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1. Introduction

The notion of semiring was introduced by Vandiver in 1934 [1]. Semirings which provide a common generalization of
rings and distributive lattices appear in a natural manner in some applications to the theory of automata, formal languages,
optimization theory and other branches of applied mathematics (see for example [2-6]). Hemirings, as semirings with
commutative addition and zero element, have also proved to be an important algebraic tool in theoretical computer science
(see for instance [7,8]). Some other applications of semirings with references can be found in [9,8,5]. On the other hand, the
notions of automata and formal languages have been generalized and extensively studied in a fuzzy frame work (cf. [ 10-12]).

Ideals play an important role in the structure theory of hemirings and are useful for many purposes. But they do not
coincide with usual ring ideals. For this reason many results in ring theory have no analogues in semirings using only ideals.
Henriksen defined in [ 13] a more restricted class of ideals in semirings, which is called the class of k-ideals. A more restricted
class of ideals has been given by lizuka [ 14]. However, in an additively commutative semiring R, ideals of a semiring coincide
with ideals of a ring, provided that a semiring is a hemiring. Now we call this ideal an h-ideal of a hemiring.

Investigations of fuzzy semirings were initiated in [15]. Fuzzy h-ideals of a hemiring are studied by many authors,
for example [16-18]. The notion of fuzzy sets was introduced by Zadeh [19]. Later it was applied to many branches of
mathematics. Investigations of fuzzy semirings were initiated in [15] and [20]. Fuzzy k-ideals are studied in [21-23]. Fuzzy
h-ideals of a hemiring are studied by many authors, for example [16-18,24-27]. In this paper we characterize hemirings in
which each h-ideal is idempotent. We also characterize hemirings for which each fuzzy h-ideal is idempotent.

2. Preliminaries

Recall that a semiring is an algebraic system (R, +, -) consisting of a non-empty set R together with two binary operations
on R called addition and multiplication (denoted in the usual manner) such that (R, +) and (R, -) are semigroups and the
following distributive laws:

a-(b+c)=a-b+a-c, and (b+c)-a=b-a+c-a
are satisfied for all a, b, c € R.
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A semiring (R, +, -) is called a hemiring if (R, 4+) is a commutative semigroup with a zero, i.e., with an element 0 € R
suchthata+0=0+a=aanda-0=0-a = 0forall a € R. By the identity of a hemiring (R, +, -) we mean an element
1 e R(ifitexists)suchthat1-a=a-1=aforalla € R.

A hemiring (R, 4, -) with a commutative semigroup (R, -) is called commutative.

A non-empty subset I of a hemiring R is called a left (right) ideal of Rif (i)a + b € [ foralla, b € I and (ii)ra € I (ar € I)
foralla € I, r € R. Obviously 0 € I for any left (right) ideal I of R.

A non-empty subset A of a hemiring R is called an ideal of R if it is both a left and a right ideal of R. A left (right) ideal A
of a hemiring R is called a left (right) k-ideal of R if for any a, b € A and x € R from x + a = b it follows x € A. A left (right)
ideal I of a hemiring R is called a left (right) h-ideal of Rif foranya,b € Iandx,y € Rfromx+a+y = b+ yitfollowsx € I.
Every left (right) h-ideal is a left (respectively, right) k-ideal. The converse is not true [22].

Lemma 2.1. The intersection of any collection of left (right) h-ideals in a hemiring R also is a left (right) h-ideal of R.
By h-closure of a non-empty subset A of a hemiring R we mean the set
A={xeR|x+a+y=Db+yforsomea,beA,yecR}.
It is clear that if A is a left (right) ideal of R, then A is the smallest left (right) h-ideal of R containing A. So, A = A for all

left (right) h-ideals of R. Obviously A = A for each non-empty A C R. AlsoA C BforallA € B C R.
Lemma 2.2 ([18]). AB = ﬁfor any subsets A, B of a hemiring R.

Lemma 2.3 ([18]). If A and B are, respectively, right and left h-ideals of a hemiring R, then
ABC ANB.

Definition 2.4 ([18]). A hemiring R is said to be h-hemiregular if for each a € R, there exist x,y,z € R such that
a+axa+z = aya+ z.

Lemma 2.5 ([18]). A hemiring R is h-hemiregular if and only if for any right h-ideal A and any left h-ideal B, we have
AB=ANB.

Let X be a non-empty set. By a fuzzy subset i« of X we mean a membership function i : X — [0, 1]. Im 1 denotes the set
of all values of u. A fuzzy subset i : X — [0, 1] is non-empty if there exist at least one x € X such that p(x) > 0. For any
fuzzy subsets A and u of X we define

ASpu=r®u®,
(A A X)) = AX) A p(x) = min{A(x), n(x)},
AV )@ =21V =max{r®x), ux)}

forallx € X.
More generally, if {; : i € I} is a collection of fuzzy subsets of X, then by the intersection and the union of this collection
we mean fuzzy subsets

(Ax)@ = Axieo = infiaco),

iel iel
(V%) 0 = \/ 20 = supli),
iel iel iel
respectively.

A fuzzy subset A of a semiring R is called a fuzzy left (right) ideal of R if for all a, b € R we have

(1) A(a+b) = A(a) A A(D),
(2) A (ab) = A(b), (A(ab) = A(a)).

Note that A(0) > A(x) forall x € R.

Definition 2.6. A fuzzy left (right) ideal A of a hemiring R is called a fuzzy left (right)
o k-idealifx+y =2z — A (x) = A(y) A A(2),
e h-idealifx+a+y=b+y — A(X) > A(a) A A(b)
holds for alla, b, x,y € R.
Properties of fuzzy sets defined on an algebraic system 20 = (X, F), where FF is a family of operations (also partial) defined

on X, can be characterized by the corresponding properties of some subsets of X. Namely, as it is proved in [28] the following
Transfer Principle holds.
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Lemma 2.7. A fuzzy set A defined on 2l has the property & if and only if all non-empty subsets U(X; t) = {x € X | A(x) > t}
have the property P.

For example, a fuzzy set A of a hemiring R is a fuzzy left ideal if and only if each non-empty subset U(X; t) is a left ideal
of R. Similarly, a fuzzy set A in a hemiring R is a fuzzy left h-ideal of R if and only if each non-empty subset U(A; t) is a left
h-ideal of R.

As a simple consequence of the above property, we obtain the following proposition, which was first proved in [16].

Proposition 2.8. Let A be a non-empty subset of a hemiring R. Then a fuzzy set L, defined by

t ifxeA
s otherwise

ra(x) = {
where 0 < s < t < 1, is a fuzzy left h-ideal of R if and only if Ais a left h-ideal of R.

Proposition 2.9. If Im A4 = Im Ap then

(1) AC B «<— Ag < A,

(2) Aa A A = Apnp.

Proof. Let A C B.Forx € Awe have A4(x) = t = Ag(x). If x &€ A, then A4 (X) = s < Ap(x).So, A4 < Ag. Conversely, if

Aa < g, then for all x € A we obtaint = A4(x) < Ag(x).Thus Ag(x) =t,i.e., x € B. Consequently, A C B. This proves (1).
To prove (2)letx e ANB.Thenx € A, x € Band A4(x) A Ag(x) =t = danp. If X € AN B, then A4(x) = s or Ag(x) = s. So,

Aa(x) A Ag(x) = s = Aanp(X), which completes the proof. O

Definition 2.10 ([16]). Let A and u be fuzzy subsets of a hemiring R. Then the h-product of X and u is defined by
sup (A (@) AA(a2) A (by) A p(by))

(Aop ) (x) = § x+abi+ty=azby+y
0 ifxisnotexpressedasx+ a;b; +y = ab, +y.

One can prove that if A and u are fuzzy left (right) h-ideals in a hemiring R, then so is A A . Moreover, if A is a fuzzy right
h-ideal and u is a fuzzy left h-ideal of R, then A oy u < A A .

Theorem 2.11 ([18]). A hemiring R is h-hemiregular if and only if A o, u = A A u for any fuzzy right h-ideal A and fuzzy left
h-ideal .

3. h-intrinsic product of fuzzy subsets

To avoid repetitions from now R will always mean a hemiring (R, +, -).
Generalizing the concept of h-product of two fuzzy subsets of R, in [29] the following h-intrinsic product of fuzzy subsets
is defined:

Definition 3.1. The h-intrinsic product of two fuzzy subsets i and v on R is defined by

(O ) = sup (A (@) A vib) A\ (n(@) A v(B)) )

m n i1 i1
x+ Y ajbi+z=)" aj/.b]f—o—z = =
i=1 =1

and (1 Op v)(x) = 0if x cannot be expressed as x + Y -, a;b; +z = Z;;] ab; + z.

The following properties of the h-intrinsic product of fuzzy sets proved in [29] will be used in this paper.

Proposition 3.2. Let i, v, w, A be fuzzy subsets on R. Then

(1) popv < uGpv,
RQ)u<wandv <A — uORv < 0O A
(3) xa On xg = xzg for characteristic functions of any subsets of R.

Theorem 3.3. If A and w are fuzzy h-ideals of R, then so is > Oy . Moreover, A Op it < A A [L.
Proof. Let A and u be fuzzy h-ideals of R. Let x, y € R, then

Gonww= s (AG@ Ard) A N\(@) A b))

m n 71 71
x+ Y abit+z=)" a]fbj{+z = =
i=1 =
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and
q

p
(L O ) (y) = sup (/\ e A pido) A N\ () A M(di)))-
k=1 =1

» q
y+IZ1 adg+z'=)" cjd+2'
=

Thus
0-On (X +y) = sup (Ao @) A N\ (ren A )
t=1

u v _
x+y+ Y esfs+z=3 e f/+z s=1
s=1 t=1

/m\(ua DA (b)) A /\(A(a}) A b))

> sup sup =1 =

p q
- Z bz | v+ B aderr=Sddiz | A /\(A(ck) A u(dk)) A /\(A(c[) A u(d;))
k=1 =1

i=1 k=1 =1

m

= s (AG@AG) A ARE@) ARG)))
j=1

x+z a;bi+z= Z a b’+z =1
i=1 j=1
p

q
A sup (/A A p@d) A A\ (1) A ud)))

y+ Z ckdp+2z'= Z qdi+2/ k=1 =1

= A0 AL Onm)Y).

Similarly,

p q
(A Onp)(xr) = sup ( A\ A i) A N\ (Mg A u(h;)))
xr+ i gkhk+Z=qu gh+z k=1 1=1
k=1 I=1
sup (/\(k(af) A ubin) A\ (M@) A u(bjr ))
j=1

m n i1
X+ aibi+z=}" aibi+z =
i=1 =1

v

sup (@) A b)) A \ (1@ A (8))) = 00w )00,
j=1

x+Z ajbj+z= Z aibi+z i=1

i=1

v

Analogously we can verify that (A ©p ) (1X) > (A ©p i) (x) for all r € R. This means that A O u is a fuzzy ideal of R.
To prove thatx +a+y = b 4+ y implies (A Op ) (%) > (A O w)(@) A (A Op ) (b) observe that

m n 1
a+Za,—b,—+z1:Za}bj+zl and b+chdk+zz ch/+zz, (1)
=1 = k=1
together withx+a+y = b+y,givesx+a+ (31" aibi+2z1) +y = b+ (O, aibi+2z1) +. Thusx—l—z 1 Gbi+zi+y =
b—l—Zl 1 aibi+z;+y and, consequently, x—l—zj ] a]bj/—i—(zk 1 i +22)+z14+y = b—|—(Zk:1 dek-l-Zz)-i-Z,-:] aibi+zi+y =

b Gy + 22+ XL b+ 2 +y = YL aibi + Y0 cidy + 25 + 21 + y. Therefore

1 m p
X+Zab’+chdk +z+z1+y = Zaibi—i—ZcL’]d;—l—zz +z1+y. 2)
¢ :

Now, in view of (1) and (2), we have
Gonw@AGou® = s (/\G@ A®)) A \G@) A r®)))
J

n .
a+ Y aibi+z=3)" a]’.bj/-+z i=1 j=1
i=1 =1
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p q
A swp (A0 A @) A A\ A i) )

P N k=1 =1
b+ 3" ckdp+z'=)" dj+2’
k=1 =1

m

A (r@) A b)) A /\(Ma YA R))

= sup sup =1

p = q
o+ amsa=3 sz | o+ adire=Ydgper | A /\(A(c,<) A /L(dk)) A /\(A(c[) A M(d;))
i =

i=1 Jj=1 =1 k=1 =1

< sup (/\ (H&) A ) & /w\(x(gg A u(hi))) = (Lo

u w -1 t=1
X+ gshs+z=> glhj+z S= =
s=1 t=1

Thus (A ©p w) (@ A (X O w)(b) < (A Op w)(x). This completes the proof that (A ®p w) is a fuzzy h-ideal of R.
By simple calculations we can prove that A O u < A A u. 0O

For h-hemiregular hemirings we have stronger result. Namely, as it is proved in [29], the following theorem is valid.

Theorem 3.4. A hemiring R is h-hemiregular if and only if for any fuzzy right h-ideal A and any fuzzy left h-ideal 1« of R we have
AOhU = A A

Comparing this theorem with Theorem 2.11 we obtain

Corollary 3.5. . Oy u = A o u for all fuzzy h-ideals of any h-hemiregular hemiring.

4. Idempotent h-ideals

The concept of h-hemiregularity of a hemiring was introduced in [18] as a generalization of the concept of regularity
of a ring. From results proved in [18] (see our Lemma 2.5) it follows that in h-hemiregular hemirings every h-ideal A is h-
idempotent, that is AA = A. On the other hand, Theorem 3.4 implies that in such hemirings we have A ©; A = A for all fuzzy
h-ideals. Fuzzy h-ideals with this property will be called idempotent.

Proposition 4.1. The following statements are equivalent:

) Each h-ideal of R is h-idempotent.
2) AN B = AB for each pair of h-ideals of R.
3) x € RxRxR for every x € R.
4) A C RARAR for every non-empty A C R.
5) A = RARAR for every h-ideal A of R.

(1
(
(
(
(

Proof. Indeed, by Lemma 2.3,AB C ANB for all h-ideals of R. Since ANB s an h-ideal of R, (1) impliesANB = (AN B)(AN B) <
AB.Thus AN B = AB. So, (1) implies (2). The converse implication is obvious.
It is clear that the smallest h-ideal of R containing x € R has the form

(x) = (x) = Rx + xR + RXR + Sx,

where Sx is a finite sum of x’s. If (1) holds, then (x) = (x) (x) = (x)(x). Consequently,

X = 0+ x € Rx + xR + RxR + Sx
= (Rx + xR 4+ RxR + Sx) (Rx + XR 4+ RxR + Sx) € RxRRXR C RxRxR

for every x € R. So, (1) implies (3). Clearly (3) implies (4). If (4) holds, then for every h-ideal of R we have A=A CRARAR C
AA C A = A, which proves (5). The implication (5) — (1) is obvious. O

As a consequence of the above result and Lemma 2.5 we obtain the following characterization of h-hemiregularity of
commutative hemirings.

Corollary 4.2. A commutative hemiring is h-hemiregular if and only if all its h-ideals are h-idempotent.

Proposition 4.3. The following statements are equivalent:

(1) Each fuzzy h-ideal of R is idempotent.
(2) X Op e = A A u for all fuzzy h-ideals of R.
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Proof. Let A and u be fuzzy h-ideals of R. Since A A u is a fuzzy h-ideal of Rsuch that AAp < Aand AAu < u, Proposition 3.2
implies (A A ) Op(A A ) < A Op 1. So,if A A o is an idempotent fuzzy h-ideal, then A A u < A Oy, 1, which together with
Theorem 3.3 gives A ®p & = A A w. This means that (1) implies (2). The converse implication is obvious. O

Comparing this proposition with Theorem 3.4 we obtain

Corollary 4.4. A commutative hemiring is h-hemiregular if and only if all its fuzzy h-ideals are idempotent, or equivalently, if and
only if A ®p mu = A A u holds for all its fuzzy h-ideals.

Theorem 4.5. For hemirings with the identity the following statements are equivalent:

(1) Each h-ideal of R is h-idempotent.

(2) AN B = AB for each pair of h-ideals of R.

(3) Each fuzzy h-ideal of R is idempotent.

(4) L Op e = A A u for all fuzzy h-ideals of R.

Proof. (1) and (2) are equivalent by Proposition 4.1, (3) and (4) by Proposition 4.3. To prove that (1) and (3) are equivalent
observe that the smallest h-ideal containing x € R has the form RxR. Its closure RxR also is an h-ideal. Since, by (1), all h-ideals

of R are h-idempotent, we have RXR = (RXR) (RXR) = RXRRXR (Lemma 2.2). Thus x € RxR = RXRRXR implies

m n
X+ E riXsiuxt; +z = Z rixsiuit; + 2.
i=1 =1

But, by Theorem 3.3, for every fuzzy h-ideal of R we have A ©®, A < A.Hence A(x) = A(x) AA(x) < /\l";l (A (rixsj) A A(uixti)).
Also A(x) = A(x) A A(X) < NIy (A(1]xs)) A A(ujxt))). Therefore

n

m
/\(A(r,-xs,-) A A(u,xt,)) A /\ (}\(rj’xs]f) A A(u}xtjf)) = M(x, 1i, 5,1/, 5])
i=1 =1

sup M(x, 1i, si, 1/, 5) = (A Op A) (%).

m n
X+ Y rixsiuixti+z=Y_ rixsiuit] +z
= [=RiERE

A(x)

IA

IA

Hence A < A ®Op A, which proves A ®, A = A. So, (1) implies (3).
Conversely, according to Proposition 2.8, the characteristic function x, of any h-ideal A of R is a fuzzy h-ideal of R. If it is
idempotent, then x4 = xa On xa = xzz (Proposition 3.2). Thus A = AA. (3) implies (1). O

Definition 4.6. The h-sum A +j u of fuzzy subsets A and w of R is defined by

O 0) (X) = sup (R@) A R@) A i) A b)),
x+(ay+by)+z=(ay+by)+z

where x, a;, by, ay, b,z € R.

Theorem 4.7. The h-sum of fuzzy h-ideals of R also is a fuzzy h-ideal of R.
Proof. Let A, u be fuzzy h-ideals of R. Then for x, y € R we have

A Fr ) @) A (h+p ) (©)

sup  (Ran) AA@) A b A b))
x+(a1+bq)+z=(az+by)+z

A sup (A(a;) A A (b)) A M(b;))
y+H(a+b))+2'=(dy+by)+2’

sup A(ar) A A(az) A (b)) A u(ba)
AL(d)) A A(ay) A (b)) A p(by)

x+(ay+by)+z=(ay+by)+z
Y@ +DD+2 =(ay+b))+2

IA

sup
x+(ay+bq)+z=(ay+by)+z
Y@ +b))+2 =(dy +by)+2

sup (M0 Are2) A ) A ()
(xX+y)+(c1+dy)+2"=(cy+dy)+2"

At+np) x+y).

Xay + a)) A A(ay + d))
Ap(by + b)) A pu(by + bY)

IA
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Similarly,
O+ ) (%) = sup (R@) A n(@) A i) A b))
x+(ay+b1)+z=(ay+by)+z
< sup (-ran) A 2ra) A (o) A (b))
x+(a1+bq)+z=(ay+by)+z
< sup (R@) A @) A D A )

rx+(ay+b)+z"=(ay +bl)+2"
= (A +n 1) (1x).

Analogously (A +p 1) (x) < (A 4, w)(xr). This proves that (A +p ) is a fuzzy ideal of R.
Now we show thatx + a4z = b+ z implies (A +, u)(x) > (A 45 ) (a) A (A 44 p)(b). For thisleta+ (ay + b)) + 2z, =
((12 + bz) +z; and b + (C] + d]) +2, = (C2 + dz) + z5. Then,

a+(+dy+2)+ (a1 +bi+2z1) =(@+by+21) + (b+c1 +di +2),
whence

a+@+c)+ b t+d)+ @ +z)=b+(a+a)+ b+d)+ (@ +22).
Consequently

a+(@+)t+bi+d)+@++2z)=b+z+ (@ +c)+ (b +d) + (21 +22)
and

a+t(@+a)t+bit+d)+@+n+z)=x+tatz+(@+c)+ b +d)+(z1+2).
Thus

xt@+tc)+h+d)+@+tatzta=@+a)+bi+d)+ @ ++z+0a),

ie,x+ (@ +b)+2 =@ +b")+27 forsomed,b,a’,b’ €R.
Therefore

A +np) (@ A A +n ) (b)

sup (M@ A n@) A i) A b))

a+(ay+b1)+z1=(az+b3)+z1

A sup (Men A2 A ) A ()
b+(c1+dy)+z2=(c2+d2)+23
_ sup Aar) A A(az) A (b)) A pu(bz)
at(ag+by)+2z1=(ag+by)+2; AA(C1) A A(C2) A pu(dr) A pu(dz)
b+(c1+dp)+zp=(cz+dp)+2
sup Adar + ) AA(az +cr)
A (b +da) A (by +dy)

IA

a+(ay+by)+z1=(ay+by)+z1
b+(c1+d1)+zp=(cz+dp)+2

< sup (A(a’) A @) A u(b) A M(b”))
X+(0'+b)+2'=(a"+b")+2'

= A+ u)x).
Thus A +p,  is a fuzzy h-ideal of R. O

Theorem 4.8. If all h-ideals of R are h-idempotent, then the collection of these h-ideals forms a complete Brouwerian lattice.

Proof. The collection £ of all h-ideals of R is a poset under the inclusion of sets. It is not difficult to see that L is a complete
lattice under operations LI, M definedasALIB=A+BandAnB=ANB.

We show that L is a Brouwerian lattice, that is, for any A, B € Lg, the set L(A,B) = {I € £Lx | ANI C B} contains a
greatest element.

By Zorn's Lemma the set .Lz(A, B) contains a maximal element M. Since each h-ideal of R is h-idempotent, Al = ANI C B
and AM = AN M C B (Proposition 4.1). Thus Al + AM C B. Consequently, Al + AM C B = B.

Since [+M = I UM € XLg, for every x € I+ M there exist i;,i; € I, m;,my; € M and z € R such that
x+i;+mq;+z =iy +my +z. Thus

dx + di; +dmy + dz = di, + dm;, + dz
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foranyd € D € Lg. As diy, di € DI, dmy,dm, € DM, dz € R, we have dx € DI + DM, which implies D (I + M) <

DI + DM < DI +DM C B.Hence D (I + M) < B. This means that DN (I+M) = D(I+M) < B,ie,I+M € Lg(A, B),
whence I + M = M because M is maximal in £Lz(A, B). Therefore] C1 C 1+ M = M for everyI € £Lx(A,B). O

Corollary 4.9. If all h-ideals of R are idempotent, then the lattice Ly is distributive.
Proof. Each complete Brouwerian lattice is distributive (cf. [30], 11.11). O

Theorem 4.10. Each fuzzy h-ideal of R is h-idempotent if and only if the set of all fuzzy h-ideals of R (ordered by <) forms a
distributive lattice under the h-sum and h-intrinsic product of fuzzy h-ideals with A Op t = A A (.

Proof. Assume that all fuzzy h-ideals of R are idempotent. Then A ©, & = A A p (Proposition 4.3) and, as it is not difficult
to see, the set F Ly of all fuzzy h-ideals of R (ordered by <) is a lattice under the h-sum and h-intrinsic product of fuzzy
h-ideals.

We show that (A ©Op ) +r 4 = (A 44 ) Op(8 +4 ) forall A, u, § € F L. Indeed, for any x € R we have

(. Ond) +n ) (x) = ((x ©nd) +n u) ®)

= sup (A ABY@) A G AS@) AR A b))
x+(a1+bq)+z=(az+by)+z

= sup (1@ A R@) A (b1 A pib2) A B(@) A 8(a) )
x+(a1+bq)+z=(az+by)+z

= sup (2@ A n@) A b A b))
x+(a1+b1)+z=(az+by)+z
A sup (86an) A bG@) A ulby) A (b))

x4(ay+b1)+z=(az+by)+z

G 100 A O+ 1)) = (G410 A G410 ()

= ((x +n 1) On(8 4 u))(X)'

So, F Ly is a distributive lattice.
The converse statement is a consequence of Proposition 4.3. O

5. Prime ideals

An h-ideal P of R is called prime if P # R and for any h-ideals A, B of R from AB C P it followsA € PorB C P, and
irreducible if P # Rand AN B = P implies A = P or B = P. By analogy a non-constant fuzzy h-ideal § of R is called prime (in
the first sense) if for any fuzzy h-ideals X, u of R from A ©p u < § it follows A < § or u < §, and irreducible if A A u = 8
implies A = § or u = 4.

Theorem 5.1. A left (right) h-ideal P of R is prime if and only if for all a, b € R from aRb C P it followsa € P or b € P.
Proof. Assume that P is a prime left h-ideal of R and aRb C P for some a, b € R. Obviously, A = Ra and B = Rb are left

h-ideals of R. So, AB C AB = RaRb = RaRb C RP C P, and consequently A C Por B C P.Let (x) be a left h-ideal generated
byx € R.IfA C P,then (a) C Ra=A C P,whencea € P.If BC P, then (b) C Rb = B C P, whenceb € P.
The converse is obvious. O

Corollary 5.2. An h-ideal P of R is prime if and only if for alla, b € R from aRb C P it followsa € P or b € P.
Corollary 5.3. An h-ideal P of a commutative hemiring R with identity is prime if and only if for alla,b € R fromab € P it
followsa € Por b € P.

The result expressed by Corollary 5.2 suggests the following definition of prime fuzzy h-ideals.

Definition 5.4. A non-constant fuzzy h-ideal § of R is called prime (in the second sense) if for allt € [0, 1] and a, b € R the
following condition is satisfied:

if §(axb) >t foreveryx € Rthend(a) > tors(b) > t.
In other words, a non-constant fuzzy h-ideal § is prime if from the fact that axb € U(§; t) for every x € R it follows

a € U@S;t)orb € U(S;t). It is clear that any fuzzy h-ideal prime in the first sense is prime in the second sense. The
converse is not true.
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Example 5.5. In an ordinary hemiring of natural numbers the set of even numbers forms an h-ideal. A fuzzy set

1 ifn=0,
d(n) =108 ifn=2k+#0,
04 ifn=2k+1

is a fuzzy h-ideal of this hemiring. It is prime in the second sense but it is not prime in the first sense.

Theorem 5.6. A non-constant fuzzy h-ideal § of R is prime in the second sense if and only if each its proper level set U(§; t) is a
prime h-ideal of R.

Proof. Let a fuzzy h-ideal 6 of R be prime in the second sense and let U(§; t) be its arbitrary proper level set, i.e., § #
U(S;t) # R IfaRb C U($; t), then §(axb) > t for every x € R. Hence §(a) > t or §(b) > t,ie,a € U(S;t)orb € U(S; t),
which, by Corollary 5.2, means that U(§; t) is a prime h-ideal of R.

To prove the converse consider a non-constant fuzzy h-ideal § of R. If it is not prime then there exists a, b € R such that
S(axb) > t forallx € R,but§(a) < tand &(b) < t. Thus,aRb C U(§; t),buta € U(S;t) and b & U(S; t). Therefore U(S; t)
is not prime. Obtained contradiction proves that § should be prime. O

Corollary 5.7. A fuzzy set \, defined in Proposition 2.8 is a prime fuzzy h-ideal of R if and only if A is a prime h-ideal of R.

In view of the Transfer Principle (Lemma 2.7) the second definition of prime fuzzy h-ideals is better. Therefore fuzzy
h-ideals which are prime in the first sense will be called h-prime.

Proposition 5.8. A non-constant fuzzy h-ideal § of a commutative hemiring R with identity is prime if and only if (ab) =
8(a) v §(b) foralla,b € R.

Proof. Let § be a non-constant fuzzy h-ideal of a commutative hemiring R with identity. If §(ab) = t, then, for every x € R,
we have §(axb) = S(xab) > &(x) Vv §(ab) > t.Thus §(axb) > t for every x € R, which implies §(a) > t or §(b) > t.If
8(a) > t,thent = §(ab) > §(a) > t, whence §(ab) = §(a). If §(b) > t, then, as in the previous case, §(ab) = §(b). So,
8(ab) = 8(a) v &(b).

Conversely, assume that §(ab) = §(a)Vv§(b) foralla, b € R.If §(axb) > t for every x € R, then, replacing in this inequality
x by the identity of R, we obtain §(ab) > t. Thus §(a) v 8(b) > t,i.e, §(a) > t or §(b) > t, which means that a fuzzy h-ideal
§isprime. 0O

Theorem 5.9. Every proper h-ideal is contained in some proper irreducible h-ideal.

Proof. Let P be a proper h-ideal of R and let {P, | « € A} be a family of all proper h-ideals of R containing P. By Zorn's
Lemma, for any fixed a ¢ P, the family of h-ideals P, such that P € P, and a ¢ P, contains a maximal element M. This
maximal element is an irreducible h-ideal. Indeed, let M = Pg N P; for some h-ideals of R. If M is a proper subset of Pg and
Ps, then, according to the maximality of M, we have a € Pg and a € Ps. Hence a € Pg N Ps = M, which is impossible. Thus,
eitherM =PgorM =Ps. O

Theorem 5.10. If all h-ideals of R are h-idempotent, then an h-ideal P of R is irreducible if and only if it is prime.

Proof. Assume that all h-ideals of R are h-idempotent. Let P be a fixed irreducible h-ideal. If AB C P for some h-ideals
A B,then ANB = AB € P = P, by Proposition 4.1. Thus (ANB) +P = P. Since £ is a distributive lattice,
P=@ANB)+P=(A+P)N(B+P).SoeitherA+P =PorB+P =P, thatis, eitherAC PorB C P.

Conversely, if an h-ideal P is prime and AN B = P for some A, B € Lg,thenAB C AB=ANB=P.ThusAC PorBCP.
ButP CAandP C B.HenceA=PorB=P. O

Corollary 5.11. In hemirings in which all h-ideals are h-idempotent each proper h-ideal is contained in some proper prime h-
ideal.

Theorem 5.12. In hemirings in which all fuzzy h-ideals are idempotent a fuzzy h-ideal is irreducible if and only if it is h-prime.

Proof. Let all fuzzy h-ideals of R will be idempotent and let § be an arbitrary irreducible fuzzy h-ideal of R. We prove that
it is prime. If . ©p u < & for some fuzzy h-ideals, then also A A & < 4. Since the set F Ly of all fuzzy h-ideals of R is a
distributive lattice (Theorem 4.10) we have § = (A A ) +1p8 = (A +18) A (w+,8). Thus A+, 8 =S or u +, 6 = §. But <
is a lattice order, so A < § or u < §. This proves that a fuzzy h-ideal § is h-prime.

Conversely, if § is an h-prime fuzzy h-ideal of Rand A A u = § for some A, u € F Lx, then A Oy u = §, which implies
A < dorpu < 4. Since < is a lattice orderand § = A A u we havealso§ < A andd < w.ThusA = § or u = 8. So, § is
irreducible. 0O

Theorem 5.13. The following assertions for a hemiring R are equivalent:

(1) Each h-ideal of R is h-idempotent.
(2) Each proper h-ideal P of R is the intersection of all prime h-ideals containing P.
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Proof. Let P be a proper h-ideal of R and let {P, | « € A} be the family of all prime h-ideals of R containing P. Clearly
P C Ngea Py. By Zorn's Lemma, for any fixed a ¢ P, the family of h-ideals P, such that P € P, and a ¢ P, contains a
maximal element M,. We will show that this maximal element is an irreducible h-ideal. Let M, = K N L. If M, is a proper
subset of K and L, then, according to the maximality of M,, we havea € K anda € L. Hencea € K N L = M,, which is
impossible. Thus, either M, = K or M, = L. By Theorem 5.10, M, is a prime h-ideal. So there exists a prime h-ideal M, such
thata & M, and P € M,. Hence NP, € P.Thus P = NP,.

Assume that each h-ideal of R is the intersection of all prime h-ideals of R which contain it. Let A be an h-ideal of R. If
A? = R, then, by Lemma 2.3, we have A = R, which means such h-ideal is h-idempotent. If A> £ R, then A? is a proper h-ideal
of R and so it is the intersection of all prime h-ideals of R containing A. Let A2 = NP,. Then A%> C P, for each «. Since P, is
prime, we have A C P,. Thus A C NP, = A%. But A2 C A for every h-ideal. HenceA = A2. O

Lemma 5.14. Let R be a hemiring in which each fuzzy h-ideal is idempotent. If X is a fuzzy h-ideal of R with A(a) = «, where a is

any element of Rand o € [0, 1], then there exists an irreducible and h-prime fuzzy h-ideal § of R such that A < § and §(a) = «.

Proof. Let A be an arbitrary fuzzy h-ideal of R and let a € R be fixed. Consider the following collection of fuzzy h-ideals of R
B ={p|p@=2r@,r =< ul

B is non-empty since A € B.Let ¥ be a totally ordered subset of B containing A,say ¥ = {A; | i € I}.ObviouslyA;VA; € ¥
forany 2;, ; € . So, for example, (1;(x) V 2;(x)) A (Ai(¥) V 4;(¥)) < Ai(x+y) V Aj(x +y) forany A;, A € F andx,y € R.
We claim that \/,; A; is a fuzzy h-ideal of R.

For any x, y € R, we have
(V2@) A (V40)

(Vr)eon (Va)w)

iel iel iel jel
=\ (1) A x))
ijel
= V(00 v 250) A (1i9) v 30)) )
ijel
< V(ix+y) vix+y)
ijel
<\ rkx+y) = (\/ M)(x +).
iel iel
Similarly
(Vx)eo =\ 200 = \/ i) = (\/ 1) em)
iel iel iel iel
and

(Vx)eo = (V)

iel iel

for all x, r € R. Thus \/iE, is a fuzzy ideal.
Now, letx +a+ 2z = b + z, wherea, b, z € R. Then

(Vr)@n (Vr)o) = (\/I 1@) A (Vi)

iel iel jel
= \/ (xi@ A %))
ijel
= V(i@ v 4@) A (40 v 350))
ijel
= V(e v 4@) = \/aew = (\/ ).
ij iei iel

This means that \/,, A; is a fuzzy h-ideal of R. Clearly A < \/,,, A; and (\/,; 2))(@) = A(a) = «. Thus \/,, A; is the least
upper bound of . Hence by Zorn’s lemma there exists a fuzzy h-ideal § of R which is maximal with respect to the property
that A < §and d(a) = .
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We will show that § is an irreducible fuzzy h-ideal of R. Let § 81 A 8, where 81, 8, are fuzzy h-ideals of R. Then
8 < §1and § < §, since F L is a lattice. We claim that either § = §; or § = §,. Suppose § # &; and § # §,. Since §
is maximal with respect to the property that §(a) = « and since § < 8; and 6 < 8,50 61(a) # o and 6,(a) # «. Hence
o = 8(a) = (61 A 82)(a) = §1(a) A S3(a) # «, which is impossible. Hence § = §; or § = §,. Thus § is an irreducible fuzzy
h-ideal of R. By Theorem 5.12, it is also prime. O

Theorem 5.15. Each fuzzy h-ideal of R is idempotent if and only if each fuzzy h-ideal of R is the intersection of those h-prime
fuzzy h-ideals of R which contain it.

Proof. Suppose each fuzzy h-ideal of R is idempotent. Let A be a fuzzy h-ideal of R and let {A,, | @ € A} be the family of all
h-prime fuzzy h-ideals of R which contain A. Obviously A < A, Ao. We now show that /\ ,_ , Ao < A.Letabe an arbitrary
element of R. Then, according to Lemma 5.14, there exists an irreducible and h-prime fuzzy h-ideal § such that A < § and
Aa) = 8(a). Hence § € {Ay | @ € AYand A, Ao < 8.50, A\ cp 2a(@) < 8(a) = A(a). Thus A,_, Ae < A.Therefore
Nyen o = A

a(eignversely, assume that each fuzzy h-ideal of R is the intersection of those h-prime fuzzy h-ideals of R which contain it.
Let A be a fuzzy h-ideal of R then A © A is also fuzzy h-ideal of R, so A ©® A = /\ . , A« Where A, are h-prime fuzzy h-ideals
of R. Thus each A, contains A ® A, and hence A.So A C /\aeA A =AOADbutl ®A C Aalways.Hence A =1 0O A. O

aEA aEA aEA

6. Semiprime ideals

Definition 6.1. An h-ideal A of R is called semiprime if A # R and for any h-ideal B of R, B> C A implies B C A. Similarly, a
non-constant fuzzy h-ideal A of R is called semiprime if for any fuzzy h-ideal § of R, § ®, 8 < A implies § < A.

Obviously, each semiprime h-ideal is prime. Each semiprime fuzzy h-ideal is h-prime. The converse is not true (see
Example 6.7).
Using the same method as in the proof of Theorem 5.1 we can prove

Theorem 6.2. A (left, right) h-ideal P of R is semiprime if and only if for every a € R from aRa C P it follows a € P.

Corollary 6.3. An h-ideal P of a commutative hemiring R with identity is semiprime if and only if for alla € R froma®> € P it
follows a € P.

Theorem 6.4. The following assertions for a hemiring R are equivalent:

(1) Each h-ideal of R is h-idempotent.

(2) Each h-ideal of R is semiprime.

Proof. Suppose that each h-ideal of R is idempotent. Let A, B be h-ideals of R such that B> C A. Thus B2 C A=A By
hypothesis B = B?,50 B C A. Hence A is semiprime.

Conversely, assume that each h-ideal of R is semiprime. Let A be an h-ideal of R. Then A? is also an h-ideal of R. Also
A% C A2. Hence by hypothesis A C A2. But A2 C A always. Hence A = A2. O

Theorem 6.5. Each fuzzy h-ideal of R is idempotent if and only if each fuzzy h-ideal of R is semiprime.

Proof. For any h-ideal of R we have A ©®y A < A (Theorem 3.3). If each h-ideal of R is semiprime, then A O, A < A Op A
implies A < A Op A.Hence A Op A = A.
The converse is obvious. O

Below we present two examples of hemirings in which all fuzzy h-ideals are semiprime.

Example 6.6. Consider the set R = {0, a, 1} with the following two operations:

Then (R, +, -) is a commutative hemiring with identity. It has only one proper ideal {0, a}. This ideal is not an h-ideal.
The only h-ideal of R is {0, a, 1}, which is clearly h-idempotent.

Since 0 = 0a = a0 = 01 = 10, for any fuzzy ideal A of this hemiring we have A(0) > XA(a) and A(0) > A(1)
and A(a) = A(la) > A(1). Thus A(0) > Xi(a) > A(1).If A is a fuzzy h-ideal, then 1+ 0 + 1 = 0 + 1 implies
A(1) > A(0) A A(0) = 1(0), which proves that each fuzzy h-ideal of this hemiring is a constant function. So, A ©y A = X for
each fuzzy h-ideal A of R. This, by Theorem 6.5, means that each fuzzy h-ideal of R is semiprime.
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Example 6.7. Now, consider the hemiring R = {0, a, b, c} defined by the following tables:

+|0 a b ¢ -0 a b ¢
0|0 a b c 0/0 0O O O
ala b ¢ a al0 a b c
b|b ¢ a b b0 b b ¢
c|lc a b c c|0 ¢ b ¢

This hemiring has only one h-ideal A = R. Obviously this h-ideal is h-idempotent.

For any fuzzy ideal A of Rand any x € R we have A(0) > A(x) > A(a).Indeed, A(0) = A(0x) > A(x) = A(xa) > A(a).This
together with A(a) = A(b+ b) > A(b) A A(b) = A(b) implies A(a) = A(b). Consequently, A(c) = A(a+b) > A(a) AA(b) =
A(b). Therefore L(0) > A(c) > A(b) = A(a). Moreover, if A is a fuzzy h-ideal, then ¢ + 0 + a = 0 + a, which implies
A(c) = A(0) A A(0) = A(0). Thus A(0) = A(c) = A(b) = A(a) for every fuzzy h-ideal of this hemiring.

Now we prove that each fuzzy h-ideal of R is idempotent. Since A ®, A < A always, so we have to show that A O A > A.
Obviously, for every x € R we have

m n
(ORI (X) = sup ( AR@) Arb)) A A (@) A x(b;)))
x+_§: a,-bi+z:zn: a]fb}f+z i=1 j=1
i=1 Jj=1
> sup  (A(0) AA(d) AAC) AM)) = A(c) AAd) AR A AWM.
x+cd+z=c'd'+z

So,x +cd+z = c'd + z implies (A Op A)(x) > A(c) A A(d) A A(c") A A(d"). Hence 0 + 00 + z = 00 + z implies
(A ®rA)(0) > A(0).Similarly a4+-bb+z = bc+z implies (A ©®p A)(a) > A(b)AX(c) = A(b) = A(a),b+aa+z = bc+z implies
(A ©rA)(b) = A(a) AL(b) Ar(c) = A(b).Analogously, from c+00+z = cc+z it follows (A oy A)(c) > A(0) AL(c) = A(C).
This proves that (A ©p A)(X) > A(x) foreveryx € R.Therefore A ®, A = A for every fuzzy h-ideal of R, which, by Theorem 6.5,
means that each fuzzy h-ideal of R is semiprime.

Consider the following three fuzzy sets:

1(0) = A(c) =0.8, A(a) = Ar(b) =0.4,
n(0) = u(c) =06, pla)=pu(b)=0.5,
8(0) =8(c) =0.7, &(a) = 8(b) = 0.45.

These three fuzzy sets are idempotent fuzzy h-ideals. Since all fuzzy h-ideal of this hemiring are idempotent, by
Proposition 4.3, we have A Op it = A A . Thus (A Op ) (0) = (A Op )(c) = 0.6 and (A O u)(a) = (A Op ) (b) = 0.4.
So, A ©p . < § but neither A < § nor < §, thatis § is not an h-prime fuzzy h-ideal.

Theorem 6.2 suggests the following definition of semiprime fuzzy h-ideals.
Definition 6.8. A non-constant fuzzy h-ideal § of R is called semiprime (in the second sense) if forall t € [0, 1]and a, b € R
the following condition is satisfied:
if §(axb) >t foreveryx € Rthend(a) > tors(b) > t.
In other words, a non-constant fuzzy h-ideal § is semiprime if from the fact that axb € U(§; t) for every x € R it follows

a e U(@S;t)orb e U(S;t). Itis clear that any fuzzy h-ideal semiprime in the first sense is semiprime in the second sense.
The converse is not true (see Example 5.5).

Theorem 6.9. A non-constant fuzzy h-ideal § of R is semiprime in the second sense if and only if each its proper level set U(§; t)
is a semiprime h-ideal of R.
Proof. The proof is analogous to the proof of Theorem 5.6. O
Corollary 6.10. A fuzzy set A4 defined in Proposition 2.8 is a semiprime fuzzy h-ideal of R if and only if A is a semiprime h-ideal
of R.

In view of the Transfer Principle (Lemma 2.7) the second definition of semiprime fuzzy h-ideals is better. Therefore fuzzy
h-ideals which are prime in the first sense should be called h-semiprime.
Proposition 6.11. A non-constant fuzzy h-ideal § of a commutative hemiring R with identity is semiprime if and only if §(a®) =
8(a) foreverya € R.
Proof. The proof is similar to the proof of Proposition 5.8. O

7. Conclusion

In the study of fuzzy algebraic system, the fuzzy ideals with special properties always play an important role. In this paper
we study those hemirings for which each fuzzy h-ideal is idempotent. We characterize these hemirings in terms of prime



W.A. Dudek et al. / Computers and Mathematics with Applications 59 (2010) 3167-3179 3179

and semiprime fuzzy h-ideals. In the future we wanted to study those hemirings for which each fuzzy one sided h-ideal
is idempotent and also those hemirings for which each fuzzy h-bi-ideal is idempotent. We also want to establish a fuzzy
spectrum of hemirings.

We hope that the research along this direction can be continued, and our results presented in this paper have already
constituted a platform for further discussion concerning the future development of hemirings and their applications to study
fundamental concepts of the automata theory such as nondeterminism, for example.
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