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1. Introduction

Let H be a Hilbert space with Riesz basis {fj}72;, and let {g;};; be a sequence of vectors in H. If
there exists a constant A € [0, 1) such that

I3 66— g <2 | X (1)

for all finite sequences {c;} of scalars, then {g; 1921 is also a Riesz basis for H. This result is the well-
known classical Paley-Wiener Theorem on perturbation of Riesz bases in Hilbert spaces [14]. Note
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that condition (1) implies that there exists a bounded invertible operator T such that Tf; = g; (see
[16]). Therefore, this observation enables us to investigate the perturbation of bases and frames
from the operator perturbation point of view (see [3,4]). In the last decade, several authors have
generalized the Paley-Wiener perturbation theorem to the perturbation of frames in Hilbert spaces
(see [2-5]). The most general result of these was the following obtained by Casazza and Christensen
[3].

Theorem 1.1 [3]. Let {xj};cy be a frame for a Hilbert space H with frame bounds C and D. Assume that
{yi}jes is a sequence of H and that there exist A1, A3, ;> 0 such that max {k1 + % Aot < 1. Suppose

one of the following conditions holds for any finite scalar sequence {c;} and every x € H. Then {y;}jcy is
also a frame for H.

(@) (Ljes %% — yj>|2)% <M (Zjes |<x,xj>|2)% + 22 (Tjes |<x.yj>|2)% + lxll;
1
(i) |0y G0y — y) | <A1 |y ] + 22 |20 oy + (s 1612)

Moreover, if {x;}jc, is a Riesz basis for H and {y;};e satisfies (ii), then {y;}je, is also a Riesz basis for H.

Frames for Hilbert spaces have natural generalizations in Hilbert C*-modules that are generaliza-
tions of Hilbert spaces by allowing the inner product to take values in a more general C*-algebra
than C (see Definition 2.1). Note that the theory of Hilbert C*-modules is quite different from that
of Hilbert spaces. Unlike Hilbert space cases, not every closed submodule of a Hilbert C*-module is
complemented. Moreover, the well-known Riesz representation theorem for continuous functionals in
Hilbert spaces does not hold in Hilbert C*-modules, which implies that not all bounded linear operators
on Hilbert C*-modules are adjointable. It should also be remarked that, due to the complexity of the
C*-algebras involved in the Hilbert C*-modules and the fact that some useful techniques available
in Hilbert spaces are either absent or unknown in Hilbert C*-modules, these are many essential
differences between Hilbert space frames and Hilbert C*-module frames. To name a few: in Hilbert
spaces every Riesz basis has a unique dual which is also a Riesz basis. But in Hilbert C*-modules, due to
the existence of zero-divisors, not all Riesz bases have unique duals, and not every dual is a Riesz basis
(see [9]). Also, there could exist a nonzero element a in the underlying C*-algebra such that ax; = 0
for each vector x; in a modular Riesz basis {x;};e; (see Remark 3.6) which never occurs in Hilbert
spaces. One of the striking differences is the recent result of Hanfeng Li who proved that not every
Hilbert C*-module admits a frame [13]. This shows that the famous Kasparov stabilization theorem
for countably generated Hilbert C*-modules can not be extended to arbitrary Hilbert C*-modules. We
refer to [7-9,12] for more discussions on some essential differences between Hilbert space frames and
Hilbert C*-modular frames.

In this paper we examine the perturbation of frames and Riesz bases in Hilbert C*-modules. We will
show that while the Casazza-Christensen general perturbation theorem (Theorem 1.1) for frames in
Hilbert spaces remains valid for Hilbert C*-modular frames (Theorem 3.2), the perturbation theory for
Riesz bases (under the similar perturbation condition of Theorem 1.1) no longer holds for Riesz bases
in Hilbert C*-modules (Example 3.4). We obtain a necessary and sufficient condition under which
the perturbation (under Casazza-Christensen’s perturbation condition) of a Hilbert C*-modular Riesz
basis remains to be a Riesz basis (Theorem 3.5).

2. Preliminaries

We first recall some definitions and results about Hilbert C*-modules, frames and Riesz bases in
Hilbert C*-modules.
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Definition 2.1. Let A be a C*-algebra and # be a (left) .A-module. Suppose that the linear structures
given on A and # are compatible, i.e. A(ax) = a(Ax) for every . € C,a € A and x € H. Assume that
there exists a mapping (-, -) : H X ‘H — .A with the following properties:

(1)
(ii
(iii
(iv
(v

x,x) >0 for every x € H,

x,x) = Oifand onlyifx = 0,

x,y) = (y,x)* forevery x,y € H,

ax,y) = a(x,y) foreverya € A, and every x,y € H,

(
(
§
(x+y,z) = (x,z) + (y,z) forevery x,y,z € H.

)
i)
)
)

Then the pair {#, (-, )} is called a (left-) pre-Hilbert .A-module. The map (-, -) is said to be an A-
valued inner product. If the pre-Hilbert .A-module {#, (-, -)} is complete with respect to the induced

norm ||x]| = [|{x,x) || % then it is called a Hilbert .A-module.

Definition 2.2 [8]. Let .4 be a unital C*-algebra and J be a finite or countable index set. A (countable
or finite) sequence {x;};c; of elements in a Hilbert .A-module % is said to be a (standard) frame for H
if there exist two constants C,D > 0 such that the frame inequality

C(x,x) <) (X, X)) (xj,X) <D(x,X)
jed
holds for every x € H, where the sum in the middle of the inequality is convergent in norm. The
numbers C and D are called frame bounds. The sequence {x;};c; is called a (standard) Bessel sequence
with Bessel bound D if we only require the right-hand side of the frame inequality.

Definition 2.3 [8]. A frame {x;} ;<  for a Hilbert .A-module # is said to be a (standard) Riesz basis for H
if it satisfies:

(i) xj # O for all j;
(i) if an A-linear combination 3 ;s ajx; with coefficients {a; : j € S} € A and S C J is equal to
zero, then every summand g;x; is zero.

In this paper we focus on finitely and countably generated Hilbert C*-modules over unital C*-
algebra A. AHilbert .A-module H is (algebraically) finitely generated if there exists a finite set {x1, . . ., X}
C # such that every element x € H can be expressed as an .A-linear combinationx = "', aix;, a; €
A. A Hilbert .A-module 7 is countably generated if there exists a countable set {x;} C # such that +
equals the norm-closure of the linear span (over C and .A) of this set.

From the definition of frames (resp. Bessel sequences) in Hilbert C*-modules, it is clear that we
need to compare positive elements in the underlying C*-algebra in order to test whether a sequence is
a frame (resp. Bessel sequence) or not. This usually is not a trivial task. The following characterization
of modular Bessel sequences and frames, which was obtained independently by Arambasi¢ [1] and
Jing [11], enables us to verify whether a sequence is a modular frame (resp. Bessel sequence) in terms
of norms. It also allows us to characterize modular frames from the operator theory point of view, and
it is needed in proving our main results of this paper.

Proposition 2.4 [11]. Let H be a finitely or countably generated Hilbert A-module H over a unital C*-
algebra A and {x;}jcy € H a sequence. Then

(i) {x}jes is a Bessel sequence of H with Bessel bound D if and only if

> (%)) (xj, )| < D|Ix||*

jed
forallx € H.
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(ii) {xj}jeu is a frame of H with frame bounds C and D if and only if

CllxlI® < | D (x.x)) (x;,x) | <D|1x||*
jed
forallx € H.

We now introduce a few more notations. For a unital C*-algebra 4, let I (4) be the Hilbert .A-module
defined by

P(A) = :{aj}jej CA: X:aja;»k convergesin || - || { .
jed

Let {ej}]‘-’:o1 denote the standard orthonormal basis of *(.A), where ej takes value 1,4 at j and 04

everywhere else. For any Bessel sequence {x;};¢j of a finitely or countably generated Hilbert .4-module

H, the associated analysis operator Ty : H — >(A) is defined by

Txx = ) (X, Xj)ej, X € H.
jed

Note that the analysis operator Tx is adjointable and fulfills Ty e; = x; for allj. The operator Sx : H —
defined by

Sxx = TETxx = Y (X, X)X
jed
is called the frame operator.
In [9] we obtained the following characterization for Riesz bases in Hilbert C*-modules.

Theorem 2.5 [9]. Let {x;}jc, be a frame for a finitely or countably generated Hilbert C*-module H. Then
{xj}jeu is a Riesz basis if and only if the range space of its analysis operator Tx is Py-invariant for each n,

where P, is the projection on I?(A) that maps each element to its nth component.

Following the definition of Riesz bases in Hilbert C*-modules, to test whether a frame {x;}jc; is a
Riesz basis, one needs to show that if 3 ;¢ j ¢jx; = 0 for some sequence {cj}jey € A, then ¢jx; = 0 for

each j. The following result allows us to consider the sequence {cj}je, only in P(A).
Proposition 2.6 [9]. Suppose that {x;}jc, is a frame of H, then {x;};c, is a Riesz basis if and only if

(i) xj # 0 foreachj € J;
(i) if 3 jen % = 0 for some sequence {cj}jey € 12(A), then cjxj = 0 foreachj € J.

In the following we give some characterizations of Bessel sequences, frames and Riesz bases in
Hilbert C*-modules from the operator-theoretic point of view. Note that these results are just mod-
ifications of their analogues in the Hilbert space setting and the proofs follow the similar line of
reasonings as those in Hilbert spaces (see Theorems 3.2.3, 5.5.1, and Lemma 5.5.4 in [6]).

We begin with the following lemma which is due to Heuser [10]. Heuser only considered the
12(C)-sequence case, but his proof also works in a more general setting.

Lemma 2.7. Let A be a C*-algebra and {cj}jc, a sequence in A. If }-jc cjéj* converges for all {£}jc) €
12 (A), then {Cj}jeﬂ S IZ(A).
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Proof. We define a sequence of operators F, and an operator F by

Falgh = D g&" and F({&)) = Y & Vi) € P(A).
j=1 j=1
Observe that
2
IFGEDIZ = |2 a&| <X ac| - |2 & | < Hahl® - Zsjsj“'.
j=1 j=1 j=1 j=1

It follows that F, is bounded for each n. Clearly, F, — F pointwise as n — o0, so F is bounded by the
Uniform Boundedness Theorem. Therefore ||[F({&}) || < |[F|| - [[{&;}]l for each {§;} € 2 (A).
Now fix n, and let
£ = c;k, if1<j<n;
J 0, otherwise.

Then {&;} € *(A).
We compute

n n
S g = o8| <IFI - 1&g
i=1 i=1
1 1
o0 2 n 2
=FlIl- |[>o&& | =IFIl- | > &&"
j=1 j=1
2
= |IF|| -

n
heTe
ji=1

1
Therefore H Yiige > <|IF|l, and hence {¢;} € *(4). O

The following is elementary and well known in Hilbert space setting, and will be used in the next
section. We include a proof for completeness.

Proposition 2.8. Let {x;};c; be a sequence of a finitely or countably generated Hilbert A-module H over a
unital C*-algebra A. We define an operator U : 1*(A) — H by
Ulglies = 3 6.
jed
Then

(i) {x;}jes is a Bessel sequence with Bessel bound D if and only if operator U is a well-defined bounded
operator from [2(A) into H with ||U|| < +/D.
Moreover, {x;}jcy is a frame if and only if U is a bounded operator from 12(A) onto H.

(ii) {xj}jes is a frame of H with bounds C and D if and only if span{x; : j € J} = H and operator U is
bounded and satisfies

VI < IU{chl < VDl Vi) € (Ker U)™. )

Furthermore, {x;}jcy is a Riesz basis with unique dual frame if and only if span{x; : j € J} = H
and there exist C, D > 0 such that

VCligH < Uil < VDG Yichies € P(A).
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Proof. (i) We first consider the case of Bessel sequences.
“=>". Suppose that {x;}je, is a Bessel sequence with bound D. We first show that U is well-defined.
For arbitrary n > m, we have

n m 2 n 2
%= G| = D Gx
=1 j=1 j=m+1
2 2
n
< Z CjXj, X > = sup Z G {xj, x)
HXH 1 \j=m-+1 Ixl1=1 |j=m-+1
n
< sup | D0 (%) (x,x) Z 66
IX1=1 | j=m+1 j=m+1
n
P
> GG
j=m-+1

which implies that 3 ;¢ ; ¢jx; converges. Therefore U is well-defined.
For the boundedness of U, since

2
lU{g}l® = sup UL x) 12 = sup | D" (x;,x)
Ixll= Ixl1=1 ]| jeu
< sup | Yo (xx) (%) | - | Y gel
xlI=1 | jeJ jed
D|Y ¢ | = DI,
jed

we have that ||U|| < +/D.
“«=". For arbitrary x € H and {c;j}jes € 12(A), we have

(x, U{c;}) < chxj> Z X, xj)c]?". (3)
jed jed
By Lemma 2.7, we see that {{x, x;)}jes € 12(A). From (3), we get
(x, Ufgh) = ({(xx)} {gh),

which implies that U is adjointable and U*x = {(x, x;) }jc;. Observe that

> x) (x5, x) | = U*X)2 < U1 - [IxI1” = lU]1? - [IxII* < Dl

jed

Hence, from Proposition 2.4, {x;};c; is a Bessel sequence.

For the case of modular frames, we only need to show that if U is bounded and onto then {x;};¢; is
a frame. We already know that {;};c, is a Bessel sequence. Let D be the Bessel bound of {x;};e,. Note
that for each x € H, we have

X = UU*(UU) " Tx = Y ((UU*) 7%, x)%;.
jed
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So we get
2
X1 = 1) 12 = | (U0 ™% %) (%, %)
jed
<Y (WUH T x3) (x5, (UUS) TR - D (xx5) (%3, %)
jed jed

<DIKUUH ™%, (US| (x%) (%, %)

jed

= DI[UU*) 7 'xII* - | Y (x, ) (¥}, x)

jed

DU k02 - D (%) (%, %)

jed

’

which leads to the lower bound in the frame inequality, that is

2
llx11* <

Z(x, Xj) (X}, x)

jed

Dll(uu*)~'||?

(ii) We only prove the case of frames, and the case of Riesz bases follows easily.
“=". Suppose first that {x;}jc, is a frame. Let S be the frame operator of {x;};jc;. Then we have
S = UU*. By (i), it is enough to show that

NE TR

holds for all {c;} € (Ker U)=L. Since {Xj}jes is a frame, it follows that Rang(U*) is closed. Therefore we
have

(Ker U)* = Rang(U*) = Rang(U*).

As a sequence, (Ker U)+ = {{(x, Xj)}jes : X € H}. Now for any x € H, we have

2
Yo x) | = ISP < [Isx )1 - [1x]|?
jed
, 1
<IISxII® - = | (% %)) (7, %)
jed
Therefore C | %jcs (x %)) (xj, %) | < ISxI|2 = I|UU*x| = [[U{(x,%))}]|?, as desired.

“4<=". To show that {x;}je, is a frame, by (i), it suffices to show that Rang(U) = H. Since span{x; :
j € J} € Rang(U), it only needs to prove that Rang(U) is closed. Suppose that {u,} € Rang(U) and
u, — uasn — 0o.Then we can find {v,} € (Ker U)~ such that Uv, = uy,. It follows from inequality
(2) that {v,} is a Cauchy sequence. Suppose that v, — v as n — o0. Therefore u, = Uv,, — Uv =u
asn — 0o. This completes the proof. [l

3. Perturbation of frames and Riesz bases
Our first result of this paper is to show that the Casazza-Christensen’s perturbation theorem of

Hilbert space frames still holds for Hilbert C*-module frames. Although the proof is based on modi-
fication of the proof in [3], we include the proof for the sake of completeness. We need the following
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lemma due to Casazza and Christensen [3]. It is a generalization of the classical result that an operator
U on a Banach space is invertible if || — U] < 1.

Lemma 3.1 [3]. Let X be a Banach space,and U : X — X alinear operator. Assume that there exist constants
M1, Ay € (0,1) such that

[[Ux — x| < A1]lx]| + A2]|UX|| Vx € X.

Then U is bounded and invertible with

1+ A 1+A
U]l < L oand Ut < —22,
— X — M

Theorem 3.2. Let M be a finitely or countably generated Hilbert A-module H over a unital C*-algebra A,
and {x;j}je, be a frame for H with frame bounds C and D. Suppose that {y;}jc, is a sequence of H and that

there exist A1, A2, 1 > 0 such that max {)\,1 + % )»2} < 1. Then {yj}jey is also a frame for H with frame

bounds
2 2
(1 —a)VC—p\" (42D +p
14+ Ay 1—X; '
if one of the following conditions is fulfilled for any finite sequence {c; }1:1 C Aandallx € H :
1 1
2 2
DX =y — i x) | <A | D (xx) (%, %) (4)
jed jed
1
2
+h2 Doy x|+ wlixls
jed
or
n n n n 2
260G — )| <A Rogxi| + A2 | Doayi| + | gl (5)
=1 =1 =1 j=1

Proof. Let Ty and Sx denote the analysis operator and frame operator of {x;}, respectively.
Assume first that condition (4) holds for all x € . We define an operator Ty : H — [2(A) by

Tyx =) (X y))e;
jed
Then condition (4) turns to be
ITxx — Tyxll < A1 Txx|l + A2 ITyx|l + plix]l.
On one hand we have
(1 = A) I Tyx]l <(1 4 A) I Txx|| + pellx ],
which implies that

(+ 1)f+u

Tyx|| <
[ Tyx|l =7

2
Therefore {y;}jc, is a Bessel sequence with the Bessel bound (%) . On the other hand, we

also have
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(1 = ADNTxx|l = pellx]l <0+ A2) [ITyx]|.

Therefore

(1=2)VC—p
1 — A ) || Txx]|| — x| > ———||x|],
1“2[( DIITxx|l — pllx|l] T h [1x]

which implies that {y;}je, is a frame.
Suppose now that condition (5) holds. Then for each {c;};cy € I?(A) we have that

[ITyx]l >

— 19

n -1 n n 2
Yooy < | A [ an| +u | Yod |,
=1 -2 i=1 =1

which yields that
_ 1-

n 1 00 00 2
2oy < T+ 20 | Dogxi| + | gt
j=1 1—122 =1 j=1

Furthermore, we obtain

Nl

oo 1 o (0.¢]
> gy ST | A+ doaxil 4w | gek
j=1 T2 j=1 j

Il
-

Therefore we can define a bounded operator U : H — [2(A) by
Ufgh =Y.
jed
which satisfying
14+ ADVD+
—— g}l
1—A

(1+M)«/5+u>2

By Proposition 2.8, {y;};ey is a Bessel sequence with Bessel bound ( -

IU{g} I <

Y [+ AT G+ peli{g}l] <
— A2

Note that for each {¢j}jecs € 12(A) we also have

2
<D

jed

+ A2

> GYj

jel

Z G C]?k

jed

> G —yp)

jel

+

Then for each x € #, letting {¢;} = TXS)?IX, we get

lIx — UTxSy "x[| < A1llx]l + A2llUTxSy "x]l + | TxSx x|

e —1

SMllxll 4 == lIxll 4 A2 [[UTxSy x|l
G§ h

By Lemma 3.1, UTxS | is invertible and we also have
T+ht+ 142
NUTxSg < ——— S and UTesyH M€ — 2
1—A 1— ()\.1 n %>
c

Now for arbitrary x € H, we get

x = UTxsy' (Urxsy') ' x = Z<(UTXS;1)_] , s;lx,->y,-.
jed
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Therefore

4 2
IXII* = Il {x, 2}l
2

(WIS D) xS %) ()

jed
<22 {wrese ) s ) S (UTsc D T - LY ) .%)
jed jed

1
<EH«Uu5;U‘uxUB§;U‘%H« > X% yi) (v5.x)

jed

2
1 1+ Ay

1 (M + ﬁ)
where in the second inequality we apply the fact that {S; 1Xj }jej is a frame with frame bounds % and
%. Hence we have obtained the claimed lower frame bound condition:

2
(1—2)VC—p
( [Ix]|* <

14+ A,

2
[l - .

DXy %)

jed

Sy x| O

jed

With regard to the extension to Riesz bases part of Theorem 1.1, we first point out that if © = 0 in
the condition (5) of Theorem 3.2, then {y;};e; is a Riesz basis provided that {x;};c; is a Riesz basis.

Theorem 3.3. Let H be a finitely or countably generated Hilbert A-module H over a unital C*-algebra A
and {x;j}jeq be a Riesz basis for H. Suppose that {y;}je is a sequence of H and there exist 11,1, € [0,1).If

> G 2.6

jed jed

DGk =y | <M + 22 (6)

jed

holds for all finite sequence {c; ]”:1 C A, then {yj}jey is also a Riesz basis.

Proof. We first claim that y; # 0 for each j. Assume to the contrary that there exists jo such that
¥j, = 0. Choose {cj} = ej,, then we have

1% 1 < A1 11 11,

which implies that xj, = 0, a contradiction. By Theorem 3.2, we see that {y;};e, is also a frame of #.
Let us denote the analysis operators of {x;};¢; and {y;};jes by Tx and Ty, respectively. In order to show
that {y;}jes is a Riesz basis, it suffices to show that Rang(Tx) = Rang(Ty).

If {¢;} € Ker Ty, then we have

ITy Gl < A2 Ty {ci} I,

which leads to {¢;} € Ker Ty . In the same manner we can show that Ker Tj C Ker T, and so Ker Ty =
Ker T3. It follows from Proposition 2.8 that both Rang (Tx) and Rang (Ty) are closed, and hence both
Rang(Tx) and Rang(Ty) are closed. Now applying Theorem 15.3.8 in [15] we see that Rang(Tx) =
Rang(Ty), as claimed. Thus, by Theorem 2.5, we can infer that {y;} is also a Riesz basis of #. []
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The following is an example showing the analogue of the second part of Theorem 1.1 in Hilbert
C*-modules is no longer true in general for Hilbert C*-module Riesz bases.

Example 3.4. Let I°° be the set of all bounded complex-valued sequences. For any u = {u;}jcn and
v = {vj}jen in I°°, we define

uv = {uvjljen, U* = {ijljeny and |lul| = max |uj].

Then A = {I*°, ]| - ||} is a C*-algebra.
Let H = cg be the set of all sequences converging to zero. For any u, v € H we define
(u,v) = UV* = {u]'l_/j}jeN.
Then H is a Hilbert .A-module.
For each j, let x; = e;. Obviously, {x;};en is a Parseval Riesz basis of H.
Now let
_|eante ifj=12;
Yi= e ifj + 1,2,
and A = %,)\.2 = % and u = %,
Then one can check that condition (5) in Theorem 3.2 is satisfied. But {y;}jc, is not a Riesz basis.

We obtain the following necessary and sufficient condition under which every perturbation {y;};es
of a Riesz basis {x;};¢; is also a Riesz basis in Hilbert C*-modules.

Theorem 3.5. Suppose that {x;}jc, is a Riesz basis of H with frame bounds C and D, where H is a finitely
or countably generated Hilbert A-module over a unital C*-algebra A. Assume that there exist A1, Ay >0
and u > 0 such that

max{)q%— < 1.

o

Then the following are equivalent:

(i) Every sequence {y;}jcy in H satisfying the following perturbation condition is again a Riesz basis:

n n n n %
DG =y | <h D gx| + Ao | D gy D] G} 7)
j=1 j=1 j=1 j=1
foranycq,ca,...,ch € A.

(ii) Ker Ty = 12(B), where Ty is the analysis operator of {xj}jey and B = {a € A : an = {0}}.

In case that the above equivalent conditions are satisfied, we also have Ker Ty = Ker Ty and Rang(Ty) =
Rang(Tx), where Ty is the analysis operator of {yj}jcy.

Proof. From Theorem 3.2 and its proof we can infer that {y;};e, is a frame and satisfies the condition

2
<D

jed

+ A2

> GYj

jed

> 6% — )

jed

forall {¢j} € 12(A).
“(i) = (ii)". Suppose first that any sequence {y;};c satisfying condition (7) is a Riesz basis. We

now show that Ker T;} = [?(5). Obviously, [>(B) C Ker T;;. Now pick an arbitrary {aj}jes € Ker T{. We

need to prove that aj = {0} for each j. Assume to the contrary that there exists jo € J such that

aj,H # {0}. We have two cases:

+u

Z G ijk

jed
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Case 1. There exists j; € J such that ajjx;, # 0.

Choose M > 0 such that “)X/} I < . Consider sequence {zj}jcy given by

1 e
Xjo — %o ifJ = Jjo;

z = :
U P otherwise.

One can check that {z;}jc, satisfies condition (7). Now let {c;} be a sequence such that

Majo, lf] :]:0;
G = 1 Gjo» 1f]=]1.;
aj, otherwise.

Observe that
DGz =D a% =0.
jed jed
But
CioZip = —jpXj; F O.
Thus {z;};y is not a Riesz basis, a contradiction.
Case 2. aj,x; = Oforallj € J.

We pick z € H such that aj;z # 0, and N > 0 such that % llz|l < . Consider a sequence {zj}je
defined by

x1+%z, ifj=1;

zj = xz—%z, ifj=2;
X;, otherwise.

Note that {zj};e, also satisfies condition (7). By letting ¢; = aj, for all j, we have

26z = ) ajpx; = 0.

jed jed
But

jo
€121 = —02y = WZ #* 0,

which contradicts the fact that {zj} <, is a Riesz basis.

“(ii) = (i)".Suppose now that Ker Ty = I?(8) and {yj}jes is an arbitrary sequence satisfying condi-
tion (7). By Proposition 2.6, we consider any sequence {a;} € 12(A) such that > jes ajy; = 0. We claim
that {g;} € I?(B). Assume to the contrary that {q;} ¢ 12(B). By Theorem 15.3.8 in [15] we have

P(A) = Ker T} @ (Ker )" = I>(B) @ (P(B))™.

Thus {a;} has a unique decomposition
(1) 2
(@) = {a"} & {47},
where {a](])} € I*(B) and {aj(z)} is a nonzero sequence in (12(B))". So we have

> ay; > ay

jed jed

2 2
> %= Y a 65—y

jel jed

(1) ()
Z(aj +q; )V
jed
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> Z G;Z)Xj —

jed

2
Za} )xj — M
jed

2
Z aj( )(Xj -y

jed

> — A2

(2)
Z a4y
jed

Gl
el
—u{{a?]]

2
>y,
jed

Z aj(2)yj

jed

2
Z aj( )yj
jed

=(1-—2X) Za}z)xj

jed

[ 50V [[o]] -2

—

’

= [0 30vE ][] -2

where in the last inequality we apply Proposition 2.8 (ii).
Hence

_ (2)
0= a;

A=2VC—u, (@
i > —————=1{g®} 1l
1+

jed
and therefore aj(z) = 0 for each j, a contradiction. Thus we can infer that Ker Ty = P(B).
To show that {y;}je, is a Riesz basis, it remains to show thaty; # 0 for each j. Assume to the contrary

that y;, = 0 for some j, € J.Foranya € A4, let

o Ja ifi=o;

7710, otherwise.
Then Y ey ¢jyj = 0, i.e. {¢j}jes € Ker Ty. Since Ker Ty = Ker Ty, we see that axj, = 0 for any a € A.
Therefore xj, = 0 which leads to a contradiction with the assumption that {x;};c; is a Riesz basis. This
completes the proof. []

Remark 3.6. Case 2 in the above proof states that there may exist an element a € A such thatax; = 0
for all j but ar #+ {0}, where {x;};c, is a Riesz basis of a Hilbert .A-module . Though this never occurs
in Hilbert spaces, it may happen in Hilbert C*-modules. For example, we consider the C*-algebra
A = Myy>(C) of all 2 x 2 complex matrices. Let # = A and for any x,y € H define

xy) =xy*.
Then H is a Hilbert .4-module. Choose

1 0 0 1
x1=\_4 o) ad 2=y _;)-

One can check that {x1, x,} is a Riesz basis of . Pick

11
a=1{; 1)
Then we have

)
axqp = axp; = 0 0/

But, it is obvious that
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Remark 3.7. Finally we remark that all the above results remain valid if we replace the conditions
(4)-(7) by the corresponding conditions stated in the forms without norms. For example, we can drop
the norms in (5) by writing as the following:

1
2

<Z G — ). DG — J’j)>
j=1 j=1

1 1
2 2

1
n n 2 n n n
aa ((Sow2an)) 4 (Lo an)) +u(Lae
j=1 j=1 i=1

=1 ji =1
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