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1. Introduction

Consider solving nonsymmetric linear systems with the same coefficient matrix and different right-hand sides
A =pD j=1,...,s. (1.1)

When all the b® are available simultaneously, Eq. (1.1) can be written as the matrix equation

AX =B, (12)
where Aisan N x N real nonsymmetric matrix, Band X are N x s rectangular matrices whose columns are b, b® ... p®
and xW, x® .. x respectively. In practice, s is of moderate size s < N.

For nonsymmetric linear systems, some block Krylov subspace methods have been developed during the last years. The
well-known works include the global FOM and global GMRES algorithms [2], the block biconjugate gradient (BI-BCG) [4],
the block generalized minimal residual (BGMRES) algorithm [6], the block quasi-minimum residual (BI-QMR) algorithm
[1,3], etc. Recently, the left conjugate direction (LCD) method [7] was presented for solving the matrix equation (1.2). The
method reduces to the usual CG-type method when A is symmetric positive definite.

Let E = My denote the vector space on the filed R, of rectangular matrices of dimension N x s. For X, Y € E, the inner
product is defined by (X, Y)r = tr(X"Y), where tr(Z) denotes the trace of the square matrix Z and Z" denotes the transpose
of the matrix Z. The associated norm is the well-known Frobenius norm denoted by ||.||r. Let V be an N x s rectangular matrix
and the matrix Krylov subspace K, (A, V) = span{V, AV, ..., A"~ 1V}. A system of vectors of E is said to be F-orthogonal if
it is orthogonal with respect to the scalar product (., .)f.
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ForVieE,i=1,2,...,kletV, = [V, Vs, ..., V], and let H; denote an k x k matrix, H_; denote the jth column of the
matrix Hy. For @ = (a1, . .., )T € R¥, we use the notation x for the following product [2]

k
rVk 0 = E Ol,'V,',
i=1

and
Vex He = [ViexH 1, VixH 5, ..., Vi xH k].

It is easy to see that the following relations are satisfied
Vx(@+pB)=WVxa)+(Vxp) and (VxHy) *xa =V x (H),

where « and 8 are two vectors of R.

This paper is organized as follows. Section 2 presents a global Arnoldi algorithm for solving skew-symmetric systems with
multiple right-hand sides. Section 3 constructs a new global Arnoldi algorithm by transforming nonsymmetric linear systems
to the extended skew-symmetric ones. Section 4 improves the skew-symmetric method obtained via QR factorization for
nonsymmetric linear systems. Section 5 discusses the convergence of the global Arnoldi process which is much simpler than
global Arnoldi process in [2]. Section 6 gives some numerical experiments.

2. Global and block Arnoldi process for skew-symmetric systems

Consider the skew-symmetric system

AX =B, (2.1)
where Aisan N x N real skew-symmetric matrix, i.e. AT = —A, Band X are N x s rectangular matrices. Choose an initial
matrix Xp and define the residual

Ro =B—Ax X().

Then, for Q; = Ro/||Rol|r, an orthonormal basis Q1, Qa, . . ., Qn can be obtained by the global Arnoldi process
Ax Q= —hg 1% Q1 + M1 * Qe fork=1,2,...,m, (2.2)

where Qg is a zero matrix. The algorithm is described as follows:

Algorithm 1. Global Arnoldi algorithm for skew-symmetric matrix equation in (2.1)

1. Choose an N x s matrix Q; such that||Q;||f = 1, hy o = 0.
2. Fork=1,2,...,m

W =A% Q+ hy 1 * Q—1,

his1 e = IW]E,

if hgy1,k = O stop, else Qu+1 = w/hgs1 k-

Proposition 1. If A is a skew-symmetric matrix, then
hix=MA+Q,Q)r=0 forj=1,2,...,k—2,k
and

hike1 = =R k-

Proof. In terms of (2.2), forj =1, 2, ..., it follows that

i = (A% Q. Q)F = Q. A" % Q)r = —(Qu. A% Q)r
—(Qu, —hjj—1*% Qim1 + hjy1j * Qi+1)F = 0,
hg g1 = (A% Qi1 Q)F = —(Qi1, A * Qu)F

= —(Qut1, —hrr—1* Q1 + Mgk * Qe 1rF
= —hpip. O

Proposition 2. Let 0, = [Q1, Qa, ..., Qn], where the N x s matrices Q;,i = 1,, 2, ..., m, are produced by Algorithm 1. Then
10m * allr = llell2, (2.3)

where « is a vector of R™.
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The proof for (2.3) is similar to the one given in [2]. Let Zyny1 = (Q1, Q2, . - ., Qme1), Zm = (Q1, Qa, . .., Qn), and let
0 —hy

hyy 0 —hs;

. T _— Tﬁ

) ’ mil = O,~-~70»hm+1,m '

Tm = ... .. .
hm—l,m—z 0 _hm,m—1
hm,m—l 0

Theorem 1. Let Zyy, Zomt1, Tom and Tomyq be given above. Then using the product *, the following relations hold

ooy Qmial,

Ax Zy = Zy * Ty + Ning1,m[On xs> Onxss
and
AxZy = Zpi1 * Ty (2.4)
Let the approximate solution of Eq. (2.1) be
Xm=Xo+Zn*f (2.5)
with f = (fi, 2, . .., fm)". Then, the mth residual R,, of Eq. (2.1) can be expressed as
Rn=B—AxXy =Ry —AxZy*xf =Ro—Zni1* Tpy1 *xf,
which leads to
IRmllF = min [[IRo [l e1 — Tmt1 * fll2
feRmxl
= |llIRo llp €1 — Timy1 * f*[l2- (2.6)
Introduce a real error tolerance satisfying |¢| = tol and rewrite (2.6) as the linear equation
f1 IRollF
f2 0
T : :
* : = : , 2.7
[07 0» N} Oa hm+1,mi| fm_2 0 ( )
fmfl 0
fm &
where m is a even number, and
f1 IRollF
f2 0
T W R I
O, 07 DR 0: hm+1,m fm72 0 ’
fm—l &
fm 0
where m is an odd number. In the following we only discuss the case of even number.
Solve Eq. (2.7) to get
—ha1fa = Rolle
ha1fi — hafs = 0
haofy — hasfs =0
hm—l,m—?fm—z - hm—4,m—3fm—4 =0
hm,mflfmfl =0
hm+l.mfm = €.
, ST which can be explicitly expressed as

From (2.8) we obtain the minimization solution g = (£,*, f4*,

fii=0 fori=1,2,...,m/2

f5 = —IlRollr/h2

foi = foiohoic12i—2/hoiicq, fori=2,3,...,(m—2)/2
f,;: = &/hmny1,m-
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From (2.8) and (2.9), we have

[IRmllr = IR0 llr €1 — Toms1 * f7ll2 = |hmi1,mfn| = lel.

By (2.5) the iterative solution X;, and X;;,_1 in (2.9) can be written as, respectively,

m/2
Xn=Xo+ Y _f5Qi (2.10)
i=1
and
(m-2)/2
Xn1=Xo+ Y fiQu (2.11)

i=1
Comparing the iterative relation (2.11) with (2.10) leads to
Xm = Xm—1 +f,:Qm
Thus, we present a new global Arnoldi algorithm for the iteration solution X, in (2.1) for skew-symmetric systems as
follows:
Algorithm 2. Global Arnoldi algorithm for skew-symmetric systems

1. Choose Xj, and compute Ry = B — AXp, Q1 = Ro/||Ro |-
2. Fori =1, 2, ... construct Qq, Qo, ... by Algorithm 1.
3. Compute f' = —||Rollr/h21, fori =2, 3, ... and compute

i = Fiohaic2i-2/haizia-
4. Xin = Xm—1 + QJTLfm*
5. Given a tol > 0, if |¢| = tol, stop; otherwise continue.

3. Skew-symmetric method with global Arnoldi algorithm solving for nonsymmetric linear systems

We go back to the matrix equation (1.2) and construct a new matrix system

AX =B, (3.1)
where

~ 0 A ~ B = Y

e ] o2
Notice that the matrix A is a skew-symmetric matrix. Moreover, Eq. (3.1) becomes the two equations: AX = BandA'Y = —C

with the given matrix C. In this way, solving the matrix equation (1.2) is equivalent to solving the matrix, Eq. (3.1). Since
A is a skew-symmetric matrix, the global Arnoldi process can be used to solve the nonsymmetric linear equations which is
much simpler than the global Arnoldi process in [2]. Choose an initial N x s matrix

A Y,
%= x]

such that ATYy = —C. For Ry = B — AXy, the residual of the Eq. (3.1) is denoted by
s = =5 [Ro
Ry =B —AXp = |:O]

Suppose that Ry # 0, otherwise Xj is a solution of (3.1). As in Section 2, the global Arnoldi process is presented as follows:

; 5. — R [Q] i — Ro_
(i) SetQ; = T [0] with Q; = TRol

(ii) Set Bop = 0, and
BiQi1 = AQ; + Bji-1Qi-1 forj=1,2,...,2m (3.3)
with
B = IAQ + Bi-1Qi-1llr-
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The following relations can be gained by induction
Ba—1 = | — A'Qa1 + Ba—2Qar2llr,  if Bar—1 # 0, then
Q= [ng] . Q= (—A"Qu1 + Bok—2Qu—2)/Bak1;
Bk = 1AQak + Bak-1Qk-1llF, if B2k # 0, then
Qi1 = [026H:| o Qa1 = (AQk + Bak—1Qak—1)/Barx fork=1,2,...,m.

From the above discussions the global Arnoldi algorithm is summarized as follows:

Algorithm 3. Global Arnoldi algorithm for nonsymmetric matrix in (1.2)

1. Choose an N x s matrix Q such that||Q||r = 1.
2. Fork=1,2,...,m

W = —ATQu—1 + Bok—2Qak—2,

Bak—1 = [IWF,

if Bar—1 = 0 stop, else Qo = w/Box—1;

W = AQak + Bak—1Qak—1,

Bk = IWlF,

if Bor = Ostop, else Qa1 = W/ Bok.

Let Zym1 = (Q1, Qs - -+, Qani1), Zom = (Q1, Qa, - - -, Qom), and let

0 —B
Bi 0O —B2

. . T
Tom = ) Tomy1 = |:0 0 ”.2m0 ,BZm] .

Bam—2 0 —Bam-1
Bam—1 0
Theorem 2. Let sz, 22m+1, sz and T2m+1 be as given above. Then using the product , the following relations hold
AZZm = 22m * TZm + Bom[Onxss Onxsy -+ -5 éler]]a
and

AZyy = 22m+] * T2m+1- (3.4)
Let the approximate solution of Eq. (3.1) be
~ Yim ~ ~
Xm = |:X i| =Xo+ Zom *f (3.5)
m

withf = (f1, fo, . . ., fam)". Then, the mth residual R,, of Eq. (3.1) can be expressed as

o =B Ak = |¢] -k,

=Ry —AxZym *f
=Ro— 22m+1 * T2m+l * f
= RollrQi — Zoms1 * Tomes1 *f. (3.6)
From (3.4) we get
IRmllr = min [l[Ro llr ex — Tams1 £l
fer2mx1
= [lIRo Il €1 — Toms1 % f*1l2 (3.7)

with the minimization solution f*.
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In the same way, introduce a real error tolerance satisfying |¢| = tol and rewrite (3.7) as the linear equation

0 —p f IRollr
B 0 —B2 f2 0
i * : - : . (3.8)
Bam—2 0 —Bam-1 Jam—2 0
Bam—1 0 Jam—1 0
Bom fom &
Solve Eq. (3.8) to get
—pBif2 = RollF
Bifi — Bafs =0
Baf2 — Bafa =0
(3.9)
Bam—2frm—2 — Pam—3fam—a =0
Bam—1fom—1 =10
Bomfom = €.
On the basis of (3.9) we obtain the minimization solution f} = (£*, fi*, ... ,fz"m)T of (3.7) which can be explicitly
expressed as
=0 fori=1,2,...,m
S = —IRollr/Bn 3.10
foi = f5ioBaima/Baicn fori=2,3,....m—1 (3.10)
fZ*m = 8/5211%
From (3.7) and (3.10), we have
IRmllr = IR0 Il €1 — Tom1 * f*ll2 = | Bamfo| = l&| = tol.

Then, the approximation solution in (1.2) can be expressed as

Xm = mel +f2*m02m-

Now a new global skew-symmetric method for the iteration solution X, in (1.2) can be given as follows:

Algorithm 4. Global Arnoldi algorithm for nonsymmetric linear systems in (1.2)

1. Choose Xj, and compute Ry = B — AXy, Q1 = Ro/||Rol|F-
2. Fori =1, 2, ... construct Qq, Qo, ... by Algorithm 3.
3. Compute ;' = —||Roll¢/B1, fori =2, 3, ... and compute

foi = i 2Bi2/ Baia-
4. Xin = Xm—1 + szfz*m.
5. Given a tol > 0, if |¢| < tol, stop; otherwise continue.

4. Skew-symmetric method with QR factorization solving for nonsymmetric linear systems

We start to improve the skew-symmetric method obtained via QR factorization for nonsymmetric linear system (1.2). As
stated in Section 3, the same matrix equation (3.1) will be formed. Choose an initial N x s matrix

A Y,
%= x]

such that ATYy = —C. The residual of Eq. (3.1) is denoted by

bt [ -].

where Q;R is a QR factorization of B — AXp, and Q; isan N x s orthonormal matrix and R is s x s upper-triangular. The block
Arnoldi process is defined by

(i) Set @y = [%1] .
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(i) Set Ry = [0]sxs, Qo = [0]nxs and
QHIR]- = ;\@ + @,1RJT_1, j=1,2,...,2m (QR factorization). (4.1)

The following relations can be shown by induction

- 0 o
Qo = [sz] , QuRop—1 = —ATQy1 + QZk—ZR;k—Z (QR factorization),
szH = [ 6“] , Qorr 1Rk = AQqi + sz_1R;k_1 (QR factorization), k=1,2,...,m.

Algorithm 5. Block Arnoldi algorithm for nonsymmetric matrix in (1.2)

1. Choose an N x s matrix Xo and compute QR = B — A * X. Let Ry = [0];s.
2. Fork=1,2,...,m

W= _ATQZk—1 + QZI<—2R—£k,27
Q2kRok—1 = W (QR factorization);
W = AQa + Qu—1R}_;.
Qak+1Rox = W (QR factorization).
For the block Arnoldi algorithm, we have the similar results as in Section 3.
Let Zomy1 = (Q1, Qa, - . ., Q2mt1), Zom = (Q1, Qa, ..., Qom), and let
0 —R!
Ri 0 —R}

- T
TZm: ) s T2m+l: [0,07...21?0,122}11].
Rom—2 0 —Ryny

Rom—1 0

Theorem 3. Let sz, Zz,n“, sz and T2m+l be as given above. Then using the product x, the following relations hold

AZZm = 22m * TZm ~+ [Onxs, Onxss - - - » QZnH—l]RZma
and

AZyn = Zomy1 * Tome1-

According to (3.7) and (3.8), we have

0 —R} F1 Rl
Ri 0 —R) F2 0
ST  Fol=] . (42)
Romz 0 =Ry, | |Fam—2 0
Rom—1 0 Fom—1 0
Rom Fom elsxs
in which |e| = tol/s is given as real error tolerance and F; is a series of s x s matrices.
Use (4.2) to obtain the minimization solution g}, = (F*, F4*, .. ., sz‘m)T which can be explicitly expressed as
E;, ;=0 fori=1,2,...,m
F; = —R;'R
* —T * . (43)
i =Ry RoioFy;_, fori=2,3,...,m—1
Fom = €Rop-

Then, we have
IRmllF = IRE; — Tomy1 * F*|lF = |RamF3, lF = le]s = tol,
and
Xin = Xn—1 + QZmF;m~
Thus, a new block skew-symmetric method for the iteration solution X, in (1.2) can be summarized as follows:

Algorithm 6. Block Arnoldi algorithm for nonsymmetric linear systems in (1.2)
1. Choose Xy, and compute Q; (QR factorization of B — A * Xp).

2. Fori=1,2,...construct Qq, Qa, ... by Algorithm 5.

3. Compute F; = —R;"Rand F}; = R;;" |Ryi»Fj; , fori=2,3,...,m— 1.
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4. Xm = Xm—1 + QamF5,-
5. Given an tol > 0, if |¢| = tol/s, stop; otherwise continue.

We assume that the R; are nonsingular in Algorithm 6, otherwise, the algorithm will stop.
5. Convergence theorem

In this section, we will give the residual evaluation of global Arnoldi Algorithm 4 and block Arnoldi Algorithm 6. To get
the convergence theorem of Algorithm 4, we need the following lemmas.

Lemma 1. Let R, = [r&l), r,ﬂf), .. (S)], where Ry, are the residual of Eq. (1.2). Then

IRnllr < V5 _max 01

Proof. It is clear that we obtain

IRmllF =

Z Irall3 < /5 _max [z O

Lemma 2. For all Q; produced by Algorithm 3, then the following relations hold

m—1
Q-1 =y 4" (AAD*R,, (5.1)
m—1
Qm = Y _ D{VAT(AA")*Ry, (5.2)
k=0

where d,Em) and D,(cm) are constant numbers which can be expressed by each other.
Proof. It is readily derived from Algorithm 3 that
Ro
IRoll ¢
dy” = 1/IIRollr, and

0, = — 4R,

Q, = —A"Qi/B1 = D)"ARq,
where D\" = —1/||Ro|| 8. Suppose that (5.1) and (5.2) hold fori = 1,2, ..., s. Fori = s + 1, it follows that
Q25+1 = (AQZS + ,325—1025—1)/,325

s—1 s—1
|:A Y DIATAAN Ro + Bos1 Y dy) (AAT)"RO} / Bos

k=0 k=0
- |:AZD(5)AT(AAT )*Ro + Bas— 1Zd“> (AATY*R } / Bas
k=
= Z otV (AAT) Ry,
k=0
and
Q25+2 = (_ATQ23+1 + IBZSQZS)/:BZS—H
s—1
{—AT DD ATAAD Ry + s Y d“>AT(AAT)kRo} / Basin
k=0 k=0
S
— D£5+1)AT(AAT)I<RO’
k=0
where

dS*Y = 1/8,DY, and DETD = —1/11dD. O
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Theorem 4. The residual of the solution X, in Algorithm 4 satisfies

||r0”|| NG

IRmllr < _max o RN (5.3)
" <6%76%)
and
A VEllry /s
X" — Xolr < max Il ”F”Zo 2Iszf (5.4)
i=1,2,....5 T (8,,+51)
m\ 282
where X* is the exact solution of (1.2).
Proof. It is not difficult to find that
m
IRl = min [[Ro — > hiAQaillr.
a4 i=1
From (5.2) we get
AQam = D™ (AAT)"Ry + D™, (AA)™ 'Ry + - - - + DJ™ (AAT)Ry.
Let Q. be the set of all polynomials P,; (1) of degree < m and P,,,(0) = 1. From Lemma 1 it follows that
m
IRnllr = min Ry = 3 AQulr
2i i—1
= min ||Pn(AA")Ro ¢
PmeQm
<5 max min [|Pn(AAD .
i=1,2,...,s PmeQm
Let z1, 2, . . ., z, be the unit orthogonal eigenvectors of AAT, and let 6%, 83, ..., 82 be the corresponding eigenvalues,
where §; are the singular values of the matrix A. Then
min [|Pn(AAD [ < min max [Pu(3)2 [y 2. (55)
PmeQm Pm€Qm [52 52

where §; and §, are the smallest and largest singular values of A, respectively. The Chebyshev polynomial of degree m can
be expressed by

Tn(x) = %[(X+ Ve =" (x = VX2 = D7,

Let

2x 82 +482 82+ 67
P(X) = Tn 1) T 22—,
w0 (52 5 az—a%)/'“(az—a%)

with P(x) € Q. It follows from (5.5) that

min [P (ANl < max [Pl [z
PmeQm 52 52

1:%n

(i)
e
- 453\
IRmlle < /5 _max min Py, AANE |1

i=1,2,.
l)
o ll2
< max || o I «zf
i=1,2,....s T (8 7 +01 )
M\ 6282

which accomplishes the proof of the relation (5.3).

(5.6)

In terms of (5.6) we have
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Table 1

The number of iterations and CPU time

Matrix n Method s

4 8 16 20 24

sherman 5 3312 Algorithm 6 8079(91.34) 3162(75.86) 1430(81.53) 1374(124) 1282(166)
block GMRES 328(924) 192(825) 104(563) 85(498) 71(421)
Algorithm 4 32306(339) 32403(561) 32641(1110) 32918(1750) 33016(2210)

cdde5 961 Algorithm 6 323(1.06) 172(1.26) 92(1.4) 78(1.71) 69(1.71)
block GMRES 97(11) 60(11.812) 32(8.1) 26(6.95) 23(7.14)
Algorithm 4 1003(6.98) 1026(12.81) 1027(25.57) 1030(43.53) 1040(82.75)

rdb1048 2048 Algorithm 6 362(3.04) 347(5.7) 248(10.12) 214(14.7) 169(14.57)
block GMRES 82(13.37) 73(44.62) 43(40.57) 33(29.12) 26(21.9)
Algorithm 4 1003(6.98) 1026(12.81) 1027(25.57) 1030(43.53) 1040(82.75)

sherman 4 1104 Algorithm 6 268(0.7) 120(0.7) 57(0.84) 49(0.95) 49(1.35)
block GMRES 64(2.82) 47(5.2) 33(9.45) 29(10.51) 25(10.04)

cavity07 1182 Algorithm 6 7372(102) 2759(57.6) 971(35.62) 678(31.81) 570(33.62)
block GMRES 228(332) 121(141) 67(105) 56(98.65) 47(84.73)

pde2961 2961 Algorithm 6 873(13.56) 503(16.46) 301(19.56) 250(22.5) 214(32.25)
block GMRES 149(108) 116(228) 89(507) 83(660) 80(995)

tols2000 2000 Algorithm 6 4274(35.46) 1215(19.73) 367(14.87) 262(13.29) 195(14.37)
block GMRES 206(237) 106(136) 56(87.9) 45(75.12) 39(123)

Since X* — X, = A”'R,, and Ry = A(X* — Xp), from the above result, we obtain that
IX* = Xnllr < 1A~ £ IRnllF

Al llrg 114/5

i=1,2,....5 T, (5,%+5$) ’

5282

A

IA

O

We use “block” Krylov subspaces K, (A, Ro) = span{Ry, ARy, ..., A" 'Ry}, where the block is defined such that

m—1
By = ZAI(ROVk : J/kfRSXS] ,
k=0

and use “global” Krylov subspaces K, (A, Ry) = span{Ry, ARy, . . ., A" 'Ry}, where the block is defined such that

m—1
Bp=1Y mARo: ykeR} .
k=0

The search space B4 has only m dimension, while B,, has ms? dimension [5]. Note that Algorithm 4 requires least scalar
work, but the dimension of its search space is s> which is smaller than that of Algorithm 6.

6. Numerical examples

All the numerical experiments presented are computed in double precision with some Matlab 6.5 codes. For all the
examples the initial guess Xj is taken to be the zero matrix. The right-hand sides B are chosen such that the exact solution
X is a matrix of order n x s whose all entries are equal to one. We will use the above algorithms to test some numerical
example. We pick nonsymmetric matrices from the Matrix Market. For all the experiments, the initial guess was taken to be
zero. The tests were stopped as soon as (||Rn|lr/||RollF) < 1078, Fig. 1 shows the convergence of residuals for Algorithm 6
and block GMRES with fidap004 in the case of s = 8. From the following figure it is not difficult to show that Algorithm 6 gives
a higher practical performance than block GMRES. The following numerical experiments show that the algorithms avoid the
tediously long Arnoldi process and highly reduce expensive storage which are produced by the block GMRES (see Table 1).

By carrying out many numerical experiments, we find that “breakdown” does not appear in Algorithm 4 and that
Algorithm 6 gives a higher performance than block GMRES. Moreover, we only need four spaces to store less variables in
the computation. Therefore the two given algorithms avoid the tediously long Arnoldi process and highly reduce expensive
storage. They are really attractive algorithms for solving nonsymmetric linear equation systems.

7. Conclusion

In this paper we present the skew-symmetric system methods for solving nonsymmetric linear systems with multiple
right-hand sides. These methods are based on the global Arnoldi Algorithm 4 and the block Arnoldi Algorithm 6. Many
numerical experiments verify that Algorithm 6 and Algorithm 4 are attractive for solving nonsymmetric linear systems
with multiple right-hand sides.
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Fig. 1. Algorithm 6 and block GMRES. This figure shows the behaviour of the Frobenius residual norms.
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