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Let k be a compositum of a finite number of quadratic number fields and K the genus field of k in
the narrow sense, and assume that i € K and +/2 ¢ K. Policky [1] defined a group C of circular units
of k and computed a lower bound for the divisibility of the index of C in the full unit group E of k
by a power of 2.

In this short note we show that in Proposition 2.6 of Policky [1], which gives a necessary and suf-
ficient condition for that € or 2¢ is a square in K for € € C, the condition (C1) implies the conditions
(C2) and (C3).

Denoting G = Gal(K/Q), Q the field of rational numbers, for € € C and o € G we have

€77 = Ao, €)(8(0, e)p(o, )Y (o, e))2
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where A(0,€),8(0,€) € (1,i}, p(0,€) € (1,83, ¢2}, 3 =e*13, A(o, €), p(0,€) ek and Y (o, €) be-
longs to a non-torsion subgroup of C. The condition (C1) says that A(c, €)% = A(o,€) =1 for all
o €G.

Under the condition (C1) we have

_ 2
€' =(8(c.)p(0. )Y (0. €))
for all o € G. Since €21-9) = ¢(1=9)” it follows that

g0, o, ) =50, Vg(0, )"y (o, e)* 17
= (0,2 A(0, ¥ (0,6)) (50, (0, 0)p(0, ¥, ) (0, ¥ (o,e))
— A0, ¥(0,) 00, " g(0, ¥, 6) v (0, v(o, o),

which implies
2
Ao, y(o,€) =1,

because A(c, (o, €))? is a forth power of an element of K and +/—1 ¢ K; thus the condition (C2)
holds. Similarly, for all o, T € G, it also follows from the identity €(1-9)1-7) = ¢(1-1)1-0) that

8(0’, 6)2(17‘[)@(0', 6)2(17‘[)1//(0', 6)2(17‘[)
8(t,€)20-D (1, €)20-9)y (1, €)2(1-0)
_ 9@, TOAT Y (0. )G Y (0. ). (0. Y (T. Y (0. €))*
(T, 6)21=DA(0, ¥ (,€))2(8(0, Y (T, €)p(0, Y (T, NV (0, ¥(T,€))*
A Y(0,€)290, ) Doty (0, )Y (T, ¥ (0, €)*
ALY (T, 0))20(1,€)20-D (o, Y (T, ) (0, Y (T, €))*
=1,

which implies

AT, ¥ (0,6) = Ao, ¥(z,6)’,

namely the condition (C3) holds.
Let D be a subgroup of C consisting of € € C which satisfies A(o,€)? =1 for all o € G. Let
[k: Q]=2. The Lemma 3.5 of [1] is rewritten as follows:

(C:D)=2°,

where a<lifiek,anda=0ifi¢k.
Let D’ be a subgroup of D consisting of € € D which satisfies §(o,€)!"78(t, ¥ (0, ¢€))? =
5(t,e)1798(0, (1, €))? for all o, T € G. Lemma 3.9 of [1] asserts that

(D:D') =2,

where b < (1) if iek, and b< ("H7) if i ¢ k.

Further, let D” be a subgroup of D’ consisting of € € D’ which satisfies §(o, €)!*?58(o, v (o,
€)?=1forall o € G. We see [k(i): Q] =2" withm=1ifi ek, and m=1+1if i ¢ k. If T; € G denotes
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the complex conjugation, then §(tq,€)!*™ =1, ¥ (t1,€) =1 and so (11, €)1 18(t1, ¥ (11,€))% =1
for all € € D’. Accordingly, Lemma 3.13 of [1] is rewritten as follows:

(D":D")=2°,
where c<Il—1ifiek,and c<lifi¢k.

Let D" be a subgroup of D” consisting of € € D” such that € or 2¢ is a square in k. Let
[K: Q]=2". Then Lemma 4.1 of [1] asserts that

(D// . D///) — ch’

where d <n—1.
Therefore we have

(C:D")=(C:D)(D:D')(D":D")(D": D") = 20+b+etd,
where

’22—+l+n—1 ifi ek,

a+b+c+d<y,
Edyn  if ¢k

Since 227" =2|(E : D) if k is imaginary, 22 ~2|(E : D"") if k is real, and (E : C) = % Theorem 4.2
of [1] can be rewritten as follows:

Theorem. If i € k, then

I-1_ 24l
22

—2 (E:0),
if k is imaginary and i ¢ k, then

2+l

22752 ),
and if k is real, then

[ 241
222

2 "2(E Q).

References

[1] Z. Policky, On the index of circular units in the full group of units of a compositum of quadratic fields, ]. Number Theory 128
(2008) 1074-1090.



	Remark on Polický's paper on circular units of a compositum of quadratic number ﬁelds
	References


