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Abstract

The paper studies the rate of convergence of a weak Euler approximation for solutions to possibly
completely degenerate SDEs driven by Lévy processes, with Holder-continuous coefficients. It investigates
the dependence of the rate on the regularity of coefficients and driving processes and its robustness to the
approximation of the increments of the driving process. A convergence rate is derived for some approximate
jump-adapted Euler scheme as well.
© 2012 Elsevier B.V. All rights reserved.
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1. Introduction

The paper studies the weak Euler approximation for solutions to possibly completely
degenerate SDEs driven by Lévy processes. As in [12], the main goal is to investigate the
dependence of the convergence rate on the regularity of coefficients and driving processes.
In addition, we consider the robustness of the results to the approximation of the law of the
increments of the driving noise in the whole scale of time discretization errors.

Let (£2, F, P) be a complete probability space with a filtration ' = {F;};¢[0,1] of o -algebras
satisfying the usual conditions and o € (0, 2] be fixed. Consider the following model in R¢:

t t t
X = Xo+/ a(Xs)ds +/ b(Xs)dWs +/ G(Xs-)dZs, t€l0,T], (L.D)
0 0 0
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Si=a,1=j=

x € R? are measurable and bounded, witha = Oif @ € (0,1) and b = 0if ¢ € (0,2).
The process W is a standard Wiener in R”. The last term is driven by Z = {Z;};¢[0,7], an
m-dimensional Lévy process whose characteristic function is exp {tn(£)} with

1€ = [ [0~ 1= ix w0 mav,
Ry
where Xa(U) = X{\vlgl}l{ae(l,Z]}- Hence,

t t
Z, :/ /(1—Xa(v))vp(ds,dv)+/ /xa(v)vq(ds,dv),
0 0

where p(dt, dv) is a Poisson point measure on [0,00) x Ry (R = R™ \ {0}) with
E[p(dt,dv)] = m(dv)dt, and q(dt,dv) = p(dt,dv) — m(dv)dt is the centered Poisson
measure. It is assumed that Z; is a Lévy process of order o:

/(|U|"‘ A D (dv) < oo.

Let the time discretization {t;,i = 0, ..., nt} of the interval [0, T'] with maximum step size
8 > 0 be a partition of [0, T] suchthat0 =79 < 71 < --+ < 73, = T and max;(7; — 7,—1) < 4.
The Euler approximation of X is an [F-adapted stochastic process ¥ = {Y;};¢[0,7] defined by the
stochastic equation

t t t
Y: =x0+f a(Y,iS)ds+/ b(Yy, )Wy +/ G(Yy)dZ,, 1€0,T], (1.2)
0 0 ’ 0 '

where 7;, = 1; if s € [1;, 1i41),1 =0, ..., n7 — 1. Contrary to those in (1.1), the coefficients in
(1.2) are piecewise constants in each time interval of [z;, Tj+1).

The weak Euler approximation Y is said to converge with order k > 0 if for each bounded
smooth function g with bounded derivatives, there exists a constant C, depending only on g, such
that

[Eg(Yr) — Eg(X7)| < C5",

where § > 0 is the maximum step size of the time discretization.

The weak Euler approximation of stochastic differential equations with smooth coefficients
and G = 0 has been consistently studied. For diffusion processes, Milstein was one of the first
to investigate the order of weak convergence and derived x = 1 [13,14]. Talay considered
a class of the second order approximations for diffusion processes [18,19]. For Itd processes
with jump components (a finite number of jumps in a finite interval), it was shown in [9]
the first-order convergence in the case in which the coefficient functions possess fourth-order
continuous derivatives. Platen and Kloeden & Platen studied not only Euler but also higher order
approximations; see [5,15] and the references therein.

Protter & Talay [17] analyzed the weak Euler approximation for (1.1) with o« = 2. They
proved that the order of convergence is k = 1, provided that G, b, a and g have four bounded
derivatives and the Lévy measure of Z has finite moments of the order = 8. In this paper, we
show that k = 1 can be achieved when i = 4 and there still is some order of convergence for
u € (2, 4]. Moreover, we assume S-Lipschitz continuity of the coefficients and g and derive that
for @ < B < u < 2« the order of convergence x = g — 1. In particular, when 8 = u = 2« with
o € (0, 2) (the diffusion part is absent), the convergence order is still k = 1.
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As in [10,12], this paper employs the idea of Talay (see [18]) and uses the solution to the
backward Kolmogorov equation associated with X;, Itd’s formula, and one-step estimates. Since
one step estimates were derived in [12], the main difficulty is to solve the degenerate backward
Kolmogorov equation in Lipschitz classes (see Theorem 4 below). We obtain the solution of the
degenerate equation as a limit of solutions to regularized (nondegenerate) equations. Although
the solution to (1.1) is strong and probabilistic arguments are applied for the uniform Lipschitz
estimates of the approximating sequence, contrary to [17], we do not use derivatives of the
stochastic flows.

If (1.1) has a nondegenerate main part, some assumptions imposed can be relaxed (see
[12,10], Kubilius & Platen [8] and Platen & Bruti-Liberati [16]). More complex and higher order
schemes were studied and discussed, for example, by Cont and Tankov, Jourdain and Kohatsu-
Higa (see [1,4] and the references therein).

Motivated by the difficulty to approximate the increments of the driving processes, Jacod
et al. in [3], studied the approximated Euler scheme where the increments of Z are substituted
by i.i.d. random variables that are easier to simulate. There are two sources of errors in this case.
One comes from time discretization and the other one from substitution. We extend some of the
results in [3] to the whole rate scale and show that the errors add up. In particular, the driving
process Z can be replaced with a Levy process z having finite number of jumps in [0, T'] by
possibly cutting small jumps of Z and sometimes replacing them with a Wiener process or drift.
In addition, we consider a simple jump-adapted Euler scheme and show that presence of Z-jump
moments in the partition {7;} influences the convergence rate. The approximation itself is simpler
and assumptions imposed are different than those introduced by Kohatsu-Higa and Tankov
in [6] (see the references therein as well) for a more sophisticated (higher order) jump-adapted
scheme.

The paper is organized as follows. In Section 2, some notation is introduced, the main results
stated and the proof of the main theorem is outlined. In Section 3, we present the essential
technical results about backward degenerate Kolmogorov equation, followed by the proof of the
main theorem in Section 4. The robustness of the approximation and jump-adapted Euler scheme
is considered as well. In the last section, we discuss the optimality of the imposed assumptions.

2. Notation and main result

Denote H = [0,7] x Ry, N = {0,1,2,...}, R§ = R?\ {0}. For x,y € RY, write

(x,y) = Zﬁl:lxiyi. For (t,x) € H, multi-index y € N? with DY = ﬁ, and
1 %%
i,j=1,...,d,denote
du(t,x) = iu(: x) Dru(t, x) = (D" u(t, x)) keN
t ) - E)t ) ) ) - 3 |V\=k ) )
0 5 2
iu(t,x) = uy, (t,x) = —u(t, x), 0 u(t, x) = uyy,; (t,x) = u(t, x),
3)6,' J J x,'xj'

Oxu(t,x) = Vu(t,x) = Veu(t, x) = (dru(t, x), ..., oqu(t, x)),

d
Au(t, x) = Zuxix,- (ta -x)'
i=1

For a smooth function v on R? and k € N, denote



R. Mikulevicius / Stochastic Processes and their Applications 122 (2012) 2730-2757 2733

d
v O gl gD = Z Vg o, DEL - ELL x & eRLi=1,.. k.

In particular, vV (x; &) = (Vu(x), ), x, £ € R%. )
For B = [B]1-+{B}T > 0, where [8]~ € Nand {8} € (0, 11, 1et C#(H) denote the Lipschitz
space of measurable functions # on H such that the norm

|DYu(t,x) — DYu(t, X)|
lx — |87

lulg =Y [D{u(t.x)lo+ sup
ly|<(8]- =

tx#£X

is finite, where |v]|g = SUP(t xyeH |v(t, x)|. We denote ch (Rd) the corresponding function space
on R%.

C =C(,...,-) denotes constants depending only on quantities appearing in parentheses. In
a given context, the same letter is (generally) used to denote different constants depending on the
same set of arguments.

The main result of this paper is the following statement.

Theorem 1. Let ¢ < 8 < u < 2«, and assume = C'ﬁ(Rd), G e C’ﬂVI(Rd), and

/ lv|*dm +/ lu|*m (dv) < oo,
lu|<1 lu|>1

where 7t_is the Lévy measure of the driving process Z. Then there is a constant C such that for
all g € CP(RY)

B_
|Eg(Yr) —Eg(X7)| < Clglgsa".

Applying Theorem 1 to the case « = 2 we have an obvious consequence in the jump—diffusion
case.

Corollary 1. Consider the jump—diffusion case (o = 2)
t t t
X = Xo +/ a(Xy)ds +/ b(Xs)dW; +/ G(Xs;)dZs, te[0,T].
0 0 0
Let2 < B < u <4. Assume a, b, Gl e C~‘/3(R‘1) and

/ |v|2n(dv)+/ [v|*7 (dv) < oo.
vl<l

lu]>1

Then there is a constant C such that for all g € CP(RY)

B_
|Eg(Yr) —Eg(X7)| < Clglgs>~".

An immediate extension of Theorem 1 (for the test function g € C 1’(Rd ) with v € (0, B]) is
the following statement.

Corollary 2. Let @ < 8 < i < 2«, and assume a', b’/ € CP(RY), GV e CPVI(RY), and

/ lv|*dm +/ lu|*m (dv) < oo,
vl lu|>1
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where 1 is the Lévy measure of the driving process Z. Let v € (0, B]. Then there is a constant C
such that for all g € C”(R?)

W(1_1
[Eg(YT) — Eg(X71)| < Clgl,d (“ f‘).

Remark 1. In particular, if « € [1,2], u = B = 2« and g is Lipschitz (v = 1), then the

convergence rate k = ﬁ .

2.1. Approximate simple Euler scheme

Following [3], for ¢ € (0,1),6 > 0, we choose a time discretization {r;} and replace
the increments of the driving process Z — Zg in (1.2) by F7;-conditionally independent

Ti+1
random variables ¢;,i = 0,...,n7 — 1. We assume that there is a function ¢ (o) such that
limy—o¢(c) =0and fori =0,...,nr — 1,

[E[h(Zy,, — Z2) — h(Gp DI Fg]| < Clhlpp(0)(Tips — ), h e CPRY) 2.1)
with some constant C, independent of 0,5 and h. Let & = 0if 0 < ¢ < 11,& = ¢ if
ti <t <tiy1,i =1,...,nr — 1. We still assume that max; (7;4+1 — 7;) < § and approximate X,
by

~ t ~ t _ t _

Y, = Xy +f a(Yy, )ds +/ b(Yr, )d Wy +/ G(Yy, )dés, 1€l0,T] 2.2)

0 0 0

In this case ¥; depends on § and o.

In the following example, we approximate the increments of Z; by the increments of a
Lévy process with finite number of jumps in [0, T']. This approximation is constructed by
cutting small jumps of Z;. We replace the small jump part by appropriately chosen drift if
a<fe,2,ee 0,1l fa < B € (2,3],a € (1,2], the small jump part is replaced
by a Wiener process. Given o € (0, 1), we denote B the square root of the positive definite

vjvjdr . Let W, be a standard independent Wiener process

m X m -matrix (fl
I<i,j<m

in R™,

v|<o

Example 1. For o € (0, 1) we approximate

t t
zf=/ /(1—xa(u>>vp<ds,du>+f /xa(v)uq(ds,dw, f 0,7,
0 0

by
Z, =7 +RY,
with
t t
70 = / / (1 = xa(W))vp(ds, dv) + / / Xa(V)Va(ds. dv)
0 Ju|>o 0 Jul>o
and

tf vr(dv) ifa<pe(,?2],ace(0,1],
[v|=o

[ ~
R =1pow, ifo <Be(24],ac(l,?2],

0 otherwise.
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In this case (see Lemma 6 below) (2.1) holds with
s = [
lv|<o

and

Gt = Zgyy — 2, i=0,...,n7 — L. (23)

We show that time discretization and substitution errors add up.

Theorem 2. Let o < B < p < 2, and let a', b’/ € CP(R?), G/ e CPVI(RY), and

/ lu|®dm +/ lv*(dv) < oo,
lv|<l [v|=1

where 1 is the Lévy measure of the driving process Z. Assume that there is a function ¢ (o) such
that limy .0 ¢(0) =0andfori =0,...,nr — 1,

|En(Z,,, — Z5) —Eh(Gis1)| < Clhlpp (o) (tig1 — ),  h e CPRY, (2.4)

for some constant C.
Then there is a constant C (independent of o, 8) such that for all g € CP(R?)

[Eg(Pr) — Eg(X7)| < Clglpls~" + ¢ (o).

The same way as Corollary 2 (see the proof below) we have the following statement.

Corollary 3. Let assumptions of Theorem 2 hold and v € (0, B]. Then there is a constant C
such that for all g € C¥(R%)

[Eg(Fr) — Eg(X1)| < Clgh[8" & % + ¢ (o).

Remark 2. (i) Assume the assumptions of Theorem 2 hold. Since lim,_.¢ ¢ (o) = 0, for each
8 > 0 there is 0 = o (§) such that ¢ (o (§)) < 85_1 and therefore

= B_
[Eg(Yr) — Eg(X7)| < Clglgsa".
In particular, if ¢ (6) < Co* with > 0 (it is the case in Example 1 for a small jump o’-stable-

. .. . B_ B_1yu!
like driving process Z with o’ < «), then we can choose o* = §« Lorg =8(a=br,

(i1) In order to study precisely the case of unbounded test functions (like one in [3]), one
would need to solve first the backward Kolmogorov equation in Holder spaces with weights that

are defined by the powers of w(x) = (1 + lez)l/2 ,x e R%.

Applying Theorem 2 to the model of Example 1 we have

Proposition 1. Let o« < B < u < 2a, and let a*, b'/ € CB(R?), G/ € CPVI(RY), and

/ lv|*dm +/ lu|*m(dv) < oo,
lu|<1 lu|>1
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where 1 is the Lévy measure of the driving process Z. For the approximate Euler scheme
in Example 1, there is a constant C (independent of o, 8) such that for all g € CP(R?)

ot B_
|Eg(Yr) — Eg(X7)| < C|g|ﬁ[ @ ‘+/| |v|ﬁ“dn}.
Ufo‘

2.2. Approximate jump-adapted Euler scheme

As in Example 1, for o € (0, 1) we approximate the increments of the driving process

t t
Z =/ /(1 — Xa(V))Up(ds, dv) +f /Xa(U)UCI(dS»dU)s 1€[0,T],
0 0

by the increments of

Z; =27Z° +R?,
with
t t
77 = [ / (1 — xaW)vp(ds, dv) + f / Xa(V)vg(ds, dv)
0 Jv|>o 0 Jul>o
and
t/ vr(dv) ifa<pBe(,?2],ae(0,1],
RO — |vl§a
L BTW, ifao<pe24,ae,2],
0 otherwise,
where B? is the square root of the positive definite m x m-matrix ( flvl<o Vv jdn>1 - and
—= <i,j<m

W, is a standard independent Wiener process in R”.
Given ¢ € (0,1),§ > 0, consider the following Z?-jump-adapted time discretization
(see [9]): 19 =0,

Tiy1 = inf (t > 1 AZ] # 0) AT +)AT. 2.5)

In this case, the time discretization {t;,i = 0, ..., n7} of the interval [0, T] is random, t; are
stopping times. We approximate X; by

t t t
Y, = X +f a(Yr, )ds +/ b(Yr, )d Wy +/ G(Y,)dZs, 1€]0,T] (2.6)
0 0 0
The following error estimate holds.

Theorem 3. Leta < f < p < 2a, and let a*, b/ € CB(R?), GV e CPVI(RY), and

/ |lv|“dm —1—[ lu|*m(dv) < oo,
lv|<1 lv|>1

where 1t is the Lévy measure of the driving process Z. _
Then there is a constant C (independent of o, 8) such that for all g € CP(R%)

|Eg(Y7) — Eg(X7)| < Clgls [{(ama%}ﬁ‘ +/ |v|’“3dn],

lvl<o
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where Ly = 7w ({|v]| > o}) and

/ vdm
o<|v|<]

In particular, the following statement holds.

Ao =1+ lacq12)

Corollary 4. Suppose the assumptions of Theorem 3 hold.

(i) If 6 = T (only jump moments are chosen for the time discretization), then
B

~ 21
~ A «
|Eg(Yr) — Eg(X7)| < Clglp (—) + / lulf 3 dm
Ag lv|<o
(ii) If sup,e (.1 |fg<|u‘51 vdr| < oo fora € (1,2), then
. i 8
|Eg(Y7) —Eg(X7)| < Clglg | (8 Ar; e ™! +/| |v|f“3dn],
L v|<o

where Lo = 1 ({|v] > 0}).
2.3. Outline of the proof of Theorem 1

To prove Theorem 1, as in [10,12], the solution to the backward Kolmogorov equation
associated with X; is used. First we introduce the operator of the Kolmogorov equation associated
with X;.

Foru € Cﬁ(H), B > «a, denote

1 E .
Lau(t, x) = (a(2), Veult,0) + 5 3 (0 (@), b7 (2)du(x)
i,j=1
+ / [u(t, x + G(@)v) —u(t, x) — xo (V) (Vxu(t, x), G(z)v)] 7 (dv),
Ry
Lu(t,x) = Lyu(t,x) = Lu(t, x)|;=x,
where b’ (z) = (b (2))1<jem,i = 1,....,d.

Remark 3. Under assumptions of Theorem 1, there exists a unique strong solution to Eq. (1.1)
and the stochastic process

t
u(x,)—/ Lu(Xs)ds, Yue CPRY
0

with B > « is a martingale. The operator L is the generator of X, defined in (1.1).
Ifv(z, x), (¢, x) € H satisfies the backward Kolmogorov equation
(0, +L)v(t,x) =0, 0<r<T,
u(T, x) = g(x),

then by Itd’s formula

T
E[g(Y7)] - E[g(X7)] =E[u(T, Y1) —v(0,Yp)] = E [/0 (3 + Ly, )vs, Ys)ds:| .
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The regularity of v determines the one-step estimate and the rate of convergence of the
approximation.

3. Backward Kolmogorov equation

In Lipschitz spaces C# (H), consider the backward Kolmogorov equation associated with X, :

@+ L)u(t,x) = f(t,x), 3.1
u(T,x) = gx).

Definition 1. Let f, g be measurable and bounded functions. We say that u € CP(H) with
B > « is a solution to (3.1) if

T
u(t,x) = g(x) +/ [Lu(s,x) — f(s,x)]ds, V(,x)e H. 3.2)
t

First we show that L : C#(H) — CP~*(H) is continuous.

Lemmal. Lera < 8 < u < 2a,

/ lv|*dr +/ lv|*dr < o0
luj<1 lu|>1

and a', b € C’ﬂ(Rd), G e CﬂW(Rd). Then for any v € C'ﬁ(Rd) we have Lv € Cﬂ_“(Rd)
and there is a constant independent of v such that

[Lv|g—a < Clvlg.
Proof. Let
Bv(x) = / [vix + G (x)v) —v(x) — xa(V)(VV(X), G(x)v)]dm.
Then
Lv = Bv + (a(x), Vu(x)) + %(bi(x), bj(x))aizjv(x).
By Proposition 13 in [12], Bv € C‘ﬁ*"‘(Rd) if B—a ¢ Nand |Bv|g_¢ < Clv|g. In this case,

obviously, Lv € CP~2(RY) as well.
Ifa>1,8=1+4a,then

1
Bv(x) = / / [Vv(x +sG(x)v) — Vu(x)]G (x)vdsdm
lul<1 JO
+ / [v(x + G(x)v) — v(x)]dn.
lu|>1
Since

1
V(Bv(x)) = /0 [32v(x + sG(x)v) — 0°v(x)]IG (x)vdsdrm

lvl=<1
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1
+ / / 82v(x +sGx)V)VG(x)vG(x)vdsdm
lv|<1J0
+ / [Vv(x + G(x)v) — Vv(x)]dnr
lul>1

+ / Vo(x + Gx)v)VG(x)vdm,
lu]>1

it follows that sup, [V(Bv(x))| < C]|v|g. Therefore |Lv|g_y¢ < Clv|g as well. If @ = 1 and
B =2, then

|[VBv(x)| = /[Vv(x + G(x)v) — Vu(x)ldr + / Vu(x + G(x)v)G(x)vdr,

sup |[VBv(x)| < Clv|g

X

and |Lv|g_y < C|v|g. The case B = 4, o = 2 is considered in a similar way. [

The main result of this section is the following statement.

Theorem 4. Let o < 8 < u < 2«, and

/ |v|* 7 (dv) +/ |lu|*m(dv) < 0.
lv|<1

lu|>1
Assume a', b/ e CP(RY), GV e CPVI(RY). Then for each f € CP(R?), g € CPR?), there
exists a unique solution u € CP(H) to (3.1) and a constant C independent of f, g such that
lulpg < C(1flp + 18lp)-
To prove Theorem 4, for ¢ € (0, 1) we consider a nondegenerate equation
(3 + L?) u(t,x) = f(1,x), (3.3)
u(T, x) = ge(x),
where Lfu = —&% (—=A)*? u + Lu and

ge(x) = /g(y)ws(x —y)dy = /g(x —»wf(ydy, xeR?

with wé(x) = e w (%).xe RY, w e CPRY), [wdx = 1.
An obvious consequence of Corollary 9 in [12] is the following statement.

Lemma 2 (See Corollary 9in [12]). Let @ < B < u < 2q,

/ |v|*m(dv) +/ |lv|*m(dv) < oo,

lul<1 lu|>1

and a*, by g, fe€ _C’ﬂ(Rd), G e éﬂVI(Rd). Then for each ¢ € (0, 1) there is ,3_ > 2« and a
unique u = ug € C’ﬂ(H) solving (3.3).

We separate in the operator L? its “bounded jump” part Lév(x) = Ziv(x)l -—x With

_ 1 & .
Liv(x) = =% (=) u + (a(2), Voo (0) + 5 Y (B (2), b/ ()37 v(x)
2 i,j=I
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+ / [v(x + G (2) v) —v(x) = xa(V)(VV(x), G()Vv)]dn
lvl=<l
z,x € RY, v e CP(RY), so that

Liv(x) = I:iv(x) —+—f [v(x + G(2)y) — v(x)ldw, x,zeR%.

lu|>1

Remark 4. If the assumptions of Lemma 2 hold and u, € lol (H) solves (3.3) with 8 > 2«,
then u, satisfies the following equation as well:

(3 + L) u(t, x) = F(u,t, x), (3.4)
M(T5 -x) == gS('x)a
where F(u,t,x) = F,;(u,t, x)|;=, with

F,(u,t,x)= f(t,x)— / [u(t, x + G(z)v) — u(t, x)]dn.

lu|>1

Using a probabilistic form of a maximum principle we will derive uniform (independent of ¢)
CP-norm estimates of u, and passing to the limit as ¢ — 0 we will obtain u € C CP(H) solving
(3.1). First we prove some auxiliary statements.

Let

» t
7= /0 /| 0= upt dv) + v, do))

'
= [ / vg(dt, dv) —i—t/ (1 = xq(V))vdm. 3.5)
0 Jp=t lvl<1

For (s,x) € H,h € R, £ e R, the following stochastic processes in [s, 7] are used to derive
the uniform estimates:

dUt = SdZ;x + a(U,)dt + b(Ut)dW[ + G(U,_)dzt,

dH; = [a(U; + Hy) —a(Up)ldt + [b(Utj‘ H;) — b(Up)]1dW;
+ [GU- + Hi-) — G(U,-)]dZ,, (3.6)

dV, = aV(U; + Hy; Vi)dt + bV (U, + Hy; V,)dw,
+ / G(l)(Ut— + H;_; ‘_/t—)dzt»
lul<1

dVy = aV (U Vydt + b Us; V)d W, + GV (U Vio)d Z,
Us = x, Hg =h, Vi =&, ‘_/SZE»
where Z* is R%-valued spherically symmetric a-stable process corresponding to (—A)%/2 and

independent of Z. Recall for a function v on R? we denote vV (x; &) = (Vu(x), ), x,& € R?
and, for example, componentwise,

n m
dv, = (Val (U), Viydt + Y (VB (U), Viyd W} + ) (VG (U-), Vi)d Z],
i=1 i=1
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Lemma 3. (a) If at, b;, G/ eC! (Rd), then for each | > 2 there is a constant C such that

E|: sup |Ht|l] < Clh|'.

s<t<T
) If al, bl] Gl e Cl+* (Rd) with k € (0, 1], then for each | > 2 there is a constant C such

that

s<t<T s<t<T

E[ sup |Vs|' 4+ sup MV} < Clgl,

s<t<T

E[ sup |V, — VA’] < CIg['|n'.

Proof. (a) Since (3.5) holds, we have by the Holder inequality and martingale moment estimates
(see [11,17])

t 12 t
E sup |H,|' <C {|h|’+E|:</ |Hr|2dr> }JFE/ |H,|’dr}
sS<r=<t s s

t
§C|:|h|’+E/ sup |H,/|ldr:|, s<t<T
N

s<r'<r

and inequality follows by the Gronwall lemma.
(b) Similarly, for each [ > 2, there is a constant C so that

s<t<T s<t<T

E[ sup |Vil' + sup I‘_/slli| < Clgl.

Then

t 12 t
E sup |V, — V| sc{E[(/ |Hr|2K|vr|2dr) }+Ef |H < |V, | dr
S<r=t K s

ro_ 72 ro_
+ E (f |V,—V,|2dr> +E/ |V, — V,|'dr
s N
t _ t _
§C[E/ |Hr|"1|V,|ldr+E/ |V,—V,|ldr] s<t<T.
N N

By the Gronwall lemma,

T
E sup |V, — 7,/ sCE/ VAGLARE

s<r<T K
T
<c f (E(|H, )12 E( T, )
S

< Clgl'in. O
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3.1. Proof of Theorem 4
1. Existence. By Lemma 2, for each ¢ € (0, 1) there is a unique solution u, € CP(H) 1o (3.3)

for some E > 2u. By Remark 4, (3.4) holds as well. Let (s, x) € H and U; solves (3.6). By Itd’s
formula,

T
Eg.(Ur) — us(s,¥) = E / Fus, r, Uydr
S

and

T
lue(s, o < Iglo +/ Lf(r, o+ Clue(r, -)lodr.

By the Gronwall lemma, there is a constant not depending on u, and ¢ such that

T
sup fue(t,)lo = C [Iglo +/0 |f(r, -)Iodr]-

0<t<T

As suggested in [7], we estimate multilinear forms associated to the derivatives of u. Let
k= [ﬁ]_’(t’x) € H,Ely-..,ék GRdal'ld
d k
o*u(t, x) )
ul@ a8l 8= Y g gl k=L

ufgo)(t,x) = uy(t, x).
ForzeRY, (t,x) e H, €' e R?, ... £F e RY, let

PP, x: 8. &5
= _ga(_Ax)a/zug‘k)(t’xs Elv e ék)

+f {Mf;k)(erG(z)v;El+G(”(z;€1)u,...,sk
lvl=<l
+G @) —u® (88— xe(v) [(vxugkkx; B .. 9. G(v)
k
- Z(stuék)(x;élv-~~,§k),G“)(Z;E’)v)”dﬂ
=1
k
+@@), Ve gl E) + Y (Ve g' 69, a D (e
=1
1 . .
32 @D @ (g g
nJ
k ) ‘
+ D 1"V (8D, 6 @), w81 EY

=1

+ (' (@), b V(z; SZ))ax[sj_u(k)(x; EL L g")]} :
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Differentiating both sides of (3.4) and multiplying by Sill ~-~$I.’2 we see that ugk) (t,x; &L,

oL E k) satisfies the equation

quP @, x £ Y+ PP e x 8 E) = At x, 8 LLE), 3.7
where

AGe, t,x, ' EN = Blue, t.x 6N L EN + FO e, x1 8", 85
and B(ug, t, x, él, e, Sk) is a finite sum of the terms of the form

Veul (6, x + Gy €1, &) = VD x + Gy €1, &)

x GE Dy gl L gy

:/ ul(t, x +sGx)v: EN, .. ENG ) vdsG*D (x; £l gy
0

with < k — 2 and
. . . -1 m -
uDt, x + Gy &1, NG (e 1, g%y .G (g1 Elim)
withm > 2,1 < k,l+1y+ -+ 1Ly = k and (£1,... &1, ... &%) being a permutation

of &',..., &K In any case, there is a constant C independent of ¢ and u, so that for all
(t,x) €[0,T] x RY, &' e RY,
|AGue, 1., &' LED] < Cuet, )k + 1 £ @ )IE - £, (3.8)
|Aug, 1, €' 8D gk < CUuc, g + 1 )IpIE - 1811,

and

|AQue, t,x, &Y L ER) — Aue, t,x, 81, . 8N

k
< CUFW Dk + luet, ) D IE" - 187 18 — &1 185, 3.9

=1

On the other hand, for any (s, x) € H with the processes defined in (3.6), it follows by Itd’s
formula,

Ew® (T, Ur, V), ..., VE) —u® (s, x, &, .. EN)]
=E[gPWr, V), ..., VE —u®s, x, €1, .. £

T
:E/ Bu® @, U, v VO +PHuP ¢ UL VL Ve
N

T
= E/ [A(ue, t, U, VY, ..., V)de
S

and
Eu® (T, Ur + Hr, V), ..., VE) —u®(T, Ur, V}, ..., V)]
—w® s, x+h g ) —u® s, x, gL EN)]
=EYWUr + Hr, V}, ..., V5 —e®Wr, Vi, ..., VD]
— P, x+h gl —u® s, x, gL L EN)
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T
= E/ {[a,ug")a, Ui+ H, VL VY + Py g u® @ U+ HLVE V)
N

— P, ULV VP uP e UL V,k)]} dt

T
- E/ [A(ue, t, U + Hy, V2 V) — Aue, 1, U, VY L VY ar.
N

Since by (3.8)
|AGue, t, U, Vo VO < CQuelt, e + 1@ IOV -1V,

it follows by Lemma 3 and the Holder inequality,

ElAue, 1, U, VY, . VI < Cluee, Yk + £, )0IEY - - €5
Since
|A(ue, t, U + Hy, V2 o VE) — A, 1, U, VL VR
< |AGue,t, U + H, VY, VE) = A, 1, U, VL VR
+ |A(u8a t» U[s ‘7[17 DR v[k) - A(ué‘v t? U[9 thv ceey V[k)|
= A+ Ay,
it follows by the estimates (3.8), (3.9) and Lemma 3 that
EA; < CEIH PPN (£, )l + lut, )p)
< ClhIP*(1f 2, g + ludt, )g)
1

A

and for |A|

k
CUfE I+ lue, ) D BV VIV = Vv v
=1

EA,

IA

< CUL@ I+ lul, ) Y BV = VIPDV2E gt gt gk
l

< COf @, e+ lult, H)IEY - - 1EX 1R
Similarly, we estimate
ElgPWr, Vi, ..., VB < Clgllg!] - 185
and for |h| < 1

(3.10)

Elg®OWUr + Hr, Vi, ..., VE) = e®Wr, Vi, ..., VR < ClglglhP|EY - €K).

So,

T
u® (s, x; & ) < ClEY - 18K [|g|k+/ (luet, Y + 1 £, ‘)|k)dt:|,

0<s<T,

and by the Gronwall lemma,

T
sup |u§k><s,x;sl,...,sk)|osC|sl|---|sk|[|g|k+/0 |ft, -)W]

0<s<T
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Also, for |h] < 1,x e RY,0<s <T,
k 1 k k 1 k
u® (s, x +h &' 8 —uP s, x, 8L EN)

T
< Clh|P7REY - gk [|g|ﬁ +/ (f(t,)p + lut, -)|ﬁ>dt} ,

and by the Gronwall lemma,

T
sup [u® (s, &l &N g < ClE - 18K [|g|ﬁ+/0 |f(t,)|pdt

0<s<T

| |

Therefore for each 8 € («, 2],
T
sup |uglg < C |:|g|,3 +/ | f (2, ~)|,3dt]. (3.11)
e€(0,1) 0

Since for each (s, x) € H,

T
ug(s, x) = ge(x) +f [LPu(t, x) — f(t, x)ldt, (3.12)

and there is a constant C > 0 so that for all (¢, x) € H, h € R,
[0pue(t, x + h) — dpue(t, x)| < |L5 u(t, x +h) — Lucu(t, x)|
+ 1@ x+h)— [, x)]
< ClhP~® (ucl 5 + 1 £1p) (3.13)

for some ,5 € (e, + a A 1). It follows from (3.11) and (3.13) that there is a sequence
e, — Oand u € ol (H) such that such u,, — u uniformly on compact sets of H. By (3.11),
Lfuc(t,x) — Lu(t, x) pointwise and passing to the limit in (3.12), we see that u € C‘B(H) is a
solution to (3.1).

2. Uniqueness. Letu', u* € C#(H) be two solutions to (3.1). Then v = u' — u? satisfies (3.1)
with g = 0, f = 0. Let X;** be the solution to (1.1) starting from x € R¢ at time moment s.
Then by It6’s formula,

—v(s, x) = Eu(T, X7%) — v(s, x)
= E/T [Blv(r, X3 + Lo(r, Xf’x)] dr =0
s
and uniqueness follows.
4. One-step estimate and proof of main results
First, we modify the mollified function estimates for the Lipschitz spaces. Let w € C{° (RY),

be a nonnegative smooth function with support in {|x| < 1} such that w(x) = w(|x|), x € R?,
and [ w(x)dx = 1. Due to the symmetry,

/Rdx"w(x)dxzo, i=1,....d. 4.1)
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Forx € R? and ¢ € (0, 1), define w®(x) = e 4w (%‘) and the convolution

i) = / fOw'(x = y)dy = /f(x —Nw'(dy, xeR. 4.2)

Lemmad. Let o < < 2a, f € CP~2(R?). Then

|f@) = )] < CeP | flp-a. xR, 4.3)
and there is a constant C such that

ILFE| < CeP2| flp_a. 4.4)
Proof. Indeed, if 8 — o < 1, then

lfe@) — fo)] < / If(x —y) — FEOlw (y)dy
< C|flp—ae?™.

If 8 —a € (1,2], then

Ife@) — fol = '/ F+y) = f&) = (Vf), »w' (»)dy

<[/ VS 59) = V£, st ()dydy
< CP 4 flp-a-
According to Lemma 17(iii) and Corollary 18 in [12], for each 8, so that 8 — o < «,
ILf*] < CeP=7% flp—q = CeP | flpa
Inequality (4.4) still holds for 8 — @ = « or B = 2« by a straightforward estimate. [J

We modify one-step estimate in [12] for Lipschitz spaces as well.

Lemma 5. Leta < 8 < u < 2a,

/ lv|*dm —i—/ lv|*dr < oo,
luj<1 lu|>1

and qi, b e CPRY),GYU e CPVY(RY). Then there exists a constant C such that for all
feCP*RY,

E[£(¥) = f (Yol Fy, ]

whereis =i if 1, <5 < Tit+1.

s
<Clflp-o8«"", Vs el0,T],

Proof. Applying It6’s formula, for s € [0, T,

ELf*(Ys) = f* (Y )| Fe, 1 =E [ / (Lr,, £700) dr|ff,.s] .

is
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Hence, for ¢ € (0, 1), by (4.3) and (4.4),

IELf (Yy) = f Y )| Fg ) < [EL(f = fOX) = (f = OO T ]I
+IELf*(Y5) — f* (Y )| Fg
= CF(&0)|flp-a:

with a constant C independent of ¢, f and F(e, §) = ¢/~ 4 ¢#~2¢§. Minimizing F (e, §) in
g € (0, 1), we obtain

ELf(Yy) — f (Yo )| Fe 1| < C85 Y flg. O

4.1. Proof of Theorem 1

Letu € CP (H) be the unique solution to (3.1) with f = 0. By It6’s formula,

T
E[u(0, Xo)] = E[u(T, X7)] — E [/ (pu(s, Xy) + Lx,u(s, X)) dS]
0

= E[g(X7)]
and
E[u(0, Xo)] = E[u(0, Yo)]. 4.5
By Lemma 1,
[Lzu(s, )|p—a = Clglp, |0iu(s, )p-a < Clglg. s€[0,T],zeR. (4.6)

Then, by It6’s formula and (4.6), it follows that

Elg(Y7)] - E[g(X7)] = E[u(T, Y7)] — E[1(0, Yo)]
T
=E [/ i [Biu(s, Ys) — Byu(s, Yr,)]
0

Ly, w6, Y0 = Ly, uts, Y]} ds] .
Hence, by (4.6) and Lemma 5, there exists a constant C independent of g such that
B_
|Eg(Y7) — Eg(X7)| < C8«""|g|g.
The statement of Theorem 1 follows.

4.1.1. Proof of Corollary 2
According to [2], there is a rapidly decreasing smooth function w € S(R?), the Schwartz
space, such that f w(x)dx = 1 and all moments are zero:

/w(x)x”dx =0, ye N¢, y #0,

where x” = x]" - xl x = (x1,...,x0) € R%. Lete € (0, 1), we (x) = e 9w(x/e), x € RY,

8e(x) = fg(x —yw:(y)dy, xeR?.
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We will show that for g € (0,4],v < 8,
sup |ge (x) — g(x)| < Clglve”, (CN))
X
Igelp < Ce"Pgl,.
(A standard mollifier could be taken if v < 2; see Lemma 4). Since for x € R,

DY g(x)

o ¥ [ we(y)dy,

gg(x)—g(x)=f gx—y—g)— Y,

I<lyl=v]~
it follows that
sup [ge(x) — g(x)| < Clglye”.
X
If B is an integer, y € N?, |y| = Band y = u + ' with || = [v], &’ # 0, then

D7 ge(x)

el / gDV w)s (x — y)dy = V=P / DHg(y) (D" w)e(x — y)dy

_ gn-p / [D"g(y) — D*g(x)1(D¥ w)s (x — y)dydy
and
|DY ge(x)| < Ce"Plgl,, xR

If B is not an integer, the second inequality in (4.7) follows by interpolation.
According to Theorem 1 and (4.7),

[Eg(Yr) —Eg(X7)| < 2sup|ge(x) — g(x)| + [Ege (Y1) — Ege (X7)|
C|g|VF(87 8)7

IA

where F(e,8) = &’ + " F§ g’]. Minimizing F in ¢ € (0, 1), the statement of Corollary 2
follows.

4.2. Approximate simple Euler scheme

Consider the approximation of X; defined by the increments of Z, =Z7 +R,0<t<T,
in Example 1. Obviously, Z; depends on «, g and o. Its generator is

'
Zv(x) = / / [v(s,x +v) —v(s,x) — xa (V) (VV(s, x), V)] (dV) + R“‘ﬂv(x),
0 Jlu|>e
where
/ (Vv(x),v)dn ifa <pBe(,2],ae (1],
v|<o
R*Py(x) = %Z(B“*B”)Uafjv(x) ifao <Be@4],aec(,2],

ij
0 otherwise.
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Lemma6. Leta < < 2a and h € CP(R?). Then there is a constant C such that for every
FZ° -stopping times 0 < t < 1’ < T we have

[Elh(Zy — Z2) — h(Zy — Z)|F 1l < Co(o)|h|gElT — t|F¢],

with
p(o) = / lulf 3 dm
lv|<o

(here F%° is the natural filtration of o -algebras generated by Z°).

Proof. Let Z® = Z — Z°. We show first that there is a constant C such that for any s < 7, g €
CPRY,

[Eg(Z7 — Z7) — Eg(RY — R))| < Co(a)lglslt — 5. 4.38)
By It6’s formula
v(r,x) =E[g(Z{ —Z7 +x)], 0=<r<t, 4.9)
is the solution of the backward Kolmogorov equation
dv(r, x) + f [v(r, x +v) —v(r, x) — xa(V) (VV(r, X), v)]7(dV) =0,
lv|<o

v(it,x) =gkx), 0<s<t. 4.10)
Obviously, v € C‘ﬁ([O, t] x Rd) and (see (4.9)) |vlg < |glg. By Itd’s formula and (4.10),
Eg(RY — RY) —Eg(Z] — Z]) = Ev(t, RY — RY) — v(s, 0)

t
= E/ [R*Pv(r, RZ — R)
N

— Lv(r, R? — R?)]dr, (4.11)

where
Lu(r,x) = / [v(r, x + V) — v(r, x) — xo (V) (Vo(r, x), V)| (dV), (r,x) € H.
lv|<o

Ifa<pe,2],a € (0, 1], then for all (r, x) € H,

RYPy(r, x) — / [v(r, x +v) — v(r, x)] (dv)

[v|<o

1
< / / [Vu(r, x + sv) — Vou(r, x)| |v|ldrds
0 Jjv|<o

§C|v|,3/ lv|Pdr 5C|h|ﬁ/ lv|fdr.
[v|<o

lv|<o

Ifa <Be,4],a € (1, 2], then for all (r, x) € H,

Ro”ﬂv(r, x) — / [v(r,x +v) —v(r,x) — (Vu(r, x),v)]ldn

[v|<o

1
< / / |D2v(r, X+ sv) — Dzv(r, x)| |U|2d7'rds
0 Jv|<zo
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5C|v|ﬁf lulf 3 dn §C|h|ﬂ/ lulf3dx.
lv|<o lv|=o

The estimate of the difference R*#v — Luv in other cases is straightforward and (4.8) follows
by (4.11). B
Since Z°, Z° and R are independent and 7, v’ are F” stopping times, we have by (4.8) that

|E[h(Z9, — 2% + Z% — Z9) — h(Z%, — Z¢ + R?, — RO)|F]|
< C¢(o)|h|gE[r" — | F:].
The statement follows. [

For the proof or Theorem 2 we will need the following estimate.

Lemma 7. Let
Vl =at + bWt + GZU

where a € R, bis a d x d-matrix and G is an m x m-matrix. We assume b = 0 if o € (0, 2)
anda =0if a € (0, 1) and

lal + bl + |G| = K.

Leta < B<u<2aandh € C‘ﬁ_“(Rd).
Then there is a constant C = C(«, B, K) such that

[ER(V,) = h(O)] < Cr& ! hls .
Proof. For f € C#(R?), applying Itd’s formula,
B0 - /O =E [ Kf(ar
where for x € R,

1
KF() = (@ VF0)+ 5 3 b"bdj f(x)
LJ

+ f[f(x +v) = f(x) = xa(W)(V f(x), V)] (dV).

For h € CP~%(R?) we take w € (O (RY) to be a nonnegative smooth function with support in
{Ix] < 1} such that w(x) = w(|x]), x € R?, and fw(x)dx = 1.Forx € R%and ¢ € (0, 1),
define wé(x) = ¢ 9w (%) and the convolution

he(x) = f FOw'(x —y)dy, xeR%
Then by Lemma 4

t
[EA(V:) — h(0)] < 267 ~|hlp—o + ‘E/ K (Vy)dr
0

IA

Clh|p—a(eP + P 72%0)

for each € € (0, 1). The statement follows by minimizing the inequality ine. O



R. Mikulevicius / Stochastic Processes and their Applications 122 (2012) 2730-2757

4.2.1. Proof of Theorem 2

Letu € CP(H) be the unique solution to the backward Kolmogorov equation
(0 + L)u(t, x) =0,
u(T, x) = g(x).

Letfort; <t < Tj41
Hi = a(Ve)(t — 1) +b(Y))(Ws — We) + G(Vr,) (Zy — Zy;)
and denote AY,, = Y-, g Y. We approximate

w(T, Y1) — u(0,Yo) = Y u(tit1, Yo,,) — u(r;, ¥r)

i
=Y [u(wis1, Yo + AVy) — u(tigr, Yo + Hi )]
i
+ Z[U(TiJrh Yo + H£i+1) —u(t;, ¥z,)]
-
=D+ Z D»;.
i
According to (2.4) (Lemma 6),
E[Di| < Cop(o)lulg < Co(o)lglp-
Now, we estimate the second term. By It6’s formula for each i,

E[Dyi|Fy, ] = Elu(tis1, Yo, + He ) — u(tig1, Vo) | Fy ]

Ti+1
Ti+1 - . ~ .
= E {/ [0ru(r, Yfl. + Hrl) + L};T_u(r, Yr,- + H;)]dr|.7:fi}
T !
Ti+1 - R -
_E / [Buu(r, oy + HY) = dyur, 7o)
3

+ (L);Tu(r’ Yfi + H;) - Lfru(rv ?‘L','))]dr

and by Theorem 4 and Lemmas 1 and 7,

Z ED»;
i

B_
< > [EDy| < C8« ' |Lulg_o
i

B B
< C8aulg < Csa7"glp

and the statement of Theorem 2 follows.

4.3. Approximate jump-adapted scheme

2751

4.12)

Consider the approximation of X; defined by the increments of Zt =Z7+R},0<t<T,in
Example 1. For o € (0, 1), § > 0, consider the following Z° -jump-adapted time discretization:

70 =0,

r,-+1=inf(t>ri:AZ;’;EO)/\(IZ-+8)/\T.
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In this case, the time discretization {t;,i = O, ..., n7} of the interval [0, T'] is random, ; are
stopping times. We approximate X; by

t t t
Y, =X0+/ a(YriS)ds—i—/ b(Y,,.S)dWs—l—/ G(Vy)dZs, 1€[0,T].
0 0 0

In this case,
Tipl — T =Ni+1 ASA (T — 1)
with
Ni41 =inf(t > 0: p (i, i + 1], {lvl >0} = 1)
and ;41 is Fr,-conditionally exponential with parameter A, = 7 ({|v| > o}).
Lemma 8. Let 8, =8 A (T — 1;),i > 0, and Ly = 7 ({[v] > o}).
(i) There is a constant ¢ > 0 such that for anyi > 0
¢ (8 A x;l) <Eltip1 — | Fq] < 8] AXSL
(i1) There is a constant C such that for any i > 0,
El(ti+1 — 1)°|F5] < CEIS? AR |Fy]
< C A DE[T41 — T Fy .

Proof. Since 7,41 — 7, = ni+1 ASA (T — 7;) and
Ni+1 =inf(t > 0: p ((z;, & +t], {lvl| >0} = 1)

is F,-conditionally exponential with parameter A, we find
Eltip1 — 1|71 = E[nis1 A8/ F ] = AU/ teMoldt + 8l 0%
0

1 — e *od

Ao

and (i) follows. Similarly,

E[(tit1 — ©1)*F5]

) ,
AoE [ / t2e™ o dr 4 §Pe % |.7-',,:| dt
0

2 ’ ’
[ hobieT T 1 — el
(o2

and (ii) follows using (i). O

An immediate consequence of Lemma 8 is the following statement.

Corollary 5. (i) There are constants ¢, C > 0 such that

B (tiy1— 1) < Y E[G ALY AT —1)]

IA

CE) (tiy1 — ) =CT.
i
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(i1) There is C > 0 such that
Y El(tiy1 — 1)’ 1 < CTG A XY,
i

Proof. We derive (i) by summing inequalities in Lemma 8(i). According to Lemma 8(ii) and (i),

Y El@wir — w1 = CY EIT —w)° A8 AR

IA

IA

C(TASAMY ZE[(T —T) AS AT

IA

CTG AMY.
The statement follows. [

For the proof of Theorem 3 we will need the following estimate as well.

Lemma 9. Let
Vf =at + bW[ + GZ[,

where a € Rd, bis ad x d-matrix and G is an m x m-matrix. We assume b = 0 if o € (0, 2)
anda =0if a € (0, 1) and

lal +b] +1G| < K.

Leta < B<u<2aandh € éﬁ_“(Rd).
Then there is a constant C = C(«, B, K) such that for anyi > 0

Titl B
E|:/ h(vr)_h(vr,-)lfr,:l

~Bq —1\a
< Clhlp—gid (5 A )
where Ly = 1 ({|[V] > 0}),
/ vdm
1>|v|>0o

Proof. For f € CP(RY),i >0, applying It6’s formula,

1
E[(ti1 — o) Fy],

Ao =1+ lac12)

Ti+1
Bl [ ron - s

Tit+1 B
:Ef |:/ [Kf(V)dr + M —MT,.]ds|.7-'T,.:|dr,
Ti Ti
where for x € R,

1
Kf0) = (@, V) +5 Y bboj f(x)
L]

+ / LF (x4 0) = () = %a@)(V £ (), )] (dv)

and

t
M, = / /[f(V,_ + Gv) — f(V,O)]q(dr,dv), 1€][0,T].
0
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Note that

Titl Ti+1
/ (M — Mo)d(s — ) = (Msy,, — My)(tig1 — 11) — f (s — 7)dM,.
T Ti

Since Z° and Z° = Z — Z° are independent and 7; are FZ’ -stopping times, it follows by the
definition of ; that

Ti+1
E I:(MT,'_H - M‘L’,‘)(tl'-i-l - Tj) - / (S - Ti)dMS|fT,'i|

Ti+1
=E|:_(Ti+1 - ) (U7 —UZ)-F/ (S—Ti)delfr,»]
2

Ti+1

Ti+1
S ) U (e — Ug)dslf,[] ,
T

where

t
Utg :/ / [f(Vi_ + Gv) — f(V,_)]ldndr
0 Jjv|>o
t
Z// [F(Vi— + Gv) — f(V,_)]drdr
0 Jjv|>1
t
+ / / XaW)(V £ (V,), v)drdr
0 J1>|v|>0o

t
" /0 /1 o Vet GV) = (V) = ) (VS (V). )l
Hence

Titl
‘E |:f : f(Vr)—f(Vt[)|]-}[]dr

/ vdm
1>|v]|>¢

For h € CP~*(R?) we take w € Cy (R%) to be a nonnegative smooth function with support
in {|x| < 1} such that w(x) = w(|x|), x € R?, and [ w(x)dx = 1. Forx € R? and ¢ € (0, 1),
define w®(x) = e w (%) and the convolution

<C (1 + lye,2)

) | f1pEL(Tit1 — 70)* | F ). (4.13)

7 (x) = / FOWE(x — )y, xR

Then by Lemma 4 and (4.13),

‘E UUH h(V,) — h(V,)|}‘,l} dr

< 265 \h|g_oEl(tis1 — 1) | Fe] + ‘E [ f A hg(Vr))drIE}

< 26PN h|g_oEltit1 — w|Fy] + CeP ™

X |:1 + lae(l,Z)/ Udﬂ] 1= El(Tig1 — )% Fg 1.
1>|v|>¢
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Minimizing the inequality in & we find by Lemma 8(ii) that

'E |:/ti+1 h(V,) — h(Vf)|.7-'T,.j| dr

~B_ _B B_
< Clhlg—oré Eltip1 — ulFy 1 «El(tiq1 — 1) | Frla !

~B_ 1B
< Clhlg—oré S AIDe Bt — wlFyl. O

4.3.1. Proof of Theorem 3
Letu € CP(H) be the unique solution to the backward Kolmogorov equation (see Theorem 4)

@ +L)u(t,x) =0, 4.14)
u(T, x) = g(x).
Letfort; <t < ti4

H = a(Yr)(t — 1) + b(Y;) (W, — W) + G(Yr) (Z, — Zy,)

and denote A?fl. = l?r — ?T,.. We approximate

i+1

w(T, Yr) —u(0, Xo) = » u(tit1, Ye,,) — u(zi, V)

i

= Z[M(TH-I’ i}rl- + Al}z,-) — u(Ti+1, ?r,- + H. )]
;

Ti+1

+ ) [u(tipr. Yo, + HE ) — (5, Vr,)]

Ti+1
i
=D+ Z D»;.
i

According to Lemma 6,
E|Di| = Co(o)lulp = Cop(o)lglp-

Now, we estimate the second term. By It6’s formula for each i,
E[Dyi|Fy] = Elu(tis1, Vo + Hi ) — u(tig, Vo) Fy ]

Tit+1

Titl . . N )
=E {/ [Opu(r, Y, + Hy) + Ly u(r, Yy, + H,’)]drlfr,-}
T !

Ti+1 N . .
_E / [Buu(r, Py + HY) = dyur, 72y))
T
+ (L);T.u(r, ?Ti + H}f) - L);T.u(r, ?'L’,'))]dr

and by Theorem 4 and Lemmas 1, 9 and Corollary 5,

B_
Z ED; 1
i

o

(19 ulp—a + |Lut]g—a)

B _
<Y IEDy| < Cig™ (5 /\xgl)
i

B

~B 1\« X
< Cig (Mx; )

~B_q _1\a~!
ulp = Cig ' (8A251)" lgl

and the statement of Theorem 3 follows.
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5. Conclusion

The paper studies a simple weak Euler approximation of solutions to possibly completely
degenerate stochastic differential equations driven by Lévy processes. The dependence of the
rate of convergence on the regularity of coefficients and driving processes is investigated under
the assumption of S-Lipschitz continuity of the coefficients. It is assumed that the SDE is driven
by Levy processes of order o € (0, 2] and that the tail of the Lévy measure of the driving
process has a p-order finite moment (4 € (o, 2«]). The resulting rate depends on 8, o and .
Following [3], the robustness of the results to the approximation of the law of the increments of
the driving noise is studied as well. It is shown that time discretization and substitution errors
add up. In addition, a jump-adapted approximate Euler scheme is considered as well. The derived
error estimate shows that sometimes the inclusion of jump moments into time discretization {z;}
could improve the convergence rate. In order to estimate the rate of convergence, the existence of
a unique solution to the corresponding backward degenerate Kolmogorov equation in Lipschitz
space is first proved.

On the other hand, there is a discrepancy in the model (1.1) between ¢ = 2 and o € (0, 2).
One would like to consider the equation

t
Xt:Xo—i—/ a(XS)ds—i—/
0 0

with a possibly degenerate b and a spherically symmetric a-stable W* (in (1.1), b = 0 for
a € (0,2)).

Since (1.1) could be degenerate, a solution corresponding to a given « € (0, 2] can be looked
at as a solution corresponding to & € (o, 2] as well. Therefore the rate for a fixed o cannot be
“universally optimal”: there is always a large subclass for which the rate claimed for o could be
better and achieved under weaker assumptions. For example, if § = u = 2« with @ € (0, 2)
(the diffusion part is absent), the convergence orderisk = 1 (u =4 and G € C* is not needed).
Even “strictly at o””, the assumption about the tail moment u € (e, 2cr] is not optimal. It could
be weakened for a subclass with the driving processes Z such that the compensator of the jump
measure of X; has a nice density with respect to a reference measure. For example, let us consider
the following one dimensional model

t

t
bX)AWE + / G(X,)dZ,. 1e[0.T],
0

t t t
X =Xo —i—/ a(Xs)ds —I—f b(Xs)d Wy ~|—/ G(Xs-)dZs, te]l0,T], 6D
0 0 0

where Z is a symmetric A-stable with A € (0, 1) and G > 0. Assume a, b, G*, g € 6'4(R).
Although 1 < 1 in this case and the equation is possibly degenerate, a plausible convergence

rateisstillek = 1 (ork = v/4if g € C”(R), v € (0, 4]), because the integral part of the generator
of (5.1),

_ dy Y dy
Iv(x) = [ [v(x + G(x)y) — v(x)]W =G)" [ [wx+y) —v)]—7

1 1+A°
is differentiable without assuming much about the tail moments of the Lévy measure.
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