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For any tree T (labelled, not rooted) of order n, it will be shown that the average
number of nodes in a subtree of T is at least {(n + 2)/3, with this minimum achieved
iff T is a path. For T rooted, the average number of nodes in a subtree containing
the root is at least (n+ 1)/2 and always exceeds the average over all unrooted
subtrees. For the maximum mean, examples show that there are arbitrarily large
trees in which the average subtree contains essentially all of the nodes. The mean
subtree order as a function on trees is also shown to be monotone with respect to
inclusion.

1. INTRODUCTION

Throughout this paper T will denote a tree (connected, acyclic, undirected
graph) on #n nodes. By a k-subtree S of T we shall mean a set of k nodes of
T which induce a connected subgraph of T. The collection of all subtrees of
T forms a meet-distributive lattice (cf. Edelman [3]) in which the k-subtrees
are precisely the elements of height (or rank) k. The number A4 (T) of k-
subtrees is thus the kth Whitney number (or rank number) [4] of the lattice
of subtrees.

For any tree, 4,(T) is the number n of nodes in T, 4,(T) the number
n— 1 of edges, 4,_,(T) the number of endnodes and 4,(T) = 1. In general,
the other 4, are more difficult to describe although there are simple recursive
procedures for calculating them [7].

The average number of nodes in a subtree of T will be denoted M, and
called the (global) mean of T. (For technical reasons, it is desirable not to
count the empty subtree in this average.) If we define the generating function,

8,(0= N A1), (1)
k=1
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then the mean may be expressed by the logarithmic derivative
My = @7(1)/®(1). (1.2)

The mean M, provides a rough measure for shape of the lattice of subtrees
of T and is a rather interesting invariant of the tree 7. For the sake of
comparing trees of different orders, it is convenient to normalize the mean
and define the density of T to be Den(T) = M, /n. Thus if Den(T) is close to
1, the lattice of subtrees is top-heavy, and if Den(7) is near O, then the lattice
is fuller at the bottom. The density of T may also be interpreted as the
probability that a node chosen at random from T will belong to a randomly
selected subtree of 7. The means and densities of some selected trees of order
15 are shown in Fig. 1.

M = 8.1721

Den(T) . 5448

uT(p) = 9.2000

o . MT = B.6858
Den(T) = .5790
UT (p) = 8.9534
MT = 6.9339
P
Den(T) = .4623
Hp (p) = 9.8077
P
MT = 8.5147
Den(T) = .5676
Bp(p) = 9.0769

Fic. 1. Means in some selected trees of order 15.
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Several authors [1, 2, 8-10, 13, 14] have investigated the average behavior
of various parameters (e.g., height, distance, diameter) in trees. These studies
have usually focused on averages over all trees and have often relied on
analytic techniques. By contrast, this paper is concerned with mean order as
an invariant of a fixed but arbitrary tree, and although generating functions
are used, the arguments are purely combinatorial.

2. HiGu DENSsITY TREES

Perhaps the first question to pose regarding an invariant concerns its
extreme values. For trees, a reasonable first guess is that paths and stars
provide the extreme values. This is indeed the case for many simple
invariants such as average distance between nodes [2] but may fail for more
complex invariants as the number of cycles in the complement [12].

For the path P=P, | and star S=K, ,_, on n nodes, the Whitney
number are easily seen to be

n—1

AP)=n—k+1  and A,((S)=<k_1

) for 2<<kg<n (2.1)
Applying standard summation formulae, one can then derive that

”“) ””); My=(n+2)3% (22)

o= ("] ): o= ("]

ol)=2""+n—-1; DN)=@+1)2"+n-1;

2.3)
Mg=m+1)/2—c¢,
where 0 < ¢ < (n—1)?/2". (Thus the path and the star have densities of
roughly § and 3, respectively.)

It is true that paths and stars provide the extremal cases for the number of
subtrees and, in fact, for the number 4 « Of k-subtrees for each k between 3
and »n — 1. This may be verified by induction on n [16] but will be derived
here in a “local” form from the results in Section 5.

It is also true that the path uniquely realizes the minimum mean for each
n. Unfortunately, I do not know a simple proof of this and the proof given in
Section 5 depends on a number of preliminary results. The idea of the proof,
however, is simple: one shows (Theorem 5.9) that if a tree of sufficiently
small density is not a path, then it can be modified (by moving a single edge)
to produce a tree of smaller mean.

The conjecture that stars have the highest mean is true through order 8.
For order n > 9, however, stars fail to have the greatest density. Figure 2
shows the trees of greatest known density for each order between 8 and 15.
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o P P

15

FiG. 2. High density trees of low order (* denotes confirmed maximum).

TABLE 1
Means of High Density Trees in Fig. 2.

Density of
Order Mean Density Star of Order n

8 4.3185% 0.5398 0.5398

9 4,8993% 0.5443 0.5420
10 5.5405%* 0.5540 0.5422
11 6.1550 0.5595 0.5410
12 6.8432 0.5702 0.5392
13 7.5014 0.5770 0.5371

14 8.2141 0.5867 0.5349

15 8.9250 0.5950 0.5329

Note. Asterisk denotes confirmed maximum.
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Their densities are compared with the star of the same order in Table 1. A
computer search by David Whited through Harary’s list [5] of trees has
determined the exact maxima for orders » = 1 through 10.

It is not hard, in fact, to produce trees whose densities are arbitrarily close
to 1. By an (s, £)-baton we shall mean the tree formed by joining the centers
(say, uwandv) of two stars K, by a path of ¢ nodes, for a total of
n=t+ 2s+ 2 nodes. There are then (‘1") + 2s subtrees missing both # and
v, 2[(¢ + 1) 2°] subtrees containing exactly one of « and v, and 27 subtrees
containing both u and v. It is clear that by appropriate choices of s and ¢
(say, t = s*) one can force the third type of subtree to predominate as s - .
Hence the global mean will be nearly the average number of nodes in this
type of subtree—namely, t +5s+2=n—s.

There are even high density trees which have no vertices of high degree.
An (s, t)-bridge is the tree formed by joining the centers (say, u and v) of
two paths P,, by a path P, ,, for a total of 2(2s 4+ 1)+ ¢ nodes. Setting
t=s¥? will again yield trees whose densities approach 1 as 5 — co.

These examples illustrate the fact that, contrary to what one might first
expect, high density trees do not tend to be “bushy.” In fact, it will be shown
(Theorem 6.2) that in any high density tree, most nodes are of degree 2.

Moon and Meir [11] have in fact determined that the average density over
all trees of order n tends to 1 —e™' =0.6321... as n - co. Thus for large #,
most trees have density greater than that of the star. Nonetheless, the star is
extremal in one special class of trees. It will be shown in Theorem 5.12 that
among all trees with at most one node of degree >2 (the asters), the star has
largest mean.

It remains an open problem to determine for each n > 10 the tree of
greatest density of order n. Baton-like trees tend to have larger means than
the bridges of the same order since the estimates for the batons are
exponential, whereas those for the bridges are merely polynomial. It seems
likely that the trees of maximal mean are similar to the batons, and I am
willing to conjecture that they are caterpillars (ie., trees from which the
removal of the endnodes leaves a path).

3, THE LocAL MEAN AT A NODE

It is both useful in the development and interesting in its own right to
consider a local or “rooted” version of average subtree order. If p is a node
of T, the local mean u,(p) at p is the average number of nodes in a subtree
containing p. Letting ¢,(p; x) denote the enumerator for the k-subtrees
containing p, we may also write the local mean as the logarithmic derivative
07(0; 1)/92(p; 1)-

Let v,,..., v, denote the neighbors of p in T and let C; be the component
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(branch) of T\p which contains v;. Any subtree containing p is formed by
gluing to p subtrees from the branches C,;. Since the component subtree in
the ith branch either is empty or must contain v;, we have the following
basic recursion:

62(p; x)=x U (1+¢.(v;; x)). (3.1)

To simplify the notation in the statement of some useful consequences of this
recursion, set

L=¢.(p;1) W=¢(p;1), L;=9,;1l), W,=¢.(v;s 1)

Thus L is the number of subtrees through p, W the sum of their orders, etc.
Also for simplicity, the limits (i = 1,..., d) will be suppressed in the sums and
products below. The first relation (3.2a) below was noted by Ruskey
(Lemma I in [15]) and used by him to study the average number of (rooted)
subtrees in a random planar rooted tree.

(3.2) LemmA. With notation as above, we have

(@) L=TI0+Ly.

b) up)=1+% te(v) — LW/ (LA1+Ly)),

(¢) W/(L(+L))<?} with equality iff T is a path and p is an
endnode,

(d) wur(p)>uclv)+df2fori=1,.,d

Proof. Part (a) follows by setting x=1 in (3.1). To obtain (b),
differentiate  (3.1), set x=1, and then factor to get W=
(T + L)L +> W,/(1+L,;)|. From (a) and the definition 4, (p) = W/L,
one then gets

(D) =1+ W/(1+ L) (3.3)

Using the relation W,/(1 + L;)=W,/L,— W,/(L,(1 + L;)) and the definition
tcfv)) = W,/L;, one then obtains (b).

The argument for (c) goes by induction on the order of T, the result
certainly holding for the one point tree. From (3.3) above and the inductive
hypothesis, we have

WL = 1 Y( i )(-‘)gl S‘_':__<2 \,’LA)‘ 3.4
/ + 2 YAV + 2 3 5 + 2 L (3.4)

H I

But by (a) we have
1+L=1+H(1+L,.)>1+(1+2L,.) (3.5)
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since each L, is positive. Combining (3.4) and (3.5) yields W/L <3(1 + L)
from which the inequality in (c) follows. ,

Now if p is not an endnode of T, then d > 2 so the product in (3.5)
includes the term L,... L, > 0 which is not accounted for in the right-hand
sum in (3.5). Hence the inequality in (3.5) and therefore in (c) is strict in
this case.

If p is an endnode but T fails to be a path, then d =1 and C, also fails to
be a path. Thus by induction, the inequality in (3.4) and therefore in (c) is
strict as desired.

If T is a path and p is an endnode, then there is exactly one k-subtree
through p for each k. Hence L =n and W= ("1'), so W/(L(1 + L)) =13 as
desired.

Finally to derive (d), note that by (c) the rightmost sum in (b) is at most
d/2. Since any local mean is at least 1, (b) can be estimated by
ur(p)>1+uc(v)+d—1—d/2 from which (d) follows. §

It is now easy to determine those cases in which the local mean is
minimized. A tree 7 is an aster iff T can be formed from a collection of
disjoint paths by attaching one endnode of each to a “central™ node p. In this
case, T is astral over p. Evidently T is astral over p iff either T is itself a
path or p is the unique node of degree >2 in T.

(3.6) THEOREM. For any tree T and any node p of T,
ur(p) > (|T|+ 1)/2 with equality iff T is astral over p.

Proof. For |T|=1 the result is obvious. By induction and Lemma

3.2(b),(c).
ur(P)2 1+ Y (C |+ 1)/2—d)2= 2+ |C)/2=(T|+ 1)/2. 3.7)

By (3.2c) the inequality is strict unless each C, is a path with v; as an
endnode, in which case T is astral over p. Conversely, if T is astral over p,
each C; is a path with endnode v; and hence astral over v,. Thus, equality
holds in (3.2c) and in the induction hypothesis and hence in (3.7) as
desired. i

To conclude this section we show that the local means always exceed the
global mean. For this result we shall use the generating function form of the
following well-known principle: if a population is partitioned into
subpopulations, then its mean is an average of the means over the
subpopulations. This will be used so often that it is worth stating formally.
For brevity, the logarithmic derivative at x = | of a polynomial f(x) will be

denoted by LD(/):=/"(1)/f(1).
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(3.8) LemmA. Suppose fi,....f,, are nonzero polynomials with non-
negative coefficients. Then LD(f, + --- + f,,) is a convex combination of the
logarithmic derivatives LD(f;).

Proof. The coefficient of LD(f}) is f(1)/(f;(1) + -+ f,,(1)). 1

(3.9) THEOREM. For any tree T and any node p in T, M, < u(p) with
equality iff T is the one point tree K.

Proof. Noting first that when |T| =1, both means are trivially 1, we
proceed by induction on T using the notation of (3.2). Since any subtree of T’
either contains p or lies in one of the branches C;,, @,(x)=
¢(p; x) + Z D (x). Thus by (3.8), M, is a convex combination of ur(p)
and the means M. By (3.2d) and induction, u,(p) > uc(v;) > Mc,. Thus
ur(p) is larger than the other means of which M, is the average so u,(p)
must be larger than M,. |

In [6] it is shown that u(p) < M, + (n—1)/2, but it seems likely that
this can be sharpened.

4. LocAL MEANS AT SUBTREES

If S is any set of nodes of T, the local mean u (S) of T over § is the
average number of nodes in a subtree of T containing all the nodes in S.
Again, this is given by a logarithmic derivative ¢,.(S;1)/¢,(S; 1) where
¢,(S; x) denotes the enumerator of the k-subtrees containing S. (When the
elements of S are explicitly given, say as p, ¢, ., we may write
¢.(p, q, F,...; x) instead of ¢,(S; x).) Since every subset of 7' lies in a smallest
subtree of T, there is no loss of generality in supposing S is a subtree. We
begin the study of local means over subtrees with the following result on the
local mean at an edge.

(4.1) LemMma. If p and q are adjacent nodes in T, then

1r(p) < u(p, q) <ur(p) + 3.

Proof. Removing the edge from p to g breaks T into two components.
Let P (resp., Q) be the component containing p (resp., ). Since any subtree
in T containing p and g can be realized uniquely as the union of a subtree of
P through p with a subtree of Q through g, it follows that

07(P> 45 %) = 9p(D5 X) $0(q5 X)- (4.2)
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To simplify notation, set

A=46p(p;1),  B=9u(q: 1), C=¢.p q; 1),
U=¢i(p;1),  V=9)g:1), W=9¢xp q;1)

Thus A is the number of subtrees in component P containing node p, U is the
sum of their orders, etc. Now by (4.2) and its derivative, we have C=A4B
and W =AYV + BU. Using this to calculate the local means yields

Ur(p,q)=W/C=(AV + BU)/AB=V/B + U/A
and
Ur(p)=U+W)/(A+C)=(U+AV +BU)/(4+AB)=U/4 + V/(1 + B).

Subtracting we get up{p,q)—pu(p)=V/B—V/(1+B)=V/(B(1+ B))
which is <3 by Lemma 3.2(c) applied to the node ¢ in the tree Q. This
establishes the right inequality in (4.1). The left inequality follows from the
observation that since V" and B are both at least 1, the above difference is
always positive. [ '

On the side, this lemma yields an estimate of the variation in the local
mean which may be regarded as a “continuity” result for the local mean u,
as a function on the nodes of T.

(4.3) ScHoLiuM. For any two nodes p and q of a tree T,

lur(p) — ur(@)] < 3d(p, 9),

where d,(p, q) is the distance from p to ¢ in 7.

Proof. If p and g are adjacent, both u,(p) and u;(q) lie between u,(p, q)
and u#,(p, g)—3 by Lemma 4.1. Hence they are at most 4 apart as desired.
The general case follows by induction on d(p,q). N

Now consider the contraction T/R of a tree T formed by contracting a
subtree R of T to a point r. That is, 7/R arises by identifying the nodes of R
together as a single new node r (discarding any loops that occur). If S is any
subtree of T containing R, then S/R is a subtree of 7/R through r and
|S|=|S/R|+ |R|— 1. From this and the fact that subtrees of T containing S
correspond to subtrees of 7/R containing S/R, we get ¢,.(S;x)=
x®1=1g . .(S/R;x). Whence

U7 (S)=urR(S/R) +|R|—1 (4.4)

whenever RC S C T.
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(4.5) Tueorem. [f R & S are subtrees of T, then

4r(R) < 4 (S) <ur(R) + (|S| —|R |)/2

Proof. Consider first the case that S contains just one point more than
R, say, S =R U {q}. Applying Lemma 4.1 to the adjacent nodes r = R/R
and g in 7/R and then lifting back to T via (4.4) yields the result in this
case.

In general we may list the j =|S|— |R| nodes of S\R as ¢, ,...,q; in such a
way that, for each i, R;=R U {g,...., g;} is a subtree of 7. By applying the
first paragraph to each pair R,SR,,,, the general result follows
inductively. 1§

From this, one may obtain the following extension of the bound in
Theorem 3.6.

(4.6) THEOREM. For any nonempty subtree of a tree T,
ur(R) > (T +[R[)/2.

Progf. Write the right side of (4.5) in the form ur(R)>
ur(S) —(|S|—|R|)/2, set S =T, and note that u(T)=|T|. 1

The left side of (4.5) is a monotonicity result for local means. It implies a
similar result in which it is the ambient tree that changes.

(4.7) THEOREM. For any subtree R of a proper subtree S of T,
ts(R) <ur(R).

Proof. Since any subtree of T can be obtained from 7 by a sequence of
endnode deletions, we may suppose that § = T\g for some endnode g of T,
the general case following from this by induction. Letting ( denote the
smallest subtree of T containing R and ¢, we may write ¢,(R;x)=
04(R; x)+ ¢(Q; x) since g¢(R) enumerates the subtrees of T containing R
which miss g, and ¢,(Q) enumerates the subtrees of T containing both R and
g. Thus by Lemma 3.8, u,(R) is a convex combination of u4(R) and u(Q).
Since, by Theorem 4.5, p,(Q) is greater than wu,(R), inequality (4.7)
follows. &

To conclude this section, we prove that the global mean is also inclusion-
monotone. It is worth noting by way of contrast that density is not
monotone. This is illustrated by the density of the stars given in Table I. A
further discussion of monotoncity results may be found in [6].

(4.8) THEOREM. If S is a proper subtree of T, then Mg < M.

Proof.  Again it suffices to establish the result in the case S is obtained
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by deleting an endnode p from 7. In this case, .S is the unique branch of T at
P, SO
Pr(x)=07(p; x) + Py(x).

Thus M is an average of u,(p) and M by Lemma 3.8. Because u,(p) > M,
by Theorem 3.9, it follows that Mg must be less than M,. 1

5. PATHS HAVE MINIMUM MEAN

Two trees 7 and 7" on the same node set will be called j-associates iff
there are nodes p and g and j edges ¢ — v,..., ¢ — v; in T such that 7’ can be
formed by deleting these edges and replacing them by the edges
P~ Uy, p— ;. We shall first be interested in a special kind of 1-associate
of 7. Let p be an endnode of T. If T is not a path, it has a node of degree >2
and hence a unique such node g nearest to p in 7. Let v be any neighbor of ¢
other than the one between p and g. The [-associate 7’ formed by replacing
the edge g —v by p—wv will be called a standard 1-associate of T. (See
Fig. 3.)

Tree T

Tree T'

F1G. 3. 1-Associate diagram for Lemma 5.1.
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The next result implies that paths uniquely minimize each of the nontrivial
Whitney numbers 4,. Our interest, however, lies more with the technique of
proof than the result itself since the reductions involved will be used in the
proof the main result (5,11) below.

(5.1) Lemma. If T' is any standard l-associate of T, then
A (TY<AUT) for all k such that 2 <k < n.

Progf. Our goal is to show that the difference d(x)} = @(x) — @;.(x) has
positive coefficients for 2 < k < n. Removing the edge g — v from T’ resuits in
two components—say, 4 containing p and ¢, and B containing v—which are
rejoined to form T when p — v is inserted. Evidently we have

Pr(x) = 97(g, 13 x) + P 4(x) + Py(x) (5.2)

since any subtree of T not containing the edge ¢ — v must lie in either A or
B. Subtracting the analogous formula for @, from (5.2), one arrives at

0(x) = ¢1(q, v3 %) — 97 P, V3 X). (5.3)

Because any subtree of T does or does not contain the endnode p of T, we
have

07(q, v x) = 9,(P, g U;x)+¢r\p(Qa v; X). (54)

Now let P be that portion of the tree T which lies between p and g. The
choice of g ensures that P is a path. (It could be that P = {p, g}.) Thus P\ p
and P\g are both paths with d(p, q) nodes, so the subtree S =B U (P\ p) of
T is isomorphic to the subtree R =B (P\g) of T’ by an isomorphism
fixing v (in fact, all of B) and exchanging p and g. Therefore,

9r( D> v; X) = 95(g, v3 X). (5.5)

Notice that any subtree of 7" which does not contain g but does contain
the edge p — v must lie in R, so

07 P V3 X) = 07D, 4, U3 X) + 0p( P, 03 X). (3-6)

Furthermore, a set of nodes containing p, ¢, and v forms a subtree (i.e., is
connected) in T iff it forms a subtree in 77, so

o1 (D, QBU;X):¢T(p9 g, U3 X). (5.7)

Substituting (5.7) and (5.5) into (5.6), then subtracting from (5.4) and
recalling (5.3), one deduces that

0(X) = (4, U3 X) — 95(gs 3 X). (5.8)
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Thus to complete the proof, it need only be shown for 2 < k < n, that
a,— B, > 0 where a, (resp., B;) is the number of k-subtrees of T\ p (resp., S)
which contain both ¢ and v. Because S is a subtree of T\ p, clearly a, > §,,
so we need only exhibit for each k¥ with 2 < k < n some k-subtree of T\ p
that does not lie in S.

Until now only two neighbors of g have been mentioned in the proof: v
and the neighbor between g and p. By choice, deg,(q) > 3, so there is at least
one other neighbor 7 of ¢ in T. The set {r, g, v} is a 3-subtree of 7\ p which
can be enlarged in at least one way to a k-subtree of T\ p for each k from 3
to n— 1. Since r& S, none of these trees lic in S, and the proof is
complete. Hi

The preceding result does not tell us, however, what happens to the mean
in passing to a standard 1-associate. In general, it may go either up or down.
This may be seen by considering the two types of standard 1-associate for an
(s, s*)-baton, s large. For trees of low density, however, the mean must in
fact decrease. Although it seems likely that every tree other than a path has
some (standard) 1-associate of lower mean, 1 have been unable to show this
in general.

(5.9) LEmmA.  Suppose T is a tree on n nodes with M, < (n + 1)/2. Then
M., <M, for any standard 1-associate T' of T.

Progf. Defining 6(x) = @,(x) — P,.(x) as above, write (5.8) as

0@ v; x) = 65(q, v3 X) + 5(x). (5.10)

Because S is a subtree of 7\ p, we may infer from Theorem 4.7 that the local
mean at {g, v} is less in S that in 7/p. Since J is nonzero with non-negative
coefficients by Lemma 5.1, we can apply Lemma 3.8 to (5.10). This together
with the above observation on local means yields LD(6) >ty (g, v). But by
(4.6),

trp(@:0) 2 (| T\ pl + 2)/2 = (n + 1)/2.

whence from the hypothesis on M it follows that LD(d) > M.

An application of Lemma 3.8 to @,=@,,+ ¢ shows that M, is an
average of M, and LD(9). Therefore, we may conclude from LD(d) > M,
that M, < M, as desired. 1

The fact that paths have minimal means now follows as an immediate

consequence.

(5.11) MaiN THEOREM. For any iree T on n nodes, M, > (n + 2)/3 with
equality iff T is a path.
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Proof.  Since (n+2)/3<(n+1)/2 for n>2 and since any tree other
than a path has a standard l-associate, it follows from Lemma 5.9 that the
tree of order n with smallest mean subtree order M, must be the path. [

Lemma 5.9 may also be applied to establish the following maximum
property of stars.

(5.12) THEOREM. Among all asters (trees with at most one node of
deg > 2) on n nodes, the star K ,_ uniquely achieves the largest mean.

Proof. Let A be an aster on # nodes with maximum mean M,. If 4 is
not a star, there is an endnode v of 4 not adjacent to the central node g. Let
p be the node of 4 adjacent to v. Remove the edge p — v and insert an edge
g —v to form a new aster 7. Note that p, ¢, and v in T conform to the
selection procedure in the definition of standard l-associates, so 4 = T" is
a standard l-associate of 7. By Theorems 3.9 and 3.6 we have
M, <ug)=(n+1)/2 since T is astral over g. But then M, <M, by
Lemma 5.9, contrary to the choice of 4 with maximum mean. |

To round out the picture, we close with an analogue of (5.1) which implies
that stars uniquely maximize each of the nontrivial Whitney numbers 4. It
is no longer possible to get by with moving just one edge as in (5.1). Indeed,
if T has no nodes of degree 2, then moving only one edge could not create a
new endnode and hence would not increase 4, _,. However, the edges to be
moved need only be switched among adjacent nodes. A j-associate T’ of T
will be called simple if the nodes p and g of the definition of j-associate are
adjacent.

(5.13) THEOREM. If T is a tree on n nodes but T is not a star, then there
is, for some j, a simple j-associate T' of T such that A, (T") > A,(T) for all k
such that 2 < k < n.

Proof. Let p be an endnode of T and g its unique neighbor. Since T is
not a star, not every node of T is joined to g, so there are nodes r and s such
that p—q —+r—s forms a path in T. Let U consist of all neighbors of g
except r. Form 77 by removing the edges from U to g and connecting the
nodes in U with r instead.

There is a natural one-to-one, cardinality preserving map of the subtrees of
T into the set of subtrees of 7'. First, the subtrees of T which miss g are
unaffected by the edge interchange and may be mapped to themselves as they
are also subtrees of T”. Secondly, those subtrees of 7" which contain both ¢
and r also remain subtrees (i.c., connected node sets of T") even after the
edges are swapped although their adjacency structure may be altered. Finally
we must account for those subtrees of T which contain g but not r. Associate
g with itself. Any other such subtree S of 7" may be mapped to the subtree S’
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of 7" formed from S by replacing g by r. Even though this S’ misses g, it is
not of the kind first considered above since it must contain at least one node
in U and hence is not connected in 7. Thus our mapping is one-to-one.
Since p —r — s is a path in 7" and g is an endnode of 77, it is possible to
expand {p,r,s} to a k-subtree of T"\g for each k from 3 to n— 1. Notice
that such a subtree is not associated with any subtree of T under the map
described above. Whence the desired inequality in (5.13) follows.

6. SomE PROPERTIES OF HIGH DENSITY TREES

The results on local means may also be used to obtain some rough infor-
mation on high density trees. Somewhat surprisingly, they are more path-like
than star-like in the sense that they have relatively few endnodes, contain
many nodes of degree 2, and have large diameters. Below V(7)) denotes the
number of nodes in T of degree d. The standard notions of radius and
diameter are defined in [5].

(6.1) LEmMaA. If T is a tree with |T| > 2, then
MT<IT|* VI(T)/‘?“

Proof.  Let S be the subtree obtained by removing all the endnodes of 7.
Since the endnodes of 7" may be added independently to S to form subtrees
containing S, #,(S) =S|+ V(T)/2 =|T|— V,(T)/2. Letting p be any point
in S, by (4.5) and (3.9) we have u (S) > u (p) > M,. I

The batons and stars show this is asymptotically best possible.

(6.2) THEOREM. [If T, is a sequence of trees such that Den(T,)— 1, then
VT T, = L.

Proof. By the lemma, V,(T,)/|T,| < 2(1 — Den(T,)) so that this ratio
goes to 0. It is easy to see, by induction or the standard edge-counting
formula, that in any tree 7, the number 4(T) of nodes of degree > 2 is less
than the number of endnodes. Thus #(7,)/|T,| also goes to 0. Hence the
proportion of the nodes of degree 2 must approach 1. |

(6.3) THEOREM. [f T is a tree of radius r > 1, then

1
Den(T 1 ——.
en(7) < >

Progf. Let p be a point such that each node of T is within distance r of
p. The paths from p to the endnodes of 7 cover 7, and each such path has at
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most r nodes other than p. If these paths have only p in common, then T is
astral over p and the required inequality follows from (3.6) and (3.9). Thus
we may assume some two of the paths share some node other than p, so
n=|T|<rV (7). The required inequality now follows from Lemma 6.1.

(6.4) CoroLLary. If (T),) is a sequence of trees such that Den(T,) - 1,
then diam T, —» co. 1

Based on this corollary and the behavior of batons and bridges, one might
be tempted to conjecture that (diam 77,)/| 7,/ — 1. This is not so, and in fact,
we close with an example showing how to choose T, so that Den(7,)— I
but (diam 7,)/|T,| - 0.

An (s, t)-wand is formed by attaching one endnode of a path on ¢ nodes to
the center of a star K, ;. An (r.s, {)-sparkler is formed by joining r (s, )-
wands together at their handles. Fixing r, taking ¢ = 5%, and letting s — oo, it
is not hard to show that the (2°)" subtrees containing all r radial {-paths
eventually account for nearly all subtrees of the sparkler. Hence the densities
of such sparklers go to 1, but the diameter of any such sparkler is only
2t + 5 2n/r.

7. SOME OPEN PROBLEMS

It seems appropriate to close with some open questions on mean subtree
order.

(7.1} Is the tree of maximum density of each order a caterpillar? (Cf.
Section 2.)

(7.2) Does a tree with no nodes of degree 2 (i.e., homomorphically
irreducible) necessarily have density >47

(7.3) Do nonisomorphic trees of the same order always have different
densities? (Let PnRiCj denote the jth tree in the ith row of trees of order n in
Harary’s list [5]. Trees of different orders can have the same density:
P6R1C6, PTR1C6, P8R2C2 all have density 1. Also trees of different orders
can have the same mean: P10R2C6 and PO9R7C7 both have mean 4.75 and
there are several trees whose means coincide with those of paths of higher
order.)

(7.4) For any tree T and node p of T does u(p)< 2ZM necessarily
hold? (Cf. Section 3.)

{7.5) For any tree T, is the largest local mean of T always taken on at
an endnode?

(7.6) Does every tree other than a path always have a l-associate with
smaller mean subtree order? (Cf. Section 5.)
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