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We propose the complex group theoretical Clebsch–Gordon coefficients as a novel origin of CP violation.
This is manifest in our model based on SU(5) combined with the T ′ group as the family symmetry.
The complex CG coefficients in T ′ lead to explicit CP violation which is thus geometrical in origin. The
predicted CP violation measures in the quark sector are consistent with the current experimental data.
The corrections due to leptonic Dirac CP violating phase gives the experimental best fit value for the
solar mixing angle, and we also gets the right amount of the baryonic asymmetry.

© 2009 Elsevier B.V. Open access under CC BY license. 
The origin of the cosmological matter antimatter asymmetry in
the universe is one of the fundamental questions that still remain
to be answered. It has long been known that in order to gener-
ate the baryonic asymmetry, three conditions [1] must be satisfied,
i.e. baryon and lepton number violations, CP violation and out-
of-equilibrium decay. Given the evidence that our universe is ex-
panding, the out-of-equilibrium condition can be simply satisfied.
In most extensions of the Standard Model, such as grand unified
theories, there naturally exist processes that violate baryon and/or
lepton numbers. Due to the small quark mixing, the complex phase
in the Cabibbo–Kobayashi–Maskawa (CKM) mixing matrix gener-
ates a baryonic asymmetry that is vanishingly small. The obser-
vation of neutrino oscillation, on the other hand, opens up the
possibility of generating the baryonic asymmetry through leptoge-
nesis [2]. The success of leptogenesis crucially depends on the ex-
istence of CP violating phases in the Pontecorvo–Maki–Nakagawa–
Sakata (PMNS) matrix that describes the neutrino mixing [3].

Generally, CP violation can arise either explicitly through com-
plex Yukawa coupling constants, or spontaneously through the
complex vacuum expectation values (VEVs) of the Higgs fields,
or a combination of both. In these two scenarios, the complex
phases appear to be free parameters, adding to the list of parame-
ters in the Yukawa sector that accommodate the observed fermion
masses, mixing angles and CP violation measures.

In this Letter, we propose the complex Clebsch–Gordon (CG)
coefficients as a new origin of CP violation. Such complex CG coef-
ficients exist in the double tetrahedral group, T ′ . In this scenario,
CP violation occurs explicitly in the Lagrangian from the CG coeffi-
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cients of the T ′ group theory, while the Yukawa coupling constants
and the VEVs of the scalar fields remain real. As a result, the
amount of CP violation in our model is determined entirely by
the group theory, unlike in the usual scenarios. It gives the right
amount of CP violation in the quark sector and in the lepton sector,
through leptogenesis, gives rise to the right amount of the matter
antimatter asymmetry.

Experimentally, the best fit values for the neutrino mixing an-
gles are very close to the prediction of the tri-bimaximal mixing
(TBM) matrix [4],
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which predicts sin2 θatm = 1/2, tan2 θ� = 1/2 and sin θ13 = 0. It
has been realized that the TBM matrix can arise from an underly-
ing A4 symmetry [5]. Nevertheless, A4 does not give rise to quark
mixing [6]. Even though the exact TBM matrix does not give rise to
CP violation, due to the correction from the charged lepton sector
in our model, leptonic CP violation can still arise.

Group theory of T ′ . The finite group T ′ is the double covering
group of the tetrahedral group, A4. It has 24 elements, and is gen-
erated by two generators, S and T . In the T diagonal basis, these
two generators in the triplet representation are given by

S = 1
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with ω = e2iπ/3. While all CG coefficients can be chosen to be real
in A4, this is not the case in T ′ , which has three doublet repre-
sentations, 2, 2′ , 2′′ , in addition to the triplet, 3, and three singlet
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Table 1
Field content of our model. The three generations of matter fields in 10 and 5 of SU(5) are in the T3, Ta (a = 1,2) and F multiplets. The Higgses that are needed to generate
SU(5) invariant Yukawa interactions are H5, H ′

5
and �45. The flavon fields φ through N are those that give rise to the charged fermion mass matrices, while ξ and η are the

ones that generate neutrino masses. The Z12 charges are given in terms of the parameter ω = eiπ/6.

T3 Ta F H5 H ′
5

�45 φ φ′ ψ ψ ′ ζ N ξ η

SU(5) 10 10 5 5 5 45 1 1 1 1 1 1 1 1
T ′ 1 2 3 1 1 1′ 3 3 2′ 2 1′′ 1′ 3 1
Z12 ω5 ω2 ω5 ω2 ω2 ω5 ω3 ω2 ω6 ω9 ω9 ω3 ω10 ω10

Z ′
12 ω ω4 ω8 ω10 ω10 ω3 ω3 ω6 ω7 ω8 ω2 ω11 1 1
representations, 1, 1′ , 1′′ , that exist in A4. Specifically, the complex
CG coefficients appear in the products that involve the doublet rep-
resentations [7].

The model. In Ref. [8], we have constructed a SU(5) model com-
bined with a family symmetry based on T ′ , which simultaneously
gives rise to the tri-bimaximal neutrino mixing and realistic CKM
quark mixing [9]. (T ′ has also been utilized by others [10].) In this
investigation [8], we did not consider the possibility of having CP
violation due to CG coefficients being complex, which is the sub-
ject matter of the present Letter. The field content of our model
is summarized in Table 1. Note that since all fields in a full SU(5)

multiplet transform in the same way under the T ′ symmetry, our
model is free of discrete gauge anomalies automatically [11,12].
In addition to the SU(5) × T ′ symmetry, we further impose a
Z12 × Z ′

12 symmetry. Due to the Z12 × Z ′
12 symmetry, only nine

operators are allowed in our model up to mass dimension-7 in the
Yukawa sector. The discrete symmetries of our model allow the
lighter generation masses to arise only at higher mass dimension-
ality, and thus provides a dynamical origin of the mass hierarchy.

The Lagrangian of the Yukawa sector of the model is given by
LYuk = LT T + LT F + L F F + h.c., where

−LT T = yt H5T3T3 + 1

Λ2
H5

[
yts T3Taψζ + yc Ta Tbφ

2]
+ 1

Λ3
yu H5Ta Tbφ

′3, (3)

−LT F = 1

Λ2
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5
F T3φζ

+ 1

Λ3

[
ys�45 F TaφψN + yd H5′ F Taφ

2ψ ′], (4)

−L F F = 1

ΛM X

[
λ1 H5 H5 F F ξ + λ2 H5 H5 F Fη

]
, (5)

which is invariant under SU(5) × T ′ and it is CP non-invariant.
Here the parameter Λ is the cutoff scale of the T ′ symmetry
while M X is the scale where lepton number violating operators are
generated. Note that all Yukawa coupling constants, yx , in the La-
grangian are real parameters. Even if they are made complex, their
phases can be absorbed by redefinition of the Higgs and flavon
fields. The T ′ flavon fields acquire vacuum expectation values along
the following direction,
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〈ψ ′〉 =
(
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ψ ′

0Λ, (8)

〈ζ 〉 = ζ0Λ, 〈N〉 = N0Λ, 〈η〉 = u0Λ. (9)

Note that all the expectation values are real and they don’t con-
tribute to CP violation. (An interesting possibility of having spon-
taneous CP violation even though the VEVs of scalars are real has
been discussed [13].)

In terms of the T ′ and SU(5) component fields, the above La-
grangian gives the following Yukawa interactions for the charged
fermions in the weak charged current interaction eigenstates,

−LYuk ⊃ U R,i(Mu)i j Q L, j + D R,i(Md)i j Q L, j

+ E R,i(Me)i j
L, j + h.c., (10)

where Q L denotes the quark doublets while U R and D R denotes
the iso-singet up- and down-type quarks, with i and j being the
generation indices. Similarly, 
L and E R denote the iso-doublet and
singlet charged leptons, respectively. The matrices Mu , Md and Me ,
upon the breaking of T ′ and the electroweak symmetry, are given
in terms of seven parameters by [8]
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⎛
⎜⎝
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′
0 −3ψ0N0 φ0ψ
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⎞
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Here we have absorbed the couplings, yd , ys , yc/yt and yu/yt , by
re-scaling the VEVs, φ0, ψ ′

0, ψ0, and φ′
0, respectively. We also de-

fine y′ = yts/
√

yc yt . The SU(5) relation, Md = MT
e , is manifest in

the above equations, except for the factor of −3 in the (22) en-
try of Me , due to the SU(5) CG coefficient through the coupling
to �45. In addition to this −3 factor, the Georgi–Jarlskog (GJ) rela-
tions also require Me,d being non-diagonal, leading to corrections
to the TBM pattern [8]. Note that the complex coefficients in the
above mass matrices arise entirely from the CG coefficients of the
T ′ group theory. More precisely, these complex CG coefficients ap-
pear in couplings that involve the doublet representations of T ′ .

The mass matrices Mu,d are diagonalized by V †
u,R Mu V u,L =

diag(mu,mc,mt) and V †
d,R Md Vd,L = diag(md,ms,mb), where the

mass eigenvalues on the right-hand side of the equations are real
and positive. This gives the following weak charged current inter-
action in the mass eigenstates of the fermions,

Lcc = g

2
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L

. (14)

The complex mass matrices Mu,d lead to a complex quark mixing

matrix, V CKM = V † Vd,L .
u,L



446 M.-C. Chen, K.T. Mahanthappa / Physics Letters B 681 (2009) 444–447
The interactions in L F F lead to the following neutrino mass
matrix,

Mν =
⎛
⎝2ξ0 + u0 −ξ0 −ξ0

−ξ0 2ξ0 −ξ0 + u0

−ξ0 −ξ0 + u0 2ξ0

⎞
⎠ λv2

Mx
, (15)

which is parametrized by two parameters, giving the three ab-
solute neutrino masses [8] (see below). Here the coupling λ2/λ1
has been absorbed by redefining the VEV, u0, and λ = λ1. As
these interactions involve only the triplet representations of T ′ ,
the relevant product rule is 3 ⊗ 3. Consequently, all CG coeffi-
cients are real, leading to a real neutrino Majorana mass ma-
trix. The neutrino mass matrix given in Eq. (15) has the special
property that it is form diagonalizable [14], i.e. independent of
the values of ξ0 and u0, it is diagonalized by the tri-bimaximal

mixing matrix, U T
TBMMνUTBM = diag(u0 + 3ξ0, u0,−u0 + 3ξ0)

v2
u

M X
≡

diag(m1,m2,m3). While the neutrino mass matrix is real, the
complex charged lepton mass matrix Me , which is diagonalized
by V †

e,R Me V e,L = diag(me,mμ,mτ ), leads to a complex V PMNS =
V †

e,L UTBM (see below).

CPT invariance and CP violation. Even though the complexity of
the Lagrangian arises in our model through the complex CG coeffi-
cients, the hermiticity of the Lagrangian, which is required in order
to have CPT invariance, remains satisfied. This is easily seen using
the component form given in Eq. (10). Take the term U R Mu Q L for
example. Its corresponding hermitian conjugate is (U R Mu Q L)

† =
(U †

Rγ0Mu Q L)
† = Q L M†

u U R . The hermiticity of the Lagrangian al-
lows us to write, in general, L(	x, t) = αO(	x, t) + α∗O†(	x, t), where
O(	x, t) is some operator and α is some c-number. Recall that
charge conjugation C changes a left-handed particle into a left-
handed anti-particle, while the parity P turns a left-handed par-
ticle into a right-handed particle, and vice versa. Thus the C P
transformation converts a left-handed particle into a right-handed

anti-particle. Effectively, O(	x, t)
C P−→ O†(−	x, t) and α

C P−→ α. The
time reversal operator is antiunitary. It reverses the momentum

of a particle and flips its spin. Effectively, O(	x, t)
T−→ O(	x,−t)

and α
T−→ α∗ . In the weak eigenstates, the interactions Lcc in

Eq. (14) are invariant under C P and T , as all coupling constants
are real. On the other hand, the Yukawa interactions violate both
C P and T . Using the up-quark sector again as an example, for
each conjugate pair specified by indices i and j,

U R,i(Mu)i j Q L, j + Q L, j
(
M†

u
)

ji U R,i

C P−→ Q L, j(Mu)i j U R,i + U R,i(Mu)∗i j Q L, j, (16)

U R,i(Mu)i j Q L, j + Q L, j
(
M†

u
)

ji U R,i

T−→ U R,i(Mu)∗i j Q L, j + Q L, j(Mu)i j U R,i . (17)

The complexity of the mass matrix, giving rise to C P and T viola-
tions, ensues from the complex CG coefficients in T ′ . Here we have
suppressed the space–time coordinates, the inversions of which
under the transformations are assumed implicitly. Due to its her-
miticity, the Lagrangian is C P T invariant,

U R Mu Q L + Q L M†
u U R

C P T−→ Q L M†
u U R + U R Mu Q L . (18)

Alternatively, in the mass eigenstates, the Yukawa interactions are
invariant under C P and T , while the charged current interactions
violate C P and T individually and are invariant under C P T . Note
that CP violation is inherent in the Lagrangian equations (3)–(5),
which are T ′ and SU(5) invariant.
Numerical predictions. The predicted charged fermion mass ma-
trices in our model are parametrized in terms of 7 parameters [8],

Mu

yt vu
=

⎛
⎜⎝

ig 1−i
2 g 0

1−i
2 g g + (1 − i

2 )h k

0 k 1

⎞
⎟⎠ , (19)

Md, MT
e

yb vdφ0ζ0
=

⎛
⎝ 0 (1 + i)b 0

−(1 − i)b (1,−3)c 0

b b 1

⎞
⎠ . (20)

With b ≡ φ0ψ
′
0/ζ0 = 0.00304, c ≡ ψ0N0/ζ0 = −0.0172, k ≡

y′ψ0ζ0 = −0.0266, h ≡ φ2
0 = 0.00426 and g ≡ φ′ 3

0 = 1.45 × 10−5,
the following mass ratios are obtained, md : ms : mb 
 θ 4.7

c : θ 2.7
c : 1,

mu : mc : mt 
 θ 7.5
c : θ 3.7

c : 1, with θc 
 √
md/ms 
 0.225. (These ra-

tios in terms of θc coincide with those give in [15].) We have also
taken yt = 1.25 and ybφ0ζ0 
 mb/mt 
 0.011 and have taken into
account the renormalization group corrections. As a result of the
GJ relations, realistic charged lepton masses are obtained. Making
use of these parameters, the complex CKM matrix is⎛
⎝ 0.974e−i25.4◦

0.227ei23.1◦
0.00412ei166◦

0.227ei123◦
0.973e−i8.24◦

0.0412ei180◦

0.00718ei99.7◦
0.0408e−i7.28◦

0.999

⎞
⎠ . (21)

Values for all |V CKM| elements are consistent with current exper-
imental values [16] except for |Vtd|, the experimental determina-
tion of which has large hadronic uncertainty. Further, as so far no
t → d transition at tree level has been observed, the experimen-
tal extraction of |Vtd| is based on loop calculations done in the
framework of the Standard Model.

The predictions of our model for the angles in the unitarity tri-
angle are β = 23.6◦ (sin 2β = 0.734), α = 110◦ , and γ = δq = 45.6◦
(where δq is the CP phase in the standard parametrization), and
they agree with the direct measurements within 1σ of BaBar and
2σ of Belle (M. Antonelli et al. in Ref. [16]). Except for observ-
ables whose experimental values are obtained from direct mea-
surements, comparison between the global fit results and predic-
tions of new physics models is not appropriate, because the global
fit is based on the Standard Model with loop corrections. (Nev-
ertheless, even in this case, our predictions for the Wolfenstein
parameters, λ = 0.227, A = 0.798, ρ = 0.299 and η = 0.306, are
very close to the global fit values except for ρ . Our prediction for
the Jarlskog invariant, J ≡ Im(V ud V cb V ∗

ub V ∗
cd) = 2.69×10−5, in the

quark sector also agrees with the current global fit value.) Poten-
tial direct measurements for these parameters at the LHCb can test
our predictions.

As a result of the GJ relations, our model predicts the sum
rule [8,17] between the solar neutrino mixing angle and the
Cabibbo angle in the quark sector, tan2 θ�
 tan2 θ�,TBM + 1

2 θc cos δ
 ,
with δ
 being the leptonic Dirac CP phase in the standard
parametrization. In addition, our model predicts θ13 ∼ θc/3

√
2. Nu-

merically, the diagonalization matrix for the charged lepton mass
matrix combined with UTBM gives the PMNS matrix,⎛
⎝ 0.838e−i178◦

0.543e−i173◦
0.0582ei138◦

0.362e−i3.99◦
0.610e−i173◦

0.705ei3.55◦

0.408ei180◦
0.577 0.707

⎞
⎠ , (22)

which gives sin2 θatm = 1, tan2 θ� = 0.420 and |Ue3| = 0.0583.
The two VEVs, u0 = −0.0593 and ξ0 = 0.0369, give �m2

atm =
2.4 × 10−3 eV2 and �m2� = 8.0 × 10−5 eV2. As the three masses
are given in terms of two VEVs, there exists a mass sum rule,
m1 − m3 = 2m2, leading to normal mass hierarchy, �m2

atm > 0
[8]. The leptonic Jarlskog is predicted to be J
 = −0.00967, and
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equivalently, this gives a Dirac CP phase, δ
 = 227◦ . With such δ
 ,
the correction from the charged lepton sector can account for
the difference between the TBM prediction and the current best
fit value for θ� . Our model predicts (m1,m2,m3) = (0.0156,

−0.0179,0.0514) eV, with Majorana phases α21 = π and α31 = 0.
Our model has nine input parameters, predicting a total of

twenty-two physical quantities: 12 masses, 6 mixing angles,
2 Dirac CP violating phases and 2 Majorana phases. Our model
is testable by more precise experimental values for θ13, tan2 θ�
and γ in the near future. δ
 is the only non-vanishing leptonic
CP violating phase in our model and it gives rise to lepton num-
ber asymmetry, ε
 ∼ 10−6. By virtue of leptogenesis, this gives
the right sign and magnitude of the matter–antimatter asymme-
try [18].

Conclusion. We propose the complex group theoretical CG co-
efficients as a novel origin of CP violation. This is manifest in
our model based on SU(5) combined with the double tetrahedral
group, T ′ . Due to the presence of the doublet representations in T ′ ,
there exist complex CG coefficients, leading to explicit CP violation
in the model, while having real Yukawa couplings and scalar VEVs.
The predicted CP violation measures in the quark sector are con-
sistent with the current experimental data. The leptonic Dirac CP
violating phase is predicted to be δ
 ∼ 227◦ , which gives the cos-
mological matter asymmetry.
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