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1. Introduction

This note is a continuation of a previous work by the authors [10] where it was proved that, on a wide class of Banach
lattices (which includes those with finite cotype), the product of a regular AM-compact operator and a regular disjointly
strictly singular operator is strictly singular and has invariant subspaces. In particular, if T is regular, AM-compact, and
disjointly strictly singular, then the square T? is strictly singular. Here we show that in a certain class of Banach lattices
better compactness properties can be obtained.

To this end, the notion of disjointly homogeneous Banach lattice is introduced. Namely, a Banach lattice E is called
disjointly homogeneous if for two arbitrary disjoint sequences in E there exist subsequences which are equivalent. This forms
a class of Banach lattices that includes for instance the spaces Lp(u) (1 < p < 00), Lorentz spaces Lp q(i4) and some others.

For this class of Banach lattices, the following holds.

Theorem. Let E be a disjointly homogeneous Banach lattice. If T : E — E is regular, disjointly strictly singular, and AM-compact, then
T2 is compact.

In particular, as a consequence of Lomonosov’s Theorem we get that under these hypotheses such operators have hyper-
invariant subspaces.
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We will routinely use the following well-known facts. Suppose that E is an order continuous Banach lattice with a weak
order unit. Then E can be represented as a Kothe function space over some probability measure space (£2, X, ) with
continuous inclusions:

Loo(it) = E = L1(W).

Moreover, the dual E* can be identified with the space of all p-measurable functions g such that sup({/ o fedu:
I flle <1} < oo, and the value taken by the functional corresponding to g at f € E is [, fgdu. See [14, Theorem 1.b.14] for
details.

Recall that, given € > 0, the Kadec-Petczynski set M(¢) is defined as follows:

M(e)={xeE: p(oxe)) > e},

where o (x, &) = {t € 2: |x(t)| > €||x||g}. It is known [14, Proposition 1.c.8] that ||x|l1 > &2||x||¢ for all x € M(g); hence the
norms | - || and || - ||; are equivalent on every subspace of E contained in M(¢) for some ¢ > 0. On the other hand, if a
normalized sequence (x,) in E is not contained in any M(¢), then there is a subsequence (x;,) and a disjoint (unconditional
basic) sequence (yi) in E equivalent to (xp,) with X, — ykllg — 0.

Recall that an operator T : E — E is positive if it maps positive elements to positive elements. Moreover, an operator is
regular if it is a difference of two positive operators. By [20, Theorem 2.2], every regular operator T : E — E can be extended
to a bounded operator T:Lj() — L1(w). It was shown in [10, Theorem 2.2] that T:E — E is AM-compact if and only if
T:Li(u) — L1(w) is Dunford-Pettis.

Recall that a Banach lattice is weakly sequentially complete if and only if it does not contain a subspace which is
isomorphic to cg, if and only if it does not contain a sublattice which is lattice isomorphic to cg. Such a Banach lattice
is called a KB-space. Every KB-space is order continuous; a dual Banach lattice is a KB-space if and only if it is order
continuous. See [1] for more details.

2. Disjointly homogeneous Banach lattices

A Banach lattice E is said to be disjointly homogeneous if for every seminormalized sequences (x;) and (ym) with
|xi| A |xjl =0 and |y;| A |yjl =0 for i # j, there exist equivalent subsequences, that is, there exist a constant C > 0 and
subsequences (ny), (my) such that

N N
Z akxnk Z ak y my
k=1 k=1

for every scalars (a))_;.

Observe that a Banach lattice E is disjointly homogeneous if for any pair of disjoint positive normalized sequences (x;)
and (yy), there exist subsequences which are equivalent.

Also note that the definition of a disjointly homogeneous Banach lattice depends on the lattice structure, that is, it is not
preserved under isomorphisms in general. For instance, for any 1 < p < oo, p # 2, the function space Ly[0, 1] is isomorphic
as a Banach space to the atomic Banach lattice Hp given by the unconditional Haar basis (see, e.g., [13, p. 19]), and this
lattice has disjoint sequences equivalent to £, and £p; thus, with the atomic structure Hj is not disjointly homogeneous.

Examples of disjointly homogeneous spaces include the spaces Lp(u) for 1< p < oo and every measure u, because
every normalized disjoint sequence in Ly(u) is equivalent to the unit vector basis of £,. Moreover, in [8] and [5] it was
shown that every disjoint normalized sequence in the Lorentz function spaces Aw q(u), or L, 4 contains a subsequence
equivalent to the unit vector basis of £ (for g < co).

Motivated by these examples, we say that a Banach lattice is p-disjointly homogeneous if every normalized disjoint
sequence has a subsequence equivalent to the unit vector basis of £, (co in the case p = oo). Clearly, the spaces £, (Xp)
where X, is a sequence of finite-dimensional Banach lattices, are p-disjointly homogeneous. So are the Baernstein spaces
B, introduced by C. Seifert (see [3, p. 7]).

One could ask whether every disjointly homogeneous Banach lattice has to be p-disjointly homogeneous for some
p €[1, oo]. The following example shows that this is not the case.

c! < <C

)

N
> awxn,
k=1

Example. Let T be Tsirelson’s space (see [19]). We claim that T with the lattice structure given by its unconditional basis
(tp) is disjointly homogeneous, and clearly does not contain any disjoint sequence equivalent to the unit vector basis of £,
or co.

Proof. If x e T with x =) 2, ;t;, then we denote suppx = {i € N: «; # 0}. For x,y € T we write suppx <suppy if i < j
whenever i € suppx and j € supp y. Given two normalized disjoint sequences in T, (x,) and (y;), we will show that they
have equivalent subsequences.
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By truncating each x,, we may assume by Proposition 1.a.9 of [13] that each x, has finite support. By passing to a
subsequence, we may further assume that supp x, < suppx,+1 for all n. Similarly, we may assume that supp y, < Supp yn+1
for all n. Now it is easy to construct subsequences (x;,) and (yy,) so that

SUPPXp, < SUPP Yn,; < SUPPXn, < SUPP ¥n, -...

It follows from [3, Proposition I1.4] that (x,,) and (yy,) are equivalent. O

Proposition 2.1. Suppose that E is a disjointly homogeneous Banach lattice. Then either E or E* (or both) is a KB-space. Precisely we
have that

(i) E is not a KB-space if and only if E is oo-disjointly homogeneous.
(ii) E* is not a KB-space if and only if E is 1-disjointly homogeneous.

Proof. The equivalence in (i) follows immediately from the definition of a KB-space. [1, Theorem 14.21] asserts that E* is
not a KB-space iff E contains a lattice copy of £1, this yields the equivalence in (ii). Finally, since no subsequence of the unit
vector basis of cq is equivalent to the unit vector basis of ¢; and vice versa, the two pairs of conditions are incompatible,
hence at least one of the two spaces has to be a KB-space. O

A natural question in this setting is whether disjointly homogeneous spaces are stable under duality. In this direction we
have the following result.

Theorem 2.2. If E is an co-disjointly homogeneous Banach lattice, then E* is a 1-disjointly homogeneous Banach lattice.

Proof. Every disjoint sequence in E has a subsequence equivalent to the unit vector basis of cy. Note that E* is order
continuous, because otherwise E would have contained a lattice copy of £; by [1, Theorem 14.21]. Let (x;;) be a normal-
ized disjoint positive sequence in E*. Consider a sequence (x;) of elements in E; of norm one, such that x}(x,) = 1. By
[15, Proposition 2.3.1], for any & > 0 there exist a subsequence (k,) and a disjoint sequence (v;) C E; such that v, < Xy,
and x;';n(vn) > 1 — e. By hypothesis, there exist a constant C > 0 and a subsequence of (v,) which we still denote (v;,) such
that

C' sup byl <
n=1,..., m

m
D_bavn
n=1

Therefore, for any sequence of scalars (a;)]._; we have:

m m m m m
Z:anx,’§n Zlaﬂx;‘;n =sup{<2|an|x,’§n>(y): yekE, |yl <1} > (Zlanlx,fn)<c1zvn>
n=1 n=1 n=1 n=1

n=1

<C sup byl
1,

m m
>0 anlxg (v = CTN (1 —8) ) lagl.
n=1 n=1

Hence, it follows that

m

<Z|an|-

n=1

m
Cla-8) lal <
n=1

*
anxkn
n=1

This yields that every disjoint sequence in E* has a subsequence equivalent to the unit vector basis of £1. In particular E*
is disjointly homogeneous. O

For general disjointly homogeneous spaces this duality is not true, as the following example shows.

Example. Given 1 < q < oo, the Lorentz function space Lq,1(0, 1) is disjointly homogeneous, but the dual Lj »(0, 1) is not
(where % + % =1).

Proof. Indeed, every disjoint normalized sequence in Lq 1 has a subsequence equivalent to the unit vector basis of £1 (see
[5, Lemma 2.1]). In contrast, every disjoint sequence in the order continuous part of L, o (the closed linear span of the
characteristic functions in L, ) has a subsequence equivalent to the unit vector basis of co (see [17]); yet L, o contains
disjoint sequences spanning £;.
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Let us proof this last assertion. Consider the functions in [0, 1] defined by

p—1 S
fa®) = T(t -2 ) P X(zf(nﬂ),zfn)(t)-
We claim that the closed linear span [ f;] is isomorphic to £;.

Since || fllL, . = SUPsso s(uf(s))%, where p(s) = uft € (0,1): |f(t)| > s} is the distribution function, for each n € N, we
have

1

W, (s) = M{f e (27D 27m); p%(t - 2—”)’% > s}

-1\"1
=/,L{te(2_("+1),2_”): t<2_"+<pT> —}

N4
p R S L n VT P L S
_ p(z—n_z—(rHrl))ﬁ
- —1\p 1 : -1

p(z—nfz—(n-H))% ’
This clearly implies that (f,) is a seminormalized sequence in Lp o. Now, given scalars a, b let us see that |af; +bfjllL, ., ~

1
(lal? + |b|?) 7, for i # j. Indeed, since f; and f; are disjoint, we have

1 1
s s P S0 So P

1 bf; — | = A — > A= i\ 77
lafi +bfillL, o iglgs<ﬂfl(|a|)+ufj<|bl)) So(uf,<|a|>+ufj<|b|)>

1
—1\"|al? —1\"pP1r _p—1
:So[(p—> %_}_(p_) %] :p_(|a|P+|b|P) ,
p S p Sy p

where sg is any number greater than
{ lalp —1 Iblp —1 }
max T (-
p(-G+h —2-1)p p2-U+D —2-i)p

==

1 .
Moreover, since Ly o, satisfies an upper p-estimate [7], we also get |laf; + bf; < C(la|P + |b|P)P for certain constant

C > 0. The statement that [ f;] is isomorphic to £, follows by induction. O

Ly

It remains as an open question whether every reflexive Banach lattice E is disjointly homogeneous if and only if E* is
disjointly homogeneous.

3. Regular operators on disjointly homogeneous Banach lattices

Recall that an operator on a Banach lattice is called disjointly strictly singular if its restriction to any subspace spanned
by a disjoint sequence is not an isomorphism [11]. This class contains the class of strictly singular operators but in general
they do not coincide.

Proposition 3.1. If an operator T : E — F from a Banach lattice E to a KB-space F is not an isomorphism on any subspace isomorphic
to ¢4, then it is weakly compact. In particular, if T is disjointly strictly singular, then it is weakly compact as well.

Proof. Let (x,), be a normalized sequence in E. If (Tx;) has no weakly Cauchy subsequence, then by Rosenthal’s ¢1 theorem,
there exists a subsequence (Txy, ), equivalent to the unit vector basis of £1. Therefore, T preserves an isomorphic copy of ¢1,
which contradicts the hypothesis.

Hence, there is a weakly Cauchy subsequence (Txy,) of (Tx;). Since F is weakly sequentially complete, (Txp,) is weakly
convergent.

Since F is order continuous, it follows from [6] (see, also, [10, Theorem 2.7]) that every operator preserving an isomorphic
copy of ¢4, also preserves a lattice copy of ¢1. Hence disjointly strictly singular operators into an order continuous Banach
lattice are never an isomorphism on a subspace isomorphic to ¢;. O

The following result improves the ones obtained in [2,10,16] in the setting of disjointly homogeneous Banach lattices.

Theorem 3.2. Suppose that E is a disjointly homogeneous Banach lattice with order continuous norm and a weak unit. Suppose that
S and T are two regular operators on E such that S is disjointly strictly singular and T is AM-compact.
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(i) If E* is order continuous then ST is compact.
(ii) If E* is not order continuous then TS is compact.

In particular, if R is disjointly strictly singular and regular, then STR is compact.

Proof. Since E is order continuous and has a weak unit, we can consider E is as an ideal in L;(u) for some probability
measure /4, and extend T to a Dunford-Pettis operator T : L1 () — Li(u) (see [10]).

(i) Suppose that E* is order continuous but ST is not compact. Then there exists a normalized sequence (u,) such that
(STuy) has no convergent subsequences. It follows that (u,) has no convergent subsequences. Since E* is order continuous,
E does not contain a copy of ¢1, so by Rosenthal’s £;-theorem [18], we may assume that (u,) is weakly Cauchy. Since
(STuy,) has no convergent subsequences, we can assume by passing to a further subsequence that there exists an § > 0
such that ||STu, — STuy||g > § whenever m # n. For every n € N put X, = up+1 — Up, Yo = Txp, and z; = Sy, = STx,. Then
(zy) is seminormalized, hence (x;) and (y,) are seminormalized as well. Also, (x;) is weakly null, so that (y,) and (z,) are
weakly null as well.

Since (x,) is also weakly null in Li(u), and T is Dunford-Pettis, it follows that lynlli — 0. However, (yn) is seminor-
malized in E, hence the sequence (y,) is not contained in any Kadec-Pelczyfiski set M(¢) for any ¢ > 0. After passing to a
subsequence of (x;) we may assume that (y;) is equivalent to a disjoint sequence (v;) and ||y, — vu||lg — 0. By passing to
subsequences we may assume that ||ys — vnllp <27".

Since S is regular, S is bounded, so that ||z,||; — 0. Similarly, we may assume that (z,) is equivalent to a disjoint
sequence (wp) and ||z; — wy||[g — 0. Since (v;;) and (wy) are disjoint seminormalized sequences and E is disjointly homo-
geneous, by passing to further subsequences we may assume that they are equivalent.

Since S is disjointly strictly singular, we can find a normalized block sequence (hy) of (v,) such that Shy — 0. Sup-

pose that hy = anf+m1’+] o vy, Since (vn) is a basic sequence, there exists a positive real C such that |a,| < C. Let
— K
Mi41

8k =2 n=m+1%Yn for all k, then

Mg4+1

i — gklle < Z lotn| |V — yall < C27™ — 0,

n=my+1
so that ||Sgkllg < IIShklle + IIS|Ilhx — gklle — 0. On the other hand, since (z;) and (w;,) are equivalent, we have

M1

2. envn

n=my+1

M1

D enz

n=my+1

= llhlle =1;
E

= (Cq
E

ISgklle =

a contradiction.

(ii) Suppose that E* is not order continuous, hence not a KB-space. Then Proposition 2.1 yields that E is a KB-space
and is 1-disjointly homogeneous. Hence, S is weakly compact by Proposition 3.1. Since T : L1 — Lq is Dunford-Pettis, the
composition

S T
E=E< Li(u)— Li(p)

is a compact operator. If TS is not compact, there exists a normalized sequence (x,) in E such that the sequence (T S(xy))
is not contained in any M(¢). Therefore, (T (x;)) has a subsequence which is equivalent to a disjoint sequence in E. Hence,
this sequence must have a subsequence equivalent to the unit vector basis of ¢, because E is 1-disjointly homogeneous.
However, this implies that TS must preserve an isomorphic copy of £1, which is impossible since S is weakly compact. O

Observe that Theorem 3.2(ii) remains valid in the case that S is not regular. Also, it remains valid if, instead of being
disjointly strictly singular, S is only assumed to be weakly compact.

Corollary 3.3. Let E be a disjointly homogeneous Banach lattice. If T : E — E is regular, disjointly strictly singular, and AM-compact,
then T2 is compact.

Corollary 3.3 together with Lomonosov’s Theorem [12] immediately yield the following result.

Corollary 3.4. Let E be a disjointly homogeneous Banach lattice. If T : E — E is regular, disjointly strictly singular and AM-compact.
Then T has a hyperinvariant subspace.

A subset S of an order continuous Banach lattice of functions over a measure space (§2, X, u) is called equi-integrable if

sup || fxall = 0 when p(A)— 0.
fes

We will make use of the following well-known fact (see [9, Lemma 3.3] for a proof).
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Lemma 3.5. Let E be an order continuous Banach lattice which is continuously included, as a dense ideal, in L1 (u) for some probability
measure (. A norm bounded sequence (gy,) in E is convergent to zero if and only if (g,) is equi-integrable and convergent to zero in
the norm of Ly.

Recall that an order continuous Banach lattice E has the subsequence splitting property [21] if for every bounded
sequence (f,) there exist a disjoint sequence (hy), an equi-integrable sequence (gx) and a subsequence (f;, ) such that
fn, = 8k + hi with g and hy disjoint for all k. For positive operators on a disjointly homogeneous Banach lattice with the
subsequence splitting property, the conclusion of Corollary 3.3 can be improved as follows. Compare with the results in [4]
for L, spaces.

Theorem 3.6. Let E be a disjointly homogeneous Banach lattice with the subsequence splitting property, such that E* is order contin-
uous. If T : E — E is a regular operator which is disjointly strictly singular and AM-compact, then T is compact.

Proof. Let (x;) be a norm bounded sequence in E. Since E has the subsequence splitting property, passing to a subse-
quence we have xp, = gi + h, with (g,) equi-integrable and (hy) a disjoint sequence. Since (gj) is equi-integrable, for some
subsequence (still denoted (gy)) we must have g, — g weakly for some g € E [1].

Since E* is order continuous, |hy| tends weakly to zero. Thus, so does |T|(|hk|) which is positive. Since E < L1, we have
that |T|(|hk|) tends to zero weakly in L1, hence ||Thillr, < [IT|(JhgD) L, — O.

Let us apply now Kadec-Pelczyfiski dichotomy to the sequence (Thy) in E [8]. Suppose first that (Thy) is not contained in
any M(¢g), then there is a subsequence (Thkj) equivalent to a disjoint sequence. Hence, since the sequence (hy) is disjoint,
and E is disjointly homogeneous, passing to a further subsequence we have that (Thy;) and (hy;) are equivalent basic
sequences. This implies that T is an isomorphism when restricted to the span of (h,). However, this is a contradiction,
because T is disjointly strictly singular.

Therefore, (Thy) is contained in some M(g), but then ||Thi||[g — 0 since ||Thi|l1 — 0. Moreover, since T is AM-compact,
Tgy — Tg in L1(w) [10, Theorem 2.2]. Now, since (Tg) is equi-integrable in E, by Lemma 3.5, it follows that Tgy — Tg
in E; thus, Tx, =Th, + Tgr — Tg, so T is compact. O

Notice that Theorem 3.6 need not be true if E* is not order continuous, even if the operator is positive, as the following
example shows.

Example. There exists a positive operator T : L1 — L1 which is disjointly strictly singular and AM-compact, but not compact.

Proof. Let (f;) be a sequence of pairwise disjoint, positive, normalized functions in L;(0, 1). Clearly, the sequence (fy)
generates a complemented subspace isomorphic to £7. Let P:L1(0,1) — ¢; denote this projection, which is clearly positive.
Now consider the operator R:¢; — L, defined by R(ezn) =r;7 and R(eant1) =r,,;, where (en) denotes the canonical basis of
£1 and (rp) denotes the Rademacher functions on (0, 1). Let J : L, — L denote the formal inclusion.

Let us consider the operator T = JRP, which is also positive. Since the order intervals in ¢; are compact, and P is
positive, T is AM-compact. Moreover, T is disjointly strictly singular, because every disjoint sequence in L; is equivalent
to ¢1 and T factors through L. However, T is not compact because the sequence (f; — fan+1) is norm bounded, and its
image T(fan — fant+1) =1y does not have any convergent subsequence. O
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