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Abstract 

In order to improve the drift precision of air supported gyroscope, effects of surface roughness magnitude and direction on 
vortex torque of air supported gyroscope are studied. Based on Christensen’s rough surface stochastic model and consistency 
transformation method, Reynolds equation of air supported gyroscope containing surface roughness information is established. 
Also effects of mathematical models of main machining errors on vortex torque are established. By using finite element method, 
the Reynolds equation is solved numerically and the vortex torque in the presence of machining errors and surface roughness is 
calculated. The results show that surface roughness of slit has a significant effect on vortex torque. Transverse surface roughness 
makes vortex torque greater, while longitudinal surface roughness makes vortex torque smaller. The maximal difference ap-
proaches 11.4% during the range analyzed in this article. However surface roughness of journal influences vortex torque insig-
nificantly. The research is of great significance for designing and manufacturing air supported gyroscope and predicting its per-
formance. 

Keywords: air supported gyroscope; surface roughness; Christensen’s stochastic model; consistency transformation; vortex 
torque

1. Introduction

The precision of inertial navigation and guidance 
system is the most important target evaluating the 
quality of inertial navigation and guidance system, 
while the precision of gyroscope determines the preci-
sion of inertial navigation and guidance system to a 
great extent[1]. Air supported gyroscope is ultra preci-
sion inertial instrument. Since it is influenced by com-
plicated and wicked mechanical environment such as 
vibration and shock as the work proceeds, how to ef-
fectively increase the precision of air supported gyro-
scope becomes key problem of its development. 
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Aerostatic bearing is an important part of inertial in-
strument, and its performance determines the precision 
of the inertial instrument. Vortex torque is a spin 
torque caused by tangential distributary on the journal 
surface, and the tangential distributary is caused by the 
non-uniform gas flow going through the throttling slit 
under the circumstances of zero bearing speed[2]. It is 
an important factor evaluating the hydrostatic bearing 
performance[3], and it is also the major disturbing 
torque affecting the drift precision of air supported 
gyroscope. There are many factors causing vortex 
torque. Generally speaking, all machining errors and 
structure factors causing asymmetric tangential flow 
between the bearing clearance are immediate cause of 
vortex torques. In practice, the major factors affecting 
the vortex torque are machining errors such as round-
ness error of journal surface and tilting error of throt-
tling slit[4]. Du[5-6] and Liu[7-8], et al. studied the effects 
of machining errors on the vortex torque of externally Open access under CC BY-NC-ND license.
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pressurized gas journal-thrust bearings with slot re-
strictors by using finite element method, and got some 
achievements in the research field of vortex torque. 
Since the magnitude of surface roughness is close to 
the thickness of gas film of the bearing, there inevita-
bly are effects on the vortex torque to some extent. 
Then based on the previous works, this article studies 
the effects of surface roughness on vortex torque in the 
presence of machining errors of air supported gyro-
scope, and accordingly guides the designing and 
manufacturing of air supported gyroscope. 

2. Theoretical Basis 

2.1. Reynolds equation and consistency transforma-
tion 

The air supported gyroscope consists of journal and 
thrust bearing, and its structure diagram is showed in 
Fig.1. In Fig.1, R is bearing radius, L bearing length, 
L1 half L, h0 film thickness, a0 slit width, b0 axial 
clearance, hb clearance of throttle circle, Ra radius of 
slit, Rb1 inner radius of throttle circle, Rb2 outer radius 
of throttle circle, p0 air supply pressure, pa atmospheric 
pressure. Several parts of gas film domain are of dif-
ferent forms that are annulus and cylinder, so it is dif-
ficult to program identically and to solve Reynolds 
equation. Then by using dimensionless and consis-
tency transformation method[9], different domains of 
slit, journal and thrust parts are changed into uniform 
rectangular domain in this article. The new domains 
after consistency transformation we obtain are shown 
in Fig.2, where A1 and A2 are slit domains; H1, H2 and 

Fig.1  Structure of air supported gyroscope. 

Fig.2  Domains after consistency transformation.

H3 journal domains; B1 and B2 thrust domains; Sa1 and 
Sa2 air supply boundaries; Sb1 and Sb2 atmospheric 
boundaries; Sha1, Sha2, Shb1 and Shb2 intersections of dif-
ferent domains;  is unfolded gas film thickness direc-
tion;  unfolded circumferential direction;  axial di-
rection; o and o  points generated from the same point 
on bearing surface. 

Reference quantities used in dimensionless method: 
R is the reference length, p0 the reference pressure, and 
h0 the reference film thickness. 

Coordinates in consistency transformation method: x
is the axial coordinate (x [0, 2R]), z the circumferen-
tial coordinate after journal film domain stretched into 
plane surface (z [0, 2 R]), the central angle coor-
dinate of slit and thrust domain ( [0, 2 ]), and r the 
radial coordinate. 

Principles of consistency transformation method: in 
the journal domain,  = x/R,  = z/R and dimensionless 
journal gas film thickness h = h/h0; in the slit and 
thrust domains, = ln(r/R) and remains constant. 

The obtained Reynolds equation is 

3 3 0f fh h        (1) 

where f  is dimensionless pressure square.  

2.2. Reynolds equation with surface roughness 

Dimensionless film thickness of air supported gyro-
scope is a random quantity under the influence of sur-
face roughness. It consists of two parts that are con-
stant part and random part expressed as 

0 s( , ) ( , )h h h             (2) 

where 0h  is the nominal dimensionless film thickness 

and sh  the random dimensionless film thickness varia-
tion caused by surface roughness. 

Then the performance such as pressure distribution 
and gas flow rate will be random quantity. However, 
the things we concern with are the global contributions 
of surface roughness. So we can use mathematical 
expectation to calculate the average value of surface 
roughness, then solve the Reynolds equation and ana-
lyze the effects of surface roughness on the vortex 
torque of air supported gyroscope. 

Taking the expectation values of both sides of 
Eq.(1), we get  

3 3 0f fE h E h    (3) 

where E(·)= ( ) f (hs)dhs is expectation operator, hs

random journal gas film thickness and f (hs)
probability density function expressed as  

2 2 3
s s7

s

35 ( )
( ) 32

0 Otherwise

c h c h c
f h c    (4) 
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where c is half the peak-to-valley height of surface 
roughness.

The direction diagram of surface roughness is 
shown in Fig.3, and the left and right diagram repre-
sent longitudinal and transverse surface roughness 
respectively. On the basis of Reynolds equation con-
taining surface roughness[10-16], we obtain the Reynolds 
equation of air supported gyroscope in the presence of 
surface roughness.  

Fig.3  Diagram of roughness direction. 

When there is transverse surface roughness, the new 
Reynolds equation is 

3
3

1 ( ) 0
(1/ )

f f E h
E h

  (5) 

where
3 3 2

3 2
3

1( )
3

1 2
3(1/ )

E h h h c

h h c
E h

When there is longitudinal surface roughness, the 
new Reynolds equation is 

3
3

1( ) 0
(1/ )

f fE h
E h

  (6) 

Solving the new Reynolds equation shown above, 
pressure distribution in the air supported gyroscope 
containing surface roughness information will be ob-
tained, then we can analyze the effects of surface 
roughness on vortex torque of air supported gyro-
scope.

2.3. Reynolds equation discretization 

The so-called discretization is just a transformation 
of the identical Reynolds equation from partial differ-
ential form into lumped parameter equation, and a fur-
ther transformation of lumped parameter equation  
into algebraic equation by using the finite element 
method, in order to be used in analysis process eas-
ily[17]. Liu[17] studied the finite element method of the 

Reynolds equation discretization, and his works pro-
vided some facilities to solve the equations. On the 
basis of predecessors’ works, by using triangular ele-
ment, this article discretizes the identical Reynolds 
equation which consists of journal, thrust and slit 
parts. Finite element meshes are shown in Fig.4. The 
slit domain, journal domain and thrust domain are de-
noted clearly, and they represent the slit gas film, 
journal gas film and thrust gas film respectively. The 
equations according to the pressure square of all nodes 
are expressed as 

KF T                  (7) 
where K is stiffness matrix, F pressure square matrix, 
T constant matrix. 
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where e represents finite element, ce and be are element 
coefficients, Qr and Qrb relational matrixes, Ae is ele-
ment area, the expression of Ge is as follows: 

3
1 2 3
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e 1 2

3
1 2

d d
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where a  and b  are dimensionless slit width and 
dimensionless axial clearance. 

Fig.4  Finite element meshes.

2.4. Vortex torque calculation 

Since the gas film thickness is so small compared 
with the length and diameter of the float, we can 
spread the journal gas film into plan surface in 
Cartesian coordinate system. y axis represents gas film 
thickness direction, z axis represents circumferential 
direction after spread. In other words, x, y and z re-
placed ,  and  hereafter, in order to be used con-
veniently. 

Along z axis, the gas motion equation is described 
as

2

2
p w
z y

               (8) 

where p is the gas pressure, the gas viscosity coeffi-
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cient and w circumferential velocity of gas flow. 
By integrating Eq.(8), we have 

2
1 2

1
2

pw y C y C
z

         (9) 

where C1 and C2 are integral constants. 
The gas velocity on journal surface and bearing sur-

face are zero, which implies that 

( 0) ( ) 0y y hw w             (10) 

Substituting Eq.(10) into Eq.(9), we can get 

1

2

1
2

0

pC h
z

C
           (11) 

Then substituting Eq.(11) into Eq.(9), we get 

21 ( )
2

pw y hy
z

          (12) 

The gas frictional stress formula is 
d
d
w
y

              (13) 

where  is viscous stress. 
Substituting Eq.(12) into Eq.(13), we can get 

1 (2 )
2

p y h
z

          (14) 

The frictional force on the journal surface is 
1
2

p h
z

             (15) 

From consistency transformation, we can get 
z R                  (16) 

And from discretization, we can get 
p p p
z R R

           (17) 

where p and are the pressure difference and the 
phase difference between adjacent nodes in the 
circumferential direction respectively. 

Then substituting Eq.(17) into Eq.(15), we can get 

1
2

p h
R

           (18) 

By integrating Eq.(8) in the whole journal domain 
and by the discretization, we can get the expression of 
total circumferential force shown as 

1 2 3

0 0 d d
4e H H H e

pF p Rh h     (19) 

where p is dimensionless pressure difference be-
tween adjacent nodes in the circumferential direction. 

Eventually, the expression of vortex torque of air 
supported gyroscope is obtained: 

1 2 3

2
0 0 d d

4e H H H e

pT p R h h     (20) 

2.5. Mathematical models of errors 

From Reynolds equation, we can see that the gas 
film thickness of thrust, journal and slit parts influence 
the pressure square significantly. The gas film thick-
ness is very small, so minute change of gas film thick-
ness caused by machining errors will influence the 
stiffness matrix, and further influence the pressure 
distribution and vortex torque of air supported gyro-
scope. The machining errors affecting vortex torque 
significantly are introduced thereinafter. Their mathe-
matical models are expressed as Eqs.(21)-(23), and 
their diagrams are shown as Figs.5-7. 

Radial eccentricity is shown in Fig.5, where er

represents radial eccentricity. And h  is expressed as 

1 cosh                (21) 

where  is radial eccentricity ratio. 

Fig.5  Diagram of radial eccentricity.

Oval error of journal is shown in Fig.6, and its di-
mensionless mathematical model is expressed as 

1

0
1 cos(2 2 ) 0 2

2
e

h
h

    (22) 

where e1 is oval error of float and  setting angle of 
float.

Fig.6  Diagram of oval error of float.

Tilting error of throttle slit is shown in Fig.7, and its 
dimensionless mathematical model is expressed as 

0 a

0

sin cos( )e
0 ln

a R R
a

h R
 (23) 

where  is tilting angle of throttle slit and  the tilting 
position of throttle slit.  is the angle between symme-
try plane of slit domain (  is not equal to zero) and y
axis.
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Fig.7  Diagram of tilting error of throttle slit. 

3. Results and Discussion 

This article analyzes the effects of surface roughness 
on vortex torque of air supported gyroscope, and the 
main parameters used in the research are shown in 
Table 1. In Table 1, D is bearing diameter. 

Table 1  Parameters of air supported gyroscope 

Parameter Data 
Air supply pressure Atmospheric pressure (p0/pa) 3.0 
Diameter of slit outer margin Diameter of float
(Ds/D) 1.057 

Bearing length Diameter of float (L/D) 1 
Diameter of throttle boss Diameter of float (Dt/D) 0.486 

Slit width  Film thickness Clearance of throttle
circle (a0 h0 hb)

0.389 1 2.722

Oval error of float/ m 1 
Tilting error of throttle slit/ m 1 
Setting angle of float/( ) 45

The film thickness of thrust part is much larger than 
surface roughness, so its effects on vortex torque are 
ignored. In order to be convenient for analysis, surface 
roughness of journal and slit parts are respectively 
defined as 

aj j 0 j 0.05,0.06, ,0.15R n a n     (24) 

as s 0 s 0.05,0.06, ,0.15R n a n     (25) 

where nj and ns are reference quantities of surface 
roughness.

When ns is equal to 0.15, effects of journal surface 
roughness on vortex torque are analyzed in different 
sizes and directions. Then the curves are shown in 
Fig.8, in which the symbol Ld represents longitudinal 
direction, while the symbol Td represents transverse 
direction. It can be seen that neither the journal surface 
roughness size nor the direction influence vortex 
torque significantly. It is because journal film thick-
ness is so large compared with journal surface rough-
ness that effects of surface roughness are weakened in 
Reynolds equation. Mathematical expectation of film 
thickness is not enormously changed by surface 
roughness, so the curves have little variation. 

Since journal surface roughness affects vortex 
torque insignificantly, effects of slit surface roughness 
on vortex torque are analyzed in different sizes and 
directions, only when nj equals 0.15 and journal sur-

face roughness is longitudinal, in order to reduce 
computation time. The vortex torque curves are shown 
in Fig.9 from which it can be seen that slit surface 
roughness affects vortex torque significantly. Longitu-
dinal surface roughness makes vortex torque larger, 
while transverse surface roughness makes vortex 
torque smaller. The reason is that slit gas film thick-
ness is very small and close to surface roughness. Then 
the effects of surface roughness are very significant in 
Reynolds equation. In other words, mathematical ex-
pectation of film thickness is changed by surface 
roughness significantly. Furthermore the pressure 
distribution of the whole gas film domain is changed 
by the variation of surface roughness magnitude and 
direction. Then vortex torque is influenced. 

Fig.8  Influence of journal surface roughness.

Fig.9  Influence of slit surface roughness. 

When slit surface roughness is of the same magni-
tude and different directions, the relative change rate  
of vortex torque (Rt) is analyzed and the curve is 
shown in Fig.10. It increases with increasing ns. It ap-
proaches 1% with ns equal to 0.05, and approaches 
10.6% with ns equal to 0.15. In other words, small 
variation of surface roughness will cause great change 
of vortex torque, when surface roughness is relatively 
large. The reason is that different surface roughness 
directions cause the mathematical expectation of film 
thickness larger and smaller respectively and further 
influence the relative change rate of vortex torque. 

In the domain analyzed in this article, the maximal 
value and the minimal value are 

max s j

min s j

= 1.96 mg cm, when = 0.15 (Ld) and = 0.15

= 1.76 mg cm, when = 0.15 (Td) and = 0.05

T n n

T n n
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The difference between them approaches 11.4%. 
To conclude, the surface roughness has effects on 

vortex torque of air supported gyroscope to some ex-
tent. On the basis of machining errors control, surface 
roughness magnitude and direction should be con-
trolled properly. In practice, there are many factors 
affecting vortex torque, and surface roughness is only 
one of them. Therefore it is too difficult to distinguish 
the effects of surface roughness. However, taking ac-
count of surface roughness indeed helps to control 
vortex torque in the manufacturing of air supported 
gyroscope. 

Fig.10  Relative change rate of vortex torque.

4. Conclusions 

(1) On the basis of Christensen’s rough surface sto-
chastic model and by using finite element method, the 
correction terms in Reynolds equation are obtained 
and the effects of surface roughness on vortex torque 
of air supported gyroscope are analyzed. 

(2) It is shown that journal surface roughness size 
and direction affect vortex torque insignificantly, while 
slit surface roughness affects vortex torque signifi-
cantly. Longitudinal slit surface roughness makes vor-
tex torque larger, while transverse slit surface rough-
ness makes vortex torque smaller. 

(3) The difference between the maximal vortex 
torque and the minimal one approaches 11.4% during 
the range analyzed in this article. So size and direction 
of surface roughness should be properly controlled in 
real production in order to control vortex torque of air 
supported gyroscope. 
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