 7 of (1.1) with E3
finite, we can check using the differential equation that [|927/12.2, 133n/1.1, and [|3#nl0.0 can all be
bounded in terms of E3. Hence the solution is also in W2:°°([0, T], N2[0, 1)) N W3:2°([0, T], N1[0, 1)) N
W4°([0, T1, No[0, 1]). Now a well-known general technique (see e.g., Lemma 11.9 of [32]) shows that
n is continuous as a curve in N4[0, 1], n is C! as a curve in N3[0, 1], etc.

8. General remarks and future research

In this paper we considered the whip with one fixed and one free end as boundary conditions.
The other possibilities are to have two free ends, to have two fixed ends, and to have periodicity.
All of the estimates in this paper have analogues in those cases. When there are two free ends, the
tension must satisfy ¢ (0) =0 and o (2) =0, so the appropriate weighted norms look like the square
root of foz sk2 — s)k| f ®) ()2 ds. Since we have essentially solved the problem with one fixed end by
constructing an odd extension in order to turn the problem into a string with two free ends on [0, 2],
we expect that the same estimates prove existence for an inextensible string with two free ends.
When there are two fixed ends, or when the whip is periodic, the problem becomes simpler since
we can use ordinary Sobolev spaces for the estimates. In this case we expect the energy estimates to
close up at the level of e, rather than es.

The addition of gravity brings some complications. One is that the boundary conditions change,
and oddness through the fixed point is no longer enough to satisfy the conditions automatically.
(This is already an issue even for the wave equation with constant coefficients, if an external force
is imposed which does not respect the boundary conditions.) The other complication is that if the
whip is above the fixed point, the tension may become negative: the effect of gravity is to change the
boundary condition in (2.2) to os(t, 1) = (g, ns(t, 1)), where g is the gravitational acceleration vector,
and if os(t, 1) < 0 then it is possible to have o (t,s) <0 for some ¢t and s. In that case the evolution
equation becomes elliptic, so the discussion becomes much more complicated.

The blowup criterion Corollary 7.6, that a smooth solution remains smooth up to time T iff
supoi<t E3(t) < 00, can certainly be improved. Once we know a solution exists, we can use al-
ternative methods to get better a priori bounds on it. Thess et al. have speculated that blowup for the
periodic loop might be controlled by the L® norms of |7s| and |ns|, analogous to the way blowup
for the ideal Euler equations is controlled by the L°° norm of vorticity. This is an interesting problem
to study, since we have a much greater handle on all aspects of this one-dimensional problem. We
will explore this in a future paper.

In addition, the geometry of the space of inextensible curves is interesting in its own right. Al-
though the geometric objects are not smooth in the Sobolev topology, the curvature formulas still
make sense, and one can compute formally that all sectional curvatures are nonnegative. We can
thus try to study stability of the motion from the geometric point of view (as in [4]), as well as the
geometry of blowup. See [28] for details on this.

A similar problem in higher dimensions is given by the motion of a flag attached to a pole in
3-space. Here our configuration space would be the space of maps of a rectangle into R3 which are
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isometric immersions with one side of the rectangle held fixed. We expect to see a similar nonlocal
coupled degenerate system, the only obvious difference being that the ordinary differential equation
(1.2) becomes an elliptic equation in the spatial variables.

The whip-chain equations are interesting partly in and of themselves, but especially as a “toy
model” of inviscid, incompressible fluids. There are some structural similarities between Eqs. (1.1) and
(1.2) and the Euler equation for an ideal fluid, given in Lagrangian form by

Nee(t,x) = —grad p(t, n(t,x)) and Ap=—Tr([Dne(t,x) o~ (¢, x)]z),

with some boundary condition to determine grad p uniquely. Both systems involve a hyperbolic evo-
lution equation for a constrained function, where the right side is given in terms of a function
determined by a purely spatial differential equation. The technique of approximating a continuous
system with a discrete system preserving the geometry may be interesting to apply to fluids directly.
For example, in two dimensions we could consider a rectangular grid on a torus, the vertices of which
are free to move as long as all quadrilateral areas are preserved. Although such a model may not have
global existence (as edges of a quadrilateral may collapse to give a triangle without changing the
area), we might still get some useful insight out of it.

Appendix A. Longer proofs
A.1. Proof of Proposition 3.5

Proposition. Suppose Gy, Nk, o, and By are defined as in Proposition 3.2. Assume the 0, are such that, for
some v € (0, Z*Tm], we have

k3/2 2
W|V—2ﬂ7k| <v for1<k<n—1. (A1)

Then for every 1 < j, k <n, we have

nzckj S

—2v
> . A2
i e (A2)

If G solves (3.2) and nss is a smooth function, then we have

1

where @ =/s|nss|2ds= Iml1.2- (A3)
0

G(s,x e ¢
inf 60
0<s. XK1 SX 1+0

26,
Proof. Our strategy for proving (A.3) will be to first show that the minimum of the ratios n IS“J and
. . . . . 2Gyi .
is attained at the off-diagonal corners; that is, minj<; x<n nk—]"f =nG1p and infos x <1 G(;;") =

G(s,X)
SX

limg_, ¢ @ = Gs(0, 1). The proofs are nearly identical in both cases, so we will just give the discrete
proof. Then we estimate the size of this value; here the proofs are different, and we can get a sharper
estimate for the continuous case. "

We first define a matrix F by Fy; = %G’U' Clearly F is symmetric since G is. We want to prove

that Fy;j > Fip. Note that for 1 <k <n we have

2

= m[(k — D(Gkj — G—1,j) — Gi—1,j]- (A4)

Frj — Fr—1,j
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First we show that we can decrease Fy; by increasing the larger index. If k > j we know from
Proposition 3.3 that (V_ 1G)kj <0, so that Gy; < Gx_1,j, and thus Fy; — Fy_1 ; <0. Thus

Fyj > Fyj ifk>j. (A.5)

Next we show that we can decrease Fi; by decreasing the smaller index, which is a bit more
involved. Inspired by (A.4), we define for 1 <k <n the auxiliary quantity Hyj = (k—1)(Gyj — Gk—1,j) —
Gk—1,j; then it is easy to compute that (V4 1H)gj =k(V_ 1V 1G)yj, and we conclude using (3.8) that
if k < j then Hyyq j — Hgj > 0. Since Hyj =0, this shows that Hy; > 0 as long as k < j. Then since

Fyj — Fr_1,j= jk(’;{—Z_UHkJ- for k > 1, we have Fyj > Fi_1; as long as 1 <k < j, and hence
Fyj > Fpj for1<k<j. (A.6)

Combining (A.5) and (A.6), and using the fact that Fyj = Fj, we obtain

min ij = Fqp. (A.7)
1<j,k<n

We finally want to bound Fy, from below. Using the formula (3.4) we have that

n—1

p1ipm 1 Om
Fn=—7—=— (A.8)
"k A ,}1 Bm+1
It is easier to estimate sums than products, so we rewrite (A.8) as
n—1 n—1
InFq, = Zlncxk - Zlnﬁk, (A.9)
k=1 k=1

recalling that 8, =1.
First we get an upper estimate for ZZ;} In B,. Rearranging (3.5) and using oy =1 — 21?|Vi77k|2‘
we have

IVEnl? Vil
Be— B =—(Be = DBy = D+ — 57— — — .

4n#
Recalling that 1 < B¢ < 2 for each k, we conclude
1 2
Bk — Br+1 < n—2|V42r77k} ,
and since 8, =1, we find
n—1 1 n—1 )
Bi=Fnt Y (b= B ST+ ) [ Vin]” (A10)

k=j k=j

Now since B > 1, we have In8; < 8; — 1, so that (incorporating the assumption (A.1))
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n—1 n—1n-1
Zlﬂﬂk ZZZ\V T)k’ 2Zk|V le’
j=1 j=1k=j

\/7 ( 5(1/2)), (A11)
Tl

where ¢(1/2) &~ —1.46 is a value of the Riemann zeta function.

V22
212
o =>1— W' Since we have assumed v < Z*Tf we have o > 0.8 > 0 for all 1 <k <n-—1. Now we
want to get a lower bound for Incy; this is a bit more delicate than an upper bound for the logarithm
of In 8. Define c = —2;(1)/§(3) ~ 1.118 in terms of the Riemann zeta function. It is not difficult to
verify that when 0.8 < o < 1, then Inay > —c(1 — a). Thus we have Inoy > —(cv)/(2n'/2k3/2) for

every k, from which we conclude

Next we get a lower estimate for Zk ; Inay. Since o =1 — , the assumption (A.1) yields

n—1 3 1
cwe(3)  viy)
§ :lnak >—— § : >— 27— ) (A12)
/2 3/2 1/2
= 2n k 2n NG

Combining (A.11) with (A.12) and plugging into (A.9), we obtain In Fi; > —2v. Using (A.7), we
obtain (A.2) as desired.

Now we will just sketch the proof of (A.3). We similarly establish that the infimum of is
attained when s =0 and x = 1, which works the same way as in the discrete case. So we just need
to estimate lims_,q G(s D = Gs(0, 1). Letting J(s) = G(s, 1), we see that | satisfies

G(s,X)
s.

J©-"efIeo=0,  JO=0  JDH=1. (A13)

The minimum is then G(0, 1) = J'(0).
Set A(s) =In[J(s)/s]; then we can verify by explicit computation that (A.13) can be rewritten in
two ways:

d
% [s$1/(s)] = —s*X(5)* + s%|n” and

d ’ / /ran2 ” 2
a[s(l =N+ () =—sA =) +s1 —9)|n"(s)|".

Integrating the first equation from s =0 to s =1 gives

1

K< [P as<e, (A14)

0
and integrating the second from s =0 to s =1 gives

1

A1) = 1(0) < /s(l —s)|n"s)*ds < o. (A15)

0

5 Having a precise estimate of this remainder is useful to make part of (A.11) cancel out (A.12), in order to make the estimate
(A.2) independent of n and thus a bit more elegant.
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Since A/(1) = - — 1 and A(1) — A(0) = In[J(1)/]J(0)], estimates (A.14) and (A.15) combine to give
J
(A3). O

A.2. Proof of Theorem 4.2

Theorem. Let f : [0,1] — RY be C. Then for any r > 0 the norms (4.4) and (4.5) satisfy the weighted
inequalities

WAy SUFIEm + 1 F 12y ey and (A16)
WFIZ i S UFNZ o+ 11y - (A17)

If in addition we have f(™ (1) = 0, then these inequalities can be simplified to

”f”r 1,m ~ ||f||r+] m+1 and (A]S)
|||f|||rm N ||f||r+1,m+1- (A19)

If f is instead a sequence {f1, ..., fa} with values in R%, then the inequalities (A.16)-(A.17) also hold if the
norms are interpreted as (4.7) and (4.8), while the inequalities (A.18)-(A.19) hold 1ff(m) =0.

Proof. It is clearly sufficient to prove these inequalities when m = 0. To derive the discrete versions,

we do the following. Let p be any real number. Then for any k € {1,...,n — 1}, we have
2 k(< + p)
[P+ fierr = kfiel” = P* 1 fir1 I* + =V fiel? + pk(| fier 11 = 1 ful?),
so that
k(k + p)
0 < PPl fiest? + =51V fil? + pk(1 fiern I* = [ fiel?).- (A.20)

Note that if we define fy in any way at all, the equation is still satisfied at k = 0. Furthermore we

have the easy-to-verify formulas ksl(i_lw = ns,ﬁq) and V+s,(<q) = qsl(ﬁH]) , which are valid for k > 0.

For any real q > 0, multiply (A.20) through by s-b

1 and simplify to get

1 k+p
0 < P25 et P+ = =51V fil? + 05 (1P = 1fil)-
Now notice that the last term simplifies to
nps” (1 fies1 1 = 1fl?) = [V (s 1fil?) + (s = 521 fie ]
1
= pVo (s 1fcl?) — pasg " firt 2.

using V+s(q) = qsk_HD Thus we have

+D
<08 e P+ LD, 2 4 pve (5@ 1),

Now let i and j be any mtegers w1th 0 <i < j<n.Summing all the terms from k=i to k=j— 1

and using the telescope formula 1 0 V+bk =b; — b; for any sequence {by}, we obtain
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j
p(p—9q) - k+p
0< === 37 5" VIl + Z =5 IV fil?

k=i+1 k i
p(s\V 1551 = V1 fil?), (A21)
after reindexing the first sum on the right side. This is the basic building block for all the other
inequalities in this proof. Now we consider some special cases which will together prove (A.16)-(A.17).
Take any r > 0.
e For any integer i with 1 <i<n, if we set p=q=r and j=n in (A.21), we get

Ykt
s 1A% < Z —— s IV Sl + 531l
rnk n

k4r (1) _ (r+1)

and since =5, = , we have

s fml? < 5w fl? +—||f||r+11 (A22)

We use this to obtain (A.17); if f;, =0 we obtain (A.19).
e Next, if we set p=5, q=r,i=0, and j=n, then we get

50D “k+ r/ 2 5O M2
— s Ul Z IV fiel® + s | fal
k=2 k 1
Noting that k + % <k+r for any r > 0 and any k, we obtain after solving for ||f||f_L0 that

1FI12_g 0 < ||f||r+11+—s,(f)|fn , (A23)

which is used to bound (A.16). If f;, =0 we obtain (A.18).
e Finally we get an upper bound for |f,|. Choose g=r+1and p=—(r+1) withi=0and j=n.
Then we have

20 +1)2 & k 1 i1 1
°<T; sVl + = %T“ﬂvm —(r+ sy VI fal?,

from which we conclude
1 1
sV fl? <200+ DI I o+ = 1 IRz (A.24)

Now we obviously have

IfIZ01 < ||f||r+1 15
and plugging into (A.24) gives

2r2+4r+l

N
[fal® < r(r+1)

I FII2,1 1 +4@+DIFIZ,, (A25)
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Combining (A.23) with (A.25), we get (A.16). Combining (A.22) with (A.25) and taking the maxi-
mum, we get (A17). O

A.3. Proof of Lemma 5.4

Lemma. If o satisfies (2.18) with the condition oy = 0, then the norms (5.14) can be bounded by the energy
(4.18) via

di<ej, dy<ei, and d3<eS, (A.26)

while for m > 3 we have
dm < Pm(em—1)em. (A.27)
where Py, depends only on e, _1.
Proof. Applying the shift operator E to (2.18), we obtain
Vi = Ez—a\Evin\z + 2|2 = [EV 2.
2 2

Thus as a first step, we have

lolle+3/2.e42 = |Vio ||z+3/2,z

1 1 :
- HEEZU|EVin|2 + 50 |Vin* — |EV.p?

0+3/2,¢
2 .
< ”‘7|VJ2r’7| ”z+3/2,z + |||V+’7|2”z+3/2,z

using the fact that E is a bounded operator in any norm. (The technique we use will make it clear
that the norm of E?c'|EVZ7|? is comparable to that of o'|V2p], so there is no reason to study it
separately.)

To simplify notation a bit, let f =|V2n|?> and g =|V,7|?. Then the inequality above is

N 1E 4372042 SN0 F1F 13720 + 1€11E 43,6 (A.28)

Our first goal is to bound ||o fll¢43/2,¢ in terms of the norms of o and the norms of f. Note that
we have bounds on ¢ and V;o in the maximum norm by Lemma 5.1, while for higher differences
of o the bounds are expressed in terms of Euclidean-type norms. So the complication comes from
taking this into account.

Using the general product formula (2.16) for differences, we have

1~ (0432 2
10 1300 =~ D52 Vi@
k=1

_l n
_ I~

n k
k=1

oy 2

—i .
Z(.)V+ ]O'k+jv-]-fk
Jj=0 ]

4 n
1 o .
<> - 3 s PPV o P IVl

=0 k=1
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Now the exceptional cases are when j=¢ or j=4¢ — 1, because there we want to use the maximum
norm on o directly. In the other cases, we still need to use the maximum norm, but we will give it
some extra weighting so that we can use (4.11). So we have, usmg < a and |Vio| <a, that

2 n

2 a (@+3/2) 2 SUH3/D) | yt-1 2

o fll743/2, S T 5k+£| fk Z |V+ fk|
k=1

-2 ) . S,(f+3/2) ,
+Z<1mka§ Sk |V Kl )(EZ (G+2) |V 0k+j| )
j=

k=1 k
Using the bounds s(z+3/2)52 < s72 and s <s([ J=1/2) from Proposition 4.4, we obtain
ng ke ~ Sk T~ Skt position 4.2, W
K
-2
o FI7 2.0 SAPUFNGv7/20 + PUS gzt + Y MW o IO N7 100 - (A29)
j=0

A straightforward application of (2.16) and the basic estimates of Theorem 4.2 proves the inequal-
ities

1f11Z472.0 S eseer1+ej for £>0; (A.30)
117 3/0.0-1 S e3eer +ef for £ >1; (A.31)
FIIG o S esejis +e5,, for j=0. (A32)

To conclude, we need to estimate the other term in (A.28). We will show

181713/2. Seseer1+ef fore>0. (A.33)

We will see that the extra half-power in the weighting is only necessary for the norm of g; otherwise
we could have worked with || f ||% 3.0 €tC. instead. We have

J4
18124520 S D NVE 0, EIVET IR 5 00
j=0

-1
. 2 . 2 B 2 . 2
ST 22 112 1 egn + D WAy g 170F o
j=1
-1
2
Sesepyq + Z€j+2€z+27j Sesepy1 +ej.
j=1

Plugging (A.30)-(A.33) into (A.29) and (A.28), we obtain

=2

N0 17132002 S (14+0%) (e3eer1 +€7) + Y _(esejyz+ei )07 ;100 (A34)
j=0
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Recall from Lemma 5.1 that a < ey, so that 1+a® < e2. So when £=0 or £ =1 we get ||a||§/2 , S

e%e3el < e3 and ||O'H5/2 3 S eze3ez e3 From this we have d; < e3 and dy < e3 Now we can derive

from (A.34) for m > 3 the recursive inequality

m—3
2 2.2 2
dn < e3esem +e3en g+ D (e3eji3 +ef;)dm2-j.
=0

Plugging in m = 3 gives the base case (A.26), and induction on m gives (A.27). O
A.4. Proof of Theorem 6.1

Theorem. Let n € N, and suppose (n1(t), ..., na(t)) and (o1(t), ..., on(t)) form a solution of (2.14) and
(2.15) with oo (t) = 0 and np1 (t) = 0, along with the odd extensions (2.12).
Then the energies (4.18) and (4.19) satisfy the estimates

des 7
— <M A.35
dr 363 ( )

for some M3 independent of the initial data and of n. In addition the higher energies satisfy

de
d_;n S M (em—1)em (A.36)

for every m > 3, where My, depends only on ep;_1.

Proof. As with the proof of Lemma 5.4, the estimates for the whip and chain are proved in the same
way, so we will just focus on the harder case of the chain (where nontrivial technical issues such as
Lemma A.1 arise). The essential step is the discrete analogue of the computation (4.2), together with
the integration by parts employed to cancel out the highest-order term. Then we simply estimate the
remainder terms using Corollary 4.5 and Lemma 4.8.

The first step is just to differentiate. We deal with the terms in (4.19) one at a time. So fix an
integer ¢ > 0. Then

d 111—[@/2] n— LK/ZJ
e) (O+1) | t+1
din > (@ Vil + o vy Z (1+21D) (A37)
k=1
where
d o £ d (€+1) 041, |2
I= A \% A.38
(dt | | + dt | | ( )
and
1 =0, (Vi Vi) + o OV e, V). (A39)

(£)

For (A.38), if £ =1 then we have % < ¢Sk, while if ¢ > 2 the derivative d(;"t is a derivative of

a product of ¢ terms. Using oy < asi and d“" < csg, we clearly have

d
ar k

< a1 cs,(f),
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which obviously holds in addition for £ =0 and ¢ = 1. Thus the sum of (A.38) is bounded by

~1/2)

1" 1

- > i< el +atelnli g o Se5ter fore>0 (A.40)
k=1

using Lemma 5.1.

So our primary concern is (A.39). By analogy with the technique used to derive (4.2), we want to
pull out the worst terms of (A.39) and collect them into a single exact difference which will sum to
zero. It is easy to check that if ¢ = o “+D(EV.n, ViFly), then

V_y = (E_]U(H]))(Vf_ﬁ, VT]V—U) + U(@+1)<Vfr+1n, Vfrlr';)
+ (V_o—(lH-l))(Vgrr", Vf—+1 >
The middle term of V_1/ is precisely the second term of (A.39), so we want to show that the differ-

ence of the remaining terms is relatively simple.> We will do this computation in Lemma A.1.
To check that this all works, we observe that the backward difference V_i sums to zero: we have

n—¢/2]
Z V¥ =Ym—1e/2) — Yo,
k=1

S|=

which can be checked to vanish due to ogp =0 and the oddness conditions (2.12). (Recall that this
is precisely the reason that the summands in our energies (4.18)-(4.19) all terminate at n — [£/2].)
Hence we have

n—L¢/2] n—L¢/2]

Y = ) AI=V_y.
k=1 k=1

Now by Lemma A.1, we have

J4
-V =) R (A41)
i=1

where the remainder terms are given by
S i o .
Ri=) ( i )“(“(Ef*vr‘o)(viﬁ, Vi), (A42)
j=0

Therefore if £ > 1 we have

lnftl/ZJ 1anZJ 14 4
’E >y =‘5 DD RS )]s, (A43)
k=1 k=1 i=1 i=1

6 The complication in this computation is the fact that ij = V_(oV,n) = E'V,(6V41): we have nothing but V. in the
rest of the formula, so the appearance of one V_ operator (or, equivalently, of one backward shift E~') necessitates rederiving
the formulas to get rid of it, rather than using a formula like (2.16) directly. The reason we don’t want to see a mix of V_ and
V. operators is because later in the proof we will need to use the fact that (Vyn, V,17) =0, while there is no simple formula
for (V_n, Vin).
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where

n—[¢/2]
S; = - Z (l)|vz+10k||(vink’ VZH 1'7k)| (A.44)
k=1

for 1 <i<¢. Here we use the fact that by Proposition 4.4, the shift operators Ei~1 that appear in
(A.42) are bounded for any j; since having or not having the shift operators attached to o doesn’t
change the estimates in any way, we may as well ignore them. (Having the shift operators attached
to one of the n terms would cause a problem, which is why we need Lemma A.1.)

Obviously when ¢ =1, we must have i =1 also in the sum (A.43), and in this case every sum-
mand in (A.44) involves (Vyny, Vink) =0, so that S; =0 if £ =1. Hence we will assume £ > 2 to
estimate S;.

We will show that for any 1 <i < ¢,

3 o _
5. < {6364 if¢=2or¢=3, (A45)

Li¢(er—1)ep if€ >4,

for some function L;; of e;—1. The bounds for 1 <i < ¢ — 1 are all basically the same, while the
bound for the i = ¢ term requires another trick.

Using Corollary 4.5, and Lemma 4.8, it is straightforward to verify that Sy < +/dze; and that S; <
Jeer2—iy/diy14/€¢ for 2 <i < ¢ —1. Then using Lemma 5.4, we obtain (A.45) when 1<ig<e—1.

The last case in (A.45) is when i = £. (Recall that we are assuming ¢ > 2 since S1 =0 when £=1.)
Since |V, n|> =1, we have (V,n, V. 7) = 0. Applying the difference operator Viq to both sides and
using the product formula (2.16), we get

-1
: -1
<V£n,V+n)=—Z< ) )(E”V+ i, V). (A.46)
p=1
Thus
- 111 Le/2) :
sy R A ]

p=1

We obviously want to use the Cauchy-Schwarz inequality on this, and to do so we have to assign
the weight s(ﬂ) to the individual pieces. Recall that we have an estimate for [|o'[l¢+1/2,641 < Jdg <
/Pe(ec—1)e; from Lemma 5.4, which means we must pull the power s¢*+1/2 out with this term,
leaving us with s“~1/2) for what remains. The worst term is the one with p = ¢ — 1, for then we have
to estimate |||V4+7] - |V Nllle=1/2,0. We want to pull out the supremum norm of V.7, but we need
some positive weight on it in order to be able to use (4.11).”

Using Corollary 4.5 again, we compute

Se S Z”E VZHUHZH/z,o” ’Epvﬁipﬁuvfrln’ ”zq/z,o

<na|u+w+1(|usf il ol ¥enl s

7 This is the only place in the paper where we actually need to split the weight into noninteger powers to make the estimates
work. Without doing this, we cannot close the estimates at the level of es. This is why the Sobolev norms of ¢ from Lemma 5.4
are defined the way they are.
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. Zrnv"“nmp et Pnue_p_l/z,o)

-2
SVde <|||f7|||1 2alnlle-re+ Y nllip.ps ||f7||z_p_1,z_p>.

p=1

We easily estimate the quantities here, using Lemma 4.8, to get

-2
S¢S \/d_l<«/a\/a+ Z v ep+2\/€e—p+l)-
p=1

Putting this together with the bound for d; from Lemma 5.4, we get (A.45) for the cases i = ¢.
Now plugging (A.45) into (A.43), we get

n1/2] 0 =1,
6
¢ es =2,
’E] (k| <a E Si < e; (=3, (A.47)
K=

Ke(eg—1)ee €24,

for some function K; of e;_1.
Using (A.40) and (A.47) in (A.37), we get

e’ =0,

d 1n7UZ/2J © s ) ez‘ =1,
+ 41

2 @OV 4oV ) S e (=2,

k=1 67 =3

3 5

Mg(ee—1)ee €24
Now summing from £ =0 to £ =m, we get (A.35) and (A.36). O
To complete the proof, let us establish the formula (A.41).

Lemma A.1. We have the formula
BV 0 V), V4 i) = (E7'0)(V4H V. VL)

+ (V O—(Z+1))< V5+1r] +ZRla (A.48)

where R; is given by (A.42).

Proof. The product formula (2.16) yields

£+1

ET'WV oV — (E7o) Vi vy = Z( T

) E o) E 9 ),
p=0
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Then using E=1+ vn_+ and some binomial expansions and identities, we obtain

¢ i .,
ET'WV ovyn) — (E7lo) Vi Vo = Z (J -ll_ l) (E1vi o) (Vi ). (A49)
i=0 j

-
I
=)

We then compute the inner product of all terms with Vﬁr’].
In this last sum of (A.49), notice that when i =0 we get

¢
Ro= a® <Z EleJrU)(Vif?, V_L;_—H ): (V70(£+1))(Vi,-7’ Vfﬂ )7
j=0

using the obvious telescoping, which finally yields (A.48). O

A.5. Proof of Theorem 7.7

Theorem. Suppose y and w are functions on [0, 1] as in Lemma 7.3. If (1, 01) and (12, o) are two solutions
of (7.19) in L>°([0, T1, N4[0, 1) N W1-2°([0, T1, N3[0, 1), with the same initial conditions

11(0,5) =12(0,s) = y(s) and 0n1(0,s)=03n2(0,s) = w(s),
then n1(t, s) = na(t, s) and o1 (t,s) = o,(t,s) forallt € [0, T] and all s € [0, 1].

Proof. Define the differences by ¢ = %(772 —n) and § = %(02 — 01), and the averages by n =
%(m +1n2) and 0 = %(01 + 07). It is easy to compute that these quantities satisfy the equations

8ss = (Iss|® + 1€ss1?)8 + 2(Ess, Tss)T — 2(Est, Nst) (A.50)
&t = 05(0°&s) + 05(87]s). (A.51)

The quantities & and § have the same boundary conditions as those for o1 and o3; similarl
and & must both be odd through s =1 since 17 and 5, are. Furthermore, the fact that |3sn;|> =
|9s12|% implies that (g5, 775) = 0.

We now estimate the norms of these quantities; the primary goal is to estimate the norm of &, but
we will need the norms of the other terms to do this. For this purpose, we generalize the quantities
A, B, C in 5.1, the quantities Dy, from (5.14), the quantities E,; from (4.3), and the quantities Ey,

from (4.1): we will denote A[G] = Supp<s<i ‘EES”, Emlel = Y j_o llecl , + llelf,; ¢4q, etc. For the

time-dependent energy E,, we use & for the weighting.
It is easy to verify that

-
<

1 1
A[5]<§A[U1]+5A[02], Blo] < Blo1] + B[o2],

1 1
C[5]<§C[G1]+§C[02], Dnl[o] < Dmlo1]+ Dmloz],

Em[7] < Em[m]1+ Emln2].

We could proceed by imitating the proof of Theorem 6.1 to get a bound for the energy E;[€];
however it's simpler to use some alternative techniques to get a bound for Eq[¢]. The reason this
works is that we can separate all the estimates into low-derivative norms of ¢ by compensating with
high-derivative norms of 7.
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First we note that since 8(t,0) = 0, we have by the Cauchy-Schwarz inequality that §(t, s)% <
sfo1 8s(t, s)2ds. In the notation of Definition 4.1, we conclude that

18l1-1,0 < I81l0,1- (A52)
Since §(t,0) =0 and 8,(t, 1) = 0, we have using (A.50) and Corollary 4.5 that

1

1
18113, :/SSzds:—/&Sssds
0

0
1 1

<2/55|8ss||77ss|d5+2/5|8stllﬁst|d5
0 0

< 2[lolll—2.0ll8ll-1.0llell2,217111.2 + 2MI81l-1.0llec 1.1 117 llo.1-

Using the fact that [|6||—2,0 = A[&], along with the inequality (A.52), we conclude

18l10.1 < 2A[G e l2,2017l11,2 + 2lecl .17 llo.q
< (1+ AGY)VEeWED S (E2171) 2 VEiTel, (A53)

using Lemma 4.8 and Lemma 5.1.

We compute the energies of ¢ using the same technique as in Theorem 6.1: we try to bound ‘ZL["
in terms of E; for m =0 and m = 1. The lowest one is easy: we have by (A.51) that

- 1
dEole] d
i dt/(lsrl +5les)?) ds

1

1
=C[5]Eo[8]+2/85 7s, &t) dS+2/8 Nss, &) d
0 0

since the boundary term vanishes. Then we can estimate the rest:

dEo[e]
dt

< Clo1Eole] + 2[I7llo,1 118110, 111€¢ll0,0 + 2[I8N 1,017 111,21l €¢ ll0,0

< C[]Eole] + 21I81l0.1v/Eolel(l17llo.1 + 117111.2)- (A.54)
Now from Lemma 4.8 we have ||7]l1.2 < +/E2[7], while the term [|7]lo,1 is a bit more difficult (since
we have no weighting on the supremum and can’t use (4.11)). Instead we use the standard Sobolev

inequality (4.9):

703 1 S Il + 1713 2 < Eslnl.

using Lemma 4.8. This yields

dEC(l)t[_g] < Exl7i1P/2E3 1"V Eole ]V EnLe]. (A.55)
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We thus cannot bound Eg[e] without also bounding E1[€]; this is not surprising since it’s hard to
even make sense of Eq. (A.50) without 1y and 75,5 both being in L. Our next step is to perform the
same estimates for Eq[¢], at which point the estimates do close up.

We can compute that

1
d _ _ _ o
@ (Tlescl® + 2 |ess|?) ds < C[T 1]l | +2C[T1AIT ] 13 5

0

1 1
+2/55 85,83[- d5+2/ gs T’S! 8St)d
0 0

1

1
+ 4f 0 85(1ss, Es¢) ds + 2 / 0 8(1sss, Est) ds, (A.56)
0 0

where again the boundary term vanishes.

We also want to use a trick to simplify the estimates a bit—the same trick we used in deriving
(A.46)—to reduce the derivatives on ¢ to compensate for the high-derivative term §s. Since (&, s) =
0, we have (&g, 7]s) + (&5, Jst) = 0, and we use this to write fol G 8ss(Ts, Est) ds = _/01 G 8ss (st €s) ds.
Now (A.56) becomes

1 1
% (Tlest|® + 02 1ess|?) ds < ClT1(1 +A[E])E1[8]+2/E|ESS||85||85t|ds
0 0
1 1
+4/5|3s||ﬁss||8st|d5+2/5|5||7_Isss||83t|d5
0 0

1

+2/5|5ss||ﬁst||gs|d5-
0

Using Corollary 4.5, we can easily bound all but the last term:

1
d _ _ _ _
o (T lest|* + 7% 1ess|?) ds S C[G1(1 + AlGT)Eq €]
0

+2A[1llecll1,1(v/ D3[T1E1[e] + Es[n118l0,1)

+2A(5] / S13csl s 1€ d. (A57)

We can bound D3[&] < E3[#]® using Lemma 5.4, while (A.53) bounds 161l0,1-
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Finally we deal with the last term of (A.57) by plugging in (A.50) and using the fact that |7ss|* +
less|? = 3102117 + 19212/%) in order to eliminate the seemingly nonlinear dependence on &. After
a series of computations as above, we obtain

1

/s|8ss||ﬁst||as|ds553[ﬁ]351[e].
0

Therefore (A.57) becomes

d

1
” / (T lewl? + 52 (ss[?) ds < Es[TPEqlel,
0

and combining this with (A.55), we obtain

dEq[e]
dt

S Es[PEqlel.
Now using the inequality s < B[&]5 (s) for all s, we bound E;[g] in terms of E;[e]:

Eile] < (1+ B[51) Eqlel.

Using B[c] < B[o1] + B[oz] and the bound (5.10) for B[oj] and B[o3] in terms of E3[n1] and E;[n;]
respectively, we ultimately find that

Eq

o < N(@®)E1 (), (A.58)

where N(t) is a function depending only on the energies E3[ni] and E3[nz], which are uniformly
bounded by assumption.

Using Gronwall's inequality, we conclude that if E(0) =0, then E;(t) = 0 for all time. In particular
we conclude that f(]] o (t,s)|es(t, s)|>ds =0 for all t € [0, T], so that ds&(t,s) =0 for all t € [0, T] and
s € [0, 1]. Since &(t, 1) =0, we must have &(t,s) =0 for all t and s, whence we conclude n1(t,s) =
n2(t,s) for all ¢t and s. The fact that o1 =0, follows. O
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