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We study the heat kernels of second order elliptic operators in divergence form
with complex bounded measurable coefficients on R”. We obtain Gaussian bounds
without further assumption if n <2, and when the principal part has Holder con-
tinuous coefficients if n > 3. A thorough study of the boundedness properties of the
Green operator is made in dimension 1. We construct the fundamental solution of
these operators in dimension 2. Boundedness results of the maximal accretive
square roots on L” Sobolev spaces and Holder spaces are obtained when n>2
under Hoélder continuity assumption on the coefficients. Bounded H* functional
calculi on L?, 1 <p < +o0, are also discussed. ~ © 1998 Academic Press

INTRODUCTION

The main objective of this paper is the study of divergence form second
order elliptic operators on R” (with lower order terms) having bounded
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complex coefficients with no or little smoothness properties. By no smooth-
ness, we mean measurable. The case of more general domains is also of
interest but is not considered here. Some of the results here were announ-
ced in [ AMcT], though further material has been included.

Our primary goal in this paper is to study the heat kernels of these
operators. When the coefficients are real and non-smooth, the well-known
estimates of Aronson [Ar] tell that the heat kernel is controlled by a
Gaussian bound. This result has been proved since in different ways (see
[FS, Dal, R, VSC] and their references) following important ideas
developed by Nash in his famous 1958 paper on elliptic and parabolic
equations [Na] and by Moser in his paper on Harnack inequalities
[ Mos]. However, all the methods above use in a crucial way the fact that
the coefficients are real. To treat the case of complex coefficients with an
ellipticity condition, other arguments are needed.

The method we use relies on the study of the boundedness properties of
high powers of the resolvent. In terms of PDE’s this means that we start
from an elliptic regularity theorem for the operator, which is then iterated
by taking successive powers of the resolvent, i.e., the higher the power the
better the functional properties. One property we are especially looking for
is boundedness from L' to L™ as it is equivalent to uniform boundedness
of the distribution-kernel. Decay then follows by use of the exponential per-
turbation method of Davies [Dal] and the Guassian decay of the heat
kernel is obtained via a Cauchy representation of the heat operator in
terms of the resolvent.

This type of approach is not new in partial differential equations and
functional calculus, and dates back to works of Agmon, R. Beals, Nelson
and Stinespring, Nirenberg, Tanabe and many others, e.g., [ Ag, B, Na, NS,
N, Ta]. It has been used for the spectral analysis of differential operators
with smooth coefficients (and even pseudo-differential operators) or
operators with little smoothness. However, even with Holder continuous
coefficients, the case of divergence form operators is not covered by those
previous works. The main difference lies in the regularity estimates which
are at our disposal.

Elliptic regularity results in 1 and 2 dimensions are available without
requiring any smoothness on the coefficients. In higher dimensions, we
shall use two results, one due to M. Taylor concerning regularity in the
L7-Sobolev spaces [ T], and the other one of Morrey and Stampacchia in
the Holder scale [ Mo ], both requiring Holder continuity assumptions on
the leading coefficients (and on the other coefficients for more regularity
properties of the heat kernel).

In this way we obtain Gaussian bounds for the heat kernels of all second
order elliptic operators in divergence form with complex bounded
measurable coefficients on R” if n<2, and when the principal part has
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Holder continuous coefficients if n > 3. We remark that, if n > 5, there exist
operators with complex measurable coefficients whose heat kernels do not
satisfy Gaussian bounds [ AT3].

We also describe the following applications.

In dimension 1, the Green operator is shown to map isomorphically
W17 onto W'? for all pe[1,+o] and to map L? into W"* (non-
smooth coefficients). This is specific to the monodimensional situation.

In dimension 2, we describe a construction of the fundamental solution
of operators of the form —div(AV) where 4 is a complex matrix of boun-
ded non-smooth coefficients (here, the maximum principle is not available).
This fundamental solution has the expected logarithmic singularity. As a
corollary we deduce an extension of Wente’s estimate to complex situation
[W].

The next two applications make use of the theory of Calderon-Zygmund
operators.

First, we present a thorough description of the square root of our
operators under Hélder continuity of their coefficients (n>2). The L?
domain of the square root is known to be the Sobolev space W' ? in this
case [ Mcl] (in fact, the result there is obtained under a weaker smooth-
ness assumption on the coefficients, i.e., that they are multipliers of Sobolev
spaces W*2? for some s>0, allowing step functions as coefficients).
However, we obtain a representation in terms of Calderon-Zygmund
operators which yields a simpler proof of the result in [ Mcl] and also
gives new boundedness results on L” Sobolev spaces and Holder spaces.

On the other hand, we prove that the bounded H* functional calculus
defined on L? extends to L” spaces, 1 <p < +oo when the dimension is 1
or 2. Results in higher dimensions are also discussed. This is done by
showing how functions of L are related to Calderon-Zygmund operators.

The paper is organized as follows. We set the notations in Section 1.
Then Sections 2, 3 and 4 present results specific to one dimension, two
dimensions and higher dimensions respectively, and the heat kernel
estimates in each case. Sections 5 and 6 are concerned with the square root
problem and the H* functional calculus. We also gather in the Appendix
some remarks on the perturbation method of Davies used frequently in the
course of the paper.

1. NOTATION

The integer n always denotes dimension. The notation L” and W*7,
1 <p< oo, seR, are used for the Lebesgue and Sobolev spaces on R”. For
p =2, the notation H* is also used for W*2 The usual norm on L’ is
denoted by |-,



SECOND ORDER COMPLEX ELLIPTIC OPERATORS 25

The norm of a bounded linear operator, 7, from L? to L? is denoted by
IT|,.,. The Banach space of these operators is denoted by #(L?, L?). We
use 7: E — F as an alternative way of writing 7€ 4(E, F).

Define the Holder spaces as follows. For a function f defined on R”
and 0<r<1, we denote by |f|, the smallest constant C for which the
inequality |f(x)—f(»)|<C|x—y|" holds for all x, ye R". The space of
functions for which |f|, < + o0 is denoted by C”. If r>1 and is not an
integer then fe C” if V/e C"~' etc. For a matrix A, set |A|,=sup |a],.
Finally C"= C"n WUl = where [r] denotes the integer part of r.

We turn to some notation on matrices. We denote by .oZ(k) the class of
all kxk matrix valued functions B(x) defined on R” with complex
measurable coefficients for which there exists ¢ > 0 such that

V(e Ck Reby(x)CiC_j>5|C|2, a.e. (1.1)
and

IBIl = sup sup {|b;(x) &7,l; & neC” | =n|=1} < +oo.

xeR"

We used the summation convention. The supremum in x is understood as
the essential supremum, i.e., the L® norm. The ellipticity constants of B are
the largest 6 which occurs in the definition, denoted by J(B), and || B|. Also
let

wp=sup {larg{b;(x){,{}];eCH.

xeR"

Remark that <7 (k) coincides with the class of invertible matrix valued func-
tions B(x) with bounded measurable coefficients and w,<n/2. Matrix
valued functions B for which this last condition holds are often said to be
accretive (uniformly). In this paper, elliptic means the same thing as
accretive and bounded and we use both interchangeably.

A second order operator in divergence form on R” is given by

g = _ax[(aij(x)axi+ai,n+ 1(X)) + a, 4 l,j(x)ax/+an+l,n+l(x)> (12)

where the (n41) x (n+ 1) matrix (a,,(x)); <x.1<n+1=A(x) is assumed to
have bounded measurable complex valued coefficients. We use the notation
FL=%(A) or

L= —div(4,V+b)+cV+d
to abbreviate (1.2). The leading term of & is

Ly=—0,(ay(x)8,) = —div(4,V) = Z(4,). (1.3)

i
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We say that

Y=L (A,) € & if Age(n),
and that

P =%L(A)eé if Aed(n+1).

The ellipticity constants for %, (resp. ) are the ellipticity constants for 4,
(resp. A). Throughout and unless explicitly mentioned, the subscript 0 is
used for the homogeneous second order operators while second order
operators with lower order terms are denoted without subscript. The same
applies to matrices.

The above operators are defined via their variational form so that an
operator %, in &, is maximal-accretive on L? and its domain, Z(%,), is a
dense subspace of L? and W2 The same thing for ¥ €&. It is worth
noting that these classes of operators are stable under taking adjoints: we
have ‘¥ (A4,) = ZL('4,) and ‘L (A)=ZL('A).

Let us make some remarks of constant use in this paper.

Remark 1.4. If ¥ =%(A)e & then

KL eI <Al 11 e &N a s

and

Re L, 5= 0(A) |1 f 177 -

Thus % is bounded and invertible from H' onto H~' with norm bounded
above by || 4]|, and bounded below by d(A). In fact, the uniform ellipticity
of A is a strong assumption and, in most statements, it is enough to sup-
pose that A4, is uniformly elliptic and that % is invertible from H' to H~".

Remark 1.5. Forw<m,let S? ={zeC\{0}; |argz| <w} and let S,, be
its closure. Let %= %(4,)€é, and i€ S; where 0<u<m—w, . Then
there exists z=z(, w4 ) € C with |z[ = 1 such that z(%, + 1) € . Moreover,
the ellipticity constants of z(%,+4) are uniform for such ieS, with
|4| =1, and depend only on d(A4,), |[4, and u. For later purpose, observe
that 4 can be chosen larger than #/2 since w, <m/2.

Finally, introduce the Gaussian functions on R”,

2
Gy ) =172 exp |~ FEL|

for xeR", >0, >0 and write G5 ;=G
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2. THE ONE DIMENSIONAL CASE

2.1. The Resolvent and the Green Kernel

We are interested in estimates for the kernels of the resolvent of our dif-
ferential operators and eventually in heat kernel estimates obtained via a
Cauchy contour integral.

The operators of the class & defined in Section 1 take the form

%= —d (ad,+b) + cd, +d, (2.1)

where d,=d/dx and a, b, ¢, d are complex-valued bounded measurable
functions. The matrix A is a two by two matrix with a, b, ¢, d for entries
and is uniformly elliptic. As mentioned, this implies that % ~! exists as a
bounded operator from W2 onto W2

THEOREM 2.2. Let £ =%(A)eé. Forany pe[l,+ow], £ " extends to
a bounded operator from W="7 onto W"?. Moreover,

1L~ S » < COCA), A 1SNy (2.3)

This theorem is a consequence of the following result.

THEOREM 24. Let ¥ =L (A)eé. For any pe[l,+x0], L L d . ¥,
L 'd.,d. L7 'd,, d(ad . +b)L " and ¥ '(d.a—c)d, extend to boun-
ded operators on L? with the following bounds on the Green kernel G(x, y):

|G(x, )| +10,G(x, y)| +10,G(x, y)| <Ce > qe., (2.5)
and
la(x) 0.0, G(x, y)| +0.(a(x)0, + b(x)) G(x, y)|
+10,(a(y)0, +c(¥)) G(x, )| < Ce =" ae. for x #y. (2.6)
Here C and o> 0 depend on 6(A) and ||A| only.

The meaning of x # y is that this inequality holds for the restriction of
these kernels away from the diagonal. In fact, on the diagonal the kernels
in (2.6) have a Dirac singularity é(x — y) (up to a sign). These estimates
were obtained in [AT2] when % has no terms of order 1. Those terms
complicate the proof of the bounds of the first derivatives of G.

Theorem 2.2 now follows from this result in the following way. If
feWt? write f=u+d v where u, ve L” and lull, + ol , < Co £ 1.5
Hence,

LY=L u+ L 'dovel”
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and
d. 9 f=d. ¢ u+d, ¢ 'doel”,
which yields that % ~'fe W'” with
12 = fllwr < C(lull , + 0]l ).

This proves (2.3).
Let us mention another corollary of Theorem 2.4.

COROLLARY 2.7. Let €& andpe[l,+x]. Then, L' LF - W' * is
bounded.

Proof. Write u=%""f as u(x) =§ G(x, y) f(y) dy and apply (2.5) with
Young’s inequality.
Theorem 2.2 and Corollary 2.7 are specific to dimension one as they are

not true in higher dimensions (even when the coefficients are real).
Let us now turn to the proof of Theorem 2.4 with a sequence of lemmata.

LeMMA 28. If L =%L(A)eé, then L~ is bounded from L' to L*.
Moreover, G(x, y) satisfies estimate (2.5).

Proof. Using the Sobolev embeddings W"?cL® and L'c W2
together with £ ~': W="2— W'?2 we obtain the boundedness of ¥ !
from L' to L*. Furthermore, (2.5) for G(x, y) follows directly from the
method of perturbation by exponential weights of Davies. Since we use
variations of this method several times, we describe it in an Appendix.

The next result is an intermediate step.

LeMMA 29. If L €&, then d ¥~ is bounded from L' to L”, for any
pel2,+0).

Proof. Let feL' and set u=%""'f. Let pe[2,+o0) and set e=1/pe
(0, 1/2]. Observe that ue W' 2, hence ad, u+ buec L* and that

—d (ad u+bu)=f—cd u—du— W12

since L' « W~V ~%2 Thus, ad u+bue W' ~%2c L” from the Sobolev
embedding theorem. By Lemma 2.8, bue L? so ad.ue L”. The ellipticity
condition implies 1/ae L™, so we obtain d, ue L”.

Lemma 2.10. If Leé, then d &' is bounded from L' to L*, and
estimate (2.5) holds for 0, G(x, y). Moreover, the same is true for ¥ 'd,
and 9,G(x, y).
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Proof. We start with the first assertion. Let fe L' and set u=D.% "'/,
where D =ad,. + b. From Lemma 2.9, we know that ue L? for 2<p < + o0
and we have to show that u € L™. Once this is done, we easily obtain from
l/ae L* and Lemma 2.8 that d,. % ~'feL™.

Let us observe that as unbounded operators on L? the domain of D is
W' 2 and the domain of . consists of those u e W' 2 such that Due W2,
hence it coincides with the domain of D2 Now, completing the square
starting from (2.1), we obtain the equality

1
&L= —;(Dz—(b~|—c)D— (ad — bc)).
This implies the following equality between bounded operators on L?:
D% '=—a+alb+)DP ' +alad—b) L. (2.11)

The right hand side is a bounded operator from L' to L'+ L? for all
pel[2,+w), thus Du=D>%"'feL'+ L? for p in the same range. Using
again Lemma 2.8 and 1/ae L™, we see that the same is true for d, u.

If d.u were in L?, we would conclude that ue L* from the Sobolev
embedding theorem. This is not quite the case but close enough as shown
by the following lemma from real analysis.

LEMMA 2.12. Let 1 <p<g< +c0 Assume that ue LY, ve L' and we L”
are such that d.u=v+w (in the sense of distributions), then ue L™ and

luall o < e(ps @l g7 ol y =97 + [olly + [wl],)-

Let us postpone the proof until the end of this argument. This lemma
implies that u e L™ as desired.

The decay estimate for 0, G(x, y) follows from the Appendix.

Finally, the similar results for % ~'d_ follow by duality since the class of
operators under consideration is closed under taking adjoints.

To end the proof of Theorem 2.4, it remains to study operators of the
formd ¥ 'd.,d.(ad +b) ¥ ' and & (d,a—c)d,.

The preceeding argument shows that D>*# ~'= —a modulo operators
that belong to #(L', L™) (see Section 1 for its definition). Therefore,
expanding the first D in terms of d, and using Lemmata 2.8 and 2.10 we
have

d.(ad,+b)% "= —I  modulo (L', L*).
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Moreover, the operators in %4(L', L*) appearing in this equality all have
exponentially decaying kernels. The case of & '(d.a—c)d, is now
obtained by duality, for its dual is d (ad +c)" £ ' where ‘¥ = Z(‘A),
and the above argument applies.

We are left with d % ~'d_ and we see from what preceedes that we want
essentially to exchange D with % ~'. There is a quite striking algebraic
relation that does this. We need to introduce the following notation.

To any invertible two by two matrix B, associate an invertible two by
two matrix B by

&5_1 a —c h B_ab
¢ d)"aeeB\=bp a) V" P a)

It is clear that B= B. Observe also that B is accretive if and only if B is
accretive. Indeed, for B invertible, B is accretive if and only if B~' is
accretive and we have that B¢-&=B7'(-{ whenever &=(&,,¢&,) and
{=(&, &) Hence, Re BE-E=0(B™") (> =0(B") |¢]>.

Now, if ¥ =%(A)e &, the operator ¥ = ¥(A) also belongs to & and
the operation ¥ — Z is an involution of this class of operators. With this
notation we have

LEmMmA 2.13.
(ad +b) L =P d.a—70)f, felLl (2.14)
Let us recall here that the functions a, b.. are identified with the
operator of pointwise multiplication they define. Both operators in (2.14)

are well-defined and bounded on all L? spaces. It suffices to verify formally
that

Plad,+b)g=(d,a—¢) Lg, (2.15)

for appropriate functions g. The justification is an exercise on unbounded
operators on L? which is left to the reader.
Using (2.11) and (2.14), we see that

(ad,+b) P Vd a—¢)= —a modulo B(L', L%). (2.16)
But, Lemmata 2.8 and 2.10 applied to Z also yield that

(ad.+b) P Nd d—&) =ad, Z 'd.G modulo Z(L',L*).  (2.17)
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Hence, we deduce from (2.16-17) and 1/a, 1/de L= that
modulo (L', L™).
By symmetry, this means that we have shown

1
d.# 'd.= —— modulo #(L', L).
a

The exponential decay away from the diagonal of the kernel of d_.% ~'d
now follows by inspection of the above argument, tracing back all
operators in #(L', L*) whose kernels have exponential decay by the pre-
vious lemmata (variations on the methods in the Appendix could also be
used).

Proof of Lemma 2.12. First, by separating imaginary and real parts, we
may and do assume that u, v, w are real-valued. Since u, d.uel,,,
standard arguments show that the derivative of u exists almost everywhere
in the classical sense with u'=v+w a.. and that u can be redefined

pointwise to be continuous with

u(x)=f(x)+g(x),  xeR,
where f'(x)=uv(x) and g'(x)=w(x) ae. Since veL! feL® and call
M= |v|,=|fl. . We show that g=g, + g, where g, € L* and g,e W7
From the Sobolev embedding theorem W' < L*, we conclude that

ge L™, hence ue L™,
For s>0 let O,={|g|>s}. If s >2M, Tchebytchev’s inequality yields

10, <I{1f1> /25 1+ [{lul > /2| = [{ u] > 5/2}|

f 2 ul, ¥
< <o (2.18)

N

since ue L7, Let ¢ e '(R) be an odd non-decreasing real-valued function
with ¢(»)=01f 0<y<2M and @(y)=y if y=4M. If Y(y)=y—@(p), it
is clear that |y, <2M. For each xeR, we have g(x)=y(g(x))+
p(g(x)) = g1(x) + g5(x), where | g[ .. <|{[ ... We show that g,e W'’

Let >0, since |@(y)| >0 implies |y| >2M, we have {|g,| >t} =O,,,.
Furthermore, if t>4M then {|g,|>1t}={|g|>1} =0, since |p(y)|>
t=4M is equivalent to |y| >t >4M. Hence,
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[ leadr=p [ o= {lgal > 1}l dr

4aM o]
<p| N Owldip | 0] di
0 aM

[e’s}

<MY |Ospf| 427 Jully | 770" ds

< Ap, q) llullg M?—1

since p <g. We have used (2.18) to obtain the second inequality. Thus,
g, € L?. Furthermore, g5(x)=¢'(g(x)) g'(x)=¢'(g(x)) w(x) a.e. and since
@' e L” and we L?, we have g5 e L”. This completes the proof.

The uniform ellipticity used in this section can be slightly relaxed and
this is the object of the next result.

THEOREM 2.19. Let & = %(A) be as in (2.1) where the entries a, b, ¢, d of
A are bounded measurable complex-valued functions. Assume that |arg a(x)| <
a.e. for some w <n/2 and that & is invertible from H' onto H™'. Then & !
extends to a bounded operator from W~"? onto W"? for any pe[1,+o0]
and the conclusion of Theorem 2.4 holds.

Let us start with the following classical lemma, the proof of which can
be done via rescaling considerations and is skipped.

LemMma 220. If & = L(A) is an isomorphism between H' and H ™" then
a has a bounded inverse and ||a™"| . < || y-1 . -

The proof of Theorem 2.19 is the same as that of Theorem 2.4. A careful
examination of the argument shows that without the assumption on
arg a(x), the conclusion of Theorem 2.4 holds with the exception of the
control on |0, 0, G(x, y)|. As a consequence, Corollary 2.7 holds under the
hypothesis that % is invertible from H' onto H '

Now, to obtain control on the cross and second derivative of G(x, y) one
could try to find an analog to (2.14), but this seems harder to do. Instead,
observe that for a large positive number 4, (; ,¢,) is uniformly accretive.
This is where we use the hypothesis on arg a. Thus, Theorem 2.4 applies to
£ + 1. Next, the resolvent formula

d. 2. =d (L +))""d,+d (L +))"' )2 d,

yields a representation of 0,0, G(x, y) that gives estimate (2.6).
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2.2. The Heat Kernel

Let %= —d.ad e &, and call S,=e "%, >0, the contraction semi-
group on L? generated by —.%,. Recall that the function a(x) takes com-
plex values. We prove Gaussian estimates on the heat kernel of %, i.e., on
the kernel K%(x, y) of S,.

THEOREM 2.21.  For each t>0, K%(x, y) is a Lipschitz continuous func-
tion which satisfies the following bounds,

K3 (x, p)| <Gy (x =), (2.22)
|axK?(xa )’)| + |ayK(t)(x= y)' <Cl71/2G/j,t(x_y) a.e. (223)

and

0.0, K7 (x, y)| + 10, a(x) 0. K)(x, y)| +10,a(y) 0, K)(x, y)|
<ct7'Gy (x—y) ae. (2.24)

The constants ¢ and >0 depend only on the ellipticity constants of %,. (See
Section 1 for the definition of G ,.)

Proof. The argument relies on a contour integral, the estimates of
Theorem 2.4, and rescaling.
The contour integral is the following

, 1 .
e~ o=—0 | i+ %)V da. (2.25)

2ni J,

The path y consists of two half-rays y , , = {A=re*%, r> R} and of the arc
7o={A=Re", |0] <u}, where ue(n/2, 7). Because of the exponential fac-
tor, we have to choose u € (n/2, ©) to obtain convergence. This we can do
by Remark 1.5 in Section 1. The integral does not depend on the choice of
R and u. In terms of kernels this equality becomes

KO(x, y)=rm | e"R.(x, ) 2, (2.26)
2ni J,
where R,(x, y) is the kernel of (A + %) .
Now, we use a rescaling argument to deduce estimates on R,(x, y) from
Theorem 2.4 with the correct dependence on A. Set A =re®, then it is easy
to see that

R,(x, y)=17"2G, o(r'?x, r'2y),
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where G, ,(x, y) is the Green kernel of %, ,= —d.a(r"*-)d, +e”. As
explained in Remark 1.5, this operator is, up to a rotation factor, in &, and
the estimates of Theorem 2.4 hold uniformly for ¢” € ¥, and r> 0. Thus,

[R; (x, )| <c |4 72 exp{ —a [A]"? |x — [} (2.27)

where ¢ and « depend only on d(a), ||la|. and u. We also obtain the
estimates on the derivatives of R;(x, y) in the same way.
Inserting (2.27) in (2.26) we obtain

Kk, p)l co [ R (2] 712 et )

7

<Li+1,+1_,, (2.28)

where [, is the contribution from the path y, . First

+ oo
Il <cl J elrcos,urfl/2 dr eerlz [x—»
R

Y (2.29)
The contribution from y_, is the same. For the last term, we make use of

2 s cos 0 C3es
Joe <5, s>0 (2.30)

(which is a bad estimate if s is small). Hence,

I,<c, J oRCOsOR 40 R—172p RV x|

10l <u

<6‘51‘71/26;R7mR12\xfyl (231)

Now, we choose R = («? |x — y|?)/4t%. Hence, aR'? |x — y| = o |x — y|?)/2t
and tR=(a’ |x —y|?)/4t. Combining all the inequalities (2.29-2.31), we
obtain

|K[(xa y)' < Co 171/26‘7(“2 ‘xfy‘z)/“l'

The estimates for the derivatives can be done in the same way except for
a minor technical change in the choice of R. Let us quickly look at
0"K,(x, y), where 0 is a(x)0, or a(y)d, and v=1 or 2 (with this definition,
all second derivatives make sense). First, the same rescaling argument
yields

0"R,(x, p)| < C A =12 r e APl =ol, (2.32)
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Following the same decomposition of the path p, the first and third con-
tributions for 0"K,(x, y) are of the order of

+ o0
¢ — —v _ v 1/2 _
C7J oS g 12—V o =12 vy —aRR x ]
Rt

while the second contribution is

(1R)”

IR —aR? |x — y|
t1/2+v .

Cg
Choosing R =sup((a® |x — y|?/4t?), t~') we obtain that

2 2
'K <eoley P exp [T g
O R o vl SR CHRNCES)

for all ¢ > 0. (It is not necessary to use (2.30) as an estimate in 2ze® suffices
in these computations.)

Remark 2.34. The constant f in (2.22) is a?/4 where « is the best con-
stant in (2.5) for the kernels G, 4(x, y). This number depends on the ellip-
ticity constants and on u. Optimizing over u would not give Davies sharp
bound when a(x) is real-valued [ Da2].

Remark 2.35. The kernels 0°K’(x, y) have no singularity on the
diagonal. For example, recall from (2.16-17) that

ad (Ly+7)"'d,a= —a+T,

where T, has a bounded kernel satisfying (2.32) with v=2. Now, inserting
this identity in (2.25) we see that

1 [Za b} 1 1
ad,S,d.a= _<2m’ L e dA> a+2m’ L e”T,dA.

Because of Cauchy’s theorem, the first term of the right hand side in the
above equality vanishes and the part with 7, does not bring any
singularity. The other second derivatives can be dealt with in the same way.

The same technique applies for any operator . €& of type (2.1) and a
similar result holds for the heat kernel of this operator. First, the rescaling
goes only for |1] large and since 0 is not in the spectrum of such operators
we can use estimates of Theorem 2.4 directly for |A| small. This yields a
decreasing exponential function of 7 in all estimates. Also, the “second
derivatives” for the heat kernel have to be taken as for the Green function
in Theorem 2.4. The precise statement is the following.
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THEOREM 2.36. Let ¥ = —d.(ad.+b)+cd.+de&. For each t>0, the
heat kernel K,(x, y) of e 'Y is a Lipschitz continuous function which
satisfies the following bounds,

IK,(x, y)l Sce” "Gy (x, p), (2.37)
0K, (x, )| +10,K,(x, y)| <ct™'Pe™ Gy (x—y) ae (238)

and

|Cl(x) axath(XS y)'
+10,(a(x) 0+ b(x)) K, (x, p)| +10,(a(y)0, + c(y)) K,(x, )|
<ct e Gy (x—y) ae. (2.39)

The constants ¢, f>0 and w>0 depend only on the ellipticity constants
of &.

3. THE TWO DIMENSIONAL CASE

In dimension two, the Green function of ¥ €& is expected to have a
logarithmic singularity on the diagonal. On the other hand, we prove that
the kernel of ¥ 2 is bounded and Hélder continuous. Then, we transfer
these estimates to heat kernels, and finally show that the Green kernel has
indeed the expected behavior. If %, € &, its fundamental solution does not
exist as a distribution, but we give it a sense modulo constants and describe
its properties. As a consequence, a generalization of Wente’s estimate is
obtained.

3.1. Taking High Powers

We begin with a perturbation result, valid in all dimensions.

PrOPOSITION 3.1. Let ¥ =%(A)e&. Then there exists ve (0, 1/2) de-
pending on 6(A), | A|| and dimension only such that ¥ ~" extends as a bounded
and invertible operator from W7 onto W'? for all p with |1/p—1/2| <v.

This result is well-known when A is symmetric, see [ BLP]. One needs
the following observation to extend the argument to the accretive case.
There exists a large constant M such that |4 — MI| <M. Thus, 4=
M(I— B) where ||B|| < 1. This means that

LAY =M(I—A4—ZL(B)=MAI—A""'Z(B)A4 ") 4,
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where 4 denotes the ordinary Laplacian and A =(I— A4)"? Expressing
precisely 4 '%(B)A " in terms of Riesz transforms, one sees that this
operator is bounded on L”, 1 < p +oco with norm in #(L? L?) not exceed-
ing ||B| < 1. Proceeding by convexity as in [ BLP], its norm in #(L”, L?)
remains strictly less than 1 if p is close to 2. Therefore, one inverts
I—A~'%(B)A~" by a converging Neumann series in #(L?, L?) for p close
to 2. This proves the Proposition.
We return to dimension # =2 for the rest of this section.

LEMMA 3.2. Let % €&. If v is as in Proposition 3.1, then & ~% extends to
a bounded operator from L' to L™~ C" for all ne(0,2v). Moreover, the
kernel G®)(x, y) of & ~2 satisfies the following bounds

|G (x, y)| <cexp{—a|x—y|} (33)
|G (x, y) = GP(x+h, y)|+ |G (x, y) =GP (x, y+h)|
<c |h|" exp{ —a |x —y|} (3.4)

when 2 |h| < |x— y|, the constants ¢ and o> 0 depending only the ellipticity
constants.

Proof. We start by showing that ¥ ~2 is bounded from L' to L* n C".
Pick p>2 with 1/p—1/2<v. Since L' = W~"-#, Proposition 3.1 yields

gL s e,

Now, the Sobolev embedding theorem yields W'? < W~ for any ¢ >2
with 1/2—1/g <v (recall that dimension is 2). Applying Proposition 3.1
again we obtain

PL s W
and we conclude with the Sobolev embedding W' 7c L C” with
n=1-2/q.

This implies that G®(x, y) is bounded a.e. in R?>x R?, and that it is a
Holder continuous function of y uniformly in x. Applying the method in
the Appendix, we obtain the exponential decay in (3.3) and half of (3.4),
the other half being obtained by duality since ‘¥ € 6.

3.2. The Heat Kernel

We first restrict our attention to the heat kernels of operators in &,.

THEOREM 3.5. Let e &, and let KO(x, y) be the distribution-kernel
of the L* contraction semi-group e '“9, t>0. Then, for all >0, K%(x, y)
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is a bounded Holder continuous function which satisfies the following
bounds:

|K(x, )| <Gy (x =), (3.6)
|K7(x, p) =K (x +h, )|+ |K)(x, y) = K)(x, y+ 1)
|h] 4
s¢ ¥ x—y| Gy (x—Y), (3.7)

when 2 |h| <t + |x —y| and n e (0, 2v) where ¢, B>0 and v>0 depend on
the ellipticity constants only.

The proof goes along the same lines as the argument in one dimension
with one modification. From formula (2.25), one can integrate by parts
successively and obtain

(m—1)!

- t"({() =
2mit™ !

e j A+ L) d) (3.8)

b

for any integer m. Here, we take m =2. Thus,

Kx, ») j ¢“R2(x, y) d (3.9)

- 2mit

where R3(x, y) is the kernel of (1 + %) ~% As before, the path y consists of two
half-rays y ., = {A=re*™ r>= R} and of the arc y, = {1 = Re”, |0] <u} with
ue(n/2, m) (Remark 1.5 in Section 1) and R =sup((a? |x — y|?)/4t?), t71),
where a > 0 as the constant in (3.3) for a uniform family of operators in & (same
explanation as in dimension one). Using rescaling, one has

[RZ(x, p)l <c |4l 7" exp{ —a |A]"2 [x—yl}, (3.10)

Breaking up the integral (3.9) as in Section 2 leads to the desired estimate
(3.6). We skip the details for (3.7), which are similar. The proof is complete.

Let us make a remark. Even though this theorem says, in particular, that
the semi-group extends to a bounded semi-group on L” (with usual care if
p = +o0), this does not say what is the the domain of the L?-infinitesimal
generator of this semi-group (except if p =2). It is in fact a difficult ques-
tion which is open even when ¥ = %(4,), with 4, real symmetric and
positive definite.

THEOREM 3.11. Let ¥ €& and let K,(x, y) be the distribution-kernel
of the L? contraction semi-group e "%, t>0. Then, for all t>0, K,(x, y)
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is a bounded Holder continuous function which satisfies the following
bounds:

1K (x, )| <ce” "Gy (x—y), (3.12)
IK,(x, y) = K,(x + 7, p)| + K. (x, y) = K (x, y+ h)]|
< —< i >” Gy, (x—) (3.13)
<ce —_—— xX—1y), .
121 x| Bt y

when 2 |h| <tY? + |x —y| and ne (0, 2v) where ¢, B >0, w and v>0 depend
on the elipticity constants only.

The proof is similar to the proof of Theorem 3.5, though a little more
technical especially when writing the appropriate substitute for (3.10). We
skip the proof.

COROLLARY 3.14. Let ¥ e€é&. Then its Green kernel, G(x, y), satisfies

|G(x, y)|<cln< +e> exp{ —o |x—y|}, ae,

1
|x—yl
|G(x, y) = G(x+h, )| +|G(x, y) — G(x, y + h)|

<c< 14 > exp{ —ot [x — I}

|x —yl

when 2 |h| < |x — y| and n € (0, 2v) where ¢, a and v>0 depend on the ellip-
ticity constants only.

2

Denoting by K,(x, y) the kernel of e =¥, we have

Gl ) =[ " Ki(x ) di (+)

and breaking up the integral at T =sup(|x — y|, 1), we obtain

J~+oc ot dt
< t

Glx. ) <e | Gy x—y)di+e

<etn( e exp{—f v} +eexp{—f v,

1
|x —yl

where ¢ and >0 change at each occurence.
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It remains to establish the Holder estimate in the x variable. The Holder
estimate in the y variable follows by duality. If 2 |4| < |x — y|, the estimate

(Y
Kb =Kl e () Gyt

is valid for all > 0. Hence, integration from 0 to oo, gives

|G(x,y>—G<x+h,y>|<c< 1 )
[x—yl

This is sufficient as long as |x — y| < 1. If |[x — y| > 1 break the integral (x)
at t =|x — y|, and use the regularity estimate (3.13) for small 7 and the size
estimate (3.12) for large ¢. Further details are skipped.

3.3. Fundamental Solution of —div(A4V)

Let & = —div(A4V) € &, (in this section, we drop the subscript 0). Although
there is no distribution I'(x, y) € &'(R*x R?) such that L I'(x, y) =9, there
is a possible definition of a fundamental solution as a distribution modulo
constants. We come to this now.

We first observe that % is an isomorphism from the homogeneous
Sobolev space W' 2 onto its dual W' 2 The notation .# ' stands for its
inverse. For fe W=%2, #~!'f is the unique solution ue W"?2 of the
problem

CAVu, Vo) = (@, f),  YpeW" 2

The first bracket is the usual sesquilinear form acting on scalar- or vector-
valued L? functions. The second bracket is the bilinear duality form
between W2 and W "2 We recall that this bracket coincides with the
duality brackets between distribution modulo constants and test functions
with vanishing mean or between BMO and #' when f and ¢ are
appropriately chosen. We refer to [St] for definitions and properties of
BMO and #'.

Now, the Sobolev embeddings in R? imply that . ~!' maps the Hardy
space #' continuously into its dual, BMO. In fact, we prove that the range
of this map is contained in C,, the space of continuous functions on R?
vanishing at infinity. In the case where the matrix has real coefficients, the
existence of the fundamental solution is known (see, e.g., [CL]) and can
be achieved by use of the maximum principle. In the complex case, this tool
is not available and we use instead the functional calculus and especially
the heat kernel. The issue here is to give a meaning to the formula % ~!f =
(|g e dr) f when fe#". The problem is the logarithmic divergence of
the integral jf’ “ K,(x, y)dt and we are led to the following definition.
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For x, yeR?, x # y, define

+ oo

rix, y):L' K,(x, ») dl-i—Jl K,(x, y)—K,(x, x)dt.  (3.15)

THEOREM 3.16. Suppose that & € &,. Then for all xe R?, I'(x,-)e BMO
and the function defined by Tf(x)=(I(x,-), f) for fe#" belongs to C,.
The linear map T thus defined is continuous from A" into C, and coincides
with the restriction to #' of ¥ ~'. Finally, there are constants ¢ and
ne(0, 1), depending only the ellipticity constants, such that for all x, y, h
with 0 < |h| <3 |x—y|,

IF(x, y)l <cln x—y] . (3.17)
|r(x,y+h)—r(x,y)|<c< il >”, (3.18)
[x —yl
|F<x+h,y)—r(x,y>—g(x,h>|<c< 1 ) (3.19)
[x—yl

where |g(x, h)| <c min{|h|”, In(e + |h|)} for all x.

The function I'(x, y) can be considered as the fundamental solution of
&, with the expected properties. An example of application of this result is
an extension of a result of Wente to complex elliptic operators (see [ CL]
and [ BG] for the extension to the case of general real elliptic operators).

COROLLARY 3.20. Suppose A is a uniformly accretive matrix with
bounded complex measurable coefficients on R>. Let u, v belong to W' 2
Then the equation

div(4 Vw)=0, ud,v—0,ud, v
has a unique solution in W'2 Moreover, this solution belongs to C, and
[wll oo + VW], < e [Vull, [Vol 5,

where ¢ depends on 0(A) and || A| only.

As shown in [ CLMS], the function f=0, ud,v—0,ud, v belongs to
', with norm controlled by ¢, ||Vu|l, |Vv|, where ¢, is a universal con-
stant. Hence, w = Tf is the desired solution.

We now turn to the proof of the Theorem 3.16, which is done in three
steps.
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Step 1. Definition of an approximation of T. For R>1, define
Tr=|§ e " dt. Note that it follows from Theorem 3.5 that T} is defined
on all L” spaces, p > 1, with norm not exceeding ¢R, for some numerical
constant ¢. Hence, the action of T, on atoms makes sense. Let a be an
atom supported in a ball B, ie., we assume §a=0 and |a| ., <|B|~},
where |B| denotes the Lebesgue measure of B (see, e.g., [St]). For each
x € R? Theorem 3.5, Fubini’s theorem and the mean value property of a
yields

Tea(x) =LR J K,(x, y) aly) dy di
:Ll jK,(x, y)a(y) dy dt+£R f (K,(x, y)—K,(x, x))a(y) dy dt

= | Tex, ) aty) b, (3.21)

where
1 R
Te(x, y)=| K6 p)di+ | K(x p)—K/(x, x)dr.  (322)
0 1

Both integrals are absolutely convergent if x # y and we have
R (x, )I<Clln|x—y[ ], (3.23)

uniformly for all R. We postpone the proof of this.

Lemma 3.24. (i) [g(x,-)e BMO and its norm satisfies

sup sup [[Ix(x,)|,=co< +c0.
R>1 xeR?

(1) There exists ¢, such that for all atoms a

sup || Tzall,, <c; .
R>1

(i)  For all atoms, Tra is a Hélder continuous function vanishing at
infinity.

Admitting this lemma, we can define T on #' as follows. Let fe #"

and choose an atomic decomposition of f(x)=>7 4;a,(x) a.e. where q;
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are atoms and (4,) is an /' sequence whose norm is comparable to || /| ,: .
We set

T f(x) =¥ 7, Tea,(x). (3.25)

First, the sum converges uniformly to a C, function by (ii) and (iii) above.
To show that this definition does not depend on the choice of the decom-
position of f, we establish that

i AiTga(x)=Tx(x, ), f), Vxe R~ (3.26)
1

Both sides of (3.26) are well-defined at every point and call g(x)
the difference. Set f,=>7 4;a,. Since TRai(x)=jFR(x, y)a;,(y)dy=
(I'x(x,-), a;), we have

e}

g(x)= Z AiTra(x)—TR(x, -), f=1)

n+1

Fix ¢ >0 and choose n such that }° | |4;| <e&. Then from (ii)

i AiTra(x)

n+1

Also, since f— f,e L' with | f—f,[ | <e,

<c &

[ s n f =Sl de =] Tl /= £)()] dy < cRe.

As this holds for all ¢ >0, it follows that g is identically 0.
Step 2: Definition of T.

LemMA 3.27. For each x € R?, Iy(x,-) converges to I'(x,-) in BMO for
the weak star topology as R — +oo. For each atom a, Tya converges as R
tends to + co uniformly to a function Ta and we have the pointwise equalities

Ta(x)= [ I'(x, ) aly) dy = (I'(x, ). a)

To prove this lemma, we start by observing for each x, I'x(x,-) con-
verges to Ix(x,-) in L\ by dominated convergence, which applies by

(3.23). Thus, Tra(x)={ Ik(x, y)a(y)dy converges to | I'(x, y)a(y)dy
pointwise and the fact that this convergence is uniform will be proved later.
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On the other hand, we also have Taz(x)=(Ix(x, "), a). By Lemma 3.24,
Ix(x,-) is a bounded sequence in BMO, hence, there is a subsequence con-
verging weak star in BMO to a function f. By testing against all atoms, we
see that f=I"(x,-) (equality in BMO). Hence, I;(x, -) converges weak star
to I'(x,-) in BMO and the second equality in the lemma follows.

For an arbitrary fe !, we set

Tf(x) =§: A;Ta;(x), (3.28)

where f(x)=Y1" A;a,(x) ae. with a; atoms and (4,)el' of norm com-
parable to | f]| . Using the previous lemmata, the sum converges uni-
formly to a C, function and letting R — +o0 in (3.26) yields

i 2, Ta;(x)=(I'(x,-), f), VYxeR2 (3.29)

This shows that the definition of 7f is independent of the choice of the
atomic decomposition for f. The equation (3.28) shows that 7f e C, and
equation (3.29) gives

TS e < sup [117Cx, ) 111 -

xeR2
From weak star convergence, we have

sup [[17(x, ) < sup sup [Tx(x, )|, <c¢o
xeR? xeR? R=1

by Lemma 3.24(i). Thus, boundedness of T from #' to C, is proved.

Step 3: Coincidence of T and & ~'. By linearity, it suffices to show
that for any atom q,

FLTa=a,
1e.,
(AVTa, Vo) =(¢, a) Voe W2,

We use the approximation 7, once again. Since ael? Tra=
{& e "“adt belongs to the L>-domain of &% by usual arguements from
semi-group theory. Moreover,

R , Rd ., .
,(ZTRa:J ffe”’(‘adtz—j %e”"adtza—e”ua. (3.30)
0 0
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This can be written as
(AVTRa, Vo) = (¢, a)— (@, e *a) Voe Wh2 (3.31)
Also ae #' < W2, hence a=div f with fe L. This implies
(AVTRa, Vo) = —(V@, ) — (@, e *a) Voe W2

Taking in particular ¢ = Tra and using ellipticity, the Cauchy Schwarz
inequality gives

O |VTral3< £z IVTgal2 + [ Tral, e~ *“al, .
Now, easy rescaling considerations give us
le=“al,= e~ div fl.< Ct="2 | fl,

SO
R 1/2 1/2
HTRaH2<6‘f t=2dt | fla=cR| ]2,
0

Hence,
IVTala<c | fl>-

Since this estimate is uniform in R, this implies the existence of a sub-
sequence VTR a converging weakly in L* as R; > +co. Together with the
uniform convergence of Tga to Ta, this means that this limit must be V7a
(taken in the sense of distributions). Therefore, VIae L*> and Iletting
R— +o0 in (3.31) yields the desired equality.

To complete the proof of Theorem 3.16, it remains to establish (3.23),
Lemma 3.24, the uniform convergence in Lemma 3.27, as well as (3.18) and
(3.19), to the proofs of which we now turn. They all rely on the estimates
of Theorem 3.5. The constants in the following will only depend on the
constants there, i.e., ¢, f and # <2v in (3.6-3.7).

Let us start with (3.23). If |x — y| <1, we have

1 1
| 1Kl de<e [ Gyt ) di
0 0

1 2
= exp{ /M} <elinlx—y)l,
0 t

t
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and

A B/lx—ylY
L |Kt(xa y)_Kt(xsx”dthL <1‘1/2> G,;’z(X—y)df

R |x—yl\"dt
SCL <l1/2> 7<C|X—y|’7.

Next, if |[x — y| > 1, we break up the integrals in a different way:

Ix— 2 Ix— y[? — |2 dt
[ Kl di<e | exp{ﬁ'xy'} ..,
0 0 t t
Ix— lx—»yI dt

| IKxldi<e [ T<elin =yl I,

1 1

and

‘ ko x—yl ' di
[ K=K odise [ <I/> d_ .
xX—y

x—y? t

(This last integral occurs only when |x — y|?> < R.) This proves (3.23).

Let us now prove (3.18) and (3.19). By a limiting argument, it suffices to
prove them with I in place of I” with uniform constants in R. Let x, y,
h with 0 < || <3 |x—y|. From the definition of I'x we have

R
T, y 4 1) = Tl )= [ K, (x, y+h) = K, (x, 7) di

0

Since || <3 |x—y| we have

R R n
[ k=K ntdi<e [ (51) G-y d

=
<c .
|x—yl

On the other hand we have

FR(x-"_h)y)_FR(xa y)

R R
= [ Kix+h p) =K, p)di+ [ K (x4 h x+h) — K, (x, x) di
0

1
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The last integral depends on R, x and % only, and a direct estimate is
¢ min{|h|", In(e + |A|)} uniformly in R and x. The first integral is estimated
as above and gives c(||/(|x —y|))".

We now turn to the proof Lemma 3.24, part (i). Fix xe R* and a ball
B=B(z, r) of center z and radius r. We want to show that

L; |FR(X: y)_CR)wa| dy<c |B|

for some constant ¢, 5 . with ¢ uniform in B, R and x. If (2r)> < R, write

R

@r?
Titx )= Kilepydit | K p)=K(x2)di+ e,

(2r)?

while if (2r)? > R, write
R ~
Talx.y)= | Ki(x ) di+épns,

where the numbers ¢ g ., Cr 5 » d0o not depend on y. Proceeding as above
we see that in the first case

2r — |\
(. y>cR,B,x|<c+cln+< >+C<|y |>,
|x =yl r

where In . = sup(0, In u). Hence,

2r
[ =cnd dvselsi+e [ m (2 ay
B B |x — |

Observe that the last integral is 0 if |x—z| >4r. If |x—z|<4r, then
B< B(x, 5r) and, therefore, this integral does not exceed 25 | Bo.1) 1N
(2/(5 |u|)) du | B|. The same considerations apply in the second case and we
have shown that | [(x, -)|, is bounded uniformly in x and R.

The proof of Lemma 3.24, part (ii), readily follows from part (i) and is
skipped.

Finally, we prove Lemma 3.24, part (iii), starting with the Holder con-
tinuity. Let ¢ be an atom supported in B= B(z, r). We have

Tea(x +h) = Toa(x) = [ (Ie(x+h, y) = Tr(x, ) a(y) dy

B
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which by (3.19) and the mean value property of « is controlled by

NIV ERY
CL<|x—y|> '“(y)'dyg“(supﬂx—zhzr))'

We continue with the behavior at infinity of Tra. If |x —z| >4r, using
another representation for I,

R _ n _ |2 d
<c JB JO <|yll/22|> exXp {—ﬂlxlyl} 71 |a(y)| dy
<o (E=5) ey
B\ |x—z]

lrl
<c .
lx —z|

Finally, we show that the convergence of Tra to Ta is uniform. Let
R <R, then as before,

Tea(x)~ Tatx) = | [ K,(x.y) = K,(x.2) draty) dy.

which gives an estimate of the form ¢7”R~"? uniformly in x. The conclu-
sion is immediate.
The proof of Theorem 3.16 is complete.

Remark 3.32. The following can also be shown. 7" maps L” to C* with
u=2(1—1/p) as long as 0 <u <2v, where v is given by Theorem 3.5. For
(1 +#5)~'<p<1, Tmaps the Hardy space #°” to L provided —1 + 1/p =2/q;
it is immediately seen on 7 atoms. The limit case p =1 is the object of
Theorem 3.16. However, completely analogous arguments to those of the
proof of this theorem show that 7 maps L' to VMO. We refer to, e.g., [ St]
for a definition of #” and VMO.

4. HIGHER DIMENSIONS

In this section, we consider operators in & with n>3 and we assume a
Holder condition on the coefficients of the principal part. We recall that
such operators have the form

L =P(A)= —div(4,V +b) +cV +d,
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and, here, 4, has Holder continuous coefficients. We also mention results

where, in addition, the coefficients b, ¢ are Holder continuous.

4.1. Taking High Powers

Let us start by recalling two elliptic regularity results, the first one in the
Sobolev scale and the second one in the Holder scale. Notice that we are
stating these results globally over R”.

LemMma 4.1.  Let Ay(x) be uniformly bounded and accretive (i.e., A, € o/ (n)).
Then the conditions

div(Ag V) = f.

ue whte, 1<p,
few hq, p<gq<ono,

A, eC, >0,

imply
ue Whi,
Moreover,

luall wi.o < e(3(Ag), 140l + Aol ) el wron + 1S 1 w-1.0),

where k is the smallest integer satisfying q < p(1 + (rp/2n)).

This is due to M. Taylor by use of the pseudo-differential calculus [ T],
Theorem 2.2.H. The bound on k is not the sharpest one derived from
Taylor’s argument but is sufficient here.

LeEMMA 4.2. Let Ay(x) be uniformly bounded and accretive. Then the
conditions

div(A4, Vu)=f+div g,

Ay e C7, O<r<l,

fel?, —1—njp=r,

geC,

ue whe, g>nfr,
imply

uecr+l
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Moreover,
lull crer < e(1+[Aol,)? (IVully, + 1711, + Igl,),

where ¢ depends on ellipticity, dimension and r, p and q.

This is a variation of a result due to Morrey, which can be derived
following the proof of [ G], Theorem 3.2. The unusual hypothesis ue W' ¢
for ¢ >2 makes the growth in the constant polynomial in |4,|, . It can also
be obtained via the pseudo-differential calculus as in [ T], Chapter 2.

The idea of the method is the same as in dimension 2, though it is more
involved here. The use of these results with an interation improves on the
regularity so as to reach Holder regularity in the end. Let us recall the con-
vention that 7: E — F means that 7 is bounded from F into F.

PROPOSITION 4.3.  There exists an integer m(n) with the following proper-
ties. Let ¥ = ¥(A) e & and assume that A, C" for some 0 <r < 1.
(1) For all m=m(n) and pe[2,+0)
37’”: Ll N Wl,p
with a norm not exceeding C(5(A), [|A|, n, p)™ (14 |Ay|r)M-»),

(i1) In addition, assume be C". Then, for all m =m(n),
gfm: Ll N C1+r
with a norm not exceeding C(6(A), || A, n, r)™ (1 +|b],)(1+ |Ay| /)M,

The exact control of the norm is not of great importance as long as its
growth remains polynomial in |4,|!”. The reason becomes apparent when
we come to heat kernel estimates. We do not write details, however we
provide the necessary ingredients for the reader to check this polynomial
growth. The proof goes in several steps.

Step 1: A boundedness result.

LEMMA 4.4. Let ¥ =%(A)eé and assume that Ay, C" for some
0<r<1. Then, for all p=2,

gfl: W],Zm W1’17—> W],Zm Wl,q,

where nj/g=n/p—2 if n/fp—2>0 and g€ [ p,+0) if n/p —2<0.

Proof. Define a sequence of numbers by p,=2 and n/(p, . ,)=n/p,—
as long as this quantity remains non-negative. In dimensions 3 and 4, the
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sequence stops at p,, and in higher dimensions, we see that p, is strictly
increasing and stops at k = k(n). Indeed,

k
n_ ", " (1—4><”<1—4>.
Pk Pr—1 Pr—1 n 2 n

The last term goes to 0 as k increases while we want (n/p,) > 2. Finally
notice that this sequence of numbers coincides with the one given by the
sharp Sobolev embeddings W' 2 W1 Pi+1,

By complex interpolation, it suffices to show by induction on k that the
conclusion of the lemma holds for the numbers p,.

Suppose that fe W2 Let us assume for simplicity that ¢=p, exists,
otherwise the following applies to any ge[2,4+o). Since fe W 12
u=%""fe W2 We want to show that ue W',

This function satisfies the equation

div(4, Vi) = —f + du + ¢ Vu — div(bu). (4.5)

Since the coefficients are bounded, the Sobolev embedding theorems imply
that

duec L W14, cVue L>c W=1% and buel,

where (n/q,)=(n/2)—1. Hence the right hand side of (4.5) belongs to
W' and an application of Lemma 4.1 yields u € W" 9. Using this infor-
mation back again in (4.5), we see that the right hand side belongs to
W14 Again by Lemma 4.1, ue W" ¢ as desired.

Now assume that the induction hypothesis holds for k—1. Let fe
W2~ WP we wish to show that u= £ ' fe Wh2 A W' Pe+1 (or fe W7,
p< +oo, if p,,., does not exist). Certainly ue W"2 Since fe W71
by complex interpolation, the induction hypothesis yields ue W" 7« Now,
it suffices to write down (4.5) again and to adapt the exponents in the pre-
vious arguments to obtain ue W' 7+, The lemma is proved.

Step 2: Iteration and conclusion of part (1).
It follows from the previous lemma that % ~*:L>— W'? for all
k=k(n)+1 and pe[2,+0o0). Indeed, write
gfk:og)fk(n)gflog)fk-ﬁ—k(n)f]‘ (46)

Starting from the right, the first operator maps L? into L% then % ~!' maps
L? into W'? and for the last term, we can apply the previous lemma
iteratively.
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In particular, we have obtained
L7l Sy Sl k=k(n) (4.7)

by Sobolev embeddings. Since the class of operators under the assumption
for (i) is self-adjoint, the same is true for the dual of %, or in otherwords,

LR L' > LA (4.8)
Combining these completes the proof of (i).

Step 3:  Part (ii) (under smoothness assumption for b).

By the Sobolev embeddings of the type W'# < C* for appropriate p and
4 we have obtained that % —* maps L? into C* for any e (0, 1) and the
same range of k as above. We now use the smoothness of .

Fix s>sup(l —r,r) and ¢ =(n/(1 —s)), i.e., | —n/q=s and observe that
q>n/r. Pick k for which

LA Wh2AWhicWh2n Co.
Let ge L? define f=.% *g and u= % ~'f. First since & ~'geL?
u=9"*ky-lgewhicC-.
Next, we write the equation
div(4, Vu) = —f + du+ ¢ Vu—div(bu) = f, + div g.

By the regularity assumption on b and the choice of 5, ge C". Also, f, € L?
and 1 —n/q=s>r. Thus, Lemma 4.2 applies and yields ue C"*'.
Hence,

P20 k> k(n). (4.9)

Combining this with (4.8), the conclusion of (ii) follows.

The norm of all these linear maps can be estimated using formule of the
type (4.6), the estimates in Lemmata 4.1-2 and the norm of ¥ ' from L?
to L? or W' 2 that depends only on the ellipticity constant (see Remark 1.4
in Section 1). The proposition is proved.

Remark 4.10. If, in addition to the hypothesis in (ii), we impose that
ce C", the proof also gives & "0: L' —» C"*! for m > 2k(n) + 2, where 0
denotes any of the first partial derivatives. Let us prove it for m = 2k(n) + 2.
Let k=k(n)+ 1. From (4.9), we have

0% % L*—> C'cL™.
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Since % satisfies the same hypotheses, this implies by duality & —*o:
L' — L? Using (4.8) the remark follows.

In the sequel, we take m(n)=2k(n)+ 2 so that both the proposition and
the remark apply.

COROLLARY 4.11. Let ¥ =%(A)eé, assume that Aye C" for some
0<r<1 and denote by G"(x, y) the kernel of & ™.

(i) For m=m(n), G"(x, y) is C* in both variables for any pe (0, 1)
and we have the following bounds:

|G (x, y)| <c exp{ —a |x—y|}, (4.12)
and

G, y) =G (x+h, y)| +1G"(x, p) = G™(x, y +h)|
<c |h* exp{ —a [x —yl}, (4.13)

when 2 |h| < |x—y|. The constant >0 depends only the ellipticity bounds
and dimension. The constant c is of the order of (1 +|A|Y )M where
co depends on the ellipticity constant, dimension and p.

(ii) If. in addition, the coefficients b, ce C”, then G"(x, y) is C"* ' in
both variables, V.G (x, y) and V,G"(x, y) both satisfy (4.12) and (4.13)
with w=r, >0 depending on the ellipticity constant and dimension only.
The constant c is controlled by ¢"'(1 + |A|")™" (1 +1b|,)(1 + |c|,), where
¢, depends on the ellipticity constant, dimension and r.

Remark 4.14. In fact, a little more holds under the assumption in (ii):
we also have that V.V ,G"(x, y) exists pointwise and satisfies both
estimates (4.12-13) with x4 =r with an analogous description for the con-
stant.

In view of the perturbation method of the Appendix, it suffices to estab-
lish the bounds without the exponential decay since the class of operators
under condition (i) (resp. (ii)) is stable under exponential perturbation. By
duality considerations we are reduced to establishing boundedness

(a) from L'to L™~ C* of %~ in part (i),
(b) from L'to L~ C" of 0% ™ in part (ii) and
(¢) from L'to L* N C" of 0.4 "0 in the remark.

Parts (i) and (ii) of Proposition 4.3 give us (a) and (b). Only (¢) requires
an explanation. If k=k(n)+1 then we have seen that 0. *: L>— C”
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which implies 0. *: L? - L*. The same holds for ‘%, hence ¥ *0:
L'— L?. Now let m =2k and write

0L M0=(0L*) ¥ KL 0) L' > L C”
by composition. The corollary is proved.

42. The Heat Kernel

Following the now familiar procedure, we derive bounds for the heat
kernel.

THEOREM 4.15. Let %=L (A,) e L(A,)€é, and let K'(x, y) be the
distribution-kernel of e "%, t>0. Assume that Aye C". Then, for all t>0,
K%x, y) is a bounded C"*" function, and there are constants f = f(n, §) >0,
w=w(n,d), c=c(n,d,r,|Ay|,) and M= M(n,r) for which the following
bounds hold. For all t >0, and x, y e R":

|KO(x, p)| + |12V K x, p)| <c(1+ Ao t")M Gy (x—p), (4.16)
and

|t1/2VthO(x7 y) - tl/zvxK?(x + h’ J’)|
+ 1PV, K (x, y) — 1"V K)(x, y + h)|

, A
<1+ |4y e2)M <ll/2

—|—|x—y|> Gp (x—y) (4.17)

when 2 |h| <t'? + |x — y|, and the similar bounds for 1'*V K}(x, y).

The proof follows the same pattern as before. We use

—tZy —

¢ (m_l)!j e+ ) di

an-tm —1 ;
for a large integer m for which Corollary 4.11 applies. Thus,

(m—1)!

Ko%x, y)=——=
t( y) 27'[17”17]

f ¢ RY(x, y) di, (4.18)
.
where R7(x, y) is the kernel of (41+ %)~ The path of integration is
chosen as in Section 2. If 1= pe”, a rescaling gives

Ry(x, ) =p "2 "Gl (p P, p'2y),

where G'")(x, y) is the kernel of &, = (—div(d,(p~"*-)V)+e”)~". In
the sector of integration the ellipticity constants of the family %, ,e & are
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uniform in p, 6 (modulo a rotation explained in Remark 1.5, Section 1)
but |Ao(p ~"*-)|,=|A4,l, p "> Because of the control of the constants in
Corollary 4.11, we finally have

|RECx, p) S el + [ Ao| 1 127 2) M0 20727 exp{ —oc 2] |x =y}

Next, we perform the same estimates as in Section 1. Similar considerations
apply to the first derivatives of K%x, y) and their Holder estimates, using
Corollary 4.11 applied to operators of the form %4 + A. Further details
skipped.

THEOREM 4.19. Let ¥ = %(A)e& with ellipticity constant 6 and let
K,(x, y) be the distribution-kernel of e =%, t > 0. Assume that Aye C". Then,
forall t >0, and ne(0,1), K,(x, y) is a bounded C* function, and there are
constants f=f(n,0)>0, w=w(n,d), c=c(n,o,u,r, |Ayl,) for which the
following bounds hold. For all t>0, and x, y e R":

IK,(x, y)| <ce” "Gy (x—y), (4.20)
and

|K,(x, y) =K, (x+h, )|+ |K,(x, y) — K,(x, y+ h)]|

oo [l
= 12 4+ |x—y|
y

u”
> Gp (x—y) (4.21)
when 2 |h| <t'? + |x — y|. Moreover, if, in addition, be C" and ce C" then
K,(x,y) is a C"*' function and bounds similar to (4.20) and (4.21) with
w<r hold for both t'>V K,(x, y) and t'?V K,(x, ).

Note that the factor e =’ comes from the strong ellipticity of .# and kills
the polynomial factor in ¢ coming from the method of proof. We skip the
proof.

Remark 4.22. In dimension 2, both of the above theorems apply. This
gives information which we did not derive in Section 3. See Section 5 for a
use of this.

COROLLARY 4.23. Let L (A,) € é,with Aye C". Then for all 2 with |arg 1| <
n—w,, (see Remark 1.5 for the definition of w, ) we have (7.+ %) e
B(L", L) for 1 <p< oo.

This follows from Theorem 4.19 applied to 4+ %, and the Laplace for-
mula. The resolvent kernel is in fact integrable on the diagonal and at
infinity.
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Remark 4.24. We do not know the sharp value of the exponent M in
(4.16) and whether polynomial growth in time is best possible. A question
posed by E. B. Davies (personal communication) is whether it is necessary
to have a growth under smoothness assumption on the coefficients. The
answer is yes in general. We sketch a reductio ad absurdum argument.

Indeed, fix re(0, 1) and assume that for all ¥ (4,) € &, with ellipticity
constants 0 and |A4,|l.,, and with 4,e C", one obtains with the above
notations,

K2 (x, Y <Gy (x—y),  t>0, x, yeR", (4.25)

with ¢=c(n, d, |4yl .., 1, |4]|,) and p=f(n,d)>0. (In general the Gaussian
rate of decay does not depend on smoothness, so we assume  does not as
well.)

First, by rescaling considerations, we see that we can choose ¢=
c(n, 0, |Ayll .., r) in (4.25).

Next, for any Z(B,) € &,, one can approximate in the pointwise sense B,
by a family (B,),>, of smooth matrices (say Holder with r=1/2) with
uniform ellipticity constants. By a result of Kato, lim, , , e =5 = ¢ =" (5)
in the strong topology of L? for any ¢ > 0. Hence, the heat kernel for (B, )
converges to the corresponding heat kernel for #(B,) in the sense of dis-
tributions. From this and the first step it easily follows that the heat kernel
for £(B,) satisfies

[K(x, p)I<cGy (x—p),  t>0, x, yeR", (4.26)

with c=c(n, J, |Aol o, 1/2) and = f(n, o) >0.

Hence, (4.25) implies Gaussian bounds for heat kernels of any operator
in &,. The existence of a counterexamples [ AT3] to such an estimate for
dimensions large than 5, shows that (4.25) cannot hold for smooth coef-
ficients if n > 5. Nothing is known when n =3 or 4 and Section 3 treats the
case n=2.

5. THE KATO SQUARE ROOT PROBLEM

In this section, we study the square roots of operators in the classes &,
and & under mild smoothness assumptions on the leading coefficients.

Any operator in &, or & is maximal accretive in L? and has a uniquely
defined maximal accretive square root on L?> [K], whose domain is a
dense subspace of L. The Kato square root problem consists in determin-
ing whether this domain is W' 2 Under our smoothness assumptions, this
question has been answered affirmatively in [ Mcl]. See also [ Mc3] for a
survey of what was known about this problem by 1989.
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Our aim, here, is to obtain a better description of the square root in
terms of Calderén-Zygmund operators as a consequence of our estimates
in the previous sections. This provides a simple proof of the above men-
tioned result and gives L” results, p # 2, and regularity results, which are
new.

We restrict to dimension n>2 since for n=1, the solution of this
problem is known in all generality for operators in & [CMcM], and
indeed in & [ AT2]. An optimal description in terms of Calderén—Zygmund
operators is given in [AT1]. Our method also relies on Calderon—
Zygmund operators and on the T(1) theorem. We refer the reader to [ M ]
for an account on this topic.

5.1. Operators without Lower Order Terms

THEOREM 5.1. Let 4= % (A) € &, wheren =2 and A, = (ay), ay € C" for
some 0 <r < 1. Then the domain of £ /> coincides with W' 2. Furthermore,

LYV =Ta,0, +R, (5.2)

1]\

where the operators T; are Calderon—Zygmund operators, and R is bounded
on L? with po<p<gq,, where p,<2<gq, depend only n, r. Moreover, if
n=2, or if n=3 and A, is real, then R extends boundedly on all L”,
1 < p< oo, hence L * extends continuously from W7 into L? for 1 < p < co.

Let us mention that a similar result was obtained by Alexopoulos under
the extra assumptions that the coefficients are real and periodic [Al],
which implies a better control of the heat kernel for large time. In this case,
the operator R can be taken as 0 in the statement.

The proof of Theorem 5.1 was briefly sketched in the announcement
[AMCcT]. Here we give some more details.

Let % €&, with the assumption in the statement. First, by a result of
Lions, the domain of .#}/* is W' 2 if we can show that .#}/* and its adjoint
are bounded from W' ? into L Since the class of operators under con-
sideration is self-adjoint, it suffices to show that .#{/* has this boundedness
property. We do this by establishing (5.2).

A possible definition of #}/* is by means of the heat semi-group. This
yields the following representation.

dt
—1%,
"% 75 112

Pl = f
o dt 1 p+te dt
e "0, — a0, = L e "%t e

ff Ot T

=T,a;0, (5.3)
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Let us treat the case of 7; first. Its kernel is given by

T.(x, y) ff 120, Ko(x y) dl

Estimates (4.16-4.17) apply to #'?0, K,(x, y), <1, and give Calderén-
Zygmund estimates for the kernel, 7;(x, y), of 7;. For example,

dt

|7; Gpi(x—y) —

C
(X, y>|<ﬁj

+o du
=C|x—y|*"j zu"/z exp{ — fu} ~

[x—yl
<Clx—y| "exp{—y|x—yl*}

for any y < 8. The estimates for the Holder regularity in x and y with expo-
nent r of T;(x, y) can be dealt with similarly.

Next, we have for all >0, e "“'20, (1)=0={e "“01'20, }* (1)
pointwise, where 1 denotes the constant function with value 1. The first
identity is obvious and the second follows from the pointwise equality

e (1) =1. (5.4)
Admitting this equality, the T(1) theorem applies and shows that T7; is
bounded on L? and T,(1)=T#(1) =0 in BMO. Hence T, is bounded on L?,
1 < p< 40, by Calderon—Zygmund theory (see [DJ] or [M]).

Now, let us look at R. It is well-known that t% e "% = —t(d/dt) e “oe
B(L2, L?) and

[tLye "), ,<c< 4.

See, e.g., Chapter IX of [K]. Moreover, the kernel of t%e "% is
—1(9/0t) K%x, y). By differentiating (4.18) and adapting the proof of
Theorem 4.15, we find that #(9/d¢) KY(x, y) satisfies an estimate of the type
(4.106).

Thus [[t%e 0|, ,<C(141)"? for p=1 and p= +oo with the same
M as in (4.16). Using the uniform estimate for p =2 and interpolation we
obtain that

[tLye ], , < C(1+ )™ 2=l for all p.

As long as M |3—1/p| <% the integral that defines R converges uniformly
in 4(L7, L?).

In dimension 2, M =0 hence sup,., [t%e p.p< +oo for all p.
Thus, R is bounded on all L?”. In fact, more is true: the kernel of t.%,e ="

|
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satisfies the Gaussian estimate (3.6), which implies that the kernel of R
satisfies

|R(x, I <1+ [x—y)) 72 (5.5)

In dimension larger than 3, for real coefficients, Aronson’s theorem [ Ar]
gives the Gaussian bounds (with no growth for large time). By standard
techniques, we also have that sup,_, [t%e 0|, ,< +oo for all p and
that

|R(x, )| S C(1+|x—y) "1 (5.6)
We have obtained (subject to proving (5.4)) that

1L 1, < CULLI, + 1VF ), (5.7)

for l<p< +o if n=2 or if n=3 and the coefficients are real, and for
1<py<p<qo< +oo if n=3 in general. In particular, in the case of p =2,
we deduce that # (/% is bounded from W' ? into L* By the remark at the
beginning of the proof, this implies that its domain is W2

It remains to prove (5.4) for arbitrary % € &, with the C" assumption.
This equality is classical when the matrix A4, has real measurable coef-
ficients, as it follows from the positivity of the heat kernel together with the
maximum principle (see [ Dal]), both of which are not available in our
situation. An argument is as follows. First we use again the contour for-
mula

“ti—— [ et 28 i
e 0 Znijye ( + 0)

with the same contour as in Section 2 and R=1/z. By our estimates in

Section 3 and 4 (Proposition 3.14, Remark 4.22 and Proposition 4.23) the
resolvent of # ¥ is bounded on all L?”. It suffices to show

LEMMA 5.8. For all ¥ (A,) € &, with Aye C”
A+2H " ()=2""  forall Awith|argl|<n—aw, .
(See Remark 1.5 for the definition of w, .)

By duality, this is equivalent to (changing A to 1)

j(i#—%)’l((p)(x)dx:/l’l jq)(x)dx forall geL'.
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By a density argument, we only have to check this equality for p € L' n L2,
Let h=(A+ %) ' (¢)e W"?2 defined by the variational formulation. We
also have that he L' by Corollary 4.23. Since ih —div(4, Vh)=¢ (in the
sense of distributions) it follows that div(A4, Vi) € L' and by an easy argument
| div(A4, Vi)(x) dx=0. Thus, | Ah(x)dx=[¢(x)dx, which is the desired
equality. This completes the proof of (5.4) and hence of Theorem 5.1.

COROLLARY 5.9. Let %=L (Ay)eé&, with Aye C" for some 0 <r<1.
Assume that A, has real coefficients if n>=3 and complex coefficients if
n=2. Then £ }* extends as a bounded operator from W** 7 into W*? for
l<p<oo and —1—r<s<r. In particular we have that

Hg(l)/sz W P <c Hf” wl+sp s

where ¢ depends on n, r, p, s, the ellipticity bounds of A, and |A,|, .

First note that by an easy duality |Z3*f | psr<c |f| y1+s, implies
| LE 2L o <c | fllw-sr where p' is the conjugate exponent of p.
Since the class of operators under consideration is self-adjoint, complex
interpolation shows that it suffices to restrict our attention to proving the
corollary for 0 <s<rand 1 <p < c0.

Using the decomposition (5.3), and since multiplication by a C" function
preserves the space W*” for s, p as above, we see that it suffices to show
that

T, R: WP — W™,

As we saw, T; is a Calderén—Zygmund operator with T;(1)=T*(1)=0.
Moreover, it can be seen that its kernel has rapid decay at co and is Holder
continuous away from the diagonal with exponent r. Thus it extends to a
bounded operator on W*” (see Chapter 10 of [M ], or [FIW]).

It remains to prove the boundedness of R on W*”. In fact, we claim that
R is smoothing of order 1 on any L?, 1 < p < +o0, which implies the result.
More precisely, we claim that for any i, 0, R is an operator with kernel
bounded by (1+ |x—y|)™"" L

Setting Q, = e~ "“11.%,, we have 0, R=c [{"* 0, Q/(dt/t*?) and we need
estimates on V. Q,(x, y).

Let us start with the two dimensional situation. We have already seen
that for arbitrary % € &,

10.(x, MI<CGy (x—y), (5.10)
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which follows from the same estimate for the heat kernel of .%,. If, in addi-
tion, A,eC’, then Q,(x, y) has bounded first order derivative by
Theorem 4.15, and for t>1

V. Q,(x, IS CY 126Gy (x— ) (5.11)

for some M > 1/2. In fact, one can take M =1/2. To see this, we make use
of the semi-group property of the heat operator: for fe 2(%)

d v g d v t ‘
VQ,f= —tV g e’““‘)f: —tVe*’JO E ei(lil)”l(]f=ﬁ Ve’fUQ,,lf.

Hence, using (4.16) for Ve =% and (5.10), we obtain for all 7>2

V.0, (x, VIS CGy %Gy 1 (x—p),

and we conclude using the convolution inequality for G, , * Gy (x) <
c(p,n) Gy, (x) for all xe R” and r, s> 0. Using (5.11) in ff’” 0., 0,(x, y)
(dt/t*?) finishes the proof.

In dimension n >3, the argument is the same, but we need to start with
the analog of (5.10) for Q,. Assuming that A4 has real coefficients, then this
follows from Aronson’s Gaussian estimate [Ar] and holomorphic func-
tional calculus adapting the calculations in, e.g., chapter 3 of [Dal]). We
skip further details.

Remark 5.12. Under the assumptions of Corollary 5.9, we also have
that £ {* is bounded from C**' to C* for 0 <s<r. The proof relies on
Calderon—-Zygmund theory for the 7;, the above estimates for R(x, y) and
V. R(x, y) and interpolation.

5.2. Operators with lower order terms.

THEOREM 5.13. Let ¥ =%(A)eé, where n=2 and Ay=(ay), b, ce C"
for some 0 <r<1. Then the domain of £'?* coincides with W' 2. Further-
more,

L2 =Ua;0,+b,)+V(c,0,,+4d), (5.14)
where
(1) U, are Calderén—Zygmund operators satisfying:
U,(1)=0 and UX(1)e L™, (5.15)
|Ui(x, »)I < Clx—p| 7" exp{ —a [x — yl}, (5.16)
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and

|h|"
|x—7y|"+r exp{ — |X—y|}

for |hl<|x—y|/2, (5.17)

|Ui(x+h, y) = Ui(x, y)| <C

and symmetrically exchanging the roles of x, y;
(2) Vs bounded on all L with kernel estimate

[V(x, IS Clx—y[ 7" exp{ —o[x —y|} (5.18)

and for all i, V0, = —U;and 0.V = U* where U, satisfy the same properties
as U, in point (1).

Here a.> 0 depends on n and the ellipticity bounds of & only, and C depends
on n, r, the ellipticity bounds of £ and |A,|,, |bl,, |c|, .

COROLLARY 5.19. Under the above assumptions, we have
PV Whr S L, for 1<p< +o (5.20)
If, in addition, de C’, then
PVEWwEsrr s wer for 1<p< 4o and —1—r<s<r, (521)
and

LVt s s, for O<s<r (5.22)

1/2

Furthermore, "' is an isomorphism in the three cases.

This corollary applies for example to the operators (A+.%,) where
S € 6y and A in the sector defined by Remark 1.5.

Let us prove this corollary first. The first assertion follows from (5.14)
and Calderén-Zygmund theory. That #2: W» — L is an isomorphism
can be seen as follows. By standard arguments, it suffices to show that its
inverse extends as a bounded operator form L” into W'”. In fact,
V2=V and by the properties of ¥ in Theorem 5.13, ¥ ~Y? is smoothing
of order 1 on L” for 1 < p < 400, which is the desired result.

By the same remark as in the beginning of the proof of Corollary 5.9, it
suffices to prove (5.21) for 0 <s <r. Since the multiplication by a C” func-
tion preserves W*? and C”, (5.21) and (5.22) follow from

U;: W*? (resp. C*) » W*>? (resp. C*)

for p as above and 0 <s <r, and the same thing for V. For U,, this comes
from well-known results for singular integral operators under condition
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(5.15-5.17), which we already used in the proof of Corollary 5.9. The reader
is refered again to Chapter 10 of [M].

As for V, it is smoothing of order 1 on L?” for 1 <p < +o0, hence V is
clearly bounded on W*? for 0 <s<1 and 1 < p < +o0. Furthermore, inter-
polating between (5.18) for V(x, y) and the Calderéon—Zygmund estimate
for 0. V(x, y) for all i, one finds that if 0 <s <1

|V(X+/’l, J’)— V(X, J’)|
|h|s

e exp{ —o |x —y|}for |h| <|x—y|/2.
This easily implies that V: L* — C* for 0 <s< 1, which is stronger than
what we need.

The argument for the invertibility is left to the reader.

Proof of Theorem 5.13. Let ¥ €& be as in the statement. Define

v dt
— eftb[tl/ZGXi -

1 +
U, _\/;fo

and

\/’ j 17/2 — g2
From the equality 31/2:1/\/7; fo e " PL(dt/t'?), we obtain (5.14)
easily. We have to describe U, and V.

Let us start by studying V. First, it is clear on a formal level that
Vo, = —U,and 0, V= U*, where U, is similar to U, (in fact, change £ to
2*'in the deﬁmtlon of U;). We only need to look at the kernel of V. By
(4.20),

+ o0 dt
M) <C | exp{—wr} Gy (x—1)

and we break the integral at 7= |x — y|. The contribution for 7 <7 is domi-
nated by

dt
¢ Gl

+ oo
<Cr ! J exp{ —pv} v "2 do < Ct" " exp{ — pr},

T
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since (n—3)/2> —1. After a change of variable, the other term is
dominated by

CT7n+l exp{ —(/)‘L'} J‘ exp{ _ﬁs} S("73)/2 dS< C,L.7n+1 exp{—wr}.
0

We now turn to U,. We skip the proof of the Calderon-Zygmund
estimates on the kernel, which requires only the estimates (4.20-21) on
K,(x, y) and the same breakings of the integrals. Also, it is clear that
U,(1)=0. Thus, the only thing to check is U*(1)e L*, which implies L?
boundedness from the T(1) theorem.

Lemma 5.23. For all $(A)e & with Ay, b, ce C". for all u <n— w4, and
for all A with |arg 4| <u,

A+2L) " (D)(x)=A""+ 2732 (x)+ A 2g,(x) (5.24)

where
Ifilloe + 182l oo < G, (5.25)
IVfillo + Vgl < C A2, (5.26)

the constant C being independent of A. Furthermore, f,=0 if b=0 and
g,=0ifd=0.

COROLLARY 5.27. Under the hypotheses above, for all t >0,
e (1) (x)=1+1"f"(x) +1g'(x)
where
£ Mo + 181 < C,
IVl + Ve o < Ct 72

Furthermore, f'=0if b=0 and g'=0 if d=0.

To compute U¥(1), write ¥ =% —w + w, for @ small enough depending
on ellipticity so that the corollary applies to #* — w. Thus,

1+ dt
U;“(l):—f 120, e~ 1) exp{ —wt} —
\/; 0 t

1 A t 1/2 t
=*L (0, /" +1'70, g") exp{ —owt} dt

N
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and this integral belongs to L® (with convergence for the weak = topol-

0ogy).
It remains to prove the lemma and its corollary. The proof of the latter
readily follows from the Cauchy representation for the exponential

1 ;
—tL _ t/L/'L g _ld;L
¢ 2ni Le “+2)

with the same contour as in Section 2 and R = 1/z. It suffices to insert (5.24)
in this equality. Let us turn to the proof of (5.24).
Define

fi=2"0+ ') divb
and
g.,=—Ai+'#)'d
It follows easily from the estimates of Theorem 4.19 and the Laplace trans-
form that f, and g, satisfy the estimates (5.25-5.26). The right behavior in
A is obtained by rescaling. It remains to check (5.24).

We know that u;=(A+2)"'(1)eL™. For all peL'nL* we have,
therefore,

[wo=]G+2) (o)

Let h=(A+'%) "' (p)e W"?2, then he W"' by Corollary 4.11. By defini-
tion,

div(‘"Ag Vh+ch)=(A+d)h+bVh—gpeL".

Also ‘Ao Vh+che L', therefore | div(‘4, Vh+ ch)=0. Consequently

f u;_(p=f h
=[ 27— 2 ran—[ b Vh
—[ 2= [ 27V L) )= [ 2 dG L) ()

=[G40 %),



66 AUSCHER, MCINTOSH, AND TCHAMITCHIAN

This proves (5.24) and finishes the proof of Lemma 5.23 (it can be observed
that for || small (5.24) and the accompanying estimates (5.25-5.26) can be
improved since 0 does not belong to the spectrum of ¥).

6. BOUNDED H*“ FUNCTIONAL CALCULUS ON L? SPACES

6.1. Holomorphic Extension of Heat Kernels

We give here a short account on the holomorphic extension of heat ker-
nels. See [ Dal] for more details.

Let n>=1 and let % =%(A,)€é,. From Remark 1.5, we see that
(Ly=Z((Ay) €&, for |arg (| <(n/2) —w,, le., (€ anm_(% . Moreover,
the ellipticity constants are uniform provided |{| =1 and (e S{_,, ,, where
n/2>0>w, . Hence, (¥, generates an L? contraction semi-group to
which can be applied the results of Sections 2, 3 and 4.

For z = t{ with { as above, define K°(x, y) as the heat kernel of e =0,
It can be shown that as a function of z it is a holomorphic distribution-
valued function on the open sector S{, ) -

The estimates of Theorems 2.21, 3.5 and 4.15 apply in full to K°(x, y)
provided ¢ is replaced by |z| on the right hand side. In particular, we have
for all (x, y)e R* and z€ S, ,,_,,

IK(x, )| <e(14 12| Gy 1 (x— ), (6.1)
and

IK2(x, y) = K2(x+h, y)| + |K2(x, ) —K2(x, y+h)]|
| ]

217

<c(14+|z|V2)M <
+ [x—yl

) Grut=n 62
when 2 |h| < |z|'*+ |x — y| and where M = M(n) with M(1)=M(2)=0.
Note that when (6.1) applies, K%(x, y) is a holomorphic function of
Z€ S8y g for each (x, y).
A consequence of the holomorphy which we already used in Section 5 is
that the same estimates holds for z-derivatives of K%(x, y) correctly renor-
malized.

6.2. Bounded H* Functional Calculus

Let n>1 and %, be as above. The maximal accretive operator %, is one-
one and has a bounded H* functional calculus in L? meaning that
b(%) e B(L? L?) and

16(Lo) 12,2 < ¢, 0]
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for all functions be H”(S}), where Sg is the open sector {zeC:
larg z| <u}, and pu>w, =sup{larga,(x) {;{;|: {eC", xeR"}. See, eg,
[Mc2].

It is natural to ask whether b(.%,) is a Calderon—-Zygmund operator, and
hence is bounded in L”, 1 <p < o0.

THEOREM 6.3. Let % satisfy the inequalities (6.1-6.2). Let be H™(S})
such that

bOI <co(L+[L[71)7Y, LeSy,

w

(6.4)

where M is the smallest positive constant in (6.1-6.2). Then b(%) is a
Calderon—Zygmund operator. Furthermore, we have

16(Lo) ., < e, 1, p) o

for 1 <p < oo.

COROLLARY 6.5. Let n<2 and %= %(A,) € &y. Then ¥, has a bounded
H” functional calculus on L, 1 < p < 0.

In dimensions 1 and 2, we obtain the optimal result for this class of com-
plex elliptic operators.

The decay of b at the origin in (6.4) compensates the polynomial growth
at the origin in (6.1-6.2) when n > 3. It would, therefore, be interesting to
estimate the smallest value for M under the Holder continuity of A4, (see
the discussion in Section 4). Also, note that an exponential growth for large
|z| in (6.1-6.2) in lieu of a polynomial growth would forbid us to state
Theorem 6.3 when n >3 since there is no non trivial holomorphic function
with exponential decay at the origin.

Theorem 6.3 can be proved by the method of [ Du]. See also [ DuMc],
where operators with real measurable symmetric coefficients are considered
in dimension>3 (with u>w, =0) (in which case the estimates with
M =0 were previously known [Ar]).

To derive Theorem 6.3 directly from heat kernel estimates, proceed as
follows. Let be H™(S}) satisty (6.4) and choose 6 with w, <60 <pu. Let y
consist of the two half-rays re™™*? and re =" where r > 0, and note that for
zey, we have |argiz|=n/2—-0<n/2—w,, ie, iz€ SZ/Z*%' We define
b(%,) by the equality

1 s
b %) =— lim j e~z + i) dz, (6.6)

21 550
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with strong convergence in L2 This definition coincides with the usual ones
as can be seen by applying the convergence lemma of [ Mc2]. The function
b denotes the inverse Fourier transform of b (where we have set b(¢) =0 for
Re { <0) extended holomorphically to the sector iS¢, , ,,. By standard
Fourier transform estimates, one obtains

b(z) < e, Izl (14 1z]) (6.7)

on every smaller sector iS¢, ,, ., v<u (see [McQ]).
Therefore the kernel K,(x, y) of b(%,) satisfies

.
Ky(x.y) =5 lim | Ki(x.y) bz +i0) d.
- v

so that using (6.1) and (6.7)

)Y Bl =y :
Kyx Ml < [ e = e (27
i

=clx—y|l™"

Similar reasoning gives Holder bounds for K,(x, y). Since we already
have the L? boundedness of 5(.%,), we conclude that b(.%,) is a Calderdn—
Zygmund operator, and thus obtain L” boundedness.

We conclude with the case of operators with lower order terms.

THEOREM 6.8. Let n=1 and ¥ = ¥(A)e &, where, in addition, A,(x) is
Holder continuous when n>=3. Then, ¥ has a bounded H™ functional
calculus on L, 1 < p < o0. More precisely, if be H™(S},), where w , <m <m/2,
then b(%) is a Calderon—Zygmund operator and

16(L) . p < c(pts 1, ) 1]

for 1 <p< oco.

The methods are similar and include the fact that (6.1-6.2) are valid for
the heat kernel of % with an exponentially decaying factor e =¥, a >0,
instead of (1 + |z|)*. No further assumption on the lower order coefficients
is necessary (see Sections 2, 3 and 4). We skip further details.

We remark that the L? bounds for b(%4) and b(¥) can be proved
without using the Holder estimates on the heat kernel, by adapting the
results of Duong and Robinson [ DuR].
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APPENDIX:
REMARKS ON THE PERTURBATION TECHNIQUE OF DAVIES

E. B. Davies developed a useful technique to derive pointwise bounds on
heat kernels. We wish to make a few simple comments and remarks on this
method that we have used throughout this paper.

A class, %, of unbounded operators on L? is said to be stable under
exponential perturbation if whenever ¥ € €, there is a p = p(¥)>0 such
that Z?=e ?%Le? €% for all real-valued ¢ € ¥ (with compact support)
and [|[V¢| ., < p. Here, e % denotes the operator of pointwise multiplication
by the function e %),

An example of such a class is &. This follows from the following calcula-
tion. Suppose ¥ = —div(4,V+b)+cV+d=%(A)e&. Then,

e "Ll = —div(A,V+b+" (Vp)Ay) + (c— A V) -V
d+c-Vop—b-Vo— A, V-V, (A1)

Thus, ¢ *Z(A)e” = £(A,) for some matrix A,(x) and it is easy to show
that Ae.«/ and |Vé|l., <p=p(6(A), |Al) imply A,e.o/. Moreover, any
smoothness assumptions made on the leading coefficients is preserved
under exponential perturbation. Additional smoothness on lower order
coefficients is also preserved. We denote by |A4| a semi-norm which
measures the smoothness of the coefficients if assumed.

We note that here and hereafter, the constants p (which change from line
to line) depend only on the ellipticity bounds and dimension.

Suppose that % is the above class & (what follows could be easily
generalized). Let F(z) =z " for some m > 1. (More general holomorphic
functions in a neighborhood of the spectrum can be considered, such as
exp{ —z}.)

Assume:

(1) Forall =%(A)eé, F(Z) is defined on L? and has a kernel
satisfying

|KF($)(X9 »I<egllx—yl) forae. (x,y)eQ, (A2)

for some constant ¢, = C(5(A4), |A|, |A|, n), where g: R*™ > R™* is a mea-
surable function and 2 is some measurable subset of R” x R”, independent
of the choice of &.

The conclusion is that for all ¥ €&, there are constants c,=
C(6(A), |4, |4],n) and p >0, such that

|KF(,§”)(X7 MI<ergllx— yl)e 7= forae. (x,y)eQ. (A.3)
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The proof is classical. Applying the hypothesis to .#*, we have
|Kp(on (X, ) <cyg(lx—yl)  forae (x,y)e,

and ¢, is uniform in ¢ as long as |V¢|| . is small enough. But K, 4 (x, y) =
Ky o)(x, y)e??) %) Thus, fixing x and y and selecting ¢ with |V§| ., =p, p
small enough and ¢(y) — ¢(x) =p |x — y| give us (A.3).

The most common choice for g is g = 1 identically which means, if Q = R*",
that F{.£) extends boundedly from L' to L®. However, g(t)=|In¢| or ¢t 9,
g >0, can also be expected if F does not decay enough at infinity.

Let us take g = 1 for simplicity in the next discussion. In addition to (1) above
assume that

(2) F(%) extends boundedly from L'(R") to C*(R") for some s € (0, 1),
its norm depending on dimension, the ellipticity bounds of A4, and the semi-
norm |A|.

Then the conclusion is that for ¥ =%(A4)e &, there are constants
c;=C(0(A), |All, |4], n) and p >0, such that for all x, y, A with || < |x — y|/2,

|KF(y,))(x+ha ) _KF(:{)(X’ VI<cs|hl*e” e (A4)

To see this, we remark that the extra hypothesis gives us by an easy duality
argument

(Koo)X + 0, 9) =K o) (X, ) < ey [B]°

for all x, y, h and all ¥ = %(A)e & where c¢,=C(5(A4), | 4], | 4], n). Now,
applying this to #? for an appropriate ¢ gives us

|KF(:f)(x+ha y)eqb(y)i(ﬂx”l)_KF(:Z)(xa y)ed)(y)i(ﬂx” <cs |hl®

where ¢ = C(6(A), | 4], |4], n). Next, we fix x, y, h with |h| <|x— y|/2 and
select ¢ with support in a ball centered at y of radius not exceeding |x — y|/2
and |V¢| ., = p, p small enough and ¢(y)=p |x— y|/4. Thenif z=x or x + A,

d(y)—¢(z)=¢(y)=p |x—y|/4 and (A.4) follows easily.
Finally, we can replace (2) by

(3) A partial derivative 0,F(%) extends boundedly from L'(R") to
L*(R"), its norm depending on the ellipticity bounds of % and on any semi-
norm |A| as above.

Then the conclusion is that for all ¥ = #(A) € &, there are constants ¢, =
C(6(A), |A4]l, |4], n) and p > 0, such that for all x, y, & with |h| < |x— y|/2,

|axiKF(£’)(x> VI<cee™” e



SECOND ORDER COMPLEX ELLIPTIC OPERATORS 71

The proof is similar using (A.3) and the formula
ax,KF(w’)(xa y)= ax,.KF(x)(xa y)ef =) _KF(y)(xa y)el =4 axi¢(x)‘

Details are skipped.
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Note added in proof. After this work was completed, the first author derived a new proof
for Aronson’s estimates by using the method of this paper together with appropriate elliptic
regularity results [Au]. He also weakened the Holder continuity assumption to that of
uniform continuity. Nevertheless, the specific treatment of dimensions 1 and 2 and the applica-
tions of our results remain of independent interest.
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