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1. Introduction

Stationary scalar random fields with spatial long memory are useful in many diverse areas of applications (see,
e.g., [2,8,21] and references therein). The Hurst parameter codes the extent of long memory, i.e., the power-law decay
of autocorrelation as a function of separation distance in space. In many applications, it is unreasonable to employ an
isotropic model, and hence there is a different Hurst index in each coordinate direction. In studies of ground water flow
and contaminant transport, essential physical properties such as hydraulic conductivity are commonly modelled as scalar
random fields with long memory. Estimates of the Hurst (long memory) index typically yield a larger value in the direction
of flow, and a smaller value in the direction transverse to the flow.

In this paper, we develop a robust method to simultaneously estimate the Hurst index in each scaling direction. Our local
Whittle estimator is based on spectral methods, essentially the idea that the power spectrum grows as a power law near zero
if the autocorrelation decays as a power law near infinity. If the autocorrelations decay at a different power law rate in each
spatial coordinate direction, then the spectral density grows as a different power law in each coordinate of the frequency.
The local Whittle method assumes only the power-law asymptotics of the spectral density at the origin, making it extremely
robust. The usual Whittle estimator estimates the Hurst index using the entire spectral density, and consequently the bias
and standard deviation of the full Whittle estimator are comparable. One advantage of the local Whittle method is that the
bias is always negligible with respect to the standard deviation, see Guyon [15].

Most commonly used random field models with long memory are isotropic [1,27]. The prototypical example is the
fractional Brownian random field with moving average representation

B(x) = [ ) (Ilx = yI*=42 — Iy *=42) w (dy) (1.1)
R

where 0 < H < 1and W(dy) is an independently scattered Gaussian random measure on R?. This random field is
self-similar B(cx) ~ c"B(x) (same finite dimensional distributions) with stationary increments X(x) = AB(x) where
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A = Hf’zl(l — L) and LiX(x) = X(x — b;) with by - - - by the standard basis for R?. A more flexible anisotropic random
field [4] can be defined by

B = / (o= )" () W) (12)
R

where ¢(cfx) = co(x) and g = trace(E), with cf = exp(E log c) and exp(A) = I +A+A?/2!+ - - - the exponential operator.
This random field is operator self-similar B(cEx) ~ cB(x), so thatif E = diag(a;, . . ., ag) then B;(t) = B(tb;) is self-similar
Bi(ct) ~ cH/%B;(t) with a Hurst index that varies with coordinate. For example, to get an isotropic fractional Brownian
random field, take E = I the identity matrix, and use the filter ¢ (x) = ||x||. Operator self-similar random fields provide a
more flexible model for physical quantities that exhibit significant anisotropy and long range dependence, with a different
Hurst index in each coordinate.

In order to fit one of these anisotropic random field models to real data, the first step is usually to detrend and/or
difference the data to obtain a stationary spatial process. Then we estimate the Hurst parameters for the stationary spatial
process. For estimation of the Hurst index in one dimension, there are quite a few methods available, see Beran [3], Tagqu
and Teverovsky [28], and the book of Robinson [25]. One could apply one of these estimators of the Hurst index for one
dimensional sections B;(t) of the data, but this produces a different estimator for each slice. In this paper, we develop
estimators based on all the data. In order to simplify the presentation, we state and prove our results in dimension d = 2.
However, the extension to high dimensions is not difficult.

Let X(s 1y be the weakly stationary spatial moving average

o0 oo
X = Z Z Tk (s—1t—k)» (1.3)

I=0 k=0
and assume that

Ty ~ 1732372 g both (1, k) — oo, (1.4)

for some constants 1/2 < Hy, H, < 1, and where {£(), (I, k) € R,} are i.i.d random variables with mean zero and variance
one. Define

o0 o0
T(x,y) = Z Z 7 e TR (1.5)

=0 k=0

the Discrete Fourier Transform of ;. Then the spectral density function f (x, y) = |t(x, y)|?/4m? of the spatial series (1.3)
will satisfy
fx,y) ~ Gx'"#My'=2H2 a5 both (x,y) — (0, 0). (1.6)
For example, let L; be the lag operator
les,t = Xs—l,tv LZXs,t = Xs,t—]-
An ARMA field is generated from
P(Ly, L2)Xse = Q (L1, Ly)&s ;.
IfP(e?) # Oforall A € [, 1%, then there is an unique stationary solution X; ;; e.g., see [26]. A straightforward extension
of [10, Theorem 4.4.2] to spatial series shows that the spectral density function of X; ; is
o Qe e V)2
fy) = 82 Thratix a2
4?2 |P(e %, e~ V)|
For another example, take 1/2 > dy, d, > 0, and consider
(1= L)T (1 = L)®P(Ly, L)X e = QLy, Ly)esy,

where (1 — L)Y (x) = Zfio wif (x — j) with w; = I'( — d)/[I"(d + 1)I"(—d)] the usual fractional difference operator.
A straightforward extension of [10, Theorem 13.2.1] to spatial series shows that there is an unique stationary solution X; ;

with spectral density function

o? 2, 107 )P

X,y) = ——|1—e X721 — eV~ SR
fey) = 5] |21 e e
Then [10, page 522] shows that (1.6) holds as (x,y) — (0, 0), where d; = H; — 1/2 for i = 1, 2. Refer to Lavancier [19]
for more examples. Boissy [6] considers the special case where P = Q = 1, and then one can explicitly compute the
auto-covariance
(=DM 1 —2dy) I (1 — 2dy)0?
vk, D =

Fk+di+DrQ—k—d)ri+d, +Hra—1—dy’
which is a product of the covariance of two ARFIMA (0, d;, 0) and ARFIMA (0, d,, 0) time series.
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A stationary spatial series satisfying (1.3) and (1.5) is anisotropic when H; # H,.If H; € (1/2, 1) fori = 1, 2, then the
restriction of this process to any slice along the ith coordinate axis is a long memory processes with Hurst parameter H;.
Several estimators of the long memory parameter H; exist, and could be applied to any slice. However, in this paper, we
develop an estimator of H = (H;, H;) that uses all the data, combining the information in each slice.

It is known that in the one dimension case, the two long memory conditions

fx) ~Gx'2H asx — 0, (1.7)

and

y(k) ~ gk*'=% ask — oo, (1.8)

are closely related [24]: wheng = 2G I"(2—2H) cos(;tH), itis known that for0 < H < 1/2,(1.8) implies (1.7) (see Yong [30,
page 90]), whereas for 1/2 < H < 1,(1.7) and (1.8) are equivalent if the y (k) are quasi-monotonically convergent to zero,
thatis, y (k) — 0, as k — 00, and for some C < oo, y (k+1) < y(k)(1+C/k) for all large enough k (see Yong [30, page 75]).

In the two dimensional case, if (1.4) holds, then it is not hard to show that the autocovariance function of the spatial
series (1.3) satisfies

, asboth (kq, k) — (00, 00), (1.9)

and then (1.6) follows. This paper is organised as follows: in Section 2, we introduce the local Whittle method. In Section 3,
we prove the consistency of the local Whittle estimators of the long memory parameters. Section 4 includes some technical
lemmas. Throughout the rest of the paper, we use IT* to denote the cube [—r, 7] in RX.

y ki, ky) ~ Gl 22

2. Local Whittle method

The Whittle method estimates the Hurst index of self-similarity based on the asymptotic properties of the spectral density
near the origin. The Whittle estimator in one dimension is asymptotically efficiency, in the sense that it achieves the same
asymptotic variance as the exact MLE does when the process is Gaussian. Additional information and details can be found in
Robinson [24], Beran [3] and Fox and Taqqu [12]. An essential ingredient in this approach is the discrete Fourier transform
(DFT) of the process. Under the semi-parametric setup, where only (1.7) is assumed, both the DFT and the tapered DFT can
be used to estimate the long memory parameters, see for example Dahlhaus [11], Lahiri [ 18], and Velasco [29].

Assume that we observe X, ; on a regular grid Ry = {1,...,n} x {1, ..., n} with sample size N = n?, and E[X; ;] = 0.
LetX, = N~! Z:,t:l X;.r the sample mean, and y (k, ) = E[X; (Xs+k t+1] the auto-covariance. We can estimate y (k, I) by its
sample version y,(k, ) = N~! > X.tXsik t+1 Where the sumisover 1 < s,t < nsuchthat1 < s+ k,t +1 < nas well.
Define the periodogram as (see [26, page 63])

2

Z (X(s, ) — X,) W)

s,t

1
Lxy) = —= (2.1)

(27rn)?

The idea of the Whittle method originated from maximum likelihood estimation. If, for the time being, we assume
X =WX,t=1,...,N) ~ N(0, X), where ¥ = X (), and 0 represents the unknown parameter(s) in the covariance
matrix, then the log-likelihood function of X is

N 1 1., .,
LN(Q):—Eloan—Elog|2|—EXE X.

Grenander and Szego6 [ 14, Eq. (12) on page 65] show that

T

1
lim log | X (0)| = —/ log f (x; 0)dx.
N—o0 2m

-7

and Bleher [5] proves that

I vw—1 i I(X)
XXX — X
—x f(x;0)
Therefore, Ly can be approximated by
N og2r - N1 /nl fooydx— [ 19 g 22)
— —log2m — —— ogf(x; 0)dx — X. .
2 B o ), B A FG6)

By Kolmogorov's formula for the one-step mean square prediction error [ 10, page 184],

1 b
GEZ = 27 exp { f logf (x; Ho)dx} ,
2

-
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where 052 = E[£?], and 6, is the true parameter value. Hence, in the bivariate case of a spatial series, the Whittle estimator
of & minimizes

= I(x,y)
Q.(0) = ————dxdy.
m f(x,y;0)
A further approximation replaces this quantity by its discrete version
[n/2]
I (xi, y]) 472
Q(0) = , (2.3)
,]Zl fxiy0) n?
where x; = 2wi/nand y; = 2mj/nfori,j = 1, ..., n are the discrete Fourier frequencies. We write I;; = I,(x;, y;) for short,

and likewise fi; = f(x;, ;). In one dimensional case, I(x;) does not change if X; ; — X is replaced by X;.t. As mentioned in
Robinson [24], the discrete version (2.3) is preferred because of computational efficiency, and invariance of I; j with respect
to the unknown mean of X; ;. Results on the consistency and asymptotic normality of the Whittle estimator for an ARFIMA
time series with long memory can be found in Fox and Taqqu [12], Giraitis and Surgailis [13]; and for one special case of
a spatial ARFIMA series, see Boissy et al. [7], where properties of Toeplitz matrices are used, following the ideas used in
Hannan [17].

In the current semi-parametric setup, we consider a spatial ARIMA process with spectral density f (x, y) satisfying (1.6),
and we only consider frequencies close to zero. Hence the local Whittle estimator (G, Hi, 1:12) is the minimiser of

1 ¢ 1-2H; 1-2H In(xi, yj)
Qn(G, Hy, Hy) = WZ lOgGXi 1yj Z+W

ij=1 i i
where H; € [§, 1 — §] for some arbitrary small § > 0 (to avoid the boundary of the parameter set), and an integer m which
satisfies m/n — 0 (so that we only consider frequencies close to zero). For 1/2 < Ay < A; < 1, We can also write

(H, Hy) = arg  min  R(Hi, Hy),
A1=Hi=A

m
N 1— 2H;
R(Hy, Hy) = log G(Hy, Hy) + m E log x; +
i=1

G(H1, Hy) = — ZI,] plyet

Robinson [24] proved consistency and asymptotic normality of the local Whittle estimator for univariate moving averages
with long memory. For a spatial moving average with long memory, we aim to give natural extensions of those results.
We note that for classical ARMA spatial series with spatial dimension d = 2, the sample autocovariance y,(k) is a biased
estimator of y (k), with E[y;, (k) — y (k)] = O(n), which is the same order as the variance of y, (k). Therefore, to make the bias
negligible, a modified sample covariance is used in calculating I,(x, y), see [26] for details. When using the Whittle method
to achieve root n consistency of estimators, a similar technique is used by several authors, see [20,26]; otherwise, the bias is
not negligible, see also [7]. When the local Whittle method is applied, we expect the rate of convergence (for consistency) to
be root ,/m, where m/n — 0.Hence the bias is asymptotically negligible, and therefore, we consider the usual periodogram
without any modification.

3. Consistency

In this section, we present our results on the consistency of the local Whittle estimator of the long memory parameters
H = (Hq, H,) for anisotropic fields in two spatial dimensions. The arguments depend heavily on the properties of Fourier
Transformations of spectral density functions. Extensions to three dimensions or higher are straightforward, but we state and
prove our results in two dimensions for ease of notation. To prove consistency of H, we need some technical assumptions:

A1l. The random field X; ; is covariance stationary with spectral density function f (x, y) = g(x, y)h(x, y) forx,y € [—m, 7],
where:
(i) g is continuous, non-negative function and g (0, 0) = Gy > 0;
(i) h(x,y) = hi(*)hy(y) for x,y € [—m, 7] is integrable, with h;(x) ~ x~2%1 and hy(y) ~ y~2% asx,y — 0 for some
constants dq, d; € (0, 1/2).
A2. In[—m, ], g(x, y) is differentiable with

d d
—logh;(x) = 0(x "), x— 0; —loghy(y) = 0@y~ ", y— 0.
dx dy
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A3. Asn — 0,
1 m
—+——0.
m n
Denote H = (Hq, Hy), H = (1:11, ﬁz), and Hy = (Hjp, Hyg) the true parameter. Also write the parameter space
O =[Aq, AT
Theorem 3.1. Suppose (1.3) and that assumptions A1-A3 hold. Then
H —>pHy asn — oo.
Proof. For0 < § < 1/2,letNs = {H : |[H;—Hyo| < 8, |[Hy—Hy| < &}, N5 is the complement of Ns. Let S(H) = R(H) —R(Hp).
Then
P(ﬁ € NyN®) =P(inf R(H) < inf R(H)) < P( inf S(H) <0),
Ngﬂ@ NsNe Ngﬂ(—)

since Hy € N5y N ©. Let

B G(H) G(Ho)
T(H) = —log CH) + log G(HO)

[2(Hy — Hio) + 1[2(H> — Hao) + 1] ¥ 2oy ¢ j\ 2
“°g[ e 3G ()

i=1 j=1

1 & . 1 & .
+2(Hy — Hyp) (m Zlogl—logm—i— 1) + 2(H, — Hyg) (m Zlog]—logm—i— l) ,

i=1 =
U(H) = 2(H; — Hyp) — log[2(Hy — Hyo) + 1] + 2(H; — Hy) — log[2(H; — Hyo) + 1],

and
G m m
G(H) = %ZZX (H1—H10) 2(H2 Hzo).
m i=1 j=1
One cansee S(H) = —T(H) + U(H). Then P(I:I € N; N ©) equals
P( inf {UH) — T(H)} <0) < P(sup|T(H)| > inf U(H)).
N§Ne ) N§ne
1-2H;

y! 7?2 Since for 0 < x < 1,

Note that U(H) is the deterministic part of S(H) obtained by replacing I by Gx; ;

x —log(1 4 x) > x?>/6 and —x — log(1 — x) > x?/2, we have

inf UH) > §*/°. (3.1)
NsN©

Therefore, to prove the consistency of H , it suffices to show

sup [T(H)| —,0. (3.2)
@

For a non-negative random variable Y, | log Y| —, 0 is equivalent to |Y — 1| —, 0. Hence, (3.2) in turn is implied by the
following:

G(H) — G(H)
1 33
o G(H) = op(1); (33)
_ m 2(H1—H10)
7 i=1
34
[2(Hy — Hao) + 11 N ()220 .
ap| 2=t £ 1 (1Y
j=1
and
‘1 > logi — (logm — 1)| = o(1). (3.5)
m i=1
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By Lemma 1 and Lemmaz2 in Robinson [24], (3.4) = O(m~2®1=Fio)=1)y 5 0asm — oo fori = 1, 2; and (3.5) = O(log m/m).
To prove (3.3), write

GH) — G(H) _ A(H)
G(H) " B(H)

where

m m 2(H1—H1o) j 2(Hy=Hz0) 7 f.
A(H):K/mzzz< ) (—) (i—l),

i=1 j=1 m

2(Hi —H 1M /i \2H-Ho) gy 1 : N\ 2(Hp—Hao)
B(H) = (Hy 10) + (7) (Hz 20) + (])
i=1 Jj=1

m m m m

with « = [2(H; — Hyo) + 11[2(Hz — Hy) + 1] and g = G xl ZH‘Oy;_ZHZO. By Lemma 1 in Robinson [24], B(H) > 1/2.Hence
to prove the consistency of H, it is sufficient to show
A(H) —,0. (3.6)

p

For this, we need the following formula of double summation by parts:

k n
35 Gty = b 336 0 50 bm)(zzcu) 0,50 0 (zzc,j)

i=1 j=1 i=1 j=1 j=1 i=1 i=1 j=1

n—1 n—

1
+ ) (@ = Geg1) (bn — buia) Z Z Gy (3.7)

k=1 h=1 i=1 j=

Let C; = m~2(I;i/gij — 1), a; = (i/m)?#1=H10) ‘and b; = (j/m)>H27H20) Then

m m 2(Hy—Hao) k+1 2(Hy—Ha) m I
e ) E(()()NE(EE )
izt j=1 \8i m j iz1 \8i
m—1 2(H1—H10) 2(H1—H10) k m
k k+1 IU )
SRS )-
k=1 \\M mn ; Z Ei
m—1m—1 2(H1—H10) 2(Hy1—H10)
k k+1
SEE (G
k=1 h=1 m m
K\ 2H2—Hz0) k41 2(Hy—Hy) k _h I 5
X — —_ = m
(G- ) e

=: a(H) + b(H) + c(H) + d(H).

In the following argument, we use Lemma A.1, and the subsequent derivations (A.23)-(A.29) in Appendix, which are
generalisations of Theorem 2 in Robinson [24] to the two dimensional case.

Consider a(H). Using (A.23) to break I;;/g; — 1 into three parts. By (A.23) and (A.24), one sees that

m

mry .

i=1 j=1

gu

fi

1— <Cn

gu

for any n > 0. By (A.27),
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1

A oSG (logi logj
m2Y > Ell— el <m0 -t
i=1 j=1 i=1 j=1
c & logi logj C [™logx log? m
< oYY s [ s
m? = i j mJ;  x m
By (A.29),
m m
m>> "> Elan’l, — 1| - 0,

1 j=1

-
Il

and hence a(H) = 0,(1).
Now, we consider b(H). Because

1 2(H;—Hip)
r

on ® whenr > 0, we have

m=1 2(Hy—H0)+1 1
b(H)| <C — —
b(H)| < ;(m) 5

Using (A.23) again to decompose the above expression into three corresponding terms b, b, and bs. One can see that

m—1 ( k)Z(Hz—H20)+1 1 k 1 m (E )

ol
]:

i=1

=

2
z (3.8)
r

I

8ij

_ &
Ji

S
S
|

k=1 m

1M k 2(Hy—Hao)
=Cn— (*) <Cn,
w2

by (A.23) and (A.24); the second term

m—1 2(Hy—Hy0)+1 k m . .
k 11 logj logi
w=cy (1) em 2t
k=1 =1 i=1
m—1 2(Hy—Hyg)+1 k
k log k 1 logm 1
=S )

m—1 2(Hy—Ha)+1
k Jlogk /1
m

k3/2 kml/Z
k=1

c logm mikz(Hszzo)HfWZ + 1 m271]<2(1'12*1'120)4r1*1
—  m2(Hy—Hy)+1 4 ml/2 P
k=

=1

<c logm

— 0.

m

by (A.27); the third term b3 tends to zero in probability by (A.29). Therefore, b(H) —, 0.
Similarly, c(H) —, 0.

1 m—1 k 2(H1—H10) 1 m—1 h 2(Hy—Hyq) 1 k h Ii'
dH)y <c— Y (~ ~Y (2 = g 1),
(H) < mZ<m> mZ<m) kh 4 .1<g,»j >

k=1 h=1

by using (A.23) and the arguments for b(H), one can also show that d(H) —, 0. Thus the consistency of H is proved. O

4. Asymptotic distribution

To obtain the asymptotic distribution of the local Whittle estimators, we need additional assumptions.
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AA1. The assumption A1 is true. In addition, for some 81, 8, € (0, 2],
h(x) ~ X720 40, () ~y' (1 4+ 007), xy - 0.
AA2. The assumption A2 is true. In addition, in a neighbourhood of the origin, t (x, y) is differentiable and as (x, y) — (0, 0),

It y) O(Ir(x,y)|> Ty _ (Ir(x,y)l)
ax X ’ ay y '

AA3. Asn — 0,

1 m? my\ A1 m B2
— + — +mlogm (—) +(—> — 0.
m n n n
AA4. The fourth moment of ¢, is finite.
Theorem 4.1. Suppose (1.3) and AA1-AA4 hold. Then
A 1
m(H — Hy) + 2, 'A, = 5N(o, I, n— oo,

where
32
Zy = 5 RO,

H belongs to the line segment between H and Hy,

A, = ( Z (logl — —Zlog ) (— —47'[21,]5) , % Xm: (log] - Zlog;) (} — 47 1,,S>> ,

ij=1 i,j=1

0 = (0, 0), and I is the identity matrix.

Remark 4.2. Using Lemma A.4 and AA3, we can show that A, = 0, (m"/#(log m)*/?), which is weaker than the bound
O,((log m)?) for the bias in [7]. However, our results also apply to non-Gaussian processes, so they are more general than
the case considered in [7].

Proof. Since Theorem 3.1 holds, we can apply the Mean Value Theorem to R(H), and write

a 0 92
fR(H)— R(Ho) 7R(H)(H Hy), (4.1)

where H belongs to the line segment between H and Hy. From (4.1), it suffices to show that

32
ﬁR(H) —p 4, (4.2)

m 9 pHy) — 7A N, I), (4.3)
20H 0 = '

since 8R(H)/8H =0.
We have

9 9 9 !
aTIR(H) = <a—H]R(H) R(H))

2 . 2o 2 . 2 o '
= |——Gi(H)— =) logxi, ——G,(H) — = ) logy;
(G(H) m; G(H) m,;

and

2

SR = (Ret), k1=1,2,

with

GK(H) = — Zluszl Ly22=1 (1og x )k
ij=1
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A 1 &
GY(H) = — > hp™ Ty logyp*s
=1

A 1 &
Gs(H) = — 3 Iy 'y;"™ " (log xp logyy)
ij=1

and

= Gy (GEEE - Elany).

(Eancan — @ NG m)).

Rip=Ry1=—
(G(H))?

Define the following terms, for k = 0, 1, 2,

FiH) = 23, 2411252 (g
R = Z’u Sy log s
F3(H) = Zlu 21 2H2 1(10g1)(log1)
Fl = 3 1P g
ij
1 m
ES(H) = W le‘jl‘ZHliljZHZ*](logj)k;
ij

1 N ol 101, — . .
Es(H) = — > 11/ (logi) (log ).

1001

Let FO(H) = F)(H) = F)(H), and E°(H) = EY(H) = EJ(H). Sometimes, we omit (H) in these notations for easy writing.

Then one can observe that
4

wE EE @),

(F?F° — (FH?) =

i,i =

(E%)?

_ 0 101\ _
Riz = (F0)2 (F3F - 1F2) - (E0)2

(EsE® — E|E;).

To show (4.2), it suffices to prove the following two claims:

82 2

SH? ( ) = 3H2R(H0)+OP(])
2

3H 2R(HO)—>I,4I

By the proof of Lemma A.6, fori = 1, 2,

2
1& 1&
Ri=4 leogzj—(leog]) +0p(1) = 4+ 0,(1);
j=1 j=1

Riz =Ry 1 = 0,(1).

Therefore, (4.6) is true.
Let g = 2Hy¢ + 2H9 — 2. By the proof of Lemmas A.6 and A.7,as n — oo

[Ez(Ho) + 0p(MD][E®(Ho) + 0,(n?)] — [E] (Ho) + 0,(n)]?

Rj(H) = {E°(Hp) + 0,(n%)}2

4
= W{F,?(HO)F“(HO) — (F'(Hp))*} + 0p(1), j=1,2;
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and

[E3(H0) + 0,(ND)][E°(Ho) + 0,(n?)] — [E{ (Ho)E3 (H) + 0p(n%)]
{EO(Hp) + 0,(n%)}?

Rp(H) =

{F3(Ho)F°(Ho) — F{ (Ho)F, (Ho)} + 0,(1).

(FO(Ho))?

Thus (4.5) follows by using (4.4) and the claim (4.2) is proved.
To prove (4.3), let v; = log x; — % Z:”:] log x; and write

m oR(Hy) 1 1 & _ _ 1 &
m =m{- — inzH“’ 1yj2H2° 'Ij(logx;) | — - Zlogx,-
=1 i=1

2 0H; G(Hp)
2H19—1, 2Hyo—1 2H19—1, 2Hpo—1
Lo —Zog ) P A
- l 1 ~
m i,j=1 (H ) i,j=1 G(HO)
B 1 i X2H10 1y2H20 1[ i 0 IU
= - - Vi
ij=1 G(Ho) mi= 1 G(Ho) 8i
m I 18 I
:—Z (i— ) +op(1>)=—2w<i— >+op<1),
ij=1 m i,j=1 8ij

using Y v = 0, G(Hp) = Go + 0,((logm)'/>/m** + (m/n)#! + (m/n)#?) from Lemma A.6 and summation by parts
together with AA3, Lemmas A.4 and A.5 and Z'{Hl [vi — vit1| = O(log m). Thus, we have

m dR(Hp) _ l ( 47'[21,15) — Z Vi (27'[) Lje — 1} 4+ 0p(1)
ij=1

2 8H1 m 1] 1
=2 Z Zse + 0p(1), (4.7)
s, t=1
where
n m
Zgt = &t —— i Z Euv (Z V; cos(s — u)x; Z cos(t — v)y; — Z v sin(s — u)x; Z sin(t — v)y,)
u=1 v=1 i= i=1 j=1

fors # 1and Z; = 0.Let ¢, (t) = (1/ny/m) Y [, vicostx;, c(t) = (1/ny/m) Y [ costx;, s, (t) = (1/ny/m) Y ;" v;sintx;
and s(t) = (1/ny/m) Y[, sintx;.

Then, we can rewrite Z; ; as

s—1 n
Zoo=ts0 ) Y Eun(Culs —we(t — v) = s,(s — ws(t — v)).

u=1 v=1

Next, we bound c, (s), s, (s), c(s) and s(s). From (4.20) and (4.21) in [24], |c,(s)| and |s, (s)| are bounded by O(ﬁl"gm)
for1 <s < n/2and O(l"gm) forn/m < s < n/2. Similarly, |c(s)| and |s(s)| are bounded by O(‘F) for1 <s <n/2and
),forn/m <s < n/2. Also, [c,(n —s)| = |c, (9)], [sy(n —5)| = |5, (S)], [c(n —s)| = |c(s)| and |s(n — s)| = |s(s)|. Thus,

0(—).
J/ms
we introduce A(s) fors = 1, ..., nsuch that
1 n n
—_ — =<Ss= -
/ms m 2
n’ T T m

A(n—s), s>
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Then, we have

lcu )], [sv(s)] = Clog mA(s),
lc(s), [s(s)] = CA(s),

n 1 (4.9)
D AP =0 (7> )
s=1 n
The last equality can be shown as in (4.22) of [24].
Similar to (4.7), we obtain
moRHy) 1 &
5 8HO — =Y (Lt ) =2 e Z Z Eu0(C(s — )0y (t — v) — S(s — U)s, (t — v))
2 m ij=1 s,t=1 u=1 v=1,
v#t
233, { S et - } +op(D,
s=1 t= v=1
n
=2 Z +op(1) (4.10)
s,t=1
where
s—1 n
Zo=ec Y Y eun(c(s — u)e,(t — v) = s(s — s, (t — v)), (4.11)

u=1 v=I1,
v#EL

fors # 1and Zj, = O since

n n t—1
2 Zl: ;em {{f Z;ssﬁvcu(t — v)} =0, (ﬁlogm) =0p(1),

which can be shown using (4.8) and (4.9). Now (4.3) follows using Lemma A.10 along with (4.7) and (4.10), which completes
the proof. O

5. Simulation study

A brief simulation study was conducted to illuminate the finite-sample behaviour of our estimator, and to illustrate its
practical application. We apply the estimator to simulated random fields X, ; with a different Hurst index in each coordinate.
Specifically, we simulate a fractionally integrated noise

Xoo = (1= L) (1 — L) %e,,

where (1 — L)% (x) = Z;fo wif (x — j) with w; = I'( — d)/[I"(d + 1)I"(—d)] is the usual fractional difference operator,
and &; ~ N(0, 1) is an IID white noise field. The fractional integration weights w; were computed using the recursive
formula [27, (7.13.1)]. The simulation used orders of fractional integration d = 0.1, 0.25, 0.4, so that the corresponding
values of the Hurst index H = d + 1/2 are 0.6, 0.75, 0.9. Since we allow H to vary with coordinates, there are nine different
values of H = (Hy, Hy). We collapse to six cases with H; < H,, without loss of generality. The size of the simulated
random field was n x n where n = 128 is relatively small, and we truncated the fractional integration sum at /] = 200
terms. We synthesise an ensemble of r = 1000 replications for each value H. For each replication, we compute H for each
m = 1,2,3,..., defining the number of Fourier frequenc1es in each coordinate used to compute the estimator. We also
compute the one dimensional local Whittle estimators, H (H1, Hl) using a single row and column of the simulated data,
respectively. Then we compare the behaviour of this well known estimator with that of our new estimator, which uses all
the data.

As an example, Fig. 1 shows the ensemble average Bias?, variance, and mean squared error for our estimator H, and
the one dimensional local Whittle estimator H, when the true H = (0.6, 0.75). The magnitudes of these three diagnostic
quantities for our estimator H are, in general, smaller than those of the estimator ﬂ, and naturally this conclusion holds for
any different row or column of the data used to compute H (not shown). When m is between 40 and 60 [10%-20% of total
frequency vectors], our estimator H generally produces a reliable estimate of H, with a lower MSE than the one dimensional
estimator H, for all values of H tested. The minimum MSE in each graph gives a rough indication of the optimal choice of m
for this case.
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Fig. 1. Bias?, variance and mean squared error versus the number m of Fourier frequencies used, for our estimator H (left) and the usual one variable local
Whittle estimator H (right). Note that the MSE of our estimator is significantly lower.
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Fig. 2. Plot of our estimator ja (left) and the usual one variable local Whittle estimator H; (right) versus the number m of Fourier frequencies used. Three
representative realisations are shown, and the grey horizontal line indicates the true value of H;. Note that our estimator stabilises near the true value over
a broad range of m.

Since the local Whittle estimator depends on the number m of Fourier frequencies used, we also explored the behaviour
of our estimator as it relates to the choice of m. Fig. 2 shows three representative plots of H and H as a function of m in
the case H = (0.6, 0.75). In practical applications, a reasonable approach is to plot the local Whittle estimator against m,
and visually determine a region in which the estimator stabilises. Typically, in our simulations, the estimators ﬁi for both
coordinates stabilise at a value close to the true H; for m near 40, and the stable range is fairly broad. The one dimensional
Whittle estimator H is more variable, and of course this conclusion persists using any row or column of the data to compute
H.
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Table 1

Average bias and standard deviation vectors from r = 1000 simulations for our estimator ﬁ, and the one dimensional local Whittle estimator H, using
m = 40 Fourier frequencies. Our estimator has less bias and a smaller standard deviation in all cases.

(Hy. Hy) Bias sD
H = (Hy, Hy)
(0.60, 0.60) (—0.0041, —0.0059) (0.0146, 0.0140)
(0.60,0.75) (—0.0044, —0.0087) (0.0140, 0.0136)
(0.60, 0.90) (—0.0043, —0.0092) (0.0145, 0.0142)
(0.75,0.75) (—0.0094, —0.0097) (0.0139, 0.0143)
(0.75, 0.90) (—0.0089, —0.0090) (0.0148, 0.0141)
(0.90, 0.90) (—0.0084, —0.0092) (0.0143, 0.0143)
H = (Hy, Hz)
(0.60, 0.60) (—0.0183, —0.0123) (0.0966, 0.0946)
(0.60, 0.75) (—0.0115, —0.0198) (0.0934, 0.0940)
(0.60, 0.90) (—0.0148, —0.0250) (0.0933, 0.0963)
(0.75,0.75) (—0.0229, —0.0211) (0.0996, 0.0931)
(0.75, 0.90) (—0.0209, —0.0172) (0.0969, 0.0994)
(0.90, 0.90) (—0.0192, —0.0176) (0.0959, 0.0952)

Table 1 illustrates how the ensemble average bias and standard deviation of our estimator H, and of the one variable
local Whittle estimator H, vary with H. For example, in the case H; = H, = 0.6, the average bias of 1:11 is —0.0041, and
the average bias of 1:12 is —0.0059. The bias of both estimators inflates as H; increases from 0.5 to 1.0, while the standard
deviations are comparable for all H;. For our estimator, the observed standard deviations are close to the asymptotic value
of 1/(2m) = 0.125 from Theorem 4.1. The one variable local Whittle estimator H; has a significantly higher bias, and a
significantly larger standard deviation, as compared with our estimator H;, in all cases. Given the relatively small sample
size of n = 128, this provides some confidence that our estimator can be useful for real data analysis, as an improvement
over the one variable local Whittle estimator, in applications where the spatial data has significant anisotropy, so that the
Hurst index varies with coordinate. We also note that, since the standard deviation of our estimator is much smaller, the
opportunity to detect such anisotropy is greatly enhanced.
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Appendix

The following lemmas generalise Theorem 2 of Robinson [23] to the two dimensional case.
Let

1 & ,
oX,y) = — X, el
*.y) mes;

Lemma A.1. Suppose A1-A3 hold. Then, uniformly for j,k,l,h=1,2,...,myandj <,k < h,

logi logh
Elw (4, y)@(X;, i)l — f (%, y) = O (f(xj,m (% + %)) . (A1)
logj logk
Elo(%, yo)w(%., y)] = 0 (f(xj,yk) (% + %)) . (A2)
_ logl logh
Elw(x;, y)o(x1, yn)] = O (f(xj,yk) (T + T)) . (A.3)
logl logh
EloX;, y)w(x, yr)] =0 (f(xj’Yk) <T + T)) . (A.4)
Proof. We show (A.1) first. It is equivalent to
Elw(xj, y)o(Xj, yi)] — f (X, yi) = O(€jr), (A5)
where

logl logh\ _4 _4. —d4, —
€jlkh = (T + k) X d1"1 dl)’k dZYh dz, and € = €k
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Note that y5, = (27) 72 [,2 f (x, y)e '®"dxdy. The left hand side of (A.5) equals

1 i i i Fi(t—
ST Z Z / zf(x’ y)efl(sfl)xfl(tfh)ydxdyel(sfl)xjﬂ(t h)yk _f(xj, Yk)
st Lh YT
=7, (Fx.y) — F X y0) K ((x =), (v — yi)) dxdy, (A6)
7
where K (x, y) is the product of Fejér’s kernels, that is,

Kx,y) =Fx) -F(y),

1 1 &
F(x) = —|D®)|> = — el=Dx,
®) = 5 —IDW)| mg;

where D(x) is called the Dirichlet kernel. Choose € > 0 and n such that for A € (—e¢, ¢€) \ {0},fori =1, 2,
lhi(A)| < ClA| =, ()| < Cla| =124,

The proof is carried out by the following partition:

b4 —€ —2a —a/2 a/2 2a € b4
/zf +/ +/ +f +/ +f+/, (A7)
- -1 —€ —2a —a/2 a/2 2a €
with a = x; and y; respectively, and by A1 and A2, especially the fact that f(x, y) is a product of two separate function

h1(x) and h; (y) near origin. We consider the following typical terms. The following inequalities of Diriclet Kernel and Fejer’s
kernel [10], are used repeatedly.

n
2 : @l
s=1

<, xel,

n (A.8)
Q@rn)™! Z e <cox®)~!, xel,
s, =1
for sufficient large n; and that (Brillinger, or other time series text books),
1 [sin(nr/2)7?
f F(L)dh = / R L GEON (A9)
I g n | sin(A/2)

First, applying (A.8) to K in (A.6),
T pn - C 2 psm pm 2dy 24,
< [Fx,¥) + g, yi)x; 'y~ “ldxdy
€ € 0 0

ne?
Applying (A.8) again,

o -2
<(n 2Xj 1 2

—2d
Vi 2 = o(ep);

€

g € T € g
[ [ = moora—xex [ mwro-yodr+c [ mepra-sa [ moory -
€ 2yk € 2Yk € 2yk
C h2 (V) /e (1—2d C —2d € 1
< = ! max |2 D2y — yydy + — 2/ . d
= e {Zyksyfe y(1-202)/2 2yky v — ye)dy nezyk e N0 — Y02 y
C 12— /E (1-2dp)/2 1 C o, [€ 1
< —y YR ————dy+ —y | ————dy
ne2” e ny—y? -~ ner”* oy ny —y)?
- Lyrl/z—dz /5 y(1,2d2)/2idy+ Lyrzd2 /‘s idy
~ ne2”* W ny? ne2 2y, Y2
C (C1/2-dy)(=1/2-dy) C 12,
= nzezy" + nzezyk

C —2d;
= — = 0(€jk).
nkyk (6]k)
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Forx € [e, ],y € [yi/2, 2y],
F&y) —f&, 0 = F&Y) — &y + &) — F(X, y1)
=fHENE —y) + & )& —x), (A.10)

for X between x and x;, and y between y and yy. By A2,

flxy) = g% hih(y) + g ) ®h(y) = 0@y~ *®);

’ / ’ —2dy—1 (All)
L& Y) = g& yhh@) +g&, »hi(hy) =0y 27).
By (A.8) and (A.9), one has
2yk 2yk _ad
/ £y (X — %)F (X — %)F(y — y@dxdy‘ <c / / Y (x — %)F(x — x)F(y — y)dxdy
Yk/2 e Jy/2
T Ve g
< ¢ [ xmwra—xe [y R - yody
€ Yk/2
bg 1 B 2yk
<cC (/ dX> (yk 2“'2/ IF(y _.Vk)|d.V>
e nix—x Yi/2
C _x
< —y, 7 =o(eip), (A.12)
ne
by A3. In addition, by the fact that
Yk
/ ID)|dy = 0(logk) (A13)
—CYVk

in Lemma 5 of [22], one has

2yk T 2y
(%, ) = YOF (= )F(y — y@dxdy‘ <c / IF(x — xp)dx / iy — yOF (v — yildxdy
€ Yk/2

C _pg1 [P0
24y
=
ne Yi/2

=Dy — yi)
n
C —2,-1Clogk  Clogk s,

Yie/2

dxdy

= ne2”k n n k 7k = o(e)-
Hence, |f fzy" = 0(€j).
Yk/2 Yk/2
<c f / Iy GO ) + h (s () [F(x — x)F (v — i)y
—Yk/2 —Yk/2
Yk/2 Codi o4 T Vk/2
< / F(x— x)dx / By — ydy + Cx; 2y / F(x — x)dx / F(y — ydy
€ —Yk/2 € —Yk/2
c (2 C . _ Yi/2
< — | yEFy-yody + —x Ny 0 / F(y — yidy
nes J_y /2 ne —Yk/2
C ([ 2yt —2d; —2d C/'yk/z 2
< — max F X; 1 2_ d
S e (yk Jmax FQy =y +% 7y RO
C —2dy+1 —2d1 —2d; 1
JR— + =0 (€;
= e <yk nyk Yk oy (]k)

by applying (A.8). The proofs of terms [ [~ z’;‘k/ 2 I f:jy “,and [T ["° are easier than the above three terms.

Now we prove those terms when x € [2x;, €]. The term [, [ can be handled in a similar way as in [ f;yk’
J

./e fe
2xj J 2yk

hy ()
y(1-2dz)/2

hi(x)

<
C max x(l 2472

2Xj<x=<e

€
/ X122 (x — x)dx max
2x;j 2yk<y=<e

€
/ yIT2R2E(y — yy)dy
2Yk

+Cx; 2y 20 / / F(x — x)F(y — yi)dxdy
2% J 2yk
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C 124, —1-24
< —x 1 . p)
2

Applying (A.10),

/ /ZYk
2% Jyg/

= O(ij).

IA

€ 2yx
c f / 11 R 30 (x — x)[F(x — %)F(Y — y)dxdy
2 Jy

k/2

€ 2yk
+c / 106 ) — YOIF(x — )E(y — y)dxdy
2x; Jyk/2

I+11.
Then

—
IA

€ 2Yk
C /2 X720 x — x| F(x — x))dx / hy (V) F (v — yi)dy

Xj Yi/2

108] _og _
F(y — yo)dy = o( Jg]]”lykz‘b),

IA

2yk
x 217 (log )y, > /

Yk/2
by (A.9). Consider the second term II.

2Yk
I < / / (6, ) — yOF (x = x)F (v — yi)ldxdy
2% Jy

k/2

- 1 i
Cx; 2‘“/ ————dxy, 1[ v — Yl F(y — yi)dy
2x; n|X_Xj| Yi/2

72d1

j —2dy—1 Wi
C—¥ [y — yelF(y — yi)dy
J Yk/2

IA

IA

_ ij_z ! _Zdz log k
j k

by (A.8) and (A.13). A similar argument implies

/Zx] /Zyk
Xj Yie/2

= O(ij)

IA

2xj 2yk
/ / IFI R, 70 (x — x)[F(x — %)F(y — y)dxdy
xi/2 Jy

k/2

2X; 2yk , .
+ / 06 O — 30 IF(x — x)F(y — yo)dxdy
Xj/2 Jyg/2
Zdll 08J _uq a Ve logk
E C y_z 2 + C —2 1 k ,
K

IA

/ZX] /yk/z
X] —Yk/2

2% rYk/2
/ ] / B If{ &, ) (x — X)) + £, ) — yi)| F(x — %)F(y — yi)dxdy
X] —Yk

iy Yi/2 2
c/ x4 (x—xj)F(x—xj)dxf Y RF(y —ydy

<
/2 —Yk/2
2 o, Yie/2 2d2 1
+C / B X TF(x — xj)dx f /2 O = YIF(y — yidy
Xj —Yk
Cx " logj Yi/2 Ciogk 2
< L ™ max F(y —yk)/ 2dzdy—I—Cx 2d1u/ F(x — x;)dx
j WI<ye/2 yk/Z k X/2
Zdl log] y—2d2

- n o2 yk log k
- j k J k

Hence (A.1) follows.
To prove (A.2), we note that the left hand side of (A.2) equals

1[(S+u)x +t+v)yE] —i[(s—wx+(t—v)y] i[(s+wxj+(t+v)yk]
o D Y B i 2 2 [ soe dray e

s,;t=1u,v=1 s,t=1u,v=1

= O(ejr).
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n n
= L/ fx,y) Z Z ei[s(xj—x)+u(xj+x)+t(yk—y)+u(y+yk)]dxdy

s, t=1u,v=1
1
— / Uy —f . yk)}n—zD(xj —x)D(x; + x)D(yk — ¥)D(y + yx)dxdy,
7

since

/ D(x; — x)D(=x +x) = ZZe‘(S"j+“XI< / I=5) gy
7

s=1 u=1

n
=Y e =y, (A.14)

by the fact that 22:1 el®—Xs = (O for j # k (page 322, [10]). Decompose and argue as in the proof of (A.1), we can obtain
the result.
Now we prove (A.3).

i ~ i(sxj+tyg)—i(ux;+vyp)
Elw(g, y)d 0yl = — HZZZE(XMX 0)el

s,t uv

/ f&Y)-—— Z Ze‘{s("l"‘”f(”k—”ﬂ(" X0)+00-¥0) gy
47202

s,t u,v
= f F &, ¥)Ejn () Egn (y)dxdy,
nZ
where
1
Ej(x) = 7D(XJ —x)D(x —x)).

We write E = Ejj(x)Ex,(y) for short, and also we assume j < land k < h for simplicity. Using (A.14), we decompose the
integral with respect to x into the following four parts as follow:

2% Xi+x|
/dy L] [fx,y) — f(xz,y)]deJrf/2 [f(x, y) — f(x;, y)JEdx
7 Xj 2
Xj;rx, XJ/Z
- [fx,y) = fx, 0] / de+</ / )[f(x,y)—f(xl,y)]de . (A.15)
Xj/2 2x;

Again, by applying the same rule, we decompose the integral with respect to y in (A.15) into four parts, the resulting first
term is

2yn 2x
/ e F X Y) = f (1, ¥) — f(x, yn) + (X1, yn) |Edxdy
Ortyn)/2 J L= !

2yh (Xj+x1)/2
/ / [F(%.y) — £ (0 9) — F Gt yi) + F (5 ) IEcedy

Wk+yn)/2

2yh (Xj+x1)/2
/ / 7 9) = F 3. ) — £ (s ya) -+ £ (., y) JEdxdy

Wk+yn)/2
2y
f (/ / ) [Fx,y) — f(xi, ¥) — f (%, yn) + f (1, yn) JEdxdy; (A.16)
Wk+yn)/2 2x -

the second one is

Wktyn)/2  p2x
/ P& y) —FxLy) — &y + f (i, yi) JEdxdy
Yy

Xj +x1
k/2

(Vkﬂ/h)/Z (Xj+x1)/2
+ / / [F(x.y) — F (0 9) — F 6 i) +F (g, yi) JEdxdy
Yi/2 Xj/2
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Wktyn)/2 p&i+x)/2
+ / / [f G, y) = F(x5, ) — (0, yi) + f (x1, yi) JEdxdy
) X

%/2 /2

Wk+yn)/2 Xj/2
/ / ( / / )[f(x,w—f(x,,y)—f(x,yk>+f(x,,yk>15dxdy; (A17)
Yi/2 2x

the third one is the product of (—1) and

Wk+yn)/2  p2x
//2 o F & yn) — @, yn) — (%, yi) + f(x1, yi) JEdxdy
i

(}'I<+Yh)/2 (X]‘H‘I)/z
+ / / [f &, yn) — F &5, y0) — F (%, y1) + f (x5, yi) JEdxdy
Yi/2 Xj/2

Wktyn) /2 p&i+x)/2
+ / f [f G, yn) — F 5, yn) — 0, yi) + f (%5, yi) JEdxdy
yi X

/2 /2

Vetyn)/2 x/2

/ (/ / )[f(x,m—f(xz,ylo—f(x,m+f<x,,yk)]sdxdy; (A18)
Yi/2 2x;

and the last term is

Vi/2 2x|
(/ / ) F(%.3) — F (i ¥) — F 6 yi) + F (xt ) IEcedy
A

X+Xl
Yi/2 (xj+x1)/2
(/ / )// [Fxy) —f(,¥) — f(x, yn) + f(x;, yn) JEdxdy
2yn Xj/2
Yi/2 (xj+x1)/2
(/ / ) // FxLy) = f(5,y) = f i, yn) + f (%1, yn) JEdxdy
2yn Xj/2

Vi/2 X;/2
</ / ) (f / ) F&y) —fGa,y) — Fx yn) + f (%, yn) JEdxdy. (A.19)
2yn 2x

We choose € and n as in the proof of (A.1). Also, because of A1, the spectral density function f (x, y) is symmetric with respect
to x and y near origin, we only calculate typical terms in (A.15). First, we consider each term in (A.16). By the Mean Value
Theorem, A1, A2, and (A.8), (A.9) and (A.13),

2yn 2x
/ Uy = &L y) = Fx yn) + f (%1, yn) JEdxdy

Xi+X|
Wk+yn)/2 JTI

, h 2 D(x — X))
= s lfix, I Exn(y)dy fdx
iTX])/2=x=2X| .
Lykjﬂlh) I<y<ayy rt+yD/2 (xj+x1)/2
—2dy—-1. —2d, l0g1
<O Ty, P —= = O(gju)- (A.20)

And similarly, the second and the third terms in (A.16) are O(ejyn). To calculate the fourth term in (A.16), we choose an € as
in the proof of (A.1),

2yn g
f P&y = f@a,y) — Fx, yn) + f (1, yn)JEdxdy

(Vk+yn)/2 J2x

2yn b4 €
- / {/ +/ } [f (%, ¥) = f(a, y) — F(x, yn) + f (X1, yn) JEdxdy.
2x;

Vetyn)/2

The component | f(?/ﬁyh)/z 2Xl[f(x V) —f,y) —f &, yn) +f (%, yn) IEdxdy| = O(ejin) can be obtained as before. Using the

Mean Value theorem, A1 and A2,

2yh T
‘ / F(x.y) — F(xiy) — F e ) +f(x,,yh>]dedy‘
Vk+yn)/2

< / ﬂ(X)dX{

2yp
/( (f (%, ¥) — (X, Yn))Egn (v)dy‘ +

Yi+yn)/2

2yh
/( fx1, ¥) _f(xlv.Vh))Ekh(y)d.VH

Yk+yn)/2
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2y
/ L@ —}’h)Ekh(V)d}" +
(

Yk+Yh)/2

i3 2yh
< [ Ejl(X)dX{ / fZ/(x,,y’)cy—yh)Ekhcy)dyH (A21)
€ Wk+yn)/2

where y, ' are between y and y;. By A2, (A.8), (A.11) and (A.13), the above quantity is bounded by

C
2.2 (., dX
n“e* (yk+yn)/2<y=<2yp

—2dy—1 C logh - Elogh 1

2yn
(Y —yn)Dy — yn)D(yx — J’)CU/‘ < <
/<yk+yh>/2 neyy? h T onokoyyl

- = 0(€jikn) -

To calculate the last term in (A.16) due to the integral on [x;/2, — 7],

2yp Xj/2
/ P&y = f@a,y) — fx yn) + f (i, yn)JEdxdy
Wk+yn)/2 J —

2y Xi/2 —Xj/2 —e
/ / / / P& y) —f&Ly) — fx yn) + f (%, yn) JEdxdy
Wkt+yn)/2 Xj/2 - -

=I1+141Il.

The last two terms II and Il are O(eji,) by similar arguments to (A.20) and (A.21), respectively. Again by the Mean Value
Theorem, A2, (A.8), (A.9) and (A.13),

2yh xj/2
f F(x.y) — F (i ¥) — F G yi) + F (xt y) IEcedy

Wkt+yn)/2 J —xj/2

2yn Xi/2 o x/2 o
=< / En(y)dy L& = ynEp(x)dx + £ = yEi()dx
Wktyn)/2 —x/2 2
o 1 Xj/2
<C ( max —2dy—1 / En(W)(y — J’h)dyD max *ID(xJ — )D(x — x))| 21y
OEIZZY=In Grtyn) /2 i

=

A

yo2e logh (2 1
" n J nx;X;

C —2d, 1 —2dy
< X
[ g

dy
Yk k
< Céjikn (yh) B O(ejikn) -

This proves that (A.16) = O(€jin).
For (A.16)-(A.19), the proof is similar. We only show calculations of some typical terms not covered above.

Vi+yn)/2
/ / F(%.3) — F (i ¥) — F 6 i) + F (x yi) JEdxdy
y €

k/2

b4 Vkt+yn)/2 ~ k+yn)/2 _
B / Ey(0)dx { f £ 5)(y — yk)Ekh(V)dy’ + / 00,70 - yk)Ekh(wdyH
€ Vi/2 Yi/2
C Codi1 2yp
< — max 2 vy =YDy — yn)D(yx — y)dy
n2€2 yi/2<y<i+yn)/2 Vr+yn)/2
C log h o(eir)
_— = €; ,
" ne )’Zdz k e
since
1 logh (log hyy, 2yp2xx{"

ne y2d2 )= nk(logl/j + log h/k) -
Also

Wk+yn)/2
/ / [f & yn) — &, yn) — F Y1) + f (X1, yi) JEdxdy
Y, €

k/2

Vk+yn)/2 T 5 5
5/ / LEx () {1y (%, )1 + s X1, YN — yi) Ern (v) | dxdy
Y, €

/2
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C k+yn)/2
< G max e / 190 — il ———— D — y)ldy
2 Y /2<y<+yn)/2 /2 nlyp —yl
C  _oay- 110gh C logh 54, '
= ne2’k n —ne kT Otejun)-

It is easy to see that from (A.8) that

b g T
[ [t = e = i+, yk)]dedy‘ — 0(12) = oejun).
€ €
Summarise the above arguments, we obtain (A.3). We skip the proof of (A.4), which is similar to and easier than that of (A.3).

Corollary A.2. Under AA1 and AA2, uniformly for 1 <1i,j < mwithm/n — 0,

J:

Proof. This corollary is a generalisation of Lemma 3 in [24]. It can be proved by similar arguments as in Lemma A.1. The new
technique here is, whenx & [x;/2, 2x;] ory & [y;/2, 2y;], we use the fact

[T (%, y) — al® < 2{f (%, y) +F X0 y))
to proceed. O

T(X,y)
®jj

2 1 1
=1 K&x—x,y—y)dxdy=0| -+ - ).
i j

Remark A.3. (A.3) and (A.4) also hold whenj < [, k = horj =, k < h. For example, we can write

Elo(Xj, yi)d (X1, yi)] = / f&MEF (Y — yi)dxdy. (A22)

Using (A.14), decompose (A.22) with respect to x into four parts as in (A.15):
X+

2x;
f dy [fx,y) = fxi, YIEiX)F (Y — yi)dx + / ’ f&xy) = F&, WIEiXF (Y — yr)dx
7

X+X
Xj/2

il k4 Xj/2
—f &, y) — f(x,9)] // ’ Eqg(x)F(y — yi)dx + (f +/} ) P&y — &, MIEIXF(y — yi)dx
Xj/2 2x; -

Also consider the partition of the range of y as in (A.7). Similar techniques in the proof of Lemma A.1 then apply for each
partition.

The following results are used in the proof of consistency of H. Note that

I ( gu) ij 1 2
L 1=(1-2Z) L + (U — |y lie) + @2l — 1),
g fila " f ij il lije ije
where a;; = 7(x;, y;) and t(x, y) is defined in (1.5). For any > 0,
‘1—&7 <n ij=1,....m. (A.23)
fi
and
I .
E|l—|<C, ij=1,...,m. (A.24)
8ij
by Lemma A.1 and (1.6). By the Cauchy-Schwarz inequality,
_ o 1/2
Elwj — ajoiie| - oy + ajoye| < (Ellz] — ayElwjoh] — ayElogeo;] + o Elly]) !
- - 1/2
x (Ellj] + agElwiedy] + aE[@gewy] + o Ellic 1) . (A25)

From Lemma A.1,

Ell;] = f(1+o<l°lg' lojg’»
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Also note that E[I:] = 27) ™2 and
_ aji logi logj
Elwydye] = —> (1 +0 <—.g + ﬂ)) , (A26)
4r i J

which can be shown in a similar way to prove Lemma A.1.
Thus, fori,j=1,...,m,

1 logi logj

=y = laPlye) = 0p | —— + == ] . (A27)

fi J
For the third term, E[47 2l — 1] = 0, and

2 1 . 2 1 i(s—h)xj+(t—1)y;
4l —1= Do -+ - D> eene Ty, (A28)
s,t=1 (s,)%(h,])

Because of i.i.d. of &,

1 n

— > (€2 =1 —,0.

s, t=1

The expected value of the square of the second term in (A.28) is bounded by

£ eZi[(sfh)xﬁ(tfl)yj] <C l Z eZi(s—h)x,- l Z eZi(tfl)yj

n4 - n? n?

(s,0)#(h,D) s,h t,l
C
<
= e

by the inequality of Fejer’s kernel; e.g., see Zygmund [31, page 90]. Therefore,

47l — 1—,0. (A.29)

The following lemmas are needed for the proof of Theorem 4.1 regarding the asymptotic distribution of the local Whittle
estimator.

Lemma A.4. Under the assumption of Theorem 4.1, asn — o0

1. I P\ A1 P\ B2
ZZ(*—‘lﬂzIUa) =0y <05/410g1/2p+p2 ((7) - (f) ))
8ij n n

i=1 j=1
for1 <q,r <m,and p = max{q, r}.

Proof. Assume q > r. Choose an ! < r. By (A.24), and the fact E(47r21,-j8) = 1, we have

L/
> (L - e
ij=1 \8ii

By AA1. and (A.24),

1. (0 1,
DPAEE B3

i=l+1j=I+1

m

<P n— oco. (A.30)

(A31)

A
L
N
N
—
S
~—
>
+
—
=S Q
~—
Ny
N—

and

rm——
M-
T
T+
M-
M-
[ —
N
e
e
o~
IA |
], 2
— I
S
SN—"
>
+ +
@ It
=
=1
[ —
—
|
ENE
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Let uj = 2w wji/|ajjl, vij = 2 wjj.. Now we consider

2
q r I q .
: { ( U 4 ZIUE) Z 2 :[E|“ij|4 - 2E|uijvij|2 +E|vij|4]
i=Il+1j=I+1 fu

i=I+1j=I+1

+ Z [E |ujugn|* — Elugvinl® — Elugnvy|* + E|vgven|*]
i)k, h)
ca—+b,

where a = a, +az,b = b] +b2,

q T
@ =Y > {2(Eu*)? + [Eujl — 2|Eujvy|* — 2|Euyvg|* — 2E|uzElvgl® + 2(Elvg|*)* + [Evi ),
i=I+1j=I+1

q T
ay =Y > {cum(uy, uy, iy, i) + cum(vy, vy, by, vy) — 2 cum(ug, vy, dy, vy},
i=I+1j=I+1

and

q r q r q r q r
br=233" 3 4> D 4+ D 4y > H{Emw = DEwal’ - 1)

i=lH1, =l =k, =i, =k, =1, =, =l
i<k j<h i<k j>h i<k j=h i=k " j<h

2 . 2 - 2 - 2 2 -
+ |Eugugn|* + |Euglien|* — |Eijoen|® — |Euiorl* — |Eviitn|® — [Evilt|* + [Evgve|® + [Eviben|®}

q r q r q r q r
b, =2 Z Z + Z Z + Z Z + Z Z {Cum(uij, Ug, Ui, Ukh)

i=l4+1, j=I+1, i=l+1, j=I+1, i=I+1, j=I+1, i=I+1, j=I+1,
i<k j<h i<k j=>h i<k j=h i=k j<h

— cum(uj, Vi, Uij, Ogn) — Cum(vyj, U, Vi, dky) + Cum(vij, ven, i, Ukn) } -

Definition of cumulants can be found in [9] (Page 18). We have

E|vj|* = Ellg:]/4n? =1

1
#=0(3)

1 1
— ), i#kj#h
(i+l<j+h) # k7
11 ) )
Evjugn = 10 m; s i#kj=h
o 1 1 o~ kjth (A.32)
P R 1=K,
ij+h !
1 1
0 -—— ), i#k,j#h
<|k—l||h—]|>
_ 1 . .
EUUU[(h: O<|k—l|>7 l#k,]:h
O< ! ) i=k,j#h
-, 1=K,]
[h —jl

fori,j, k,h = 1,...m by straightforward calculation using (A.8) as in the proof of Lemma A.1.
As in (A.26), by an argument similar to Lemma A.1 but for the cross-spectral density, we can show that

(X, Yj) -
22 e (X, V)
|aij|

logi logj
1+o(°gl+°,g]>, (A33)
i

|Eu;vy| = 4n” |E
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logz logj
|Eujvg| = O ; + T )
logk logh
|Eujjven| = O i + T ) (A.34)
_ logk logh
|EuijUI<h| =0 (f + T) s

wheni < k < m,j < h < mor one of inequalities is replaced with equality since the cross spectral density between X and
(x y)
gis 52 and

Ty | V&Y Vel y)hi(h(y)
472 | T 2w 27
~ x 9y~ forx y — 0.

Thus, together with Lemma A.1 applied to u;;, we have

q r
DY 2E - 1)+ 2(Euy? — 1) + |Ey;

i=l+1j=I+1

2
a; 1]| 2|Euijvif|

— 2|Euyvy — 11 — 2(Evyuy — 1) — 2(Edyvy — 1) + |Ev;[*)

1. (logi  logj
C — 4 =21 < (qlog’q,
,Z,Z{ P }‘ ahoe
i=l4+1j=I+1

IA

where logh g = (log q)*.
The first component of b, is

q r
37> {Elug? = DElwnl* — 1) + |Euguen]® + |Eugiitn |

i=lr 1, j=lt1,
i<k j<h

2 - 2 2 - 2 2 - 2
— |Eugjvgn|” — |Eujogn]® — [Evijtin|” — |Evitn|” + [Evvgn|” + |Eviivgnl }

logz log1> (logk logh) <logh logk)2 ( 1 1 )2 ( 1 1 )2

=o > ( + H——+——) +——F) =7

IH;IJH;II[ k h .] 1 l+k]+h k_lh—J
i<k Jj<

3102
=O(¥+qzlog4q>,

since, for example,

d logllogk i, =1 q log q
=11, j=I k = rlog'q Z Z 7
17i<k. jj:hl, =I4+2 i=Il+1
1. < logilogh d 11
— 2 < (q®log? —— < Cq’loglq.
;;1 =G ngzlh ¢ log'q
=l S i=I12 h=111

Similarly, the second component of b; is

q r
373 {Ell? = DEuml? — 1) + [Eugun? + [Evgli
i=1+k1, j=1+1,

i< Jj>h

— [Eujjvn|* — |Eugvn]* — |Evgugn]* — [Evgugnl? + |Evgvl® + |Evij1-)kh|2}
3 lo 2
= O(L lg d +q210g4q> .
Similarly, we can also show that the third and fourth component of b; is O (q2 log? q), since, for example,

q r
D7D HE Il = 1(Elugl? — 1) + [Euguyl® + |Euging|

i=l+1, j=I+1
i<k
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2 = 12 2 = 2 2 = 12
— |Eugvi|® — |Eugivgg|” — |Evgugl® — [Eviiigg|” + |Evivgg|” + |Evvg| )

loz lo logk logj logj logk\’ 1 1) 1\’
ZZ{( & g])<i+ﬁ)+<ﬁ+—g)+(.—f) +<—)
farve flfarm) k J J i i+kj k—i

=0(q*log’q).
Thus, we have

3 lo 2
b, = O(qlgq +q210g4q) )
Now, consider the term b,. By generalising (2.6.4) and (2.10.3) of Brillinger [9] to 2-dimensional linear random fields
defined as (1.3) based on Section 4 [26] and Section 4 [10], the summand of b, is

c T tyi+zi. ety +2)t(=y, —y2) 1
n4 |O{ij|2

T(—Xx1, =X2)T(—21, —23)
{ ‘ |; 2 S — 1 Dy (%1, X2, Y1, Y2, 21, 22)d(x, Y. 2), (A35)
kh
where w; = x;,+y, + z,forl =1, 2,d(x, y, z) = dx,dx,dydy,dzdz,,
Dijkn (X1, X2, ¥1, Y2, 21, Z2) = D(%; — w1)D(y; — w2)D(X + X1)D(yn + x2)
X D(=x; + y1)D(=yj + y2)D(=x¢ + z1)D(=yp + 22).

We use D to denote this term for short when there is no confusion. After applying the identity (page 1649 of Robinson [24]):

(a1az—1)<a3a4—1)—]'[(aj—1>+2 ]'[ (a,—1)+22(a, D(gy2 — 1),

i=1 j=1,j#i

we observe that (A.35) has components of three types. The first component is

< (M_l) <w_1> <w_1> <w_1>nd(x 2)
nt Jps o ®jj Clkn Ckn e

which is bounded in absolute value by
CP;iPyp,
by Schwarz inequality, where

/ (X1, X2) r ID(x; — x1)D(yj — %) 2
P = -1
HZ

n2
The second type of component is

c (t(X1,X2) B 1) (r(zj,zﬁ B 1) <oz(yi,)’z) 3 ]> Dd(x.y. 2) < CPuP,””.
6

n* Ok Qg Qjj

dX]dXz.

oij

The third type of component is
C , 21,2
c <f0’1 y2) 1) (f( 1,22) )Dd(x V.2) < Pl/zplzh/z.

n4 Qjj Okh

Therefore, by Corollary A.2 and v/a + b < /a + /b, a, b > 0, we have

q r q r q r q r 1 1 1 1
TP IDIES 95 36D 9B LD 3D 3 [(,.+.)(,<+h)
1=il<-¢;<1, J]I:;ll III:;(] }]’:;1] lxl:;(] Jj= I+1 i= l+1 1112;11 ]

AN D)

=0 (q2 log? q + q°/* log q + )

= 0(q°*logq).
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a, = 0(q"/? log q) which can be calculated similarly with k = i, h = j. We thus have

q*logq
I

a+b=0<qlog2q+ —|—q210g4q+q5/210gq+q]/210gq>

31 2
= O<&1gq +q5/2logq>.

Next, we consider

I r 2 .
I
E {Z Z (f - 4nzlije>} = Z [E|uij|4 _ 2E|uijvij|2 + E|v1‘]’|4]

i=1 j=1+1 VU i=1 j=I+1

+ Z [Eluttn]* — Elugvinl® — Elugnvyl® + Elvgu ]
D7k, h)
= c+d,

wherec =¢; + ¢, d = d; + dy,

I r
2\2 2,2 2 =2 2 2 252 22
¢ =) > 2(Eluyl*)? + |Eufl® — 2|Euyvy|> — 2|Euyvg| — 2E|uy *Elvg® + 2(Elvg|*)? + |Evg [},
i=1 j=I+1
| r
C = Z Z {cum(u,-j, Ujj, l_l,'j, l:ll]) + CLllTl(Uij, Vij, l_)ij, l_)u) -2 cum(u,-j, Vij, l_l,'j, l_),])},
i=1 j=I+1

and

I r 1 r 1 r 1 r
di =233 3+ Y+ >+ > HEw = DEu -1

i=1, j=I+1, i=1, j=I+1, i=1, j=I+1, i=1, j=I+1
i<k  j<h i<k  j>h i<k  j=h i=k j<h

2 - 2 -0 2 . 2 -
+ |Eugun|* + [Etgilln|* — |Euijvognl* — |Eugtgn]® — |Evgtka* — |Evijilial* + [Evijvnl® + |EviOi | }

1 r 1 r 1 r 1 r
& =2 Z Z +Z Z +Z Z +Z Z {cum(uy, ugn, iy, Tin)

i=1, j=l+1,  i=1, j=H1,  i=1, j=1,  i=1, j=I41,
i<k " j<h i<k ~ j>h i<k " j=h i=k " j<h

— cum(Uij, Vgh, Ui, Vgn) — Cum(vjj, Ugp, Vjj, Ugn) + cum(vy, s, y, T),{h)} .
In a similar way to get a bound for a4, a,, b; and b,, we have
¢ = 0(qlog® q)
¢, =0(q"*logq)
d, = 0(q”log*q)
d, = 0(q°*logq)
c+d=0(q"logqg).

) 2
The bound of E {Zf:m ]l.:l (% - 47121,75)} can be computed similarly.

By setting I = /g3 log? q/1in (A.30), we choose | = g*/° log?/® g, then

2 2 2
q r I 1 r I q I
E [ > (ﬂ - 4n21,~,~£> +EID (l - nzl,jg> +EIY D (ﬂ - 4n21,~j£>
i=l+1j=I+1 fi i=1 j=I+1 fi i=l+1 j=1 fi

-0 (qu/s log®/ q + ¢°2 logq)
=0(q*?logq). (A.36)
The lemma follows by summarising (A.30), (A.31) and (A.36). O
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Lemma A.5. Under the assumption of Theorem 4.1, asn — oo

q
2. (an’l — 1) = 0y(p).

for1 <q,r <mand p = max{q, r}.

Proof. Without loss of generality, we assume r < q. Note that

q q r
ZZ (41 — 1) ZZ Z(sst—1)+— D it Y, Y explil(s — wxi+ (t — v)yl).

i=1 j=1 i=1 j= (s,t)#(u,v) i=1 j=1

The first term has mean zero and variance 0(q*/n?). The second term also has mean zero, its variance is bounded above by

C n—1 n—1 n—1 n—1
= {Z(n —9)dg 2> (= 9)d )P +nr? Y (11— 9)|dg($)> +ng® Y (n — s)|dr<s>|2}
s=1 s=1 s=1 s=1
C n—1 n—1 n—1 n—1
< {nz D14 OF Y ld©F + 't Y ) + g ) |dr(s>|2}
s=1 s=1 s=1 s=1
C [n/q] [n/r]
i {Z+ > }|dq(s>|2[2+ > }|dr(s)|2
s=1 s>[n/q] s=1 s>[n/r]

[n/q] [n/r]
+nr? {Z+ > }qu(s)|2+n2q2 {Z+ > }|dr(s)|2}

s=1 s>[n/q] s=1 s>[n/r]

I /\

= 0(¢"),
where dy(s) = )/, € and we have |d,(s)| < Cqfors < n/qand |dy(s)| < Cn/sfors > n/q. O
Lemma A.6. Under the assumption of Theorem 4.1,

IFi'(Ho) — Go— 3 (ogi¥l = op(1 1= 1.2.k=0,1.2.
ij=1

G S
F3(Ho) — — Zlogzlogu = 0p(1).
ij

Proof. Using summation by parts,

Go ‘2’":(] _)k(l i I )
Go ogik (LS i _
m i=1 m 8ij

j=1 oY

()

ij=1 8ij

Go & .
Fi(Ho) — > 3 ~(log )"
j=1

IA

Go(logm)* —

LY (E)

i=1 j=1
log m)* m\A m\ 8
o (S e () ) )
m n n
(log m)¥k+1/2 | B1 my A2
=0, A T ogm)" (n) + (E)
by Lemmas A.4 and A.5. Similarly, it holds for | = 2. Using a double summation by parts (3.7),

F3(Hp) — — Zlogllogj = —(logm)z Z (;i - 1)
ij

ij=1

m—1 -
+ flOng(logl—log(l_l_])) (ZZ(IU B ))

=1 i=1 j=1

m—1
+ 203 (ogll+ 1))* — (og!))
=1
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m—1 L&
+— 10ng(logl— log(I+ 1)) <ZZ (g ))
ij

=1 j=1 i=1
GO m—1m—1 1 m L:
ij
+— (log! — log(l + 1))(log h — log(h + 1)) (ZZ( - ))
I=1 h=1 j=1 i=h 8ij
(log m)>+1/2 Bi m\ A2
=0, A + (log m)? (n) —1—(;)
by Lemmas A.4 and A.5 again. O
Lemma A.7. Under the assumption of Theorem 4.1, for | = 1,2andk =0, 1,2,asn — oo,
Ef(H) — Ef (Hp) = 0,(n®"0=D+2H0=D (]ogm)=2), (A37)
Also
E3(H) — E3(Ho) = 0, (n®"0~ D+ @20 (log m)~2). (A38)

(2H19—1)+(2Hp0—1)

Proof. We first notice that () E°(Hp) = F°(Hp) = G(Ho) —, Go > 0by (3.3)and the fact that G(Hp) = Go.

Fork=0,1,2,

/\

|E4<(H) _ Ef("ﬂ” < Z(logl)k(lel 1:2Hy—1 12H10_1j2H20_1)1ij
ij=1

m
(log m)* |~2H1 —2H102Hy—2Ha _ ]| [.2H10—1:2H0—1
— i j il ' .

ij=1
Since |i2H1-H10) — 1| /|H; — Hyo| < 2(log iym?H1~Hol

|2 —2H02H2 =20 9| < g2 —Hol+2H2~Haol (1og §) (log j) [Hy — Hiol [Ha — Haol
+2m?f1 =0l (log i) |Hy — Hio| + 2m?*™1 =10 (log j) |Hy — Ha|
< cm?t=thol+2H2=Hol { (log m)?|Hy — Hyo|[Hy — Haol
+ (logm)|Hy — Hyo| + (logm)|H; — Hyol} .

Thus, we have
|EY(H) — E{(Ho)| < Cm?f=ihol2if2=H20l { (log m)?|Hy — Hiol|H2 — Haol
+ (logm)|Hy — Hio| + (log m)|H; — Haol} (log m)*ES (Hp).
For a fixed € > 0, define
M = {(Hy, Hy) : (logm)’|H; — Hyo| < €, (logm)®|H, — Hyo| < €}.
For all m sufficiently large, note that 2¢ < (logm)*. Hence, on M,
|E{(H) — E{(Ho)| < C {€*(logm)*"® + 2e(log m)*~*} E9 (Ho)
< Ce(logm)**E%(Hy). (A.39)

To prove the desired result in this lemma, it suffices to show that, for n > 0,

1-2Hqyo 1-2Hyg
KD K 27 2 D)
p (|E1 (H) — EX(Ho)| > n <—n ) (—n > (log m) ) —o0. (A.40)

The left hand side of (A.40) is bounded by
2T 1-2Hqg 27T 1-2Hyg B
P | Ce(logm)**E°(Hp) > 1 (—) <—> (logm)™ | +P (H e M N O)
n n

<p (6(110) > Cl(logm)“) +P(HeM NO),
€
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where M€ = R? \ M. The above first probability tends to zero for sufficiently small ¢, since a(Ho) — Gp > 0. Using the
notation from the proof of Theorem 3.1, the above second probability is bounded by

P( inf S(H)§O>+P<inf 5(H)§O>.
ONNsNM® @)ﬂNg
We have shown that P (inf(_m,\,g S(H) < 0) — 0in Theorem 3.1. Therefore, to prove (A.40), it suffices to show that

P <sup IT(H)| > inf U(H)) — 0. (A41)
ONNg ONNsNM¢

Since we have

inf U(H) > inf UH) > Ce*(logm)~*°
ONNgNM© eNMC

by applying (3.1), it is enough to show that

sup T(H) = o0,((logm)~'°). (A.42)
GNNg

Since (3.4) and (3.5) with o(1) replaced by o((log m)~1°) follow from the proof of Theorem 3.1, (A.42) follows from

G(H) — G(H)

_ —10
CH) =0p((logm)™ ™). (A43)

ONN;

Again, using the notation A(H) and B(H) in the proof of Theorem 3.1 with the fact that infgnn; B(H) > infg B(H) > 1/2 for
large enough m, to prove (A.43) it suffices to show that

A(H) = a(H) + b(H) + c(H) + d(H) = 0,((logm)~"").
By Lemmas A.4 and A.5, and (3.8), we can establish by an argument similar to the proof of Theorem 3.1 that

A(H) = 0,((logm)™'°). (A44)
By (A.44) and (A.43)holds and similarly, we can show that (A.37) for | = 2 and (A.38) hold. O

We state the trigonometric identities as Lemma for convenience.

Lemma A.8. For x; = 2 and x; = 2 such that i # j,
n J n
n k-1 .
sin(2n — 1)x; 1
cos? Ix; = (7)1 +-2n-17%-1),
= = 8sinx; 8
n k-1 .
. sin(2n — 1)x; 1
sin’ Ix; = —# +-—@2n* = 1),
= = 8sinx; 8
n kol . ncosx; cosx;sin(2n—1)x; cos(2n — 1)x;
cos Ix; sinlx; = — — — — - -
= =1 4 sinx; 8sin? x; 8sinx;
n k-1

sin(2n — 1)(x; — x;)/2  sin(2n — 1)(x; +x;)/2 _ 2n—1

cos Ix; cos Ix; =
: ! 8sin(x; — x;)/2 8 sin(x; + x;)/2 4

’

N

=
=
)
~ —
[l
Loa

sinlx;sin Ix; = sin(2n — 1) (x; — x)/2 B sin(2n — 1) (x; + x;)/2

[

=2 =1 8sin(x; — X;)/2 8sin(x; +x,)/2
n cos Ix: sin x <n cos(x; +x;)/2  cos(x; +xj)/2sin(2n — 1)(x; +x;)/2  cos(2n — 1)(x; + xj)/Z)
sinlx: = [ = _ _
=2 =1 ' ’ 4 sin(x; + x;)/2 8 sin(x; + x;)/2 8sin(x; + x;)/2

3 <E cos(x; — x;)/2 3 cos(x; — xj)/2 sin(2n — 1)(x; — x;) /2 B cos(2n — 1) (x; — xj)/2>
4 sin(x; — x;)/2 8 sin(x; — ;) /2 8 sin(x; — x;)/2 '
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Proof. The proof follows by an elementary argument using

2sin6/2 2’

L sin(n+1/2)0 1
Zcos k= ————— —

cos@/2 —cos(n+ 1/2)0
Zsmk@ =
2sin6/2

from [31].

To obtain the asymptotic normality, we need a two-parameter (or spatial) martingale central limit theorem. Consider
the ordering of two dimensional indices such thatl = (i1, p) > j = (1,j2) ifiy > ji ori; = j1, i, > jo. Denote 1=(1,1)
and n = (n,n). Let V; ; = ={jez*|j<k 1<j<n} 1<k < ksbe the lattice subsets on the plane, Sik= Zjev _&;jand

F5 i be the o -field of events generated by &; ; forj e Vv, a.k- Also denote Vi := V; 7. Assume that S; ; are square mtegrable and
’;’n’k satisfy

E[&::] =0, ke Vi
El& il Fii-11=0, as.

so that

ElSiilFaial= Y. &j=Siis

jer k=1

and {S; &, Fi ks 1 < k < kg} be a zero-mean square integrable martingale array for each n > 1. Note that ik = Sk — Skt
are martmgale differences. We state the Martingale Central Limit Theorem [16] for convenience.

Theorem A.9. Let {S; ¢, ik 1 < k < ki) be a square integrable martingale array defined as above. In addition,

ZE[g 11— o2, (A45)
ki
Z(E[Snk| A - E[sﬁzj])epo and (A46)
k=1
ki
Y EIE (&7l > 8] — 0, (A47)
k=1

forall§ > 0. Then
Sit, = N(0,0?).

Lemma A.10. Under the conditions of Theorem 4.1 we have, as n — oo, that

/
n n
1
(Z Y Z;jt) = SN@©,D. (A.48)
s,t=1

s,t=1

Proof. To show (A.48), we consider Cramer-Wold device. That is, we show the asymptotic normality of

n n n
aY Zy+b) Zi = ) (aZy +bZF)
s,t=1 s, t=1 s, t=1
n
= > Wi, (A.49)
s, t=1

for arbitrary a and b, not all zero. Using the notations in Theorem A.9, by letting &; ; = W, for k = (s, t), it can be observed
that {Zjev, : &ij» Fako 1 < k < kz) is a zero-mean martingale array so that it is enough to verify conditions in Theorem A.9.
n, ’
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First we show the asymptotic covariance matrix of (Z;tz] Zst, Zg’tzl Z;) is %I. which also proves Zg’tzl W ¢ is square
integrable and (A.45).

n n 2 n
ar (Z zs_t> —E (Z zs,[> =Y EZ,
s,t=1 s,t=1 s,t=1
n s—1 n

- Z ZZ (Co(s —u)c(t — v) = 5,(s — w)s(t — v))?

s,t=1 u=1 v=1

n s—1 n n n
= ch(u)2< +222c(v))+2225v(u) ZZS(U)
s=2 u=1 t=2 v= s=2 u= t=2 v=
since EZ;; = 0, EZ Zy v = O for (s, t) # (s', ') and ) _, > _, c(t — v)s(t — v) = 0.
By Lemma A.8, note that

= iZcos (uxy) = % +0(1)

s=2 u=1

) iZsm (uxy)) = - +o(1)

s=2 u=1

2 cos(ux;) cos(ux;) = 0(n)
s=2 u=1

s—1
Z sin(ux;) sin(ux;) = O(n)

for i # j. Because

1 ¢ log m)? u
a2 =140(FE) ana —Fuy =Y,
i=1 i=1

i#]
iicv(uf = ZvivjiZcos(ux,)cos(ux])
s=2 u=1 s=2 u=
n n s—1
- nz Z ZZCOS (ux;) + 7Zv,v,ZZcos(ux,-) cos(ux;)
i s=2 u=1 i#j s=2 u=1
= - +o(1),
n t=1 n
ic(v)z n2 ZZZCOS(UX,)COS(UXJ)
t=2 v=1 ij t=2 v=1
= nz ZXH:ZCOS (x) + ZiZcos(vxl) cos(vx;)
i t=2 v=1 1;6] t=2 v=1
= Z + o(1),
similarly,
ZZS W? = - +o(1),
s=2 u=
ZZS(v) = +o(1)
t=2 v=

Thus,

n n
1
ar Z: | = EZ?, = — + 0(1).
(L) =2
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In a similar way, we can show
- * - * 2 1
ar (; zs,t) = ; EZ’ =, +o(D).
Next, we consider

E (i Zs: i Zs’f[)

s, t=1 s, t=1

n
> EZ.Z7

s,t=1

ns—1 n
=D > @—wet—v) =s,(s —ws(t —v))

s,t=1 u=1 v=1,v#t
X (c(s —u)c,(t —v) —s(s — w)s,(t —v))

n n s—1 2
(Z > cu(u)C(u)> +2 (Z > su(u)S(u))

s=2 u=1 s=2 u=1

since Z;’#v c(t —v)s,(t —v) = 0and Z?#v s(t — v)c,(t —v) = 0.By Lemma A8 and ) ", v; = 0, we have

n s—1 n n
Z Z ¢, (W) = n2 Z Vi Z Z cos? (ux;) + — Z Vi Z Z cos(ux;) cos(ux;)

s=2 u=1 = s=2 u=1 1751 s=2 u=1

1 & in(2n — 1)x;
%Zw(% LG =17 —1>)+—Zv10(n>

i=1 i#]

= Z wom) + —— Z vi0(n)

i#j

1 1
_ O( ogm . m ogm) — o(1)
n n

and similarly

3 stw)s(u) —o (IOgm m“r’lgm) — o(1).

s=2 u=

Thus,

E (Z Zi Y z;jt> =o(1)

s,t=1 s,t=1

and thus the asymptotic covariance matrix of (Z'; te1Zs.ts Z;tz] Z5) is %I and (A.45) also holds.
To verify (A.46), it is enough to show that

n

> (E@ I\ Fapy) —E@2)) — (A50)
s, t=1
> (E(Zs"fle?ﬁ,m) E(Z, )) —50 (A51)

Z E(ZeiZ | Frfor) — E(ZeiZl)) =0, (A52)
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where k = (s, t). We have

n n s—1 n
Y (E@\Fp ) —E@Z2)) = . ( D (€l = Dieuls —ue(t — v) = s, (s — ws(t — v))z)

s, t=1 s,;t=1 \u=1 v=1

+ i (i i Eu,ueu’.v’(cv(s - u)c(t - U) - Sv(s - u)s(t - U))

s,;t=1 \uzu' v#v’

x (¢, (s —u)c(t —v') —s,(s — u)s(t —v))

n s—1 n s—1 n
+ 2;‘1 (:Z ;+; Z} €uveu v (€ (s — WC(t — v) — 5,(5 — Ws(t — v))

x (¢, (s —u)c(t —v') —s,(s — u)s(t — v’))) = 1+1+I1I.

n—1 n

"
M

Z Z(eu ,— Dic(s —u)e(t —v) — s,(s — w)s(t — v))?
u=1s=u+1 v=1 t=1

= X_: Z {Z+ Z+ Z} (éu v 1)(Cv(k)c(t —v) — Sv(k)S(t — v))2

u=1 k=1 {v<t v>t
n—1 n n—1 n—1 n—u n—v

= nzZZ(ew 1)Zcu(k> +Y D er, = DY D (e — s, (0sD)’
u= 1v 1 u=1 v=1 k=1 I=1
n—u v—1

+ Z Z<fu s = DY D e +5,(0s)? =t 1 + I + 1.

u=1 v=2 k=1 I=1
By (4.9), we have

EL}

n n n—u 2
)ZE (i G 1>Zcu(k)2>
u=1 1
o n—1 n—u on=1 n (o )2 2 (o )2 2
= () ;;(ch(k)) =c(2) ZZ(%) :O<m L ) |

E? = C i Z ( 3 ¢, (k)? Zc(l) + Zs (k)2 "is(l) -2 Z ¢, (k)s, (k) Zc(l)s(l))

u=1 v=1

C”f:i( gcu(kf) (Z‘ C(l)2> + <k;sv(k)2> (nisa)z)z

u=1 v=1 =1

n—u 2 n—v 2
+ (Z cv(km(k)) (Zc(l)sa)) )
k=1 =1

2 2 2
0 (nz <(logm>2) (1> ) _ O((logm)z)
n n n
and similarly

2\ 2
EI§=O((1°gm) ) :

n

v=
n

IA

Thus, I = 11 +12 + 13 = Op(l).

n s—1 n
ElI> = E (Z Z Z €u v v (€ (s — u)c(t — v) — 5,(s — Ws(t — v))

s,t=1uzu’ v#£v'

2
x (¢, (s —u)c(t —v') —s,(s — u)s(t — 1/)))
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n n min{s—1,s—1} n
C le 21 ( ; ;(Cu(s —u)e(t — v) — $p(s — w)s(t — v))(co(s — u)c(t — V') —s,(s — 1)
s, t=1¢t'= uu’ v#£/

IA

x s(t — ) (c, (s —u)c(t' —v) —s, (s —ws(t’ —v))(c, (s —u)et =) —s, (s —u)st' — v’)))

n s—1 n
=C Z (Z Z(cv(s —u)c(t —v) —s,(s — ws(t — v)*(c,(s — u)c(t —v') —s,(s — u)s(t — v/))z)

s,t=1 \uzu' vAv

n n n n min{s—1,s—1} n
+C{ZZ+ZZ}< o D el —uet—v)

s<s’ t<t’ s<s’ t>t’ uu’ v#£Y

—sy(s —ws(t —v))(cy(s —u)c(t —v') —s,(s — u)s(t —v"))
x (cy (s —wc(t' —v) —s,(s —wst' —v))(c, (s —u)et —v) —s,(5 —u)s(t' — v/))>
n n n n min{s—1,s'—1} n
+C iZZ}ZZ} ( > D el —uet—v)
s=s' t<t’ s<s’ t=t’ u#u’ v#VY
—5y(s —w)s(t — v))(c,(s — u)c(t —v') —s,(s — u)s(t —v'))
x (€, (s —u)c(t' —v) —s,(s —wst' —v))(c, (s —u)c(t' —v) —s,(s —u)s(t' — v’)))
= ”1 + "2 +"3
Using A(s) defined in (4.8) with (4.9),

mn<c i i i i (co(s — wc(t — v)* +5,(s — w’s(t — v)?)

s=2 uFu’ t=1 vz’
x (co(s —u)’c(t —v')* +5,(s — u)’s(t —v')?)

< C(logm)* X": SiA(s —u)?A(s — u')? Z iA(t —v)?A(t —V)?

s=2 uzu’ t=1 vz’
< C(logm)* i ZA(S u')? ZA(S u)? Z (ZA(t —v) )
s=3 u'= v

—0 ((logm)“) ’
nZ

The first component of I, is

n —-1s—-1 n

ZZZZZ Z(Cv s —u)c(t —v) —sy(s —u)s(t — v))

§'=3 s=2 t'=2 t=1 uu’ v#£v'
x (cy(s —u)c(t —v') —s,(s — u)s(t — v))(c, (s —wec(t —v) —s,(s —u)st’ —v))
x (¢, (s —u)c(t' —v') —s,(s —u)s(t' —v))
and this is bounded by

n s’'—1s-1

Clogm)* Y "> "> " Als — wA(s — u)AGS — wA(' — 1) Xn: ti XH:A(r — VAt — VAR — VAL — V)

s'=3 s=2 utu t'=2 t=1 v#v/
n s—1s—1 n t'—1 n
< C(logm)* Z YO A —uy’ ZA(S u)? Z At — v)? ZA(t
2 u=1 =2 t=1 v=1

=3 s=.
1 4
=O(<ogm) )
ml/3
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The last equality can be shown similarly as (4.23) in [24]. In a similar way, we can show the second component of I, is also
bounded by O ((125713)4)' each component of II3 is bounded by O (@) Thus,

4
ElI’ =0 <M> , (A53)

ml/3

which implies II = 0,(1). Again, we can show IIl = 0,(1) in a similar way, and consequently (A.50) holds. Similar to (A.50)
and (A.51) also holds.
To show (A.52) holds, we have

n

> (E@iZr | Fajy) — EZsiZ)

s, t=1

n

Z Z Y (er, = D(eu(s — ue(t — v) = 5,(s — w)s(t — v)(c(s — W, (t — v) — (s — Ws, (t — v)

t=1 u=1 v=1,
v#£t

Z (fZe“cv s—u)ZZeu/ /(c(s—u)cv(t—v)—s(s—u)sv(t—v)))

= u'=1v"#t

+Zl Z Z €uvew v (€ (s — U)C(t — v) — 5, (s — Ws(t — v))
s, t=

uu/, v,v/

u#u v#V v #t

x (c(s —u)c,(t = V') —s(s —u)s, (t =)

n s—1 n s—1 n
+ tZ:] Z/ Z + Z Z (Eu,veu’,v’(cv(s - U)C(l’ - U) - Sv(s - U)S(t - U))

v#v vu#t u#u- UI’#[
x (c(s —u)c, (t —v') — s(s — u)s, (t — "))
= I1+0I0+1I+1IV.

I can be decomposed into two parts:

n s—1
=33 [Z+Z] (€2, — D(cy(s — u)c(t — v) — s,(s — w)s(t — v))

s=2 u=1 v<t v>t
X (c(s —u)c,(t —v) —s(s —u)s,(t —v))

n n—u n—v

n—1
=Y D (e, =D (e — s, (s ckic,d) — skys, 1)
u=1v k=1 I=1

=1

n—1 n n—u v—1
+ )Y (e, = DY (e — s, (s c)e, () — skys, (D)
=1 v=1 k=1 I=1

u
= I] + 12.

By the Cauchy-Schwarz inequality and (4.9), we have

n—-u n—v 2
E? = CZZ (Z > (@ ed) = sy(kysh) ke, () — sks, (1)))
u=1 v=1 \k=1 I=
n—v 2
< C(logm)* ZZ (ZA(I() ) (ZA(I)Z)
u=1 v=1 =1

(log m)*
o( e )
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In a similar way, we can show EIZ = 0 ((logm)*/n?). Thus I = 0,(1).
For I,

s—1 s— n

n 1
ZZZ €ut€w v C(s — ) (c(s — U)c,(t — V) —s(s —u)s, (t — )
s,t=1u=1u'=1 v/=1
v/ £t

EIl?

n  min{s—1,s'—1}

4
< c(lognﬂ Zz 21 As — WA — WAGs — 1A — 1) YAt — v)?
s,8'= uu'= ﬁ#ub

(logm) m ZZA(S — u)? ZA(S w? SO At — vy
t,v

s<s’ u=1

_ o<<'°gm>m)
n2

Similar to the proof of (A.53), we can show Il = 0,(1) and IV = 0,(1). Thus, (A.52) holds and so we have proved that (A.46).
Next, to prove that (A.47) holds, in view of (A.49) we consider a sufficient condition

n
Z EW}, — 0
s,t=1

and this can be shown by

n

> E@) —0, and (A54)

s,t=1

Y EZNH >0 (A55)

s, t=1

since Wy, < C(z}, +Z:.%.

By the Cauchy-Schwarz inequality and (4.9), we have

n n S— n 4
> Ezh = > E|€, (21: D ewnlculs — et — v) — s,(s —ws(t — v)))

s,t=1 s,t=1 u=1 v=1
n s—=1 n
<cC Z (Z Z(cv(s —u)c(t —v) — s, (s — ws(t — v))*
s,t=1 \u=1 v=1

+ ) (@l —we(t —v) = s,(s — ws(t — v))? (s —u)et — v') —s,(s — u)s(t — v/))2>
(u,v)#W',v")

=¢ Z ZZ(Cv (s —wct —v)* +5,(s — st — v)*)
u=1 v=
s—1 n 2
" (Z D (euls —wc(t — v)* +5u(s — w)s(t — v)z))
u=1 v=1

IA

n s— n 5— n 2
C(logm)* > Z1A(s —w* Y A vyt + (Z]A(s —u)’ Y At - v)z)
s,t=1 u=1 v=1 u=1 v=1

4
0 ((logm)4 (m—4 n %)) = o(1).
n n

Also (A.55) can be shown in a similar way. Thus (A.47) holds, and the proof is complete. O
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